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Effect of thermal radiation 
on convective heat transfer in MHD 
boundary layer Carreau fluid 
with chemical reaction
Syed Amir Ghazi Ali Shah 1, Ali Hassan 2*, Hanen Karamti 3, Abdullah Alhushaybari 4, 
Sayed M. Eldin 5 & Ahmed M. Galal 6,7

The temperature dependent thermophysical fluid properties have numerous aspects in different 
industries and engineering processes in which heat transmission is based on fluid flow. For such heat 
transmission processes, heat transmission system is highly fluctuated with variation of viscosity. Thus, 
the aim of this study is to investigate the transfer of heat in magnetized Carreau fluid with chemical 
reaction and under influence of thermal radiation over nonlinear stretching/shrinking surface. 
Additionally, we have incorporated variable heat dependent thermophysical properties to analyze the 
heat transfer in magnetized Carreau fluid. Set of flow governing non linear PDE’s are obtained using 
Carreau fluid tensor and boundary layer approximation (BLA) theory. Dimensionless set of ODE’s 
are obtained using suitable similarity transforms. Shooting method in conjunction with Newton’s 
method have been utilized to solve the problem. It is noted that when stretching B ≥ 0 is significant 
with strictly increasing mass suction S shear stress rate increase with minor levels and sharp increase 
has been observed in Nusselt number, whereas in shrinking case B < 0 shear stress and heat transfer 
coefficient values are improved raising the value of S mass suction. Further, raising the values of power 
law index n produce reduced skin friction over stretching surface B ≥ 0 while skin friction dramatically 
enhance in shrinking case B < 0 . It is observed that raising the non-linearity m values for stretching 
or shrinking, skin friction and Nusselt number considerably improved. Moreover, computational 
outcomes of the study are validated with already published previous results and the results obtained 
in this study are found in good agreement.

List of symbols
u, v  Components of velocity (ms−1)

vf   Kinematic viscosity (m2s−1)

T ,C  Dimensional temperature and concentration profile (–)
ρf   Density (kgm−3)

Cp  Heat capacity at constant pressure (Jkg−1K−1)

f  Velocity profile (–)
θ ,φ  Temperature and concentration dimensionless profile (–)
Le  Dimenisonless Lewis number (–)
h1, h2  Some positive constant
N1,N2  Some positive constant
S  Dimenisonless suction/injection parameter (–)
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We  Dimenisonless Weissenberg number (–)
BLA  Boundary layer approximation (–)
MHD  Magneto-hydrodynamic (–)
(ρcp)f   Volumetric heat capacity (JK−1)
TW ,T∞  Surface temperature and stream temperature, respectively (K)
CW ,C∞  Surface concentration and ambient concentration, respectively (K)
ζ  Similarity variable (–)
µ(T)f   Temperature dependent dynamic viscosity (kgm−1s−1)

D  Mass diffusivity (–)
qW  Surface heat flux (–)
µ∗, k∗f   Viscosity and thermal conductivity effect (–)
Pr  Prandtl number (–)
ξ , ǫ  Variable thermal conductivity and viscosity, respectively (–)
ReL  Reynolds number (–)
M  Dimenisonless magnetic field parameter (–)
B  Stretching/shrinking ratio parameter
vW  Injection and suction velocity (–)

In recent decades heat transfer enhancement has been a interesting area due to its numerous applications in 
industries and engineering. Nanofluid are formed when a nano-particle is dispersed in a base fluid namely; 
water, oils and ethylene glycol. Thermal conductivity of nanofluid is considerably high than convection fluids. 
The innovation of a new concept hybrid nanofluid, thermal conductivity of poor performing nanofluids has 
significantly improved. The application of nanofluids includes drilling, electronic cooling, thermal storage, heat 
and cooling of buildings and microwave  tubes1. Nanofluids have plethora of applications in bio-medical such as 
drug delivery, cancer therapeutics, cryosurgery, sensing and  imaging2. Nanofluids have numerous applications 
in thermal engineering namely; collectors and solar water heaters, solar cells and solar  stills3.

Goud et al.4 studied MHD effect on Non Newtonian Casson model subjected to chemical over exponential 
surface with chemical reaction and heat transfer. Goud and  Reddy5 discussed unsteady heat absorption effect with 
radiation and heat transfer in flow along infinite vertical plate. Arshad et al.6 explored Maxwell fluid with chemi-
cal reaction over infinte surface embedded in porous medium for heat enhancement. Reddy et al.7 investigated 
heat transfer over stretching cylinder under generation/absorption effects. Hassan et al.8 examined heat transfer 
coefficient using hybrid nanofluids using multiple base fluid under different thermal radiation aspects. Kavya 
et al.9 demonstrated magnetic hybrid nano-particles over stretching/shrinking cylinder. Reddy et al.10 studied 
hybrid nanofluid with magnetic field in a irregular vertical channel. Shah et al.11 discussed Non-Newtonian 
Carreau fluid with convective conduction to investigate the heat transfer with variable thermophysical fluid 
properties. Goud et al.12 inspected magneto-hydrodynamic convection in a flow under Soret effect when viscous 
dissipation is significant. Waqas et al.13 explored hybrid nanofluids with silver and gold nano-particles for heat 
enhancement in a stenosed artery. Some recent studied on heat transfer using nano and hybrid  nanofluids14–18.

Chemical reaction occur when two components collide to form a product in the presence of some assisting 
force namely catalyst. Chemical reactions are of two kinds namely; reversible and irreversible chemical reac-
tions. Chemical reactions which can not be reversed are known as irreversible chemical reactions whereas those 
chemical reaction which can be reversed are known as reversible chemical reactions. Chemical reaction assist the 
nano-particle movement in the flow and heat  transfer19. Additionally, significance of first order ad higher chemi-
cal reaction on the motile microorganism migration and heat transmission has been addressed by numerous 
researcher in recent years. Yanala et al.20 studied slip effect on transient laminar flow with ramped temperature 
and first order chemical reaction. Goud et al.21 discussed Non Newtonian Casson model with joule heating and 
chemical reaction. Hosseinzadeh et al.22 examined nonlinear radiation effect on Maxwell fluid with convective 
condition subjected to chemical reaction. Khan et al.23 explored third grade magneto-hydrodynamic flow with 
variable reactive index with chemical reaction effect. Mythili and  Sivaraj24 investigated non uniform heat source 
and sink effect with chemical reaction on Non Newtonian Casson fluid flow. Malik and  Rehman25 elaborated 
effect of second order chemical with heat generation on the free convective flow over inclined surface. Some 
recent studies with second and higher order chemical reaction effects on different flow  regimes26–29.

Radiation is characterized as distribution of thermal electromagnetic particles through a medium. Thermal 
radiation therapy is a kind of treatment employed by doctors in a pathological situation which involve transmis-
sion of heat below the skin friction into the muscles and tissues. It has been observed that electromagnetic heat 
namely; shortwaves and microwaves send heat upto 2 inches into the tissues and  muscles30,31. Reddy et al.32 dis-
cussed ramped plate temperature and heat absorption under thermal radiation effect for magneto-hydrodynamic 
boundary layer flow. Ge-JiLe et al.33 analyzed the effect of radiation on magnetic fluid with Brownian and Ther-
mophoresis particle diffusion. Hassan et al.34 explored the prescribed wall temperature case with hybrid nano-
particle under thermal radiation. Hussain et al.35 demonstrated heat transmission in hybrid flow of single and 
multi-wall carbon nanotube with radiation impacts. Reddy et al.36 elaborated heat transfer in Casson nanofluid 
with viscous dissipation effect with particle movement under the impact of thermal radiation. Recently, construc-
tive studies have been carried out to analyze thermal radiation impact with comprehensive flow  regimes37–41.

The variable thermophysical fluid properties play significant role in heat transfer enhancement of fluid. The 
temperature dependent thermal conductivity and temperature dependent viscosity has significant impact on 
heat transfer. Animasaun and  Sandeep42 investigated variable thermal conductivity and viscosity dependent 
on concentration in nanofluid flow. Salahuddin and  Awais43 examined Carreau-Cross fluid comparatively with 
variable thermal conductivity and thermal radiation. Abbas et al.44 explored magneto-hydrodynamic Carreau 
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flow with homotopy method with variable fluid properties. Khan et al.45 examined Carreau fluid surface with 
variable thickness using Keller Box method. Nalivale et al.46 studied natural convective flow with viscous dissipa-
tion and thermal radiation effects. Megahed et al.47 described Carreau fluid with heat flux and variable thermal 
conductivity under thermal radiation impact. Irfan et al.48 studied heat source/sink and generalized Fourier’s 
law under variable thermal conductivity influence in Carreau fluid flow. Waqas et al.49 discussed variable fluid 
properties effect on Carreau fluid with mixed convection in stagnation point flow.

In the above conducted literature review plethora of researchers had discussed the nanofluids with externally 
applied effects for heat transfer enhancement. Animasaun and  Sandeep42 used variable thermal conductivity 
and variable visocity dependent on concentration to discuss the nanofluid flow over stretched surface. They 
ignored thermal and chemical impacts in their study. While, Salahuddin and  Awais43 investigated Cross and 
Carreau model comparatively employing only variable thermal conductivity with thermal radiation.  Abbas44 
used analytical methodology to study the impact of variable fluid properties effect on Carreau fluid with MHD 
effect ignoring the chemical transportation.  Khan45 elaborated the Carreau fluid over surface of variable thickness 
using Keller Box method in the absence of any variable thermophysical fluid property.  Megahed47 studied Car-
reau fluid with heat flux and radiation effect using only variable thermal conductivity model and in the absence 
of variable viscosity.  Irfan48 discussed variable thermal conductivity with generalized Fourier law and  Waqas49 
used both variable thermal conductivity and viscosity to examine Carreau flow model in stagnation point regime.

The purpose of this study is to explore the impact variable heat dependent fluid properties such as thermal 
conductivity and viscosity on radiative heat transfer in magnetized Carreau fluid model subjected to first order 
chemical reaction. The novelty of the current article is to examine heated boundary condition, chemical reac-
tion and Rosseland radiation approximation effect on magnetized Non Newtonian Carreau fluid. Furthermore, 
 Abbas44 used homotopy analysis method,  Khan45 employed Keller box method to dicuss Carreau fluid,  Irfan48 
computed Carreau fluid with BVP-4c,  Waqas49 explored series solution of Carreau fluid. In this work, we have 
used shooting method with Newton’s method to solve the Carreau fluid flow. The impact of varying fluid param-
eters on different study profiles is obtained and presented graphically. Shear stress and heat transfer coefficient 
are presented in tabulated data set.

Formulation of problem
Problem description. Let us consider flow of in-compressible magnetized Non-Newtonian Carreau fluid 
flow under the effect of thermal radiation and subjected to first order chemical reaction over a stretched surface 
with heated boundary. The surface has been stretched with the uw = axm stretching velocity in horizontal direc-
tion. Where, m in surface stretching velocity denote the non linearity parameter. Whereas the surface as ambi-
ent condition of temperature and concentration are represented with well known notations Tw ,T∞andCw ,C∞ , 
respectively. Thus the general flow governing equations are given as follows:

Continuity  equation11,44,44

Momentum  equation11,44,47

Heat equation

Species transfer  equation11,44

All the terminologies have been given in the nomenclature section so we must omit elaborating them here. 
In the above Eqs. (1–4), u, v are components of the velocity vector, µ denote dynamic viscosity, n describe the 
power law index, is electrical conductivity, ρ denotes the density, ue represent some external velocity, j denote 
the magnetization force, kf  is temperature, is thermal conductivity, (ρCp) describe the specific heat capacity, C 
denote the species profile, D describe the thermal diffusivity, Kr and represent the first order chemical reaction. 
Further, as we inspecting the Carreau fluid with variable fluid properties. Therefore, the relations used in this 
study to incorporate the effect of variable heat dependent fluid properties are given in following  study11:

The boundaries associated with above flow governing model are given  as11:
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µ∗ and kf ∗ in the preceding equation describe the effect of heat dependent viscosity and thermal conductivity. 
whereas h1, h2,N1andN2 are some positive constants. In addition, the values N1andN2 are set to 1. Figure 1 show 
the configuration and coordinate system of present problem.

Similarity transform and dimensionless flow equations. Suitable similarity transforms used in this 
study are reported by  Shah11. We are employing same similarity transforms to convert dimensional flow equa-
tions into non dimensionless form. The similarity transform are as follow:

Stream function is denoted by ϕ . The dimensionless flow governing equations are given as follow:

The associated boundaries are given as:

In the above equations We2 = Ŵ2b3x3m−1

υf
 denotes Weissenberg number, M2 =

σJ2

ρb  is magnetic field parameter, 
S = −2vw

(bv)1/2(m+1)x
m−1
2

 is suction/injection parameter, B = a
b is stretching ratio, Prandtl number is given as 

Pr =
µCp

kf
 , variable heat dependent viscosity is denoted by ξ = h1(T∞ − Tw) , variable heat dependent thermal 

conductivity is represented by ǫ = h2(T∞ − Tw) , R =
4σ ∗T3

0
k∗kf

 is thermal radiation parameter,γ = 2Kr

b(m+1)xm−1 is 
chemical reaction parameter and Le = νf

D  Lewis Number.

Methodology of numerical solution
Abbas44 used homotopy analysis method,  Khan45 employed Keller box method to dicuss Carreau flui,  Irfan48 
computed Carreau fluid with BVP-4c,  Waqas49 explored series solution of Carreau fluid. In this work, we have 
used shooting method with Newton’s method to solve the Carreau fluid flow. The procedure of shooting method 
is elaborated below:
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(11)
f (0) = S, f ′(0) = B, θ ′(0) = 1,φ(0) = 1, at ξ → 0

f ′(ξ) → 1, θ(ξ) → 0,φ(ξ) → 0, at ξ → ∞.

Figure 1.  Representation of physical model.
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The obtained first order ODE’s after using the notation (12) are given as follow:

Suitable boundary conditions are given as:

The missing conditions r, qandQ assumed to validate the below relations:

The stopping criterion is given as:

Results and discussion
In this section the effect of different study parameters such as stretching ratio, variable thermal conductivity, 
variable viscosity, magnetic field, Lewis number, Weissenberg number, suction/blowing, and Prandtl number is 
discussed on the velocity, temperature and concentration profiles. Additionally, the shear stress rates and Nusselt 
number under influence of different parameter are also given in tabulated data set.

Through diagrams and figures, the physical impact of major parameters on skin friction, Nusselt number, and 
Sherwood number has been discussed. In the present survey, the shooting method has been opted for reproduc-
ing the values of Cfx and Nux . The results presented in Tables 1, 2, 3 discuss the impact of mass suction, power 
law index and non linearity influence combined with magnetization force illustrate on Cfx and Nux.

Figure 2a shows the combine impact of power law index and magnetization effect on Carreau fluid over 
stretching and shrinking surface. It is observed that with increment in power law index velocity of Carreau fluid 
has increased for stretching surface whereas when power law index in augmented with magnetic field for shrink-
ing surface the motion of Carreau fluid has decreased. Additionally, momentum boundary layer has expanded 
under power law index and magnetic force for shrinking surface. Figure 2b depicts influence of mass suction 
effect with magnetic field. It is worth noting that over the stretching and shrinking surface the motion of Carreau 
fluid has increased. Furthermore, interestingly momentum layer associated with shrinking surface has expanded 
under high impact mass suction effect. Figure 2c describe the impression of non linearity in the presence of strong 
magnetization force on velocity profile. When the non linearity in either stretching or shrinking is incremented 
motion profile of Carreau fluid show an increasing behaviour. It is observed that with increment in non linearity 
the momentum layer has expanded more rapidly for shrinking surface as compared stretching surface.

Figure 2d discuss the impact of Weissenberg number on motion profile of Carreau fluid in the presence of 
strong magnetic force over the stretching and shrinking sheet. Carreau fluid velocity has decreased over stretching 
surface with augmentation in Weissenberg number. On the other hand it is observed that increment in Weis-
senberg number and magnetic field has increased Carreau fluid motion profile over shrinking surface. Figure 3a 
illustrate the effect of variable viscosity parameter on Carreau fluid motion profile over stretching and shrinking 
surface. It is discovered that with increment in viscosity of Carreau fluid the fluid motion over stretching and 
shrinking surfaces has dramatically decreased. This effect occurs due to enhancement in boundary layer thickness 
of Carreau fluid with increment in viscosity of Carreau fluid. Additionally, velocity profile has decreased under 
combined increment in variable viscosity and magnetic force. The resistive force generated in vicinity of bound-
ary layer due to applied high magnetic field in boundary layer has reduced the motion profile of velocity profile.
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Figure 3b shows the impact of non linearity parameter on temperature profile of Carreau fluid over stretch-
ing surface. It is observed that with increment in non linearity parameter temperature profile has decreased. 
Additionally, thermal boundary layer thickness has increased in the presence of high viscosity and thermal 
conductivity parameter. Figure 3c describe the impact of Prandtl number on temperature profile of Carreau 
fluid. It is interesting to note here that when Prandtl number is incremented the temperature profile enhance 
consequently the associated thermal boundary layer has increased. Moreover, it is discovered that with variable 
viscosity and thermal conductivity the temperature profile has increased under Prandtl number increment. 
Figure 3d discuss impact of variable viscosity parameter on temperature profile of Carreau fluid. When viscosity 
of Carreau fluid is increment as a result the thickness of boundary layer increase which consequently decline the 
associated motion profile and temperature profile. It is worth mentioning here that with increment in viscosity 
of Carreau fluid thermal boundary layer of fluid contracted due to reduction in thickness of boundary layer.

Figure 4a,b discuss concentration profile of Carreau fluid under influence of Lewis number and chemical 
reaction parameters, respectively. Concentration profile under incremental change in Lewis number has sharply 
decreased. As a result associated concentration boundary of Carreau fluid has shown rapid contraction (see 
Fig. 4a). Figure 4b demonstrate impact of chemical reaction parameter on concentration profile. Concentration 
profile has decreased with increment in chemical reaction parameter. It is worth noting here that concentration 
layer has expanded with increment in chemical reaction parameter.

Table 1.  Numeric results of skin friction and heat transfer coefficient under influence of stretching ratio and 
strong mass suction impact.

Fixed values

M = 0.5, n = 0.5,m = 0.3,We = 0.3, ξ = 0.5, ǫ = 0.5,Pr = 0.7,R = −0.2

B S Cfx Nux

0 5 2.9150 3.7910

0 5.5 3.0239 4.1949

0 6 3.1283 4.6006

0 6.5 3.2286 5.0078

0 7 3.3250 5.4160

0 7.5 3.4283 5.8006

0 8 3.5286 6.2078

0 8.5 3.6250 6.6160

0 9 3.7240 7.1160

− 3 5 4.6336 3.2377

− 3 5.5 4.8673 3.6922

− 3 6 5.0804 4.1397

− 3 6.5 5.2772 4.5819

− 3 7 5.4604 5.0202

− 3 7.5 5.6150 5.5910

− 3 8 5.8336 6.0377

− 3 8.5 6.0673 6.5922

Table 2.  Numeric results of skin friction and heat transfer coefficient under influence of stretching ratio and 
power law index impact.

Fixed values

M = 0.5, S = 5,m = 2,We = 0.3, ξ = 0.5, ǫ = 0.5,Pr = 0.7,R = −0.2

B n Cfx Nux

2 5 − 3.0564 3.9932

2 6 − 2.8924 3.9954

2 7 − 2.7628 3.9973

2 8 − 2.6564 3.9989

2 9 − 2.5666 4.0004

− 2 5 4.4452 3.4641

− 2 6 4.1541 3.4529

− 2 7 3.9285 3.4436

− 2 8 3.7460 3.4358

− 2 9 3.5939 3.4290
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Table 1 shows outcomes of shear stress rates and Nusselt number of Carreau fluid under combined impact of 
magnetic force and mass suction effect. It is interesting to note here that when mass suction effect is incremented 
in the absence of magnetization force shear stress and heat transfer coefficient have increased. Moreover, with 
applied strong magnetization force and mass suction effect shear stress and Nusselt further enhance. Table 2 
describe the impact of power law index and magnetic field on engineering quantities. Reduced shear stress 
rates are observed under the increment in power law index and constant applied magnetization. It is also worth 
mentioning here that shear stress rate increase in Carreau fluid when magnetization force magnitude is turned 
negative in presence of power law index. Furthermore, Nusselt number has remained consistent with change in 
attributes of magnetization force. Table 3 illustrate shear stress rate under impact of non linearity parameter. It 

Table 3.  Numeric results of skin friction and heat transfer coefficient under influence of stretching ratio and 
non linearity effect.

Fixed values

M = 0.5, S = 5, n = 5,We = 0.3, ξ = 0.5, ǫ = 0.5,Pr = 0.7,R = −0.2

B m Cfx Nux

0 7 4.4039 10.6706

0 7.5 4.5109 11.3597

0 8 4.6136 12.0488

0 8.5 4.7236 13.0388

0 9 4.8074 13.4275

0 10 4.9880 14.8064

− 3 7 6.8370 10.0829

− 3 7.5 6.9991 10.7710

− 3 8 7.1548 11.4594

− 3 8.5 7.2048 12.4194

− 3 9 7.4495 12.8367

− 3 10 7.7248 14.2147

(a) (b)

(c) (d)

Figure 2.  (a) Power law index effect on f ′ . (b) Suction impact on f ′ . (c) Non-linearity impression on f ′ . (d) 
Weissenberg number outcome on f ′.
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is observed that by raising the non linearity values shear stress and heat transfer coefficient of Carreau fluid have 
increased even with high applied magnetization force on Carreau fluid. Table 4 show the agreement between the 
present outcomes of shear stress and heat transfer coefficient with those of  Abbas44.

Comparison analysis with previous works. In our study if we neglect the Rosseland thermal radia-
tion approximation and first order chemical reaction then our flow governing model will coincide with work 
of  Abbas44.  Megahed47 addressed only temperature dependent thermal conductivity influence on the Carreau 
fluid. They didn’t consider chemical reaction effect and ignored the species transport in their study.  Waqas49 also 
ignored the species transportation phenomenon and convective boundary condition while modelling the flow 
governing equations. Additionally, they used variable temperature dependent thermal conductivity and viscosity 
model to investigate the Carreau fluid. Furthermore,  Abbas44 utilized the analytical method commonly known 
as homotopy analysis method, whereas in this study we have addressed the Carreau fluid with Shooting method 
and Newton’s method. If we set the same parametric values as given in Table 1 by  Abbas44 to obtain the numeric 
results for the skin friction and Nusselt number, good agreement has been found for Nusselt number between 
the results achieved by  Abbas44 and present work. Additionally, raising the chemical reaction expands the thick-
ness of concentration layer and decline species profile.

Conclusion
In this work, Non-Newtonian Carreau fluid has been numerical investigated in the presence of temperature 
dependent thermophysical properties over the non-linear stretching/shrinking surface. The Rosseland thermal 
radiation relation has been taken into account to explore the influence of Rosseland approximation of thermal 
radiation on Carreau fluid, the fluid has been subjected to first order chemical reaction. Below are the major 
findings of this study:

1. Motion of Carreau fluid increased with raising the values of mass suction and non-linearity. Whereas decline 
has been observed when power law index, Wessienberg number variable viscosity values are increased.

2. Prandtl number and viscosity augmentation increase temperature profile whereas non-linearity increment 
decrease temperature profile.

3. Concentration profile has rapidly decreased by raising values of Lewis number and chemical reaction values. 
Further, the concentration layer has expanded by raising the values of chemical species transport and chemi-
cal reaction.

4. Skin friction and Nusselt number has shown strictly increasing behaviour under raising effect of mass suc-
tion for stretching/shrinking.

(a) (b)

(c) (d)

Figure 3.  (a) Varying viscosity effect on f ′ . (b) Non-linearity impact on θ . (c) Prandtl number influence on θ . 
(d) Varying viscosity impression on θ
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5. Raising the power law index produce reduced shear rates whereas in the event of shrinking skin friction 
enhance.

6. Nusselt number has significantly improved by raising the values of non linearity parameter. Stretching has 
produced reduced skin friction as compared to shrinking surface.

(a)

(b)

Figure 4.  (a) Lewis number impact on φ . (b) Chemical reaction Influence on φ.

Table 4.  Comparison of present outcomes of Nusselt number and skin friction with already published results 
by  Abbas44.

We = 0.3, S = 0.5,M = 0.5,A = 3,m = 2andLe = 2

B n

Cfx Nux

Abbas 44 Present Abbas 44 Present

2

5 − 3.4035 − 2.363179 5.0226 5.072294

6 − 3.1957 − 2.28582 5.0251 5.073216

7 − 3.0340 − 2.22025 5.0277 5.0740361

8 − 2.9030 − 2.1635 5.0302 5.074774

9 − 2.7935 − 2.113576 5.0302 5.0754468

10 − 2.7001 − 2.069081 5.0327 5.076063
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