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Stochastic resonance analysis
of a coupled high-speed maglev
vehicle-bridge coupled system
under bounded noise

Yan-xia Li%?*?, Zhi-wu Yu¥? & Lei Xu+?

Coupled oscillations typically occur in maglev vehicle-bridge coupled systems excited by bounded
noise caused by guideway irregularities. The paper employed Hamilton equations to derive the
corresponding canonical transformation equations and determined the critical stable regions for two
kinds of resonances using the largest Lyapunov exponents. The results show that the critical stable
region between the excitation amplitude and the resonant frequency ratio is a valley shape when
the system has external resonance only. When considering both internal and external resonances,
the critical stable region between the excitation amplitude and resonant frequency ratio presents a
small saddle shape. Energy transfers from the first to the second oscillator under with both internal
and extrinsic resonance. As the guideway irregularities’ coefficients increase, the maximum Lyapunov
exponents of the two conditions change from negative to positive, which means that the system
varies from a stable state to instability.

Electromagnetic suspension (EMS) system' is becoming increasingly popular in urban transportation due to
its high speed. Compared with wheel/rail trains which are typically propelled by motors and adhesive forces,
maglev vehicles are suspended in the air through electromagnetic induction > and are more sensitive to internal
excitation, external excitation, air gap floating, circuit fluctuations, and bridge vibrations. Therefore, suppression
methods for resonances have encountered various challenges such as moving loads, dynamic deflection, heteroge-
neous frequencies, invalid controllers, faulty suspension magnets, bridge’s lightweight, and unmatched indices 6.

The test results of the Shanghai maglev line and the German EMSLAND line show that the dynamic loads’
factor of the two-span track beam is less than 1.2 and the local dynamic loads’ factor is less than 1.5 over the
whole speed range. To prevent the vehicle-bridge coupled system’s resonance, the DIN (Deutsche Industrie
Norm) standards stipulate that the product of the beam’s fundamental frequency and a single hole span need to
be equal to 1.1 times the speed limit. It has been observed that the natural frequencies of the suspension system
and the track are equal to 4.8 Hz and 17 Hz, respectively. However, because the track has a large oscillation
amplitude’, the resonance needs to be calculated based on thorough analyses.

In this paper, a series of approaches for calculating resonance were presented including the average power
for moving distribution loads’ method and the Lyapunov method. The average power technique was based on
the transfer function and the stable condition described by Li Jinhui®-!°, who provided the minimum model
of the maglev vehicle-bridge interaction system, the necessary conditions for its stability, and three principles
underlying the self-excited vibration. The resonant conditions under moving distribution loads were improved
by Fryba, Yau J. D., Kwark, Xia H., and Yang Y. B.!'"*, who gave the critical speeds at which the resonance may
occur, thought the maximum acceleration responses of the beam to be dominated by the fundamental vibration
modals, presented the numerical method technique concerning the dynamic behavior of bridges, explained the
mechanisms of resonances and cancellation, and proposed the resonant formulas for calculating the span and
frequency. The effect of fuzzy controller was discussed by Sun Yougang'®, which can improve the dynamic per-
formance of the system, make the maglev system obtain a large stable range, and restrain the vehicle-guideway
interaction vibration effectively.

Noise is commonly considered undesirable. However, some special nonlinear systems have nonintuitive
dynamic behaviors after noise is introduced. Indeed, in recent years, there have been several studies to demon-
strate the phenomenon of stochastic resonance (SR). Examples were: (i) an experiment demonstrating stochastic
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resonance in a bistable electronic device: a tunnel diode !7. Stochastic resonance was detected using a simple
experimental setup by investigating the time evolution of the voltage measured across the tunnel diode as a
function of the input noise intensity. (ii) the stochastic resonant phenomena was studied experimentally and
theoretically for a state-of-the-art metal-oxide memristive device based on yttria-stabilized zirconium dioxide
and tantalum pent-oxide, which has exhibited bipolar filamentary resistive switching of the anionic type '. The
optimal noise intensity corresponding to the stochastic resonance phenomenon was interpreted using a stochastic
memristor model by adding an external noise source to the control voltage. Furthermore, dynamical systems have
been studied in the presence of relevant noise-induced phenomena with a constructive role in stability, such as,
(i) the damping-enhanced stability of a Brownian particle starting from an unstable initial position and moving
in a metastable system was explored ' (ii) a memristor used for resistive switches behaved as multistable non-
linear systems between low-resistance and high-resistance states in a random telegraphic signal mode %; (iii) an
approach using a real stable polynomial combined with a Gauge transformation was presented and the bistability
of polynomials corresponding to factors of the original multi-graph model resulted in real stable polynomials of
each factor in various multi-graph models of the aforementioned contraction sequence *; (iv) a nonstationary
function within a memristive system was investigated to devise a simplified description of transient processes
under different noise intensities, and the relaxation time was obtained, which depended nonmonotonically on the
intensity of the fluctuations **. Finally, in other scientific study fields, such as quantum phase transitions in complex
biological and physical systems, the positive role of noise has also been demonstrated. For example: (i) the Gaussian
non equilibrium steady states of the quantum characteristics of such critical phenomena have been reviewed .
(ii) a quantum case has been detected in which the indeterminacy arising from the uncertainty principle reduced
the accuracy of the parameter estimation in a way that cannot be neglected, even in the limit of infinite copies®.
(iii) the phenomena of dissonance and consonance have considered, where two sensory neurons were driven by
noise and subthreshold periodic signals, and their outputs plus noise were applied to a third neuron with noise
added to them %5; (iv) the noise in the high resistive state was found to be featured by nearly the same probability
density functions and spectrum as the inner noise of the experimental setup °.

Compared with previous research frameworks of time-domain samples in Newtonian mechanics, a Hamiltonian
system with narrow-band random excitation is more complex. Some theoretical bases have been proposed. Colored
noise refers to a fixed centre frequency, white noise intensity, and a uniform distribution angle with a triangular
relationship %> %%, which examined the responses. This noise was utilized in a Wiener process by an equivalent to
measured power spectra in methods put forward by Chen Zeshen, Jin Zhibin, and Jin Shi ?-*!, who performed the
theoretical modeling analysis in the time domain with covariance analysis method, generated guideway irregularities
by combining the shape filter with the time delay system, and considered short-wavelength track irregularities. Some
examples substantiated in bridge responses under wind loads have been obtained by Dimentberg M, Lin Y.K., and
Jian Deng. **-*4, who obtained the subcritical responses to an external broadband random, considered turbulence
stabilize even a single-degree of freedom structural motion, and provided insights on how to analyze and control
parametric resonances under a bounded noise process in engineering applications. Since Lyon et al. first applied a
stochastic averaging method® proposed by R. L. Stratonovich®, it was subsequently applied by Zhu W. Q., Huang
Z.L., Liu Zhonghua, and W.Y. Liu*” 3, who proposed a stochastic averaging method to predict approximately the
response of quasi-integrable Hamiltonian systems excited by bounded noise, determined the threshold of bounded
noise amplitude for the onset of chaos. They have applied to duffer oscillator analyses using the random mean prin-
ciple and the limited differential technique. Although Bo Zhang? investigated the random stability of a suspended
wheelset system considering Gaussian white noise by the random average method. At present, there are few studies
on resonance based on stochastic stability. Solving the resonant behaviour of the complex maglev vehicle-bridge
coupled system is key to the further development of EMS.

The study presented in this paper aims to build a model to explore the critical conditions of stochastic reso-
nance over the whole bridge span with the aerodynamic loads and guideway irregularities. Hamilton’s theory is
applied to derive the differential equations and their dimensionless equations . The appropriate stable domains
at different resonances based on stochastic averaging theory and canonical transformations are given. The stabil-
ity probability according to the Fokker-Planck-Kolmogorov (FPK) equation utilized in this study. Moreover,
a unique numerical method for assessing the effects of aerodynamic loads and the guideway excitation on the
stochastic resonance of the maglev vehicle-bridge coupled system is also presented.

The stochastic averaging method
To explain the theoretical basis of our model’s analysis, the derivation process of the stochastic averaging method
is introduced below.

Consider a quasi-integrable Hamiltonian system under bounded noise excitation governed by the following
equations of motion®”:

aHP oH aH+h§(t)" 1 k=1,..1

=— Pi=—— —¢ecij— +¢&hj Lji=1L..,mk=1,.,

op; 1T T aq  Cigp, T EMiSKUIb] M
where Q; and P; are the generalized displacements and momentum, respectively; H=H(Q, P) is the Hamiltonian;
ecij = £c;j(Q, P) are the coefficients of lightly linear or nonlinear damping; eh;; = eh;;(Q, P) denotes the ampli-
tudes of weak bounded noises; and & (t) represents independent bounded noises of the form

Q;

& (t) = cos[Qt + oxBr(t) + Akl k=1,..,1 )

where Q; and o are constants representing the center frequencies and strengths of the frequency perturbations,
respectively; By (¢) are independent units in the Wiener processes; and Ay are independent random phases that
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are uniformly distributed in [0, 27t]. & (t)are independent stationary random processes in a wide sense with
spectral densities

2 ol +w’+ol/4
Si(w) = s . 5 (3)
471 (w? — Q —ak/4)+aka)
and auto correlation functions
1 2
Ri(7) = Eexp(—(%khl)cosﬂkr (4)

The bandwidths of the processes &k (t) depend mainly on the parameters ox. The processes are narrow-banded
when o are small and wide-banded processes when oy, are large. It is assumed that oy are small and thus the
corresponding processes are narrow-band.

Suppose that the Hamiltonian system shown with Eq. (1) with & = 0 is integrable, i.e., there exists a set of
canonical transformations

I =1i(Q,P),0; =6;(QP)i=1,..,n (5)
through which new Hamiltonian equations are of the following form:
,_OH(D) _ dH(I) .
0; = I =— =0i=1,..,
i al; wi(I) 36; 1 n (6)

where I; and w; are action variables and frequencies, respectively; 6; are the angle variables conjugated to I;; and
H(I) is the transformed Hamiltonian, which is independent of 6;. The Hamiltonian system is resonant if there
exist @(1 < a < n — 1) resonant relations such that

Lioi=0u=1,.,« (7)

where L are integers that are not all zero for a fixed u.
By using the canonical transformations of Eq. (5), the differential equations for the action and angle variables
of the quasi-integrable Hamiltonian system (1) can be obtained from Eq. (1) as follows:

I = oH oL, +h E(t)
r==¢ Cl]aP p; ikSk

b, = OF 9% 4 ehit (t)
— &¢jj e —
T TP 8P ap ikSk (8)
rihj=1L.,mk=1..,1
The form and dimension of the averaging equations depend on the resonance of the Hamiltonian system
described in Eq. (8). In the following subsections, two cases are considered.

External resonance only. Consider a system with external resonance but no internal resonance. Suppose
that there are 8 external primary resonant relations between the first 8 oscillators and the first S bounded excita-
tions, i.e.,?’

M,Q, + Lyw, =6, v=1,...8 9)

where M, and L, are positive or negative integers and there is no summation over subscript v. Introduce g new
variables:

Yy = My (Qt + 0By (1) + Ay)) + L6, (10)

Using the transformation in Eq. (10), the differential equations for I, ..., I, ¥1...., ¥4, 01 ...., 6, can be obtained
from Eq. (8) as follows:

dI, oH oL, 0L, x// Li 9 o az,g ®
—_— =& | —Cjj— — 21— COS| —— i1y ——
dt ij Bpj 3Pi ikl aPi k1 — k1 ik2 3Pi k2

al,
=¢eUr(I,¥,0) + shikza*pékz(t)

v, 9H 96, 36,
y—1L L,h; — —9 Lyhjj, — t
a { vCij 5 op; e + Lyhik — op; COS( 1ﬁkl k1) + zk2 Ekz( )}
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dBy (t)
+M,0, c\i/t
20 dB,(t)
=&V, (I, ¥,0) + eLyhijg —— & (t) + Myo, —
3pi dt
do, d0H 00, 20,
- = — O h: ) —
o O T 9p; opi + ehik18k( )sz-)
rihj=L..mk,v=1.,8k=+1..Lk=1,..,1 (11)

where I = (I, ... In), ¥ = (Y1, ... Yp)0 = (61, ..., 6n)
As shown in Eq. (11), I1, ..., Iy, and ¥y, ..., /g are slowly-varying processes, while 6y, ..., 6, are rapidly varying
processes. By applying deterministic averaging to 61, . . ., 0, the averaged IT O equations can be defined as follows:

dl, = eU,(I, ¥)dtdyr, = eV, (I, ¥)dt + M,o,dB,(t)

r=1.,mv=1.,8 (12)
where
N 1 o _ 1 2
U, = W/ U,(I,y,0) doV, = W/ Vi (I, 0)do (13)

0 0

The averaged FPK equation associated with Eq. (12) is

T7 7 2.2 92
ap __ Up) _ d(Vp) | Mio} 9°p "
ot oI, v, 2 ay2

where p = p(I, ¥, 0|, o) is the transition probability density. The initial condition of Eq. (14) is
p=pU W, 0o, o) =8I — To)8|(¥ — o) (15)

The boundary conditions with respect to ¥, are periodic, i.e.,

it = P) Ly anr = | 16
Pl +2nr = Ply, v, Wy+2nr = vy Yn (16)
wuv=1..,8
The boundary conditions with respect to I, are defined as
p=finiteat I, =0 (17)
ap
p,ﬁ—>0asl,—>oo (18)

The reduced FPK equation with its boundary conditions can be solved numerically by using the combination
of finite difference method and the successive over-relaxation method.

Both internal and external resonance. Consider a system with B external resonant relations and o
internal resonant relations, i.e.,

n
M,Q, + Lyw, = €6, ZNi”a),- =sgo,v=1,.,8 u=1,..,«a (19)
i=1

where M, and L, are positive or negative integers and there is no summation over subscript v. The N} are also
integers that are not all zero for a given u. Then new variables are introduced*”:

Yy = My (Qt + 0By (1) + Ay) + L0,

n
D, = Zi:1Niu9i v=1...,a (20)

The transformation is shown in Eq. (20), the differential equations for I, v, ®, and 6, can be obtained from
Eq. (8) as follows.
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dl, 9H 3, al, 1 Li al,
T e S T g T cos(—— s — 00 + B £ (t
at [ Cij 3p; p; + ik opi COS(Mk1 Vi Mo k1) + hikz op; Era(t)

, o1,
=¢eU Ly, d,01) + Ehikza*p_ﬁz(f)
1

g 8, — L 8H89+ h 96y ( 1// 9)+Lh ’s (1)
=& _
dt v vCij op; Op; Lyhixy — ap; cos k1 k1 1k2 i k2
dBy (t)
+M,0, a‘l/t
, 30 dB, (t
V10 ®,00) + oL (1) + Myor, 220
3Pi dt

do, dH 06, a0, 1 Ly
= e(au — Nl cij— " Iy +N§‘1hik1¥;> X COS(iwkl - jekl

dt ap Mjq M,
u 89111
N o 6 = oW (L 9,600 + N iy T 5o ®
1
do OH 936, ehyk (t)
s e el
di Ws — ECjj —— ap 3p ikSk P1
rhju=1l.,mk,v=1.,8u=1..,0ka=8+1..Lk=1..s=a+1,..,n (21)

where I = (I1,... [n), ¥ = (Y1, ¥p), ® = Wy,...,¥),01 = (6,,...0,) and 6y,..,0, are replaced by
Wi, Yo, Ogts s O

In Eq. (21), I, ¥, and ® are slowly varying processes, while 6; is a rapidly varying process. By applying deter-
ministic averaging to 6; to Eq. (21), the averaging IT O equations for I, ¥, and ® can be expressed as:

dI, = U, (I, v, ®)dt

dy, = eV, (I, ¥, ®)dt + M,0,dB,(t)

d®, = eW, (I, ¥, ®)dt (22)
~ 1 r ~ 1 2 ’
= 7(27’)“_& /0 U .U, ¥, ®,00)d6; Vy = Qm)"* /O V@, @,60)d6;
— 1 =,
wWy=—— W (I, ¢, ®,6,)d6
= oo/, ul, ¥ 1)do (23)

The averaging FPK equation associated with Eq. (22) is of the form

3 au,P (VP a(W,P) M2o2 97
o _ _ UL VD) OWLE) | Moy % (24)
ot oI, Y, D, 2 Y2

Reduced averaged FPK equation (24) under similar boundary conditions can be solved numerically by using
a finite difference method and the successive over-relaxation method.

Motion model
To better introduce the case applications, we first provide a detailed description of the composition of the specific
model and the parameter settings is provided.

Theoretical hypothesis. In general, model complexity is determined according to the purpose of the
model. The model should be sufficiently comprehensive to allow the reliable and accurate analysis of vibration
response analyses in terms of ride comfort and safety. Motion stability of an EMS model refers to the parameters
for a minimal coupling model composed of a maglev vehicle and a bridge including the elite segments proposed
by Jin-hui Li ©. Depending on the basic elements analyzed, the complex systems is then simplified to minimum
models, which is more efficient. Table 1 lists the correlation variables.

The fundamental assumptions are described as follows:
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® Electromagnet forces are linear.

® The system is decoupled both laterally and vertically without considering the turning radius, height difference
or rolling freedom.

e The random irregularity is bounded noise applied with the shaping filter technique.

e A Bernoulli-Euler beam is adopted for the calculation of the bridge model.

e The moving mass and the action point of the concentrated force are at the geometric center of the electro-
magnets.

Modelling of substructures. Bridge model. Based on the above analysis, the minimal model is presented
in Fig. 1 1'% 40 The loads of vehicle and passengers are equivalent to a weight force acting on the center of the
electromagnetic mass. The vehicle-bridge coupled system can be described using the structure is shown in Fig. 1.
The electromagnetic forces are uniformly distributed on the bridge and the electromagnet. The current or volt-
age of the magnet that controls the electromagnetic action is applied to adjust the gap between the electromagnet
and the bridge. The bridge is also shown in Fig. 1, where the endpoint marked with “0” is taken as the coordinate
origin. The direction of the hammer is the positive direction of y-axis. Considering the high stiffness of the elec-
tromagnet, its deformation in the y-direction can be ignored. The dynamic characteristics have a considerable
influence on the elastic deformation of the bridge in the y direction.

Based on the above assumptions, Fig. 1 illustrates a simplified suspension electromagnet-bridge coupling
model. Where yp is the vertical displacement of the bridge, yg is the vertical displacement of the electromagnet
relative to the reference plane, and § is the distance between the electromagnet and the bridge.

The vertical motion of the bridge can be formulated as:

Variables

x Axial coordinate of the bridge N Number of coils

T Time A Electromagnet area

Ely Bending rigidity Uo Magnetic permeability of the vacuum
Ps Density of the bridge ™ Initial voltage

o) iiolzgttirgrrlnagnetic forces, which depend on the vehicle i\ Initial current

Ap Spatial wavelength of the first mode Fgy Initial electromagnetic force

Fy (1) Electromagnetic forces (x=0.5Lg) k, Gap feedback coefficient

0 Spatial circular frequency of the guideway irregularity | k; Gap first feedback derivative

S(Q) PSD (mm?-m) k, Equivalent magnetic dynamic stiffness
A~G | Spectral characteristic parameters ke Equivalent magnetic dynamic damping
o? Interference intensity of the Gaussian white noise P Canonical transformation variate

B center frequency & Damping ratio of the bridge

@ Variance of the guideway irregularity, with £(x) = R¢(0) | wy Self-frequency of the bridge

Se(w) Spectral density of the shaping filter R Resistance

mg Mass of the maglev vehicle —f, Aerodynamic drop

mg Mass of the bridge & (t) | Random irregularity

Ve Vertical displacement of the electromagnets o(H) | Diffusion coefficient

Vs Bridge vertical displacement p Canonical transformation variate

Ly Magnet length 8 Measurement gap between the electromagnet and bridge

+f, Aerodynamic lift 8o Initial measurement gap

B(t) Unit Wiener process H(t) | Slowly varying stochastic process

m(H) Drift coefficient a, Canonical transformation variate
Table 1. Variables used in the model.

0 Ly

NE

me | ij ;| Eecmomagner

Ye

Figure 1. Minimal model.

Scientific Reports|  (2023)13:7519 | https://doi.org/10.1038/s41598-023-33202-2 nature portfolio



www.nature.com/scientificreports/

d*yp(x, l‘) J’B (x,
axt T PB

= f(x, (25)

where x is the transverse coordinate of the bridge, EIp is the bending stiffness of the bridge, pp is the linear density
of the bridge, and f (x, t) is the vertical force acting on the bridge.

wp = /1%;\/ EIB/,OB
$p(x) = sin(4p(x)) (26)

When only the first mode is considered, Ap = 7 /Lp. The solution to Eq. (1) can be expressed as,

7B 1) = $p(X)qp(Dis(1) + 25pwpdp(t) + Wqe() =205 'Ly Y dp(x)Fr (D) 27)
i=1:Ng

where gp is the first-order generalized time domain coordinate of the bridge. By multiplying both sides of the
above resultant equation by ¢B(x) ¢p () and then integrating both sides from 0 to Ly we obtain:

yB(x, 1) = ¢p(x)qB(t) (28)
The bridge’s vertical displacement equation as
J(t) + 2pwp yp(t) + whyp(t) = 2m5' ¢! 21; 5 (xi) Fri (1) (29)
1=:NE

Levitation model with feedback control. ~The electromagnetic forces can be simplified as long as the basic accu-
racy requirements are satisfied. Simplifications for the magnet-current relationship is linear near the ideal equi-
librium point. The equivalent magnet dynamic stiffness and equivalent magnet dynamic damping are constant
values [5]. The latter is related to the gap derivative. The equations of the electromagnetic forces as follows:

Fgi = Fro + kep(8 — 80) + kea 8
1oN2A (ig \?
Fgo = —
=200 ()
a1 a)
kp =5+ =
7 80 80
uo +kad
keq = ‘13de (30)
woN?Ak .
a; = f"(k},so —ipR)
N2A
a) = MO (kp50 — loR)
,LL()NzA
a3 = ——
2

Guideway irregularity. 'The rail irregularity in a maglev line is the main source of extrinsic interference. At
present, both the maglev lines in Shanghai®! and the Korean Institute of Machinery and Materials *' implement
their own measuring methods and have collected corresponding data. Due to the guideway irregularity caused
by concrete shrinkage, concrete creep and vehicle loads, the wavelength is considered equal to the span of the
bridge and the frequency is related to the vehicle speed.

Bounded noise includes harmonic variations with a maximum amplitude, a constant frequency, and random
phases ¥~ It can be expressed via the stationary random process &,(#) as follows:

E1(t) = A, cos(Qt + o1B(t) + A) (31)

where ( is a constant center frequency with Q=m V/L, with V being the vehicle speed and L being the bridge
length, A, is the maximum deflection of the bridge in the vertical direction, ¢ is time, o, is the strength of the
frequency perturbations, B(f) is a unit Wiener process, and A is a random phase that is uniformly distributed in
[0, 271]*. Its auto covariance functions are

A? o?|t|
Ce () = — exp(— )cosQ2t
2
) 2 (32)
C. (1) 4,2) exp( g |t|)cosQr
&1(1) 2 P 2

and their corresponding spectral densities are
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olA2 w4+ Q2 +oi/4
Sew = 7 1
4t (w? — Q%2 — 01 /4)? + o/ w?
2 A,Q 2 2 92 4 (33)
G0 A w? +Q* + o} /4
§ 4r (0 — Q2 — olt/4)? + olw?
The variance of the bounded noise ** is
A2
Ce(0) = 71'
) (34)
o= B
)

A comparison between the filter, the experimental line, and the literature is shown in Fig. 2, where it is evident
that there is numerical consistency.

Dynamic differential equations.

mp i = —2mpEpwp (Vg + (1) —mpa(ys + E()) + o [(Fro + kep(E — 78 — £(1)) + kea (VE — y5 — £(1))]
mE Y& = —0fmo + kep(VE — y5 — E(1)) + kea(Vr — yp — £(1))]

XLEi+LE

o =26p(x)¢ " (rx/Lp) ) / P ()
i=1 7%

LEi

(35)

In the above equations, o is the amplification factor of multiple suspension units. Through simplification, the
dynamic differential equations can be expressed as:

41 =p1
p1 = Biop1 + Bui(p2 — p1) + ar0q1 + e11(q2 — q1) + vi0 + Ennéi(£) 4+ Enaéa(t) (36)
Q@ =p2

P2 = Baopz + Ba1(p2 — p1) + a20q2 + a21(q2 — q1) + ya0 + E21&, (1) + Exnéa(t)
where
q1 =)B92 = YE>P1 = )B
B0 =0,Bn
&1(t) = cos(Qt + 01B(t) + A), & (t) = sin(Q2t + 02 B(t) + A),
Eil = —0kepAy, E1a = —0kegAvQ, Ex1 = 0kepAy, Exy = 0keg Ay,

1.00E+06
1.00E+05
1.00E+04
1.00E+03
1.00E+02
1.00E+01
1.00E+00
1.00E-01
1.00E-02
1.00E-03
1.00E-04

- @ - literature —@— filter ® experiment
L J

power spectral density(mm”2 m)

0.01 0.1 1
frequency(1/m)

Figure 2. Comparison between the filter, the experiment line, and the literature reference.
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Analysis of the Lyapunov exponent and stationary probability
To better evaluate the case study, the calculation process is elaborated further.

The differential equations for the motion integrals H; and H, and the angle variables 0, and 0, are expressed
as follows:

dH,;

T p1l(Biro — Br)p1 + E1ié1(t) + Er2éa(t)]

dH,

I P2[(B2o + B21)P2 + E2181(8) + Exéa(t)]

de 30 (37)
cTtl = + aT)i[(ﬂlo — B1)P1 + Enné1(t) + Ené ()]

o 062 Py + En&1(t) + Enéa(t

T + 87)2[(/320 + B21)P2 + E2181(8) + Exé2(1)]

where
2

H, = % — w3 g} /2 — an(q1—42)*/2 + yioq

2

Hy = % — W} g3/2 + a21(q1—92)* /2 + v2092

Only external resonant vibration. Consider a system with external resonance but no internal resonance.
Suppose that there is a single external resonant relation *°.

Ql—Zwl =0 (38)

where € and © can be regarded as small detuning parameters. The new variable v is introduced, as defined in
Eq. (39).

Y = Qit +01B1(f) + Ay — 20, (39)
The differential equations for H;, H,, and v, are stated below:

En Ey;
dH; = [(Bio — Br1)H1 + —siny Hy + ——cosy Hy)]dt
2601 20)1
d Eyn Exp
Hy = [(Bao + Pa1)Ha + ——siny Hy + ——cosyrHp]dt (40)
2&)2 20)2
En Ep
dy = [(RQ1 — 2w1) + — cos ¥ + ——sinyr]dt + o1dB; (t)
2w 2w1
The differential equations for p and «; can be formulated as follows
1 Eyn . Ex E;p Exn
dp = = (P20 + P21 + (—Pao — P21 — ——siny — ——cos ¥ + 1o — P11 + (=—sin Y + —— cos ¥))a;
2 26()2 26()2 2&)1 261)1

+Var(d—an) + (22— %)smw)dt
1

2%

En Ex En . Ex
doay = (=P — Pa1 — ——siny — ——cos ¥ + B1o — P11 + (-—siny + —— cos ¥))a1 (1 — ay)dt
2w, 2w, 2w1 2wy

(41)

The averaging FPK equation presented by Zhu (2002) [17] that is associated with y is
292 5 @y 200+ eost) + B2 sincyyypr = 0 (42)

! dl[fz dlﬂ ! ! 2w 2w Pl =
The solution that satisfies the periodic condition is
2 En Ep
p(¥) = Cexp{—[(Q1 — 0¥ + —sin(y¥) + —cos(Y)1}
o} 2w 2w (43)
43

mty 2 En Ep
/ exp{—— X (Qi—w)¥ + —sin(Y) + —cos(¥)]dy
v o7 2&)1 26()1

where C is a normalized constant. The mean da; can be calculated as:
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E E E E
doy = (—Bao—Ba1— —= sinr— —= cos Y+Bro—Br1-+H(— sin Y+ — cos ¥))ey (1—ap )dt = A(e)dt
2w; 20; 2wy 2wy

(44)
If A(x) > 0,0y — land p(ay, ) = p(¥)8(1).if A(x) < 0,01 — Oand p(a, ¥) = p(¥)S§(0)
The equation can be expressed as:

2w 1 1
= / / JA@p(, Y)dardy (45)
0 0

Some results we obtained via simulations. The joint probability density p(«; ) represents the centralized peak
when ¥=0and «,; =0. In Fig. 3, when y=0 and a; = 0.5, the stationary joint probability density p(«; ) shows
a peak. In Fig. 3, when ©; —2w1 = 0, the first time of resonating to exceed is the shortest. As shown in Fig. 3 and
Fig. 4, the cross-stable region in the frequency-excitation amplitude plane has a valley shape when 4; = 0. As
the guideway irregularity coefficient E,, increases, the maximum Lyapunov exponents increase gradually from
their initial small stable state, as shown in Fig. 5. A comparison between the stochastic averaging method and
the numerical simulation is also shown in Fig. 5, where the numerical consistency between the results is evident.
The random average method is more vivid from the grasp of the critical value of total energy and the changing
trend. Through the grasp of displacement, the numerical simulation has a large amount of calculation.

Both internal and extrinsic resonance. Consider a case with primary external resonance between the
first bounded noise excitation and the first oscillator. The primary internal resonance between the two oscillators
[36] can be expressed as:

91—2(1)1 =¢e®
(46)
wy—w] = &N
where © and n are detuning parameters *. The new variables ¢ and ® are introduced as angle differences.
1//=Qlt+O'1B1(t)+A1—291 47
b= 6,-0, (47)

The differential equations for Hi, H», ¥, and ® can be formulated as

al

05 1 15

Q1/(2w1)

Figure 4. Time-frequency-amplitude region of cross stability in a system with external excitation only.
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—@— stochastic averaging method

the ---4@--- numerical simulation
maximym ~ 5*10° " i
Lyapunov o e
exponent . . g

p/ll _5% 10—3 e

0 1*¥10% 2%10¢ 3*10° 4*10° 5*10% 6*10° 7%10°°
The railway irregularity coefficient E7; (KN)

Figure 5. Lyapunov exponent in a system with external excitation only.

E E ~H1H
dHy = [(Bro — PrO)H1 + —Lsiny Hy + —2 cosyrHy + UYL Gy
2wy 2wy wy
Ey Ey ~H1H
dH; = [(B20 + B21)Ha + szm//Hz + fcosllsz ITIZSI'WP]W
1
H, (48)
dyr = [(2; —2a)1)+—c0 ¢+—s w—{—— —cosqﬁ]dt—f—aldBl(t)
E Ep H:
d = [(w3 — 1) + L cosyr + 2 sin 2. ¢—@,/ cos p1dt
4&)1 4a) H1

The differential equations for p and o; can be formulated as
*(,311 + Ba1 + (Bao + Bro—Bui—Ba + 751 ¥+ 7c sy — 751 V- 70051”)061
+ (—1 — —) sin @ /o1 (1 — 1)) dt
wy
day = Bao + Bro—P11—PBu + % siny + % cosy — — s ny — — c031//)a1(1 —a1) + (Va1 (1 —ay)
a- oq)%z1 sin ® — \/mm% sin ®)dt

(49)
play, y, @) can be derived from the following equation, the derivation of which can be found in '’

dp 9my  0G 0K  of op?
op 7 4+ + o 9P~ (50)
3t day | oy 2 Y2

The transition probability density is obtained from the solution of the FPK equa-
tion:p = p(ay, ¥, D, tlao, Yo, Po).

The maximum Lyapunov exponent can be expressed as:

2T p2mw E Ey
= // / *(,311+,521+(ﬂ20+ﬂ10 ﬂn—ﬁzl-l-fsinl//—‘rz—;)zlcosw—z—s w——cosw)al

(2301

-l-(w2 - )Sln ®\/o(1 —a)lplar, ¥, ¢)dadyrdg

(51)
A numerical calculation is helpful for determining reason for this resonance. In Fig. 6, when y=0, =0,
the stationary joint probability density p(®, ) shows a peak. The joint probability density p(®, y) represents a
centralized distribution with the angle differences ¥'=0 and @=0. Figures 6 and 7 show the stable and unstable
regions in the frequency-excitation amplitude plane, which is resembles a saddle shape. As the guideway irregu-
larity coefficient E,, increases, the maximum Lyapunov exponents start from their initial small stable state and
rise in a step-wise manner, as shown in Fig. 8. A comparison between the stochastic averaging method and the
numerical simulation is also shown in Fig. 8, where numerical consistency between the stochastic averaging
method and the numerical simulation is also shown in Fig. 8, where numerical consistency can be observed.
The random average method is more vivid from the grasp of the critical value of total energy and the changing
trend. Through the grasp of displacement, the numerical simulation has a large amount of calculation.
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Figure 6. Stationary probability density of a system with both internal and external excitation.
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Figure 7. Time-frequency amplitude stable region in a system with both internal and external excitation.

Summary

In this paper, stochastic averaging method for a quasi-integrable Hamiltonian system under bounded noise is
proposed in this paper. The forms and dimensions of the averaging equations depend on the number of inter-
nal and external resonant relations in the system. The proposed procedures were applied in the prediction of
a high-speed maglev train-bridge coupled system responses under bounded noise. The results obtained from
the reduced averaging FPK equation by using the finite difference and the successive over-relaxation iterative
methods are consistent with simulations of the original system. It is noted that the proposed procedure may
also be applicable in studying the reliability and stochastic stability of these systems under bounded noise. The
results conclusively show that

e The joint probability density of different phases has a peak when the phases are close to each other.

The stable region shrinks when the two resonance conditions are satisfied.

®  When the unstable region in the phase diagram (E,;, Q,2w,) is affected by only one external resonance, the
external resonance reduces the stable region. The closer the external resonance frequency is to the system
frequency, the smaller the size of the stable region. Moreover, as E,, increases, the maximum Lyapunov
exponent changes from negative to positive, and the system shifts from stability to instability in a nearly
linear manner.

e  When the unstable region in the phase diagram (E,;, Q,2w,) is affected by both internal and external reso-
nance, the stable region shrinks as the energy is transferred from the first oscillator to the second oscillator
during the two resonances. As E,; increases, the maximum Lyapunov exponent changes from negative to
positive, and the system shifts from stability to instability in a step-wise manner.
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Figure 8. Lyapunov exponents of a system with both internal and external excitation.
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