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The efficiency of quantum
teleportation with three-qubit
entangled state in a noisy
environment

Chang-Yue Zhang'2, Zhu-Jun Zheng¥?*, Zhao-Bing Fan? & Hai-Tao Ma3

Quantum teleportation plays a significant role in the field of quantum communication. This paper
investigates quantum teleportation through a noisy environment by using GHZ state and non-
standard W state as quantum channels. We analyze the efficiency of quantum teleportation by solving
analytically a master equation in Lindblad form. Following the quantum teleportation protocol, we
obtain the fidelity of quantum teleportation as a function of evolution time. The calculation results
show that the teleportation fidelity using non-standard W is higher in comparison to GHZ state at the
same evolution time. Moreover, we consider the efficiency of teleportation with weak measurements
and reverse quantum measurement under amplitude damping noise. Our analysis suggests that the
teleportation fidelity using non-standard W is also more robust to noise than GHZ state in the same
conditions. Interestingly, we found that weak measurement and its reverse operation have no positive
effect on the efficiency of quantum teleportation by using GHZ and non-standard W state in the
amplitude damping noise environment. In addition, we also demonstrate the efficiency of quantum
teleportation can be improved by making minor modifications to the protocol.

Quantum entanglement is shown to be an efficient resource for many potential applications that cannot be
achieved using classical resources, such as quantum teleportation', quantum cryptography?, quantum computing?,
quantum dense coding?, etc. Quantum teleportation (QT) as a typical application of quantum entanglement,
which is proposed by Bennett et al.' in 1993 and demonstrated experimentally a few years later by Bouwmeester
etal”’. In the original teleportation scheme’, Alice transmits an unknown quantum state to Bob by using a maxi-
mally entangled state as quantum channel. In 1998, Karlsson et al.° proposed a protocol that teleport a quantum
state by using three-particle entanglement, which has a high degree of security. Based on it, Agrawal et al.’
investigated a class of W state that can be used for perfect teleportation. And compared to the GHZ state, the W
state can still be used as a resource even after particle loss. Thereafter, teleportation using other multi-particle
entangled states has also been considered®-!°. Because of the properties of quantum entanglement''"%, QT brings
some new capabilities that are probably impossible to attain in any classical communication.

In reality, however, quantum entanglement is subjected to decoherence due to the inevitable interaction of
entangled qubits with the environment'>-'. In QT protocol, the maximally entangled state becomes mixed state
due to the inevitable interactions with the environments during entanglement distribution. Hence, the dynamics
of quantum entanglement under a noisy environment always affects QT. Naturally, ones need to consider the
influence of entanglement evolution in a noisy environment on QT'*-?*. In 2015, Fortes et al.?! investigated the
efficiency of QT in the condition that qubits are subjected to noise. Then, the efficiencies of partially entangled
states in three-qubit classes under real conditions are analyzed in Re??. Fonseca® studied the protocol of qudit
teleportation using quantum systems subjected to several kinds of noise for arbitrary dimensionality d. Moreo-
ver, the minimum assured fidelity (MASFI) of QT has been studied, which is the best measure of the quality of
quantum teleportation protocol when the quantum channel is imperfect?*-2.

We noted that little work has focused on the relationship between teleportation efficiency and evolution time
in a noisy environment. Nevertheless, lots of studies on the dynamics of quantum entanglement focus on the
time evolution of the quantum system?”-32. So, we investigate the variation of fidelity by evolution time when
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three-qubit entangled state is used as quantum channels for QT under a noisy environment. We focus on the
amplitude damping noise, which is a prototype model of a dissipating interaction between the quantum system
and its zero-temperature environment'®. Furthermore, some previous works employed the technique of weak
measurement (WK) and reverse quantum measurement (RM) in order to enable the preservation of quantum
entanglement® %, The fidelity of quantum teleportation with WK and RM operations is also studied here.

To begin with, we describe the standard quantum teleportation in a noisy environment and give a framework
for calculating the fidelity of teleportation. Based on Re’, we concern two typical states of three-qubit entangled
state as quantum channels, GHZ state and non-standard W state, which are affected by amplitude damping noise.
Subsequently, we calculate the fidelities of the final output states by solving Lindblad’s master equation in the
amplitude damping noise environment. And the relationship among the efficiency of teleportation, decoher-
ence time and initial states is established. We also make a comparison of fidelities of QT between GHZ state and
non-standard W under the help of WM and RM. We find that the fidelity of teleportation cannot be increased
after using WM and RM to protect GHZ and non-standard W states for the given protocol. Combined with
the analysis above, we demonstrate the efficiency of quantum teleportation can be improved by changing the
participant who prepares the initial state under amplitude damping, bit flip, bit-phase flip and phase flip noises.

Results

Mathematical description of quantum teleportation in noisy environments. To start, we con-
sider the procedure of QT using an arbitrary three-qubit to transmit quantum information under noisy environ-
ments. Due to the limitation of entanglement distribution distance, we describe the protocol in the situation
where Dave is honesty and located in the middle of Alice and Bob. To increasing transmission distance, in what
follows we give the mathematical description for a general QT protocol that qubits are subjected to noise, which
is characterized by Lindblad master equation.

Without loss of generality, suppose that Alice wants to transmit an unknown state |@) , to Bob, which is

l9)a = al0)a + Bl1)a, 1)
where |a|? + |8|? = 1.Its density matrix is

Pin = 19)a(¢la- )

Step 1  Consider that Dave prepares a three qubit entangled state |¢) 23, whose density matrix formalism is

P = |#)123(¢l123. (3)

Therefore, the initial total state describing the whole system before any quantum operation is implemented is
given by

P = pin® p. (4)

Step 2 Dave sends particles 1 and 2 to Alice, particle 3 to Bob, respectively. In practical, the particles to be sent
are affected by the noises.

Here, we adopt the master equation approach that describes quantum noise in continuous time using
differential equations. For an open system, which is affected by environmental influences and other

factors can be characterized by Lindblad master equation'>'%,

ap . !
¥ il + 3 (Li,apLZa - E{LZaLi)a,P})a (5)
i

where the first term is the unitary evolution with Hamiltonian Hj, the second term is the nonunitary contribu-

tion, L; is the Lindblad operator acting on the ith qubit. In order to simplify the calculation, the evolution of

0 can be considered first before calculating the result of the whole evolved state p (see “Methods” for detail).

Step 3 Alice makes a von Neumann type measurement on her own qubits a, 1, 2 by using the proper states
{I¥),j = 1,2,3,4}. After this measurement, the total state p(¢) changes to one of the following four
states with a certain probability.

Mjp ()M}

N | 6
Tr[M{ Mjp(0)] ©

pi(t) =

where Tr is the trace operation and M; = |;) (. In this step, we consider the measurement is perfect, while

the particles still suffer from the noise during the measurement.

Step 4 Alice tells the measurement outcome to Bob through classical communication. Now, Bob knows his
own state is given by

(6 = Tranlp ) = 2 OM] @)
pBi(t) = Tranlpi()] = —————, 7
Tr[MjTMj p(D]
where Tr,1, is the partial trace over particles (g, 1, 2).
Scientific Reports | (2023) 13:3756 | https://doi.org/10.1038/s41598-023-30561-8 nature portfolio



www.nature.com/scientificreports/

Step 5 Bob implements a unitary operator U; on his particle 3. Hence, the final state in Bob is
UjTraiz[M;p ()M 1U]
TrMMjp (]

pij(t) = Ujpsi () U] = (8)

To describe how much information has been lost in this transmission, we compute the teleportation fidelity,
which indicates the degree of overlap between the input and output states. The fidelity of quantum teleportation is

4
F=> P, ©)
j=1

where P; = Tr[MjTMj,O(t)] and Fj = (@alop;i(£)1@a).

In addition, one way to protect entanglement is based on WM. It was found that the process of performing
WM and its reversal on individual qubit is a very useful technique for preserving and enhancing correlations
under noisy conditions**~*. Furthermore, WM and RM have also been experimentally demonstrated®”*%. So, we
further investigate the effect of WM and RM on protocol effectiveness during teleportation. The modified QT
under noises with the help of WM and RM is described as follows.

We start with a scenario where Dave prepares a three-qubit pure entangled state|¢)23. The form of the whole
initial system is Eq. (4). To reduce the effect of decoherence, suppose that Dave performs WM on each qubit
before sending the particle through noisy environments. Here, the weak measurement operator is

1 0
WW=(0 m) (10)

where w is the strength of WM operations and 0 < w < 1. According to the operators W,, of WM, the initial
quantum system is rewritten as

wk _ Wp wt

T Tr[WTWpl (1)

whereW = Wi WoWsand W, = 1@ @ Wi @ I® @ IO, W, = 1@ @ IV @ W2 @ I, W3 = 1@ @ IV
1Y g WV%), w1, wp and w3 are the strengths of WM on qubit 1, 2, 3, respectively. Tr[WTwW plis the success prob-
ability of the weak measurement.

Then, Dave sends particles through noise environments. The evolved state p"*(¢) can be given by solving the
master equation Eq. (5) according to the conditions that quantum noise and initial quantum state.

After receiving the qubits, Alice and Bob perform RM on qubit (1, 2) and qubit 3, respectively. The quantum
reversal measurement operator is*’

R,=<‘10_”1)>, (12)
where r represents the strength of RM operations 0 < r < 1. The quantum system becomes
Ro™k(t)RT
oot = e O (13)
Tr[RTRp"k(1)]

where R=RiR;R3and R, = 1@ @ RV @ 1@ @ IO, R, = 1@ @ IV @ RP @ I®,R; = 1@ @ IV @ IV
RS), 11, 1 and r3 are the strengths of RM respectively performs on qubit 1, 2 and 3. The probability of performing
a successful RM operation is Tr[RTRp™ (1))

Finally, as in step 3 to step 5, Alice and Bob complete teleportation by using the entangled state p™”(¢). The
fidelity of the quantum teleportation using three-qubit state with the help of WK and RM is

4
F = UTra[M;p™ ()M U] (14)
j=1

Quantum teleportation with GHZ state and W state. In general, three-qubit entangled states are
classified into two inequivalent classes, namely GHZ class and W class. There is an instance in three-qubit entan-
gled state where the maximally entangled GHZ state can be used for deterministic teleportation, while the stand-
ard W state can only be used for probabilistic teleportation. Interestingly, Agrawal et al.” showed that there exists
a special class of W states that can be used for perfect teleportation, called W,. Therefore, we consider GHZ and
W, states in the following.

First, the situation of GHZ state is considered. Suppose Dave prepares a GHZ state |¢)123, which is

1

[Pg)123 = ﬁ(|000> + [111)123. (15)
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The density matrix of |¢h¢) 123 is denoted by p¢ (0) = |pg)123 (g
Here, we consider the evolution of the state 4y (0) under amplitude damping noise, which describes the energy
dissipation. Equation (46) provides a specific description. By substituting coefficients of |¢;) 123 into Eq. (52), that

is, .0 =41 = %, one can obtain the evolved state of | g ) 123 which is the mixed state shared by Alice and Bob.
After Dave sends particles through amplitude damping noise, the whole quantum state has the following form,

Do) = pin ® pi (1)
1 —kit  —kpt - —kit  —kpt -
:2[(a|0000)+ae H e e 0111) + B11000) + Be e e T |1111)>

—kit —kpt —kst —kit —kpt —kst

(a(0000| Fae e e (0111] 4 B(1000] + fe 2 e 2 eT<1111|)
+ e Ritgmhatz=ht (4,]0110) + B|1110))(a(0110] + B(1110])
+ e Ritgmht ekt (4,10101) 4 B]1101)) (@ (0101] 4 B(1101])
+ e~kitg=Rtg=hat (410100) 4 B11100)) (@ (0100] 4 B(1100])
+ e Ritgmhat =kt (4,]0011) + B|1011))(a(0011] + B(1011])
+ e ftektakt (510010) + B]1010)) (e (0010] 4 B(1010])
+ & kitg=het ekt (4,10001) 4 B11001)) (@ (0001] 4 B(1001])

tekitg—katz=kst (0000) + B11000)) (e (0000] + B(1000]) |,

where ki, k; and k3 are the amplitude damping parameters associated with particles 1, 2 and 3, respectively. And

the detailed calculation procedure of ¢ (0) can be found in the “Methods™-“GHZ state”.
Now, Alice makes a von Neumann measurement on particles (a, 1, 2) with a set of orthogonal states given by

1
72(|100) —]011)).
(17)

Subsequently, Alice sends the result of her measurement to Bob by using classical communication with two bits.
According to the measurement result, Bob applies a proper unitary operator to recover the state of his particle
3 to that of state|¢),. Hence, one can obtain the output quantum state

1 1 1
Y1) = $(|000> +[111), [¥2) = ﬁ(\OOO) — 111)), [¢r3) = $(|100> +1011)), [¥4) =

UjTrana[M;p ()M 1U]
Te[M] Mjp(0)]

4
P (H) = TrIMMjp(1)]
=1
1 —kit  —kpt —kst kit —kpt  —kst
=5Ka|0) Be e e s |))(a<0|+ﬁeze2e2 <1|)
—kit  —kpt —k3 —kit  —kpt —kst
+<ae e e s |0)+,3|1))<aeTleTzeT3(0|+ﬁ(1|) (18)
+/32€—k1t —kzt——k3t|0)(0| +a2——k1t——k2t —k3t|1)(1|
+a e*klt 7k2t—7kzt|0)(0|+a e*klt 7k2[—7k3[|1)< |

+ﬂ2—*k1f‘*k2t 7k3t|0)(0| +ﬁZ—fklt—szt—fkﬁl])(lq

where M; =|y;)(¥], Uj=o0j,j=12,3,4, and o] = ((1) ?),02 = <(1) _01),03 = ((1) (1)>,(74 =
0 —1
1 0
Based on Eq. (9), the fidelity of the quantum teleportation using GHZ state as a quantum channel is

1 —kit —kpt —kst
Fe=3 [(a4 +8Y) (1 tere e 4 éik”észté*k”)]
Skt (19)

+a2l32 (2878 > te kit 7k2téfk3t _I_Efkltésztéfkﬁ).
We next consider another class of three-qubit entangled state named W state. The standard W state can only

be used for probabilistic teleportation. In Re’, Agrawal and Pati have shown that there exists a special class of W
state can be used for perfect teleportation. We consider an example of this class non-standard W state

1
I W1)i2s = E(|100>+ 010) +f2|001))m. (20)

Similarly, we assume that Dave prepares an entangled state | W) 123, then transmits particles (1, 2) and 3 to
Alice and Bob through the amplitude damping noise environment, respectively. The initial state is

ow; (0) = |@)a{@la ® [W1)123(W1l123. (21)
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According to Eq. (59), letx = ﬁ Y= 5,2 = ;, one can obtain the expression of the total evolution quantum
state, which is

pw, (1) = i( = 10100) + we 2 [0010) + ~/Zae 2 0001) + fe 2 [1100)

+Be P [1010) + v28e 2 |1001))( = (0100] + we 2 (0010]
v/Zae 2 (0001] + Be i (1100] + fe 2 1010|+x/_,3e%(1001|) @
+ [ gkt p gkt 4 é—klt] (]0000) + B]1000)) (a (0000] + B(1000]).

Then, Alice makes a von Neumann measurement on qubit (a, 1, 2) using the states {|;),j = 1,2, 3,4}, which is

1) = %(|010) +1001) + ﬁ|100)), 1&2) = %(|010) +J001) — «/§|100)),
(23)
I23) = %(uw) 4 1101) + ﬁ|000)), 24) = %(mo) +|101) — «/§|000)).

After measurement, Alice sends measurement result to Bob by classical communication. Bob performs a
unitary operator on his own qubit 3. The final state of Bob is

4
PR = ViTraa NI Njow, (ONT V]
j=1
1 —k —k —k —kqt —kyt —k
=§{[(ﬁ“ +e%)a|0)+267ﬁﬁ|1>”<e T e 7 ) <0|+2eﬁ’iﬂ<1|] 24)

—kyt

—k —k —k —k —k
+ [2e%’a|0) n (eT +eT“),3|1>] [ze%’a(m + (eTZt +eTlt),3(1|}
+28? (zé—kaf Lt 4 é—"lf) 10Y(0] + 20 (2@"‘“ yehet é—klf) |1><1|},

where V; = Ujand N; = [){(l.
Using fidelity to measure the amount of information loss in the quantum teleportation process, which can
be written as

Fu, = é{ K —ku te ’;z )a + 26 }32} + [22#&2 + (e# + e$>52]2 +4052ﬂ2<2§_k3t + ekt + E—klt)}.
(25)
We consider a situation where the particles to be sent are affected by the same noise parameters, namely,
ki1 = ko = k3 = k. In order to describe the relationship between the initial state and the fidelity more vividly, we
carried out a simulation and plotted the Fig. 1. In reality, the measurement time needs to be considered, but we
assume that the measurement time is extremely small in the numerical simulation. Obviously, Dave sends qubits
through the perfect channel, that is kt = 0, then the fidelities of GHZ and W state are both 1. It also depicts
that whether GHZ state or W state is used as a quantum channel in the process of quantum teleportation, the
fidelity of the final quantum state obtained by the receiver Bob will decrease with the increase of decoherence
time. For GHZ state, as shown in plot (a), the state of the input state has little effect on the fidelity of the final
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Figure 1. The fidelities of quantum teleportation using GHZ and W state under amplitude damping noise is
described by a master equation in the Lindblad form.
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output state when kt < 0.5. If kt continues to increase, the state of the transmission state will affect the fidelity
of the transmission. In this case where the smaller the value of «, the higher the fidelity of teleportation. Plot
(b) describes the effects of decoherence time and input state on the value of teleportation fidelity of W, state.
The value of teleportation fidelity of W is always greater than 0.9, if kt < 0.1. Unlike the former, the fidelity of
W1 is affected not only by decoherence time, but also by the input state when kt < 0.5. Clearly, the fidelity will
be affected by the unknown state as the value of kt increases. When 0.6 < a < 0.8, the efficiency of protocol
performs better. At this time, even kt reaches 0.9, the fidelity Fy, > 0.6.

Furthermore, we make a comparison between GHZ state and W state in the same condition. The fidelity of
GHZ (F,) subtracted from W1 (Fy,) is denoted as F. As shown in Fig. 2, we found that the fidelity of W is higher
than GHZ, in most cases. The result obtained here confirms that the ability of W} to resist amplitude damping
noise during the communication process is stronger than GHZ state.

It is worth to discuss the feasibility of the protocol in physical experiments. QT has been demonstrated in
different systems such as photonic qubit, continuous variables, nuclear magnetic resonance, atomic ensembles,
trapped ions and solid state systems*. Combined with the development trend of quantum communication,
transmission distance is one of the key points. Hence, photon is the most suitable carrier of information for
the long distance QT. In the numerical simulations, the value of t depends on the value of k. Theoretically, the
particles can reach their destinations in a finite time by choosing the appropriate k. In the aspect of experiment,
since there are lots of works have been experimentally demonstrated the feasibility of the QT protocol employing
photonic qubits®#**-#2, it is possible to distribute the entangled particles to the communicating parties even if the
decoherence time is very short.

Quantum teleportation with WM and RM.  Let us now consider the efficiency of QT protocol with the
help of WM and RM operations under noises, by using GHZ state. We assume that Dave prepares a three qubit
entangled state |, ). Then, Dave performs WM on qubits 1, 2, 3 before sending them to Alice and Bob. According
to the operators W, of WM, the initial entangled quantum state is became

P (0) = WpgOW

11 1 1 1 1 (26)
(|000) wiw, w 32|111)) ((000|+ wiw, w 32(111|),

where W =W, W,W; and Wi =W, @ IP @10, W, =10 @ W) @ 1D, w3 =1V @ 1P @ W),
w1 =1—wi,wy =1 —wy, w3 =1 — w3, wi, wp and ws are the strengths of WM on qubits 1, 2, 3, respectively.

Dave sends particles through amplitude damping noise channel. The evolved state ka (t) can be given refer
to Eq. (52) with the parameter in Eq. (26). It is

~wk 1 %%5%!&& éé%ﬂﬁﬂ

Pg (t):i |000) +wiw;wse 2 e 2 e 2 |[111) || (000| +wiw;wse 2 e 2 e 2 (111]
+ wiwawse K1te R ekt 110)(110] + wywawse 1 fe k2t ek |101) (101
+ wiwywse K1te Rtz kst 1100) (100] 4 wywawse K1te Rt ekt j011) (011 (27)
+ Wiy wae KitemR2t5Rt010Y(010] + Wy wse K1te k2t eH3001) (001

v wae Kitgketzkst | 000) (000|] .

0 0.2 0.4 0.6 0.8 1

Figure 2. The comparison of fidelities of quantum teleportation between GHZ state and W state. Considering
the noise parameters of GHZ and Wi both arek; = k, = k3 = k.
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Subsequently, Alice and Bob perform RM on qubit (1, 2) and qubit 3, respectively. By Eq. (13), the three-qubit
entangled state is changed to

1

N bbb ke
|111) 5 73 (000 + wiwjwie 2 e 2 e 2 (111]

+ winise K1t TRIETRIE 1110)(110] + Wy wpivse Rt e Rt eRotE, [101) (101
_klté_

~rev L5523 TaanT T TR,
g (t):E riryr51000) +wiws wse 2 e 2
katg=kstz 721100 (100] 4 wy wowse File R2te=h3t7 J011)(011]

—hatg=kstz £1001) (001

+ wiwywse

= = - ——kit —kyts—kst= = - = = = k1
+ wiwywse e e r173]010)(010| 4+ wywowse
i Kt ket kst E 7.711000) (oooq ,

(28)
wherer; = 1 — 3,71, 72 and r3 are the strengths of RM respectively performs on qubit
1,2 and 3.

Now, Alice and Bob share a mixed state pm’(t) which is used to transmit the unknown single-qubit state.

Obviously, the total quantum system is

1—7’1,1_’2 :1—1’2,7’3 =

P (1) = pin ® B (1)

A oy Ll kgt —kpt —kat
= | @40|0000) + adiwiwy; wse 2 e 2 e 2 |0111) +

Kyt —kyt

—k3t 11 1 -
e 2 e ? eT3|1111)) (aA0(0000|+aA1 2plwie T e 2 e 2

1kt —kpt  —kst
+B20(1000] + BL1w se 2 e 2 e 2 (1111]

+ 22wiwywse RitemRetghat (410110) 4 B]1110)) (@ (0110] + B(1110]) (29)
+ wiwywse RitgmRet ekt (410101) 4 B]1101)) (@ (0101] + B(1101])
+ 22wy Ritg TRkt (4]0100) + B11100)) (@ (0100] + B(1100])
+ 2wy FitemRet et (410011) 4 B]1011)) (@ (0011] + B(1011])
+ Alwlwzmé—"l‘ —k2tz=kst (10010) + B]1010)) (e (0010] 4 B(1010])
te=Rt =kt (4]0001) + B]1001))(ct (0001] + B{1001])
+ 22w wywse FitgmRt Rt (4,0000) 4 B]1000)) (@ (0000] + B(1000)).

In the subsequent steps, Alice makes a von Neumann type measurement on her own qubits a, 1, 2 with
the set of orthogonal states given by Eq. (17) and tells the measurement outcome to Bob through classical
communication. According to the measurement result, Bob implements a unitary operator U; on his particle 3.
So, the final quantum state is

4
out
P (@) ZUJTrau[MJp“VmM;]U}

e 7 <1|> + Brm i wse Riteketg kst 10 (0

+ a2 wwawse “te TRt TR 7 1) (1] + oW wpwse FiTe Rt kst (30)

—kzr —k 1
2

L1 L1l
?1?2?3|0)(0|+(aﬁ’fW22W326 |)+/3r1 r r3|1))< Wy Wy Wy

—kyt kzt - 3!

11
e T e 3 <0|+ﬁr1 721 |) + ol e RitemRtg Tkt 1) (1)

—kit=

e—kzl’ —k

et 71 7210) (0] 4 2w wawse RiteRetghat

+ Brwiwyiwse
rir2r3|1)(11].
The fidelity of the quantum teleportation using GHZ state with the help of WK and RM is
2 2
1 l 1 1 1 gt —kpt —kst 1 L 1 gt —kpt —kst lll
B = |:(0127‘127‘2 BB e s et eTB) + (a%‘vf Wiwie T el e + P rs)
202 By (eTFte g, 4 Rt 7y ) - (o 4 ) e TR R T .

(31)
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For W state, the fidelity of the QT under amplitude damping noise with the help of WM and RM can be
calculated by the same method as GHZ state. It is

I O O T TN NP e T Y
wi =g (wie 2 rry +wye 2 )" +2wye 2 11, B

(32)

In previous sections, we considered the fidelities under amplitude damping noise for GHZ and W; states,
respectively. Now, we concentrate on analyzing the fidelities of these two situations with the help of WM and
RM. The comparison between GHZ and W1 is given in Fig. 3. Here, we consider a case where all the particles to
be sent are affected by the same noise, the same strength of WM and RM. Thatis, k; = k,w; = w,r; = r,i = 1,2,3.
Moreover, we use the optimal reversing condition 7 = w + (1 — e~¥)(1 — w)***%, And we assume that Alice
wants to transmit a state|¢), = %(IO)Q + |1),) to Bob.

Our calculations and simulation results are shown in Fig. 3. The fidelities of quantum teleportation are not
only related to the quantum noise parameter, but also affected by the strength of WM when the input state is
determined. Plot (a) shows that the fidelity of teleportation with WM and RM by using GHZ state as quantum
channel under amplitude damping noise. Obviously, the fidelity of teleportation using GHZ state decreases
with the increased strength w. It is worth pointing out that the fidelity will tend to 0, whenw > 0.5 or kt > 0.5,
namely, the longer the decoherence time and the stronger the WM, the greater the impact on the fidelity. Plot
(b) is the result of W state. In this case, the appearance of fidelity is similar to the previous one. Surprisingly,
both the teleportation fidelities of GHZ and W state are always smaller if the WM and RM are performed in the
communication process. It can be inferred that WM and RM cannot improve the efficiency of QT for the given
protocol, although it is able to increase other quantum resources of the entangled state with a certain probability.

In order to further discuss the influence of GHZ and W states as quantum channels on communication
efficiency, we subtracted the fidelity of GHZ (Fg};,) from the fidelity of Wy (Fi"), which is

F = B — Fity (3)

wherea = 8 = %,k,’ =kwi=wri=r,i=123andr=w+ (1 — e_kt)(l — w). Figure 4 shows the dif-
ference between GHZ and W states in their fidelity values under the same condition. When 0 < w < 1, the value
of F™ decreases with the increase of w and it is always greater than or equal to 0, which indicates that W; can
resist more amplitude damping noise than GHZ state at the same time. The result further suggests the WM and
its inverse operation have no positive effect on the efficiency of teleportation with GHZ and W, state under
amplitude damping noise.

Discussion

Here, we discuss what happens if we make minor modifications to the QT protocol. Different from the description
of Results-Quantum teleportation with GHZ state and W state, we assume that Alice prepares the entangled
state. In fact, only particle 3 will be sent to Bob by Alice in this situation. Naturally, one can study the fidelity
of teleportation by considering particle 3 through amplitude damping noise. For GHZ state, the fidelity can be
directly given on the basis of Eq. (19), which is

0.8
.. 0.6
EELE 0.4

0.2

0

/ . / ;
08 08
0.5 06 0.5 0.6
04 0.4
0.2 0.2

w 0 o kt w 0 o Kt

(a) GHZ state (b) W state

Figure 3. The fidelities of quantum teleportation using three-qubit entangled state with the help of WM and
RM under amplitude damping noise.
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Figure 4. The comparison of fidelities of quantum teleportation between GHZ state and W state with the help
of WM and RM.

1 —k —kat
FA = 5[(a‘brﬂ4)(1+eT3’)] T 2a2pe . (34)
For the case of W] state, we can obtain the fidelity by Eq. (25), the calculation result is shown as
1 —kyt 2 N
F = g{(l—f—azeTl +ﬂ2) + (l—l—az—l—ﬁzeTl) } (35)

If we consider that Bob prepares the initial entangled state |¢¢), then Bob sends qubit-pair (1, 2) to Alice.
The fidelities of teleportation also can be obtained by Eqgs. (19) and (25) respectively for GHZ state and W] state,

which are
FP = % [(a“ + %) (1 ety e#)] +2a2p% e T (36)
and

To compare the fidelities of these two cases with the original case, we performed a simulation of these three
cases. Letky =k, =ks =k, a =8 = %fz , the numerical results are shown in Fig. 5. Plot (a) shows that the

16, 18, —
—@— Dave
—&— Alice
09 f 09} Bob |4
0.8 0.8
2 2
§ 0.7 :g 0.7
ic ic
0.6 0.6 -
0.5 0.5
0.4 L L L L L L L L L 0.4 L L L L L L L L L
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
kt kt
(a) GHZ state (b) W state

Figure 5. The fidelities of quantum teleportation of the initial states are prepared by Alice, Bob and Dave,
respectively.
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teleportation fidelity when Alice or Bob prepares GHZ state as the initial state is higher than that when Dave
prepares the state. The teleportation fidelities about W7 state are shown in plot (b). When Alice prepares the W
state at her laboratory, the fidelity of QT is more than the situation of preparing state in Dave’s laboratory. While
Bob prepares the W state, the teleportation fidelity is reduced compared with Dave. Therefore, one can improve
teleportation fidelity by selecting the proper preparation laboratory.

In addition, we make comparisons on teleportation fidelities between the modified protocol and original
protocol under bit flip, bit-phase flip and phase flip noises, respectively. Similar to the case of amplitude damping
noise, one can obtain the fidelities of quantum teleportation under bit flip, bit-phase flip, and phase flip noises
by solving the Lindblad master equation, respectively.

Consider the particle to be sent through the noises, which is respectively described by the Lindblad operators
Liw = \V/kiw0o (0 = x,¥,2). Defining p;, = %(l + e 2kiat) the evolution described by the Lindblad master
equation at time ¢ is equivalent to the Kraus operation represented by

Ez('),a = «/Pi,aI) Eil)a =V 1 = piaOa> (38)

where x, y, z correspond to the bit flip, bit-phase flip and phase flip noises.
Suppose that Dave prepare the initial state |¢¢) and sends particles to Alice and Bob through bit flip, bit-phase
flip and phase flip noises respectively. The fidelities of quantum teleportation are

1 1
For =2 (D} + D§) + S 7(D} + D7), (39)
1
gt :g(D{ + 4’ B2D)), (40)
and
D 1 z
ng = ng: (41)
where

D?{ — (1 + €_2k1‘ut)(1 + e—zkzyal)(l + e—2k3)at)’ Dg{ — (1 + e—2k1)at)(1 + e—2k2‘ut)(1 _ €_2k3’at),
Dg{ — (1 + e*Zkl,al’)(l _ e*2k2‘at)(1 + 672k3)al’)’ DZ — (1 + e*2k1,,11)(1 _ e*Zkz,al’)(l _ e*2k3,at)’
Dg{ — (1 _ e_Zkl’at)(l + E_Zkz’“t)(l + e_2k3‘at), Dg — (1 _ E_Zkl’”t)(l + 6_2k2’at)(1 _ e_2k3’qt)’

D(;t — (1 _ e_Zkl’ut)(l _ €_2k2’at)(1 + e—2k3’ut)’ Dg{ — (1 _ e—2k1)at)(1 _ e—2k2yut’)(1 _ €_2k3’at).

(42)

If Alice or Bob prepares the initial state |¢,), one can obtain the corresponding fidelities by setting k3, = 0 or
kio =kyo =0.

When Dave prepares the initial state, the fidelities of teleportation using W; state under bit flip, bit-phase flip
and phase flip noises are

1 1 1
Fiye =; D1+ a’B2DY) + Zoﬂﬂz(w’z‘ +Di+ D) + [D} + D + («* + B*)Drx], (43)
1 1
Fiy =gDi + 7o [Py + D + (@' + BH(D7 + Dy, (44)
and
1 1
Fjye = g(Df+D§)+R(a4+/34)(D§+Df;+D§—|—D§). (45)

Letksy = Oork; o = kzo = 0, then the fidelities of quantum teleportation of the initial states W are prepared
by Alice or Bob are calculated.
To demonstrate the effect of bit flip, bit-phase flip and phase flip noises on the the modified protocol and

original protocol, we set all parameters ki, (i = 1,2,3,a = x,y,z)beequaltokanda = 8 = % The simulation

results for GHZ state and W state are shown in Figs. 6 and 7, respectively. The figures show that when Alice and
Bob prepared the initial entangled state, the fidelities of QT are higher than that Dave under all the three types
of noises. In particular, the fidelity of QT is not affected by the bit flip noise in the case that the initial state (GHZ
state or Wi state) is prepared by Alice. Therefore, choosing a suitable preparation laboratory can improve the
fidelity of QT.

Conclusion

In this work, we study the efficiency of QT with three-qubit entangled state in a noisy environment by solving the
Lindblad master equation. The result shows that using W for teleportation can resist more amplitude damping
noise than GHZ state during the same time. We further consider the efficiency that quantum teleportation with
the help of WM and RM. It shows that W; always performs better than GHZ under the same practical condition.
Furthermore, we found that for the GHZ and W states used in the given QT protocol, performing WM and its
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inverse in amplitude damping noise did not improve fidelity. The research presented here shows that WM and
its inverse do not necessarily increase the efficiency of teleportation. Finally, we demonstrate that the fidelities
of QT protocol under various types of noises are closely related to the participant who prepares the initial state.
It indicates that one can improve the fidelity of QT by modifying the protocol to choose the optimal preparation
laboratory.

Methods

Amplitude damping noise. For the given quantum teleportation, Alice and Bob should share a three-
qubit entangled state and the three transmitted qubits always undergo quantum noises during the phase of
entanglement distribution. Suppose p is the entangled state before it is sent to Alice and Bob. For what concerns
the present work, we restrict our analysis to the amplitude damping noise, which is an important example of
open quantum system evolution'®. The master equation describing the dynamics of entangled quantum state
under noises is given by Eq. (5).

Consider the particle to be sent through the amplitude damping noise, which is described by the Lindblad
operator Lj, = 4 /ki,_(rf), o_ = ( 8 (1) ), the constant k; _ (or k;) is approximately equals to the inverse of deco-
herence time. Moreover, the first term of Eq. (5) can be removed when we make a change of variables. We
consider that Hj is a time independent Hermitian matrix, then one can assume that H; = 0. Accordingly, the
equation of motion for p is easily found to be

9p R 1 .1, R 1 . 1.
Bit) =k <a£1)pof) - Eof)ofl)p - Epajrl)oil)) + ky (aﬁz)paf) - Eaf)aiz)p - Epaf)aiz))

1 1 (46)
3. (3 3) _(3) A (3)_(3
+ k3 (ai)poi) — Eafr)(ri)p - Epofr)oi))

whereol) =02 @I® Lo =1®0L ®1,0Y =T®I®o0s,ando; = ((1) 8)

GHZ state. 'We now investigate the protocol of QT by using a generalized GHZ state under amplitude damp-
ing noise. For simplicity, one can directly discuss that the entangled state is affected by the amplitude damping
noise, which is shown in Eq. (46). Assume that Alice and Bob use a generalized GHZ state to achieve QT, which
has the form of

|pg)123 = 40/000) + A1]111), (47)

where g, /1 are real and satisfy| 4o |2+ |42 = 1.1ts density matrix is

~
S

000000 Ak
000000 O
000000
000000
000000
000000
000000
7071000000 42

g (0) = (48)

[=NeNoNoBoNe}
S oo oo

The master equation (46) reduces to 8 diagonal equations and 28 oft-diagonal equations. One can easily solve
these equations with the initial conditions in Eq. (48). The analytic form of a generalized GHZ state evolution
under amplitude damping noise is

Pi(t) - P ()
ﬁg(t) = > (49)
P3(t) - P35 ()

where the elements are all zero except
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ost) =172 [e*“h*kﬁkﬁ +eth ot | o—ths _ —tlatk) _ —t(kitks) _ eft(k2+k3)}’
o8, (1) = }%[ —tlkithaths) | g—ths _ p—tla+ka) _ eft(k2+k3)]’

o5, (1) = ﬂf[ —tlhathatks) 4 o=ty _ ~t(kitky) _ e—t(k2+k3)]’

ph(t) = 22 [ —thi+hatks) e—t(k2+k3)})

p5(t) = 22 [ —tlthatks) | gtk _ gtk _ e—t(k1+k3)}’ 50
ohs () = 22 [ —tkathotks) 4 e—t(kﬁ—kg)])

Pos(t) = )%[ ~thathotks) eft(kﬁk”],

P (t) = A [t bt

5B (D3 (1) = dola {fé(kﬁkﬁk”].

On the other hand, defining p = 1 — ¢~ at time ¢, the evolution is equivalent to

1 1 1

pe(t) = e(pg(0) =Y Y > E(En(2)Ex(3)5g (0)E] (E], (2)Ef (3) (51)

1=0 m=0 k=0

where Ej(1) = E; ® I ® [LEw(2) = I ® Ey ® [,Ex(3) = [ @ I ® E and Ey = (é JI()TP)’EI = (8 ;ﬁ)

Therefore, the evolved state is rewritten as

kit —hpt , , kit kot kst 22 —kyt —kat5—kst
fe(t) = ()0|000)+/qe e e |111>) (A0(000|+/L16 e e (111|)+A1e e Rtekt 110y (10|
+ 23 hitgRt okt 101) (101] 4 A2e Rt Retg ket |100) (100 + A2z Fite~ReteRst|011) (011
+ 23kt eRtght010)(010] 4+ e Rt Rkt 1001) (001] + A2z K1tz Rtz kst 1000) (000).
(52)

whereg ™kt =1 —¢ =1 — ¢~ %", Combined with the analysis above, one can obtain
the evolved state pg(¢), which describes the whole system under noise. The expression is given by

7k1t,éfk2t -1— e*kzt,éfky‘ —kst

pg(t) = pin ® pg(1).

&

—kit —kpt —kit —kpt —k3t —kit —kpt —kst
= | @/l|0000) + atie 2 e 2 e 2 |0111) 4 BA|1000) + BAie 2 e 2 e 2 |1111) )| aZp(0000| +aije 2 e 2 e 2 (0111]

—kit —kpt —kst
2

+B20(1000| + Bije 2 e 2 e 2 (1111|> + iFe k1t ekt z k3t (o]0110) 4 BI1110))(@(0110] + B(1110])

+ e kitgRat o=k3t (40101) + B11101)) (@ (0101] + B(1101]) + 3¢ K11e7R2t5K3¢ (40100) + B11100)) (@ (0100] + B(1100])
+ BeRtekat o =k3t (r]0011) + B11011)) (@ (0011 4 B(1011]) + 73&K1te=R2!5K3! (4]0010) + B11010)) (@ (0010] + B(1010])

+ e Ftgket o =k3t (]0001) + B11001)) (@ (0001] + B(1001]) + 2z K11e7K2¢zK3¢ (4]0000) + B]1000)) (2 (0000] + B(1000]).
(53)

W state. In this part we focus on the evolution of another type of three-qubit state under noise. Considering
the W state is

|#w)123 = x]001) + y|010) + 2|100), (54)
where x, y, z are real and x> + y? + z? = 1. The initial state prepared by Dave has the form of

00 0000O0O
0x>xy00xz00
0xy 200z 00

R 00000000
Pe@ =160 000000 (55)
0xzyz002z200
00000000
00 000000

Suppose that particles 1, 2, 3 are respectively affected by amplitude damping noise, which is also described
by Eq. (46). Solving the master equation associate with new boundary conditions of Eq. (55). One can express
Ow(t) analytically in a form
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where

pU@E) 0 0 0pf® 0 00
0 pi(®) pi3(H) 0 0 pis() 00
0 p() pR(®H 0 0 py() 00
N 0 0 0 0 O 0 00
P =1 pwey 0 0 0pf4®) 0 00 (56)
0 pf@t) p(H 0 0 0 00
0 0 0 0 O 0 00
0 0 0O 0 O 0 00
p&))(t) —-1— xZeftk3 _yzeftkz _ Zze—tkl,
p1i(t) = xzeft}”,pgvz(t) = yze—th,
Pt =z Zemth
_t _t
U0 (1)) = xz| e 2M — g2 (IHRI, (57)
_t
P15 () (3 (1)) = xyze” 2 keth)
_t
pis(0) (3 (1)) = xze™2(132),
_t
P35 (0) (P (1) = yze~ 2t
Similar to the situation of GHZ state, the evolved state p,,(¢) can be written as
—kyt
,og(t) = (xeT|001) +yei|010) +ze7|100))(xe 2 (001| + ye = (010] +ze 2 2 (100|) (58)
+ (Pehst 2Rt 4 226kt 1000) (000).
Therefore, the whole quantum system under noise becomes
—kyt —kt —kst —kyt
pw(t) = (zoeeT |0100) —l—yoteT |0010) + xae™2|0001) + zBe 2 |1100)
—kyt —kyt
+yﬂe 2 |1010) +xﬂe 2 |1001))(zoce 7 (0100| +yae 2 7 (0010|
(59)

—kst —kjt
+ xoe = (0001| + zBe "2~ 7 (1100] —I—yﬂe 2 (1010| +x,Be 7 (1001|)
+ (xzé*"ﬂ + yre ket 4 zzé*k1f> («]0000) + B]1000)) (e (0000] + B(1000]).

Data availability
The datasets used and analyzed during the current study are available from the corresponding author upon
reasonable request.
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