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A mathematical model 
for supercooling process and its 
application to frazil ice evolution
Deming Yang 1,2, Jijian Lian 1,2, Xin Zhao 1,2*, Qingzhi Hou 1,2, Yunfei Chen 1,2 & Yue Zhang 1,2

The calculation of the number of ice crystals for the model of frazil ice evolution is very important and 
affects the whole frazil events. In this paper, the general formula for the number of frazil ice crystals 
was established considering secondary nucleation, flocculation, gravity and turbulent entrainment, 
and ice crystals by melting. Meanwhile, two physical processes of secondary nucleation and 
flocculation were expressed by introducing critical impact velocity and the probability of flocculation 
from previous models. It has been found that the simulation results of frazil ice evolution are in good 
agreement with the experimental data and actual project. Then, Sobol method is carried out to judge 
parameters’ influence degree, which found the number of nuclei produced E is the most sensitive and 
has the greatest influence on the model results. In addition, sensitivity analysis of these parameters 
shows that they can affect the maximum supercooling and the period of supercooling. Therefore, 
the calculation method of the number of ice crystals is applied, which provides technical support for 
exploring the water temperature and internal relationship of frazil ice evolution.

Abbreviations
DMT  Derjaguin Muller Toporov
JKR  Johnson–Kendall–Roberts
MAE  Mean absolute error
RMSE  Root mean square error

For cold regions of the north, frazil ice formation and evolution are seriously affected the operational safety of 
water conveyance projects and rivers in winter. Affected by the weather, different degrees of icing problems often 
occurs, which will change the hydraulic conditions and cause damage to water conveyance  structures1–3, such 
as blocking pump gates and stations or water intakes of hydroelectric power plants. Frazil ice is the origin of 
other forms of ice, and it can develop surface ice to form ice cover and accumulate into hanging dams, or attach 
to river beds and canal bottoms to promote the growth of anchor ice. Frazil ice evolution is a complex physical 
process, involving the interaction of hydrodynamics, mechanical forces, etc. Therefore, it’s of great significance 
to research the frazil ice to mitigate or eliminate the aforementioned problems.

Frazil ice evolution is mainly divided into two parts: the number of ice crystals and the heat balance. The 
former includes multiple physical process, such as initial seeding, secondary nucleation, flocculation, breakup, 
gravity and turbulent  entrainment4–7. It is generally believed that frazil ice evolution requires three conditions: 
turbulence, degree of supercooling and initial seed ice  crystals5. The first two are necessary conditions for effec-
tively maintaining the process of heat transfer between water and the external environment, while the latter is 
a key factor in heterogeneous nucleation. Many studies had found that frazil ice will appear and grow around 0 
°C in  nature8,9. In theory, temperature in nucleation never gets close to the critical temperature of heterogeneous 
nucleation of any known  material10. Therefore, it is assumed that the initiation of ice crystals originated from 
the settlement of ice crystals in the air. The settlement of ice crystals is related to snowfall, blowing snow, water 
drop or bubbles produced by water  collision11,12. Therefore, secondary heterogeneous nucleation is regard as the 
main mechanism of nucleation. Once the seed ice crystals appear, it will grow and multiply, and the latent heat 
released by the growing ice crystals and the heat exchange with the external environment between maintain a 
dynamic balance. The multiplication of ice crystals is mainly caused by many physical processes, such as the 
shedding of small ice crystals when ice crystals collide each other or solid boundaries, flocculation between 
crystals or turbulent shear fragmentation.
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The secondary nucleation and flocculation of ice crystals are produced by the collision of solid particles. In 
fact, the collision of ice particles is very important in many physical systems. Ice particles in the atmosphere 
transfer electrical charge through  collisions13,14, which can cause thunderstorms, or the accumulation of dry 
snow on the surface of cars and  roads15. For the behavior of ice particles, the commonly used theoretical meth-
ods include the Hamaker theory, JKR (Johnson–Kendall–Roberts) model, DMT (Derjaguin Muller Toporov) 
collision model, etc. These models adopt different assumptions to explain the adhesive interaction of spherical 
particles due to Van der Waals forces. The JKR contact theory is based on Hertz’s theory, which believes that the 
adhesion exists in the contact  area16. And it is applicable to the case where the relative contact radius is large and 
the adhesion in outside the contact area is relatively  small17–19. Using JKR theory of adhesive elastic contact to 
study the interaction between adhesion and inelastic deformation in the impact of elastic  solids20.

Through a series of research experiments, it is found that the states of ice particles are divided into the 
unchanged state and the changed state, and present four different degrees of fragmentation after the second-
ary  nucleation21. The flocculation of ice particles is divided into low-speed adhesion and high-speed  fusion22, 
and the velocity of rivers or channels is generally low, so the ice crystals’ flocculation belongs to the former. In 
addition, adhesion of ice crystals at low collision velocities has been experimentally demonstrated, and there 
appears to be a critical velocity beyond which ice crystals no longer stick  together23,24. The calculation formula 
of the critical velocity can be derived from the collision model. Blum et al.25 and Doan et al.26 compared the 
experimental data with the theoretical value of the model. They found that the relative collision velocity of  SiO2 
grains below 1.2 m/s often leads to adhesion, and rough grains are more prone to adhesion, which is consistent 
with the prediction of the theoretical model.

Combined with the above research results, a number of mathematical models have been developed to simulate 
all kinds of physical processes and frazil ice evolution.  Daly27 established the model of frazil ice formation and 
evolution based on the continuity equation of ice number and heat balance equation. Then he wrote the report 
about comprehensive overview of frazil  ice28, and the dynamic evolution of the crystal size distribution function. 
 Mercier29 using Monte Carlo methods and probability density function to simulate frazil ice formation. Base on 
Daly’s model,  Wang7 divided the ice particles radius into different intervals to establish heat balance equation 
and number continuity equation. In these models, the process of secondary nucleation and flocculation is simply 
described, and its collision theory is not elaborated in detail. Shen et al.12 presented a numerical model based 
on a two-layer ice transport formulation for surface and suspended ice, and verified the calculation result of 
the model by the field data.  Lindenschmidt30 and Blackburn et al.31 improved the model RIVER to simulate the 
dynamic processes of frazil ice in river systems with complex flow patterns.  Makkonen10 established the model 
for the entire active frazil event. Although the relationship between the sizes of ice particle and heat balance was 
established, the change process of the number of particles was not well simulated.

The number of particles is difficult to be quantified, because the behavior of collisions between ice crystals 
is not fully understood.  Daly27 proposed a theoretical formula for the rate of secondary nucleation based on the 
kinetics of secondary nucleation. Evans et al.32 and  Mercier29 proposed the model for the kinetics of secondary 
nucleation, and considered that the collision breeding was the primary mechanism. Then Jucha et al.33 found 
that the impact of turbulence velocity fluctuation becomes the main factor determining the collision rate. Ham-
mar and  Shen5 simulated secondary nucleation and flocculation based on binary collisions of frazil particles. It 
can be found from that the quantization of each process is relatively complex, and many uncertain parameters 
can hardly guarantee the accuracy of model results. In addition, there is a lack of sensitivity analysis of these 
parameters to determine their position and role in the model.

In this paper, based on previous models and the theory of collision between ice particles, two processes of 
secondary nucleation and flocculation were expressed by introducing critical impact velocity and probability of 
flocculation, and general formula for calculating the number of frazil ice crystals was established. Meanwhile, 
the method were verified though the experimental data and actual project combination with the two-layer ice 
transport model. Finally, this paper uses Sobol  method34 to judge parameters’ influence degree and analyzes the 
sensitivity of parameters to expound the influence of the supercooling process, which provides technical supports 
for the verification of model parameters.

Modelling
According to the available research results, in order to express the parameters clearly and calculate the model 
conveniently, in this paper, the frazil ice crystal is regarded as a uniform size of disc-shaped. The mean diameter 
of frazil ice crystals is used as the calculated size of all ice crystals. Also, assumed that the space of model is fully 
homogeneous and there is no difference with location.

The number of ice crystals. Based on Daly’s27 general equation and Svensson and Omstedt’s35 model, 
particles breakup is generally not considered because it only exists in large, weakly bounded aggregates at high 
 shear29.

Before the water is supercooled no crystals can exist in the water, in fact, new crystals are introduced by 
seeding, ice crystals that fall into the water from the atmosphere. Therefore, the change of the number of ice 
crystals in the period of supercooling only considers five physical processes, namely initial seeding, secondary 
nucleation, flocculation, gravity and turbulent entrainment, and ice crystals by melting. The general formula 
that can calculate the number of frazil ice crystals are considered as

(1)
dn

dt
= nseed + ncolli − nfloc − ng+t − nmelt,
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where n = the number of frazil ice crystals per unit volume; nseed = the initial seeding rate; ncolli , nfloc, ng+t , nmelt 
= the number of crystals produced by secondary nucleation, flocculation, gravity and turbulent entrainment, 
and ice crystals by melting per time per unit volume. And nmelt is closely related to the thermal balance of frazil 
growth, and the specific process is described in “The thermal balance of frazil growth” section.

Secondary nucleation. Secondary nucleation and flocculation are both caused by the collision of ice crystals. 
Secondary nucleation is responsible for producing small particles by removing the nuclei created from the sur-
face of the parent particles. Evans et al.32 and  Mercier29 proposed the model for the kinetics of secondary nuclea-
tion, and it assumed the collision frequency was related to turbulent shear and differential rising. The number of 
particles produced by the collision of two identical ice crystals is

where v = one of the colliding ice crystals; I = the number of nuclei produced per unit time; E = the number 
of nuclei produced per unit collision energy; CE = the rate of collisional energy transfer to the crystals per unit 
volume of fluid, CE is a function of collision frequency and collision efficiency.

Due to the CE are not easy to solve, it is simplified on this basis and combined with the random theory, take 
the trajectory of any ice crystal as the central axis, and the effective diameter of the crystal as the radius to make 
a cylinder (as shown in Fig. 1). In unit time �t , the relative velocity of ice crystals is u . The distance traveled 
by ice particles is u�t , the volume of the corresponding cylinder is πd2u . Since the ice crystal density per unit 
volume is n , then the average collision frequency of each ice crystal is

where d = the diameter of ice crystals; u = the relative velocity, u =

√

u2l + w2 , where ul = (1/15)1/2(ε/ϑ)1/2d , 
is used as the velocity due to turbulent  fluctuation7; w = the average velocity of rising frazil ice; ε = turbulent 
dissipation rate; ϑ = coefficient of kinematic viscosity.

According to the model established by  Mercier29, assuming that the proportion of collisional energy transfer 
to the crystals per unit volume is τ . ncolli can be formulated as

where m = the mass of ice crystal, m =
πρiSd

3

4  ; the aspect ratio S = δ/d ; δ = the thickness of ice crystal; ρi = the 
density of ice. According to the research results of Hill et al.24, it is found that after millimetre-sized ice particles 
collide with each other, coefficients of restitution were evenly spread from 0.08 to 0.65, and 0.08% to 17%, 4% to 
41% of the kinetic energy was converted into the particles’ rotation and translation. Therefore, the value range 
of the parameter τ is 0–0.88, so the average value τ = 0.44 is taken in this paper.

Growing frazil ice crystals can release latent heat to make the water temperature increase and the growth rate 
of ice decrease. An active frazil event involves a negative feedback mechanism. This puts a limit on the amount 
of ice that can form, given the time and the heat flux from the water body. So it is quite logical to limit n by the 
calibration factor nmax to restrict, then

Before the water is supercooled no crystals can exist in the water, therefore n0 must always be zero. When the 
water is supercooling, n0 is related to the initial seeding rate. E , nseed , nmax are calibration parameter, at the same 
time, the selection of these can refer to Ye et al.35,  Clarks36,  Wang7, etc.

Flocculation. Flocculation is an adhesion phenomenon caused by the adhesion of contact  surfaces19,23. The 
flocculation between ice crystals is closely related to the thermal conditions determined by water temperature. It 
is necessary for the temperature of the water to be less than 0 °C for flocculation to occur.

(2)I =

∫∫

ECEdv
2,

(3)Z = πnd2u,

(4)ncolli =

∫

πn2d2u× E × τ ×mu2dt =

∫

π
2

4
ρiSEτn

2d5u3dt,

(5)n = min(n0, nmax).

Figure 1.  Schematic diagram of the collision zone between ice crystals.
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Svensson and  Omstedt37 suggested the probability of flocculation is linearly related to the diameter of col-
liding particles. Some studies show that the adhesion between particles is related to the collision velocity, but 
most of the critical adhesion velocity is calculated in the air fluid. Although the ice crystal collision exists in 
the liquid fluid, there may be some differences. However, JKR theory, whose research object is collision contact 
surface, can effectively avoid the influence of fluid force. According to the JKR theory (shown in Fig. 2) and the 
generalized regime map by conducting  experiments38, the critical pull-off force Fc of adhesion on the contact 
surface of two particles is given by

where W = work of adhesion, W = 0.218 J/m2; R∗ = the effective radius of contact, R∗
=

d
4.

Then, the corresponding contact radius a0 and particle critical overlap δc are

where E∗ = effective Young’s modulus.
The energy loss caused by the collision of two ice crystals is equal to the work done by the unloading force, 

which can be obtained by numerical integration along the path of over lap

where Es = energy to stick at collision; K1 ≈ 0.9355 is an integration constant.
According to the conservation of energy, the critical adhesion velocity Vs is

where m∗ = effective mass in contact.
In order to better reflect the process of flocculation between ice crystals, combined with the critical adhesion 

 velocity18,39, the probability of flocculation β is introduced. At low collision velocities, the ice crystals have high 
adhesion to each other and may be “trapped” without bouncing  back17,20,40. Thus β can be defined as,

Base on the average collision frequency Z , the number of flocculation produce ice crystals is defined as,

Gravity and turbulent entrainment. Mercier29 and  Wang7 had calculated the removal coefficients by assuming 
that the removal efficiency was positively correlated with the concentration of frazil ice. Chen and  Shen41 used 
the probability to express the process of gravity and turbulent entrainment. It can be seen from previous research 
results that ice crystals that move upward due to buoyancy are removed when they become part of the top layer, 

(6)Fc =
3πWR∗

2
,

(7)a0 =

(

9πWR∗

2E∗

)1/3

,

(8)δc =
a20R

∗

2
−

√

2πWa0

E∗
,

(9)Es =

a0
∫

0

Fcdδ = K1Fca0 =
9K1

8

(

π5W5R∗4

E∗2

)1/3

,

(10)Vs =

(

2Es

m∗

)0.5

=

(

9K1

4m∗

)0.5
(

π5W5R
∗4

E∗
2

)1/6

,

(11)β =

{

1, u ≤ Vs

0, others
.

(12)nfloc =

∫

πβn2d2u dt.

Figure 2.  Contact diagram between particles in JKR contact theory.
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and they that move downward are removed when they become part of the anchor ice at the bottom of the chan-
nel. Assuming that the depth of the mixed region is homogeneous, the calculation formula for removal is

where Pg+t = the removal coefficient of gravity and turbulent entrainment, Pg+t =
(w+wd)

H Mi ; Mi = the concen-
tration of frazil ice per unit volume; wd = the average downward velocity due to turbulent entrainment; H = the 
depth of river or channel.

Based on the above assumptions, the volume concentration of frazil ice per unit volume Mi is

Equation (13) gives

Frazil ice evolution. The aspect ratio S. The aspect ratio is closely related to the growth of ice crystal, due 
to the crystal wants to minimize its surface-to-volume ratio, so the cross growth of diameter is superior to verti-
cal  growth27,42. With the decrease of water temperature, the aspect ratio also gradually decreased until it became 
stable. Some researchers found that the aspect ratio is related to the rise velocity w of frazil ice, and it changes 
within a small 28,38,43, because the heat transfer from the ice crystals is also a function of the rise velocity. Gosink 
and  Osterkamp44 derived the equation of rising velocity of a disc-shaped ice crystals as follows:

where CD = the drag coefficient; g ′ is the reduced gravitational acceleration, given by g ′ = g(ρw − ρi)/ρw.
In addition, there are many methods for calculating the rise velocity, but some applicable conditions may 

exist. Therefore, the three equations  derived17,45 is adopted as follows:

where g ′D = the reduced gravity.
According to previous studies, it is assumed that the aspect ratio is in the range of [0.01, 0.1].
Equations (16)–(19) was introduced into the two-layer ice transport model to verify the cases in  Shen46 and 

 Chen41, so as to understand the influence of the aspect ratio on the model results. Compares the results that the 
aspect ratio is set as a constant value, which were respectively 1/20, 1/60 and 1/100. The initial condition and 
simulation results are shown in Table 1 and Fig. 3.

Figure 3 show that the aspect ratio changes dynamically during the supercooling process, and directly affects 
the change of water temperature. It also can be seen from Fig. 3a,c that the water temperature along the lines 
for Shen’ case is between the results of aspect ratio of 1/20–1/60, while the water temperature for Chen’ case 

(13)ng+t = Pg+tn =
(w + wd)

H
Min,

(14)Mi =
1

4
nπSd3.

(15)ng+t =

∫

(w + wd)

4H
n2πSd3dt,

(16)S =
w2CD

2dg ′
,

(17)w = 0.02
(

g ′Dϑ
−1d2

)

for d < 0.0006m,

(18)w = 0.0726

(

g ′D
0.715

ϑ−0.428d1.14
)

for 0.0006 < d < 0.0028m,

(19)w =
1

2

(

g ′Dd
)1/2

for d ≥ 0.0028m,

Table 1.  Initial condition of Shen’s46 case and Chen’s41 case.

Parameter name Shen’s case Chen’s case

Width 100 m 425 m

Flow area 500  m2 1350  m2

Length 20 km 300 km

Rising velocity 0.001 m/s 0.0013 m/s

Surface heat loss rate 360 W/m2 431W/m2

The initial diameter 0.0005 m 0.001 m

The initial seeding rate 7.5E3 4.8E5

Porosity of the ice flower 0.5 0.6

Thickness of the hard ice layer 0.005 m 0.3 m

The number of nuclei produced per unit collision energy 3E12 3E14
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is between 1/60 and 1/100, so it is concluded that the influence of aspect ratio on water temperature along the 
lines is different under different conditions. With the decrease of the aspect ratio S , the maximum supercool-
ing decreases in Fig. 3b,d. Therefore, using the Eq. (16) to calculate the aspect ratio can better reflect the actual 
process and reduce the errors.

The thermal balance of frazil growth. According to the thermal balance process of frazil ice growth, the equa-
tion is

where Tw = water temperature; c = the volumetric specific heat of water;Li = the volumetric latent heat of ice;ϕ 
= the heat flux per unit area from the water surface to air.

Differentiating Eq. (20) gives

The latent heat flux released by the growth of all particles is equal to the heat flux into water, so that.

where V  = the volume of the disk; h = the total heat transfer coefficient of the ice crystal, h =
kNu
d  ; k = the con-

ductivity of heat in water and Nu = the Nusselt number; �T = the difference of between water temperature and 
freezing point; Ai = the area of ice crystals.

The Nusselt number is a dimensionless number related to Prandtl number ( Pr = 13.4) and Reynolds number 
that characterizing heat diffusion.

The values of constant C and m are also different in different flow states. According to the actual engineering 
and Kobus and Shumway’s47 classification standard, choose C = 2.22, m = 0.34. Simultaneous Eqs. (20)–(23) to 
obtain an equation for the growth rate of frazil particle diameter as.

Results
Model verification. Various experimental studies on frazil ice formation have been carried out in different 
laboratory setting. By changing the hydraulic and environmental conditions that include water depth, and water 
velocity, air temperature, different working conditions are simulated, so as to explore the variation law of each 
factor in the whole supercooling process. In this paper, experimental data of Ye et al.35 were used to verify the 

(20)
dTw

dt
=

1

c

(

Li
dMi

dt
−

ϕ

H

)

,

(21)
dMi

dt
=

3

4
nπδd

d(d)

dt
.

(22)ρiLi
dV

dt
= h�TAi ,

(23)Nu = CPr1/3 Rem.

(24)
d(d)

dt
=

4

3

(

d

2δ
+ 1

)

h�T

ρiLi
.

Figure 3.  (a) Water temperature along the lines for Shen’s case. (b) Water temperature versus time for Shen’s 
case. (c) Water temperature along the lines for Chen’s case. (d) Water temperature versus time for Chen’s case.
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accuracy and reliability of the model. Selecting the laboratory experiment no. 63 and no. 86 by Ye et al. as the 
examples and their characteristics of the supercooling processes shown in the Table 2. The two groups of experi-
ments use different water velocity and water depths, which can better simulate the process of frazil ice evolution 
under different conditions. Finally, using the model to calculate the supercooling process of the two examples, 
the results are shown in the Fig. 4.

Then, using Eqs. (25) and (26) to calculate MAE (mean absolute error) and RMSE (root mean square error), 
the calculation results of each parameter are shown in Table 3.

where yis , yir = the measure and simulation value of parameters i;s = the quantity of data.
Figure 4 shows with the increase of ice crystal diameter and frazil ice concentration, the water temperature 

versus time will reach the peak and then change until it is stable, which is consistent with the theoretical super-
cooling process. It can found water temperature reaches its lowest point at about 600 s and 1200 s. Thereafter, 
increased latent heat liberation leads to an increase in the water temperature until the residual temperature at 
1300 s and 1600 s, which marks the beginning of the residual supercooling stage. In addition, Person correlation 
coefficient between the concentration of frazil ice and the diameter of ice crystals are 0.95 and 0.89, which can 
be inferred a positive correlation each other.

Table 3 show the MAE and RMSE of the three parameters in the two experiments are very small, indicating 
that the errors with the measure values are small and have good agreement with them. The model can better 

(25)MAE =
1

s

s
∑

i=1

∣

∣yis − yir
∣

∣,

(26)RMSE =

√

√

√

√

1

s

s
∑

i=1

(

yis − yir
)2
,

Table 2.  Characteristics of the supercooling processes for the laboratory experiment no. 63 and no. 86 by Ye 
et al.

Exp. no. Air temperature (°C) Velocity (m/s) Water depth (m) The heat flux (W/m2) nseed nmax

63  − 10 0.612 0.15 40 7.5E2 1.5E4

86  − 10 0.483 0.2 40 1.5E3 3.5E4

Figure 4.  Water temperature, frazil ice concentration and ice crystal diameter measured in the laboratory 
experiment no. 63 and no. 86 by Ye et al. and as simulated by the model.

Table 3.  MAE and RMSE of water temperature, frazil ice concentration and ice crystal diameter in the 
laboratory experiment no. 63 and no. 86.

Exp. no. Index Water temperature Concentration Diameter

63
MAE 0.0041 4.6E−5 0.00113

RMSE 0.0047 6.5E−5 0.00130

86
MAE 0.0030 1.39E−5 0.00055

RMSE 0.0033 1.69E−5 0.00072
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explain evolution of frazil ice concentration and water temperature. Through comparison, it is found that the 
MAE and RMSE of no. 86 is significantly lower than that of no. 63, it be due to inaccuracy in the empirical 
equations of the model or artificial errors in experiments. The Person correlation coefficient between water 
temperature and concentration are 0.62 and 0.16, diameter and concentration are 0.86 and 0.88. It suggests that 
water temperature and concentration is poorly correlated, and concentration and diameter is well correlated.

Applied to actual project. According to the characteristics of various models and the actual situation of 
the projects, the two-layer ice transport model proposed by Shen et al.41 can not only simulate supercooling, 
suspended ice, surface ice discharges and other processes, but also consider the influence of ice crystal quantity 
in the conservation of thermal energy. In order to further verify the applicability of the general formula, based 
on the two-layer ice transport formulation model, this paper simulates the ice-water two-phase flow of channel. 
Water conveyance projects have been built in the cold areas in northwest China. In winter, the open-flow ice-
water two-phase water transfer mode is adopted mostly to alleviate the problem of water shortage. Taking an 
open ice-water two-phase channel in Xinjiang as example, in winter 2003-01, observations on water temperature 
and the rate of freezing were made. Taking January 8(th) as a typical temperature process, other parameters do 
not change, the general formula for the number of frazil ice crystals only is introduced into Shen’s model to 
simulate the ice process at 3:00, and the calculation results are compared with those Shen’ model was used, as 
shown in Fig. 5.

The water temperature and the rate of freezing along the lines are shown in Fig. 3. Using hai = 19.71W/m2 ◦C , 
the floating probability of the frazil ice θ = 0.6 , the porosity of the ice floe ef = 0.5 , the frazil rise velocity 
w = 0.001 . No anchor ice formation is assumed. The MAE and RMSE of water temperature and the rate of freez-
ing for the two model are calculated, as shown in Table 4.

The numerical simulation results introduced the general formula are in agreement with the field observations 
in Fig. 5. And Table 4 show the MAE and RMSE of water temperature and the rate of freezing using this method 
is smaller, which proves the feasibility of the formula. The MAE and RMSE of introducing the general formula 
are smaller than those of Shen’ model, which it further shows that the general formula for the number of frazil 
ice crystals can improve the accuracy of simulation results to a certain extent.

Discussion
Sobol method analysis. In the process of simulation, although the selection of some parameters refer to 
some relevant literature, it will still have a certain impact on the simulation results. In order to better understand 
the role of these parameters, special methods should be adopted for analysis. Sobol method is a global sensitivity 
analysis method based on variance decomposition. Its core is to decompose the total variance of the objective 
function into the variance of a single parameter and the variance generated by the interaction between param-
eters by Nandakumar et al.48 Suppose the model can be represented as y = f (x) = f (X1, . . . ,Xm) , where y is 
the objective function of model,Xm is the model parameters, and m is the total number of parameters. Then the 
variance D

(

y
)

 can be decomposed into:

Figure 5.  Water temperature and the rate of freezing at January 8(th), 3:00, 2012.

Table 4.  MAE and RMSE of water temperature and the rate of freezing for the two methods.

Method Index Water temperature The rate of freezing

Improved model
MAE 0.0431 0.0497

RMSE 0.0514 0.0565

Shen model
MAE 0.0861 0.0747

RMSE 0.0973 0.1000
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where Di is the variance of parameters i ; Dij is the variance generated by the interaction of the parameters i, j ; 
D1,2,...m is the variance generated by the interaction of the m parameters. The sensitivity of each parameter and 
the sensitivity of the interaction between the parameters can be obtained by normalization.

For parameters, the first-order, second-order and total sensitivity are respectively: Si = Di
D  ; Sij = Dij

D  ; STi = 1 − D∼i
D  , 

where D∼i
D  is the variance of parameters other than parameter i.

According to above model, the maximum supercooling is selected as the objective function, and the three 
model parameters:nseed , E, nmax are selected for Sobol analysis, the results are shown as Fig. 6.

Figure 6 shows that the green part of the Figure is the total sensitivity of parameters; the yellow part is the 
first-order sensitivity. That is, the sum of the two parts is the total sensitivity of the parameter. It can be seen that, 
the sensitivity of E is the largest, reaching 92% and 89% which means that it has the greatest influence on the 
maximum supercooling. While the sensitivity of nmax is the smallest, the first-order sensitivity is basically close 
to 0, and its total sensitivity is also the smallest, both reaching about 50% which is less than the others. Therefore, 
when selecting the model parameters, the parameters E should be checked more accurately.

Sensitivity analysis. Sensitivity analysis is one of the common methods to analyze uncertainty. Hence, the 
sensitivity analysis of three parameters—nseed , nmax and E is carried out for the Ye’ experiment to calculate the 
additional numerical simulations.

In the above two experiments for no. 63 and no. 86, keeping other parameters unchanged, the different values 
of nseed , nmax and E used in the simulations, as shown in Table 5, and the results are shown in Fig. 7.

Figure 7a,b shows with the initial number of ice crystal nseed increase, the maximum supercooling will be 
decreased, and the period of supercooling also be shortened. This is basically in line with Wang’s view. For 
Fig. 7c,d, it also can be seen that its conclusion is similar to Fig. 7a,b, but the magnitude of its influence is sig-
nificantly less than that of parameter nseed . This happens to coincide with Fig. 6, which the effect of parameter n0 
on model results is greater than that of parameter nmax . The number of nuclei produced E affect the frequency of 
collisions between ice crystals in Fig. 7e,f. The higher its value, the more ice crystals the collision produced, the 
shorter the period of supercooling and the faster the water temperature recovered. The parameters E are greatly 
affected by the Reynolds number and the dissipation  rate21,29. Due to the large difference in Reynolds numbers 
between the two experiments for no. 63 and no. 86, so the magnitude of parameter values varies greatly.

Discussion on the effect of parameters. In practice, the number of ice crystals nseed , the diameter d and 
the aspect ratio of frazil ice S affect each other. Under certain conditions, the increase of the number of ice crys-
tals will limit the growth of ice crystals. Moreover, the roughness of ice crystals will further affect the diameter 
and the aspect ratio. In turn, it limits the number of ice crystals and other variables until equilibrium is reached. 

(26)D
(

y
)

=

∑

i

Di +

∑

i<j

Dij + · · · + D1,2,...m,

(27)1 =

∑

i

Di

D
(

y
) +

∑

i<j

Dij

D
(

y
) + · · · +

D1,2,...m

D
(

y
) .

Figure 6.  (a) The results of the Sobol analysis for three model parameters nseed , E, nmax in the experiment no. 
63. (b) The results of the Sobol analysis for three model parameters nseed, E, nmax in the experiment no. 86.

Table 5.  Parameters nseed , nmax and E for the laboratory experiment no. 63 and no. 86 by Ye et al.

Exp. no. nseed nmax E

No. 63 1.4E4 3.5E4 7.5E4 2.5E4 7E4 1.5E5 3E8 3E9 3E10

No. 86 7.5E3 1.5E4 3E4 3.5E4 7E5 1.5E5 3E3 3E4 3E5
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The number of ice crystals is a key parameter to affect the growth of ice crystals in the model. The initial number 
of ice crystal and the number of nuclei produced are the basic factors affecting the number of ice crystals, which 
directly determine the starting height. Based on the sensitivity analysis above, the influence of three parameters 
on the rate of water temperature was analyzed, and the results are shown in Fig. 8.

Figure 8 shows the rate of water temperature versus time is “peak-tip”. Figure 8a–d shows the larger nseed 
and E , the smaller the maximum rate of the water temperature. This is because the number of ice crystals has 
affected the heat exchange between water and ice, so the more there are, the faster the water temperature will 
recover. On the contrary, Fig. 8e,f shows the maximum rate of water temperature increases with the maximum 
number of ice crystals nmax increase. This may be because increasing nmax shorten the steady-state time of water 
temperature. The frequency and number of collisions between ice and water cannot increase indefinitely, it is 
quite logical to limit n.

In addition, it can also be seen that the influence of nseed is different in different conditions, such as the rate 
of no. 63 is very small, while no. 86’s rate has a clear gap. Contrast Fig. 7a–d, when the rate of water temperature 
is equal to 0, the time reaches the maximum cooling. Then the rate of water temperature will have a steeper 
trend, indicating that it has a significant impact on the stage of warming. Until the water temperature reaches 
the residual temperature, the rate of water temperature approaches the maximum.

Conclusion and the future work
In this paper, through defining the processes of secondary nucleation and flocculation by introducing critical 
impact velocity and the probability of flocculation, the general formula for the number of frazil ice crystals is 
established and applied the model for frazil ice formation and evolution. The example analysis and sensitivity 
analysis are carried out for the model. Based on the above, the following conclusions can be drawn:

(1) The process of secondary nucleation and flocculation are important for frazil ice formation and evolution. 
The establishment of general formula for the number of ice crystals can make the model comprehensive 
and accurate by introducing new parameters.

(2) The simulation results agreed favorably with observational data and actual project, and correspond with 
the theoretical supercooling process. It confirmed that the simulation can reflect the entire physical process 
of frazil ice formation and evolution.

Figure 7.  (a) Sensitivity analysis of nseed for the laboratory experiment no. 63. (b) Sensitivity analysis of nseed 
for the laboratory experiment no. 86. (c) Sensitivity analysis of E for the laboratory experiment no. 63. (d) 
Sensitivity analysis of E for the laboratory experiment no. 86. (e) Sensitivity analysis of nmax for the laboratory 
experiment no. 63. (f) Sensitivity analysis of nmax for the laboratory experiment no. 86.
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(3) Through the Sobol analysis of the three parameters ( nseed ,E, nmax ), it can found that the number of nuclei 
produced E is the most sensitive and has the greatest influence on the calculation of the number of ice 
crystals and the maximum supercooling.

(4) In the sensitivity analysis of the three parameters, it shows that the initial number of ice crystal nseed and 
the number of nuclei E produced directly determine the starting height of the number of ice crystal, which 
affects the maximum cooling and the period of supercooling. Further nucleation and collision may be 
restricted during the later stages of supercooling process.

Finally, in the future work, we will strengthen the relevant experiments of physical model and enrich the 
collection of measured data to obtain the internal relationship among many parameters, So that the parameters 
can be better calibrated to properly evaluate model.

Data availability
The datasets used and/or analyzed during the current study are available from the corresponding author upon 
reasonable request.

Received: 14 November 2022; Accepted: 7 April 2023

References
 1. Gijsbers, P. J. A. & Loucks, D. P. Libya’s choices: Desalination or the great man-made river project. Phys. Chem. Earth B 4, 385–389 

(1999).
 2. Liu, M. K. Operation simulation model for middle route of south-to-north water transfer project during ice period. Trans. Chin. 

Soc. Agric. Eng. 16, 95–104 (2019).
 3. Mu, X. P. Study on long-distance water transfer channel with thermal insulation cover in winter. J. Hydraul. Eng. 09, 1071–1079 

(2013).
 4. Clark, S. & Doering, J. C. Frazil flocculation and secondary nucleation in a counter-rotating flume. Cold Reg. Sci. Technol. 55, 

221–229 (2009).
 5. Hammar, L. & Shen, H. T. Frazil evolution in channels. J. Hydraul. Res. 33, 291–306 (1995).
 6. Schneck, C. C., Tadros, T. R. & Ghobrial, M. R. Laboratory study of the properties of frazil ice particles and flocs in water of dif-

ferent salinities. Cryosphere 13, 2751–2769 (2019).

Figure 8.  (a) Rate of water temperature versus time of nseed for the laboratory experiment no. 63; (b) rate of 
water temperature versus time of nseed for the laboratory experiment no. 86; (c) rate of water temperature versus 
time of E for the laboratory experiment no. 63; (d) rate of water temperature versus time of E for the laboratory 
experiment no. 86; (e) rate of water temperature versus time of nmax for the laboratory experiment no. 63; (f) 
rate of water temperature versus time of nmax for the laboratory experiment no. 86.



12

Vol:.(1234567890)

Scientific Reports |         (2023) 13:5801  | https://doi.org/10.1038/s41598-023-33097-z

www.nature.com/scientificreports/

 7. Wang, S. M. & Doering, J. C. Numerical simulation of supercooling process and frazil ice evolution. J. Hydraul. Eng. 131, 889–897 
(2005).

 8. Osterkamp, T. E. Frazil-ice nucleation by mass-exchange processes at the air-water interface. J. Glaciol. 81, 619–625 (1978).
 9. Pruppacher, H. R. & Klett, J. D. Microphysics of clouds and precipitation. Nature 284, 88 (1980).
 10. Makkonen, L. & Tikanmäki, M. Modelling frazil and anchor ice on submerged objects. Cold Reg. Sci. Technol. 151, 64–74 (2018).
 11. Daly, S. F. Evolution of frazil ice. In 19th IAHR International Symposium on Ice, Vancouver, BC, Canada, 29–47 (2008).
 12. Shen, H. T. Mathematical modeling of river ice processes. Cold Reg. Sci. Technol. 62, 3–13 (2010).
 13. Blum, J. Dust evolution in protoplanetary discs and the formation of planetesimals. Space Sci. Rev. 2, 52 (2018).
 14. Dash, J. G., Mason, B. L. & Wettlaufer, J. S. Theory of charge and mass transfer in ice-ice collisions. J. Geophys. Res. 106, 395–415 

(2001).
 15. Borrebæk, B. P. & Jelle, Z. Avoiding snow and ice accretion on building integrated photovoltaics-challenges, strategies, and oppor-

tunities. Solar Energy Mater. Solar Cells 206, 110306 (2020).
 16. Johnson, K. L., Kendall, K. A. & Roberts, D. Surface energy and contact of elastic solid. Math. Phys. Sci. 324(1558), 301–313 (1971).
 17. Eidevag, T., Thomson, E. S., Sollen, S., Casselgren, J. & Rasmuson, A. Collisional damping of spherical ice particles. Powder Technol. 

383, 318–327 (2021).
 18. Li, X., Dong, M. & Jiang, D. The effect of surface roughness on normal restitution coefficient, adhesion force and friction coefficient 

of the particle-wall collision. Powder Technol. 362, 17–25 (2020).
 19. Nietiadi, M. L. et al. Collision-induced melting in collisions of water ice nanograins: Strong deformations and prevention of 

bouncing. Geophys. Res. Lett. 21, 822–828 (2017).
 20. Johnson, K. L. & Pollock, H. M. The role of adhesion in the impact of elastic spheres. J. Adhes. Sci. Technol. 11, 1323–1332 (1994).
 21. Hauk, T., Roisman, I. V. & Tropea, C. D. Investigation of the impact behaviour of ice particles. In Aiaa Atmospheric & Space Envi-

ronments Conference 16–20 (2014).
 22. Deckers, J. & Teiser, J. Collisions of solid ice in planetesimal formation. MNRAS 4, 4328–4334 (2016).
 23. Higa, M., Arakawa, M. & Maeno, N. Size dependence of restitution coefficients of ice in relation to collision strength. Icarus 2, 

310–320 (1998).
 24. Hill, C. R., Heielmann, D. & Blum, J. Collisions of small ice particles under microgravity conditions. Astron. Astrophys. 3, 1031–1044 

(2014).
 25. Blum, J. & Wurm, G. The growth mechanisms of macroscopic bodies in protoplanetary disks. Ann. Rev. Astron. Astrophys. 1, 21–56 

(2008).
 26. Doan, B. D., Dove, A. R. & Schelling, P. K. Dissipation and adhesion in collisions between amorphous FeO nanoparticles. J. Aerosol 

Sci. 12, 105742 (2021).
 27. Daly, S. F. Frazil Ice Dynamics 46 (U.S. Army Cold Regions Research and Engineering Laboratory, CRREL Monograph 84-1, 1984).
 28. Daly, S. F. International Association for Hydraulic Research Working Group on Thermal Regimes: Report on Frail Ice, CRREL Spec. 

Rep 94–23 (1994).
 29. Mercier, S. The Reactive Transport of Suspended Particles: Mechanics and Modelling (Joint Program in Ocean Engineering, Mas-

sachusetts Institute of Technology, Cambridge, 1984).
 30. Lindenschmidt, K. E. RIVICE—A non-proprietary, open-source, one-dimensional river-ice model. Water 5, 314 (2017).
 31. Blackburn, J. & She, Y. A comprehensive public-domain river ice process model and its application to a complex natural river. Cold 

Reg. Sci. Technol. 163, 44–58 (2019).
 32. Evan, T. W., Sarofim, A. F. & Margolis, G. Models of secondary nucleation attributable to crystal-crystallizer and crystal-crystal 

collision. AIChE J. 205, 959–966 (1974).
 33. Jucha, J., Naso, A., Leveque, E. & Pumir, A. Settling and collision between small ice crystals in turbulent flow. Phys. Rev. Fluids 3, 

014604 (2018).
 34. Zhang, H. J. et al. Global sensitivity analysis of heat exchange network based on Sobol’ method. World Sci. Tech R&D 34(6), 916–919 

(2012).
 35. Ye, S. Q., Doering, J. & Shen, H. T. A laboratory study of frazil evolution in a counter-rotating flume. Can. J. Civ. Eng. 31, 899–914 

(2014).
 36. Clark, S. & Doering, J. C. Experimental investigation of the effect of turbulence intensity on frazil ice characteristics. Can. J. Civ. 

Eng. 35, 67–79 (2008).
 37. Svensson, U. & Omstedt, A. Simulation of supercooling and size distribution in frazil ice dynamics. Cold Reg. Sci. Technol. 3, 

221–233 (1994).
 38. Hertzsch, J. M. A model for surface effects in slow collisions of icy grains. Planet. Space Sci. 7–8, 745–755 (2002).
 39. Fang, Z. et al. A numerical study on adhesive collision between a micro-sized particle and a wall. Powder Technol. 360, 769–779 

(2020).
 40. Moradi, M., Rahimian, M. H. & Chini, S. F. Numerical simulation of droplet impact on vibrating low-adhesion surfaces. Phys. 

Fluids 6, 062110 (2020).
 41. Chen, F., Shen, H. T. & Andres, D. Numerical simulation of surface and suspended freeze-up ice discharges. World Water and 

Environmental Resources Congress (2005).
 42. Fujioka, T. Study of Ice Growth in Slightly Undercooled Water (Carnegie-Mellon University, 1978).
 43. Shulyakovskii, L. G. Ice Production and Freeze-Up Date in Rivers, Lakes and Reservoirs (Estimates for Forecast Purposes) (Gidro-

meteoizdat, 1960).
 44. Osterkamp, T. E. & Gosnik, J. P. Measurements and analyses of velocity profiles and frazil ice-crystal rise velocities during periods 

of frazil-ice formation in rivers. Ann. Glaciol. 4, 79–84 (1983).
 45. Mcfarlane, V., Loewen, M. & Hicks, F. Laboratory measurements of the rise velocity of frazil ice particles. Cold Reg. Sci. Technol. 

10, 120–130 (2014).
 46. Shen, H. T., Chen, F. & Wake, A. Lagrangian discrete parcel simulation of two dimensional river ice dynamics. Int. J. Offshore Polar 

Eng. 3(4), 328–332 (1993).
 47. Kobus, C. J. & Shumway, G. An experimental investigation into impinging forced convection heat transfer from stationary iso-

thermal circular disks. Int. J. Heat Mass Transf. 49, 411–414 (2006).
 48. Nandakumar, N. & Mein, R. G. Uncertainty in rainfall-runoff model simulations and the implications for predicting the hydrologic 

effects of land-use change. J. Hydrol. 192, 211–232 (1997).

Acknowledgements
This work was supported by the National Natural Science Foundation of China (Grant Nos. 51909186, 
U20A20316). The authors would like to thank the editors and anonymous reviewers for their valuable com-
ments and suggestions to improve the presentation of this paper.



13

Vol.:(0123456789)

Scientific Reports |         (2023) 13:5801  | https://doi.org/10.1038/s41598-023-33097-z

www.nature.com/scientificreports/

Author contributions
D.M.Y., J.J.L., X.Z., Q.Z.H., Y.F.C., Y.Z., collected data and established this models. D.M.Y., J.J.L., X.Z., Y.F.C., 
Y.Z., conducted the analysis. D.M.Y., J.J.L. and X.Z. developed the first draft of the article. All authors oversaw 
the development of the article and contributed to the revisions. All authors reviewed and approved the final draft.

Competing interests 
The authors declare no competing interests.

Additional information
Correspondence and requests for materials should be addressed to X.Z.

Reprints and permissions information is available at www.nature.com/reprints.

Publisher’s note Springer Nature remains neutral with regard to jurisdictional claims in published maps and 
institutional affiliations.

Open Access  This article is licensed under a Creative Commons Attribution 4.0 International 
License, which permits use, sharing, adaptation, distribution and reproduction in any medium or 

format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the 
Creative Commons licence, and indicate if changes were made. The images or other third party material in this 
article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the 
material. If material is not included in the article’s Creative Commons licence and your intended use is not 
permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from 
the copyright holder. To view a copy of this licence, visit http:// creat iveco mmons. org/ licen ses/ by/4. 0/.

© The Author(s) 2023

www.nature.com/reprints
http://creativecommons.org/licenses/by/4.0/

	A mathematical model for supercooling process and its application to frazil ice evolution
	Modelling
	The number of ice crystals. 
	Secondary nucleation. 
	Flocculation. 
	Gravity and turbulent entrainment. 

	Frazil ice evolution. 
	The aspect ratio . 
	The thermal balance of frazil growth. 


	Results
	Model verification. 
	Applied to actual project. 

	Discussion
	Sobol method analysis. 
	Sensitivity analysis. 
	Discussion on the effect of parameters. 

	Conclusion and the future work
	References
	Acknowledgements


