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Influence of carbon nanotube 
suspensions on Casson fluid 
flow over a permeable shrinking 
membrane: an analytical approach
Rudraiah Mahesh 1, Ulavathi Shettar Mahabaleshwar 1 & Filippos Sofos 2*

The present work employs the single-wall carbon nanotube (SWCNT) and multiwall carbon nanotube 
(MWCNT) models on axisymmetric Casson fluid flow over a permeable shrinking sheet in the presence 
of an inclined magnetic field and thermal radiation. By exploiting the similarity variable, the leading 
nonlinear partial differential equations (PDEs) are converted into dimensionless ordinary differential 
equations (ODEs). The derived equations are solved analytically, and a dual solution is obtained as a 
result of the shrinking sheet. The dual solutions for the associated model are found to be numerically 
stable once the stability analysis is conducted, and the upper branch solution is more stable compared 
to lower branch solutions. The impact of various physical parameters on velocity and temperature 
distribution is graphically depicted and discussed in detail. The single wall carbon nanotubes have 
been found to achieve higher temperatures compared to multiwall carbon nanotubes. According 
to our findings, adding carbon nanotubes volume fractions to convectional fluids can significantly 
improve thermal conductivity, and this can find applicability in real world applications such as 
lubricant technology, allowing for efficient heat dissipation in high-temperatures, enhancing the load-
carrying capacity and wear resistance of the machinery.

List of symbols
Latin symbols
A1,A2,A3,A4,A5  Constants
B0  Magnetic field strength [Tesla]
CP  Specific heat at constant pressure
H0  Applied magnetic field 

[

wm−2
]

k∗  Mean absorption coefficient
M  Magnetic field
Nr  Radiation parameter
Pr  Prandtl number
qr  Radiative heat flux
qw  Local heat flux at the wall
T1  Temperature
Vc  Mass transformation
(

r1,ξ
)

  Cylindrical coordinate axes
(r1, ξ , z1);  Cartesian cylindrical coordinate axes

Greek symbols
�  Casson parameter
κ  Thermal conductivity of fluid 

[

WKg−1K−1
]

ξ  Similarity variable
µf   Dynamic viscosity 

[

Nsm−1
]

OPEN

1Department of Studies in Mathematics, Davangere University, Shivagangothri, Davangere 577 007, 
India. 2Condensed Matter Physics Laboratory, Department of Physics, University of Thessaly, 35100 Lamia, 
Greece. *email: fsofos@uth.gr

http://crossmark.crossref.org/dialog/?doi=10.1038/s41598-023-30482-6&domain=pdf


2

Vol:.(1234567890)

Scientific Reports |         (2023) 13:3369  | https://doi.org/10.1038/s41598-023-30482-6

www.nature.com/scientificreports/

ν  Kinematic viscosity 
[

m2s−1
]

ρ  Density 
[

Kgm−3
]

σ  Electrical conductivity [s/m]

σ ∗  Stefan–Boltzmann constant 
[

Wm−2K−2
]

Ŵ  Gamma function
φ  Nanoparticle volume fraction
ψ  Stream function
τ  Angle of inclination of magnetic field

Subscripts
f   Base fluid
nf   Nanofluid

Abbreviations
MHD  Magnetohydrodynamics
CNT  Carbon nanotube
SWCNT  Single wall carbon nanotube
MWCNT  Multi-walled carbon nanotube
LT  Laplace transformation

The thermal conductivity of nanofluids has been a popular point of research during the last few decades. The 
majority of these studies focuses on understanding their properties with the goal of enhancing heat transfer in 
a variety of commercial and technological applications, including nuclear reactors, power production, material 
processing, bioengineering, transportation, paper cooling and drying, electronics, medical, and food  industry1. 
Means of increasing thermal conductivity include the addition of high thermal conductivity materials, usually 
carbon-based, metal-based, or other structures like silica or boron  nitride2.

Towards the incorporation of the material that would exhibit excellent thermal properties and mechanical 
 strength3, Sumio  Iijima4 made a pioneering discovery of cylindrical carbon atom structures with sizes ranging 
from 1 to 100 nanometers, the Carbon Nanotube (CNT). CNTs achieve increased thermal conductivity, strength, 
stiffness, and present low density and large surface area-to-volume ratio. They can be classified as single-wall 
(SWCNTs) or multi-wall (MWCNTs), depending on the number of layers they are consisted of. In comparison 
to other nanofluids, CNT suspensions achieve better thermal characteristics.

Recently, the effect of CNTs on the magnetohydrodynamics (MHD) flow of a  Newtonian5 and a non-Newto-
nian6 fluid under radiation and mass transpiration over a stretching/shrinking sheet has been under investiga-
tion. Hussain et al.7 have shown that SWCNTs are capable of achieving higher temperature values compared to 
MWCNTs, by incorporating the mixed convection and analysing the effect of the radiation, heat generation/
absorption and diffusion species with viscous effect. The impact of CNTs on MHD fluid flow with thermal 
radiation and heat source/sink over a flat plate stretching/shrinking sheet was also examined by Mahabaleshwar 
et al.8. Other current studies are focused on the Darcy-Forchheimer  flow9,10, by investigating the effect of different 
nanoparticles on a Riga surface and vertical Cleveland z-staggered cavity, while, Batool et al. 11 have investigated 
the micropolar effect on a nanofluid flow through lid driven cavity.

Due to its wide applicability, boundary layer flow analysis is particularly beneficial from a physical perspective. 
It should be noticed that boundary layer flow over surfaces greatly differs from free flow regime over station-
ary plates, as shown by  Sakiadis12,13 and  Crane14. However, the flow medium plays a major role in the whole 
process. Non-Newtonian fluids have gained increased research interest lately, mainly because of their numerous 
applications in industrial processes. However, their complicated nature, compared to Newtonian fluids, urges 
the incorporation of strongly coupled and nonlinear equations to approach. Maxwell, Oldroyd-B, and Jeffrey 
 nanofluids15, and Williamson  nanofluid16 are among those exploited for thermal conductivity and viscosity 
estimation, while the Rabinowitsch fluid has been exploited in peristaltic biological  applications17. On the other 
hand, the Casson fluid has been of practical importance and wide application field, capable of acting like an 
elastic liquid when there is no flow and just a minor shear stress.  Casson18 pioneered the use of this approach 
to replicate industrial inks in his work, unblocking the passage to numerous engineering  applications19 and 
theoretical  studies20. Vaidya et al.21 have also investigated the consequences of heat transfer on a non-Newtonian 
fluid flow via a porous axisymmetric tube with slip effects. Similar works focus on the derivation of an analytical 
solution for non-Newtonian fluid flow through a porous shrinking surface in the presence of radiation at wall 
 temperature22, and the analysis of the thermal performance of  Fe3O4 and Cu nanoparticles with blood as the 
base fluid on a Casson substantial with MHD and Hall current  effects23.

Magnetic-driven flows are of paramount importance in engineering, biochemistry, medical applications, 
the petroleum sector, power generators, magnetic drug targeting, and  more24–27. Thermal radiation has a sub-
stantial influence on boundary layer flow in high-temperature processes. As it affects cooling rates, the role of 
heat radiation is critical for assuring product quality. MHD boundary layer flows involve the application of a 
magnetic force to electrically conducting fluids. This field generates currents and a Lorentz force opposing to 
the fields. Devi and  Devi28 have numerically examined the impact of Lorentz force on a hybrid nanofluid ejected 
from a stretched sheet. To explore the turbulent force convection heat transport properties of hybrid nanofluid, 
Shafiq et al.29 has depicted the impact of the Marangoni effect on axisymmetric convective flow by adding the 



3

Vol.:(0123456789)

Scientific Reports |         (2023) 13:3369  | https://doi.org/10.1038/s41598-023-30482-6

www.nature.com/scientificreports/

additional parameter of inclined MHD in Casson fluid on infinite disk. Flows over porous shrinking surfaces 
and the respective solutions have been also  obtained30,31.

On the other hand,  Turkyilmazoglu32 has given dual solutions for 2D magneto flow in sheets that are con-
stantly contracting or expanding due to a pair stress fluid. Multiple exact solutions of a water-based graphene 
nanofluid created by porous shrinking or stretching a sheet with a heat sink or source are given by  Aly33, while 
Khan et al.34 have obtained the closed-form exact analytical solution for the axisymmetric hybrid nanofluid on 
a permeable non-linear radially shrinking/stretching sheet. Different model geometries include the investiga-
tion of Casson fluid flows past a nonlinear permeable stretching cylinder on a porous  medium35, a cylinder of 
non-uniform  radius36, two permeable  spheres37, and a rotating  disk38.

The field of investigation is enriched by axisymmetric flow cases where the subsequent conditions  vary39–41. 
Turkyilmazoglu has derived the exact solution for the fluid flow  problem42,43, while Wahid et al.44 have approached 
the analytical solution of hybrid nanofluid flow with partial slip on permeable stretching surface with the effect 
of radiation. Stability analysis has been extensively utilised to validate the real solution mathematically, first 
developed by  Merkin45, and, on this basis, relevant research has covered both steady and unsteady  cases46–48.

The current study aims to dive deeper towards understanding of the mechanisms involved in Casson fluid 
flows. The main focus is centred around the derivation of the exact dual solutions in the presence of SWCNTs 
and MWCNTs, saturated with  H2O and over a shrinking surface, under the impact of an inclined MHD, radia-
tion and mass transpiration. The exact multiple solutions for velocity and temperature distribution are discussed 
in detail and are graphically explained. The key concepts of this analytical investigation can be incorporated in 
various engineering and industrial applications, concerning medical applications, micro-fluidic devices, nano-
fluid pumps, and space technology. In the next Sections, we discuss the physical model of the problem and the 
respective mathematical solutions, present the stability analysis, results and validation tests are discussed next, 
and, finally, the key concepts are summarized in the “Conclusions”Section.

Methods
Physical model. Physical modelling of the basic equation considers a two-dimensional axisymmetric non-
Newtonian fluid containing SWCNTs and MWCNTs with the impact of inclined magnetic field boundary layer 
flow and thermal radiation on heat ttransformed boundary by a nonlinear permeable radially shrinking surface 
subjected to the plane (r1, ξ) . Figure 1 presents the physical model on SWCNT and MWCNT nano particles 
and their cartesian cylindrical coordinates (r1, ξ , z1) , where flow is induced while T∞ < Tw . Here, r1 and z1 are 
the coordinates corresponding to the vertical and horizontal direction, and T∞ and Tw the ambient and surface 
temperature of the sheet, respectively. The sheet surface’s velocity model is assumed to be uw(r1) = br31 , where 
b: constant. The external magnetic field acts in the direction normal to surface as B(r1) = B0r1 . Furthermore, 
the permeable sheet surface on wall mass transfer of velocity is given by ww(r1) = −r1υ0 , where υ0 is character-
ized as sheet porosity. Moreover, the conditions ww < 0 and υ0 > 0 are applied to represent the injection, while 
ww > 0 and υ0 < 0  represent mass suction.

The Casson  fluid18 rheological condition of state is given by the following stress tensor:

(1)τij =







�

µb +
τy√
2π

�

2eijπ > πc ,
�

µb +
τy√
2π

�

2eijπ < πc ,

Figure 1.  The physical model of the flow.
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where τy is the yield stress of non‐Newtonian Casson fluid, µb the plastic dynamic viscosity, π = eijei j , with eij   
the 

(

i, j
)th element of the deformation rate and πc the critical value of the deformation rate.

The expression for non-Newtonian Casson fluid τy yield stress is

When π > πc , a Casson fluid flow occurs, and it is possible to state that

By substituting Eq. (2) into Eq. (3), we obtain

On the basis of the above information, the convection term in the momentum equation is written as

For CNTs we write the equation as υnf
(

1+ 1
�

)

∂2u
∂y2

 , where υnf =
µnf

ρnf
,

The leading governing equations are (see Ref.34 for details)

where u1 and w1 are the velocity components with respect to direction r1 and z1 , T1 the fluid temperature, µnf ,ρnf  , 
σnf  , 

(

ρCp
)

nf
 are the dynamic viscosity, density, electrical conductivity, and specific heat of the nano fluid, respec-

tively. The first terms on the right-hand side of Eq. (7) represent the non-Newtonian Casson fluid, and the second 
term of Eqs. (7) and (8) represents the inclined magnetic field and thermal radiation which can take as radioactive 
heat flux qr , respectively.

These equations are subject to the boundary condition:

where u1 and w1 are the velocity components with respect to direction r1 and z1 , T1 the fluid temperature, uw(r1) 
and ww(r1) represents the surface’s velocity and wall mass transfer of velocity of the sheet, T∞ and Tw the ambi-
ent and surface temperature of the sheet, respectively, d represents the stretching (d > 0) , shrinking (d < 0) and 
static (d = 0) sheet. For the present work we consider only shrinking (d < 0) case.

The radioactive heat flux qr is added to the model by using Rosseland approximations and can be written in 
the following simplified form, as

Then, the term T4
1  is expanded by using Taylor’s series and ignoring higher order terms to obtain

T4
1  can be assessed by:

where σ ∗ is the Stefan-Boltzmann constant and k∗ the mean absorption coefficient of base fluid. From Eqs. (8) 
and (9) we obtain

(2)τy =
µb

√
2π

�

(3)µ =
(

µb +
τy√
2π

)

(4)µ = µb

(

1+
1

�

)

(5)
1

ρ

∂

∂y

(

τy
)

=
µb

ρ

(

1+
1

�

)

∂2u

∂y2
= υ

(

1+
1

�

)

∂2u

∂y2

(6)
∂u1

∂r1
+

u1

r1
+

∂w1

∂z1
= 0.

(7)u1
∂u1

∂r1
+ w1

∂u1

∂z1
=

µnf

ρnf

(

1+
1

�

)

∂2u1

∂z21
−

σnf B
2(r)

ρnf
sin (τ )u1.

(8)u1
∂T1

∂r1
+ w1

∂T1

∂z1
=

knf
(

ρCp
)

nf

∂2T1

∂z21
−

1
(

ρCp
)

nf

∂qr

∂z1
.

(9)
{

u1 = duw(r1), w1 = ww(r1), T1 = Tw at z1 = 0,

u1 → 0, T1 → T∞, as z1 → ∞.

(10)qr =
−16σ ∗T3

∞
3k∗

∂T4
1

∂z1

(11)T4
1 = T4

1∞ + 4T4
1∞(T1 − T1∞)+ 6T2

1∞(T1 − T1∞)2 + ............

(12)T4
1
∼= −3T4

1∞ + 4T3
1∞T1.

(13)u1
∂T1

∂r1
+ w1

∂T1

∂z1
=

kf
(

ρCp
)

nf

(

knf

kf
+

16σ ∗T3
∞

3k∗kf

)

∂2T1

∂z21
.
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Thermophysical expressions and properties of the CNTs. In Fig. 2, φ is known as sloid volume frac-
tion of nanoparticle, and with the nf as subscript,  ρnf ,µnf , σnf , κnf , ρCpnf  are the density, viscosity, electrical 
conductivity, thermal conductivity, heat capacity of the nanofluid, respectively. The f subscript denotes the same 
quantities, but for the base fluid, while the CNT as subscript refers to the carbon nanofluid. The experimental 
values of Cp (specific heat), ρ(density), κ (thermal conductivity), and σ (electrical conductivity) for the base fluid 
(water), SWCNT and MWCNT are presented in Table 16,7

Similarity variable. We proposed the following similarity variable to simplify the problem,

where ψ is the stream function, while u1 andw1 are given by u1 = 1
r1

∂ψ
∂z1

 and w1 = − 1
r1

∂ψ
∂r1

 . Taking Eq. (9) into 
consideration, the velocity components can be written as

Next, through similarity transformation and thermophysical expressions, Eqs. (7) and (13) are converted into

(14)ξ =

√

b

υf
z1r1, θ(ξ) =

T1 − T∞
Tw − T∞

,ψ = −
√

bυf r
3
1 f (ξ)

(15)u1 = br31F
′(ξ) and w1 = −

√

bυf r1
(

3F(ξ)+ ξF ′(ξ)
)

Figure 2.  Thermophysical expressions for CNTs in our model.

Table 1.  Thermal properties of base fluid and nanoparticles.

Physical properties Fluid phase (water) SWCNT MWCNT

Cp

(

Jkg−1K−1
)

4179 425 796

ρ

(

kgm−3
)

997.1 2600 1600

κ
(

Wm−1K−1
)

0.613 6600 3000

σ(�/m)−1 0.05 1× 107 1× 107
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subjected to boundary conditions as follows:

where,

Engineering physical quantities of interest. The shear stress coefficient Cf  and the local heat transfer 
number Nuz1 are

By imposing the similarity transformation, we obtain

where Re1/2r1 = uw(r1)r1
υf

 is the Reynolds number.

Exact solution for momentum equation. The exact analytical solution of Eq. (16) subject to boundary 
condition from Eq. (18) is

By substituting into Eq. (16) and, also, by considering τ = π
2 , it is sin (τ ) = 1 . We obtain an algebraic quad-

ratic Equation as

where the roots are

From Eq. (21), it is clearly shown that the problem has both a lower and an upper branch solution. The velocity 
component F ′(ξ) and the skin friction component F ′′(0) are given by

Exact solution for energy equation. Equation (17) can be modified with aid of Eq. (22), and, by intro-
ducing a new parameter η = Pr

β2[−βξ ]
 , it transforms to

with boundary conditions

Thus, the outcome of Eq. (26) subject to boundary condition from Eq. (27) in terms of incomplete Gamma 
function is

(16)A1

(

1+
1

�

)

F ′′′ − A5M sin (τ )F ′ + A2

(

3FF ′ − 3F ′2
)

= 0.

(17)(A4 + Nr)θ
′′ + 3A3 Pr Fθ

′ = 0.

(18)

{

F ′(ξ) = d, F(ξ) = Vc , θ(ξ) = 1, at ξ = 0,

F ′(ξ) → 0, θ(ξ) = 0, as ξ → ∞.

(19)























A1 =
µnf

µf
, A2 =

ρnf

ρf
, A3 =

�

ρCp

�

nf
�

ρCp

�

f

, A4 =
knf

kf
, A5 =

σnf

σf
,

M =
σf B

2
0

ρf b
, Nr =

16σ ∗T3
∞

3kf k∗
, Pr =

(ρCp)f νf

kf
.

(20)Cf =
2µnf

(

1+ 1
�

)

ρf u2w

(

∂u1

∂z1

)

z1=0

,Nuz1 =
r1knf

kf (Tw − T∞)

(

∂T1

∂z1

)

z1=0

(21)0.5Re1/2r1
Cf =

µnf

(

1+ 1
�

)

µf
F ′′(0), Re−1/2

r1
Nuz1 = −

knf

kf
θ ′(0)

(22)F(ξ) = Vc +
d

β

(

1− Exp[−βξ ]
)

.

(23)A1

(

1+
1

�

)

β2 − 3A2Vcβ − (A5M + 3A2d) = 0.

(24)β =
3VcA2 ±

√

9V2
c A

2
2 − 4

(

1+ 1
�

)

A1(−3dA2 −MA5)

2
(

1+ 1
�

)

A1

(25)F ′(ξ) = dExp[−βξ ] and F ′′(0) = −dβ

(26)(A4 + Nr)η
d2θ

dη2
+

{

(A4 + Nr)+ A4

(

3dη − 3
Pr

β2
(d + Vcβ)

)

dθ

dη

}

(27)θ

(

Pr

β2

)

= 1, and θ(0) = 0.
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where j = 3A3(Prd+VcPrβ)
(A4+Nr )β2 .

In terms of the similarity variable ξ , Eq. (28) transforms to

Then,

where j = 3A3(Prd+VcPrβ)
(A4+Nr )β2 . 

and 

Equation (31) is the local heat transfer rate at the wall sheet surface.

Stability analysis. A complete study of the stability of dual solutions for the Eqs. (16-17) along with the 
boundary conditions in Eq. (18) are performed on a shrinking sheet.  Merkin45 was the first to propose the sta-
bility analysis for the dual solutions and showed that a positive eigenvalue in a dual solution is more stable and 
dependable than a negative eigenvalue. Next, his work was carried out by Harris et al.46, and, recently Hamid 
et al.47, Roşca et al.48 who studied the stability of the dual solution on Casson fluid flow on stretching sheet and 
Khashi’ie et al.49 for the axisymmetric flow of a hybrid nanofluid on a radially permeable stretching/shrinking 
sheet, respectively.

Consider the unsteady Casson fluid flow with the time variable ε = r21bt . Equations (7-8) can be written as

By incorporating Eqs. (7–8) we introduce the new dimensionless variable

and by adding the new similarity variable to Eq. (34) and taking τ = π
2 , thensin(τ ) = 1 , the following system 

of Equations is obtained, as

and the boundary condition becomes

(28)θ(η) =
Ŵ
(

j, o
)

− Ŵ

(

j, 3A3d
(A4+Nr )

η

)

Ŵ
(

j, o
)

− Ŵ

(

j, 3A3dPr
(A4+Nr )β2

) .

(29)θ(ξ) =
Ŵ
(

j, o
)

− Ŵ

(

j, 3A3d
(A4+Nr )

Pr
β2 Exp[−βξ ]

)

Ŵ
(

j, o
)

− Ŵ

(

j, 3A3dPr
(A4+Nr )β2

) .

(30)θ ′(ξ) =
−3jExp

[

−
(

3A3d Pr
(A4+Nr )β2 Exp[−βξ ]

)]

β

(

3A3d Pr
(A4+Nr )β2 Exp[−βξ ]

)j

Ŵ
(

j, o
)

− Ŵ

(

j, 3A3dPr
(A4+Nr )β2

) .

(31)−θ ′(0) =
3jExp

[

−
(

3A3d Pr
(A4+Nr )β2

)]

β

(

3A3d Pr
(A4+Nr )β2

)j

Ŵ
(

j, o
)

− Ŵ

(

j, 3A3dPr
(A4+Nr )β2

) .

(32)
∂u1

∂t
+ u1

∂u1

∂r1
+ w1

∂u1

∂z1
=

µnf

ρnf

(

1+
1

�

)

∂2u1

∂z21
−

σnf B
2(r)

ρnf
sin (τ )u1.

(33)
∂T1

∂t
+ u1

∂T1

∂r1
+ w1

∂T1

∂z1
=

knf
(

ρCp
)

nf

∂2T1

∂z21
−

1
(

ρCp
)

nf

∂qr

∂z1
.

(34)

u1 = br31F
′(ξ , ε), w1 = −

√

bυf r1
(

3F(ξ , ε)+ ξF ′(ξ , ε)
)

,

ξ =

√

b

υf
z1r1, θ(ξ , ε) =

T1 − T∞
Tw − T∞

, ε = r1bt,

(35)A1

(

1+
1

�

)

∂3F

∂ξ3
+ 3A2F

∂2F

∂ξ2
− 3A2

(

∂F

∂ξ

)2

− A5M
∂F

∂ξ
− A2

∂2F

∂ξ ∂ε
= 0,

(36)(A4 + Nr)
∂2θ

∂ξ2

′′
+ 3A3 Pr F

∂θ

∂ξ
− A3 Pr

∂θ

∂ε
= 0,

(37)















∂F

∂ξ
= d, F(ξ , ε) = Vc , θ(ξ , ε) = 1, at ξ = 0,

∂F

∂ξ
→ 0, θ(ξ , ε) = 0, as ξ → ∞.
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Equation (36) is introduced by using the notion in Refs.43,44 to test the stability of the dual solutions by con-
sidering F(ξ) = F0(ξ) and , and in the current analysis we have obtained the unsteady form of the Casson fluid 
on the shrinking sheet as

where γ  is known as unidentified eigenvalue and f (ξ , ε) andϕ(ξ , ε) are assumed to be smaller than 
F0(ξ) andθ0(ξ) . The unstable solution of Eqs. (33–35) results in an infinite value of (γ ) eigenvalue. Initial insta-
bility increase relates to a negative eigenvalue, but initial instability decline relates to a positive eigenvalue which 
implies that the Casson fluid flow over the surface is stable. The unsteady form of the system of differential equa-
tions along with boundary condition follow,

The generalized linear eigenvalue problem with the boundary conditions is derived by substituting ε = 0 in 
Eqs. (37–39), which represents the solution in a stable state.

The stability of the relevant solution F0 and θ0 is determined by calculating the least value of the eigenvalue for 
the specific value of �, Nr , M, γ , Pr . In this investigation, we swapped out the equivalent boundary condition 
at free stream f ′0 → 0 as ξ → ∞ for f ′′0 (0) = 1.

Ethical approval. This article does not contain any studies with human participants or animals performed 
by any of the authors.

Results and discussion
In the present paper, we have argued on the closed form of the exact analytical dual branch solution for SWCNTs 
and MWCNTs. Graphical results for various values of Vc , M, Nr, φ and d, are to be shown next. The computations 
are made for φ = 0.1,Vc = 2.4, d = −1.1,M = 0.1,Nr = 1 and � = 1, while the thermophysical properties of 
water and CNTs are taken from Table 1. Note that the Prandtl number of the base fluid (water) is equal to 6.2.

The solution obtained in this analysis is in the form of upper and lower branch solution which are represented 
graphically in first and second solution, respectively. From the results obtained we come in conclusion that the 
upper branch solution is more stable than the lower branch solution.

Velocity and temperature profiles. Figures 3 and 4 show the effect of Vc on the velocity and temperature 
profiles of SWCNT and MWCNT, respectively. It is observed that the velocity of the upper branch solution, both 
for SWCNT and MWCNT, increases with as Vc increases, too. Moreover, SWCNT attains higher velocity values 
compared to MWCNT. In contradistinction, the reverse behaviour is observed for the lower branch solution, 
where the velocity decreases with as Vc increases. This is due to the fact that by increasing Vc , the fluid near the 
surface is being pulled up more quickly, producing the faster fluid velocity. Another point worth mentioning is 
that the temperatures of SWCNTs and MWCNTs, for both upper and lower branch solutions, present similar 
behaviour, as they decrease with increasing Vc . Also, MWCNTs have overall achieved lower temperature com-
pared to SWCNTs, owing to fluid flow over the permeable plate, which removes the highly heated fluid.

The effect of the application of the inclined magnetic field M on velocity and temperature profiles is depicted 
in Figs. 5 and 6. Different behaviour is observed between SWCNT and MWCNT. In Fig. 5 (upper branch 
solution), for higher values of M , the velocity of both SWCNT and MWCNT increases, with SWCNT reach-
ing slightly higher values compared to MWCNT. However, in the lower branch, the velocity of SWCNT and 
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MWCNT decreases as M increases, while SWCNT has smaller velocity values compared to MWCNT. In Fig. 6, 
the temperature of the upper branch solutions is decreased when M increases, but opposite behaviour is observed 
in the second branch solution, since MWCNT has generally lower temperatures compared to SWCNT. This is 
attributed to the fact that nanoparticles are greatly influenced by the magnetic field, and higher values of M lead 
to velocity increase and the fluid temperature decrease.

Velocity and temperature profiles of SWCT and MWCNT are further examined on the effect of the Casson 
parameter � in Figs. 7 and 8. It is shown that the upper branch solution velocity of SWCNT and MWCNT 
increases when � increases, with MWCNT cases presenting lower velocity values than SWCNT, and, the reverse 

Figure 3.  Plot of velocity F ′(ξ) versus ξ for various Vc values.

Figure 4.  Plot of temperature θ(ξ) versus ξ for various Vc values.

Figure 5.  Plot of velocity F ′(ξ) versus ξ for various values of M.
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effect is observed in the lower branch solution (Fig. 7). This is because the higher values of � affects the dynamic 
viscosity, which results in a decrease in the yield stress and, thus, causes a resistance force that opposes to fluid 
mobility. The effect of � on temperature is small (Fig. 8). All upper branch solutions present smaller temperature 
with increasing � , while lower branch solutions present the reverse behaviour when � increases.

The investigation of the variation of nanoparticle volume fraction, φ , is presented in Figs. 9 and 10. In Fig. 9, 
as φ varies from 0.1 to 0.15 and 0.2, the velocity of the upper branch solution decreases, while velocity for the 
lower branch increases. We also observe higher SWCNT velocities on the upper branch and smaller on the lower 
branch, compared to MWCNT. It is of importance to note that φ has significant effect on temperature values, 

Figure 6.  Plot of temperature θ(ξ) versus ξ for various values of M.

Figure 7.  Plot of velocity F ′(ξ) versus ξ for various values of  �.  

Figure 8.  Plot of temperature θ(ξ) versus ξ for various values of  �.  



11

Vol.:(0123456789)

Scientific Reports |         (2023) 13:3369  | https://doi.org/10.1038/s41598-023-30482-6

www.nature.com/scientificreports/

since temperature of SWCNT and MWCNT of both upper and lower branch solutions increase with increasing 
φ . Moreover, SWCNT has given higher temperature values compared to MWCNT (Fig. 10). This is due to the 
addition of more nanoparticles which serve as heat transfer agents and causes temperature to rise with increas-
ing value of φ.

The effect of the thermal radiation, Nr , on the temperature profiles for our model is depicted in Fig. 11. All 
profiles present higher values with increasing Nr , while, the SWCNT cases have slightly higher values than 
MWCNT. This is because the thermal radiation transfers more heat than any other parameter shown before. In 

Figure 9.  Plot of velocity F ′(ξ) versus ξ for various values of φ.  

Figure 10.  Plot of temperature θ(ξ) versus ξ for various values of  φ.  

Figure 11.  Plot of temperature θ(ξ) versus ξ for various values of  Nr.  
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physical terms, the thermal conductivity of CNTs increases with the increase of the radiation parameter, and, as 
a result, the thermal boundary-layer thickness and the profiles of temperature increase.

In the presence of SWCNTs and MWCNTs, the skin friction coefficient versus M (Fig. 12) has shown that 
multiple solution exists only for the shrinking of the sheet. With increasing shrinking parameter values, the skin 
friction coefficient increases in both branches of the solution. In most cases, this occurs because the motion 
of the fluid is decreased when the shrinking parameter is increased. As a result, the velocity and skin friction 
obey to the inverse proportional relationship. Hence, this fact leads to the outcome that skin friction coefficient 
increases in presence of CNTs.

Figure 13 presents the dual solution for the skin friction coefficient versus Vc , for various values of M. The 
skin friction coefficient of SWCNTs and MWCNTs decreases as the suction parameter decreases and increases 
when the injection parameter increases, as a consequence of increasing the magnetic field M. It also has to be 
specified that the skin friction coefficient approaches zero value in case of high injection speed, while it increases 
exponentially at higher suction velocity. Furthermore, greater M values have an incremental effect on the shear 
stress. The behaviour of skin friction coefficient on SWCNTs and MWCNTs for various Vc values can be summa-
rized by the fact that suction causes greater velocity gradients at the surface, whereas injection minimises them.

Figure 14 presents the dual solution for skin friction coefficient versus d for various M values. The skin friction 
coefficient of SWCNTs and MWCNTs increases as d decreases because the velocity gradients are larger when 
the plate decreases quicker or is stretched at a slower pace. Hence, at large values of the magnetic field, the skin 
friction coefficients of SWCNTs and MWCNTs increases, and this is due to the greater fluid velocity observed 
when the magnetic field value increases. Thus, the skin friction coefficients of SWCNTs and MWCNTs are pro-
portionally increasing with the magnetic field.

Validation. The research has revealed that the SWCNTs achieve higher temperature then MWCNTs on non-
Newtonian Casson fluid model on porous shrinking sheet. The dual solution obtained opens the pathway to 
future studies of Casson fluid flows under the impact of an inclined MHD, radiation and mass transpiration. 

Figure 12.  Plot of 0.5Re1/2r1 Cf  versus M for various values of d.

Figure 13.  Plot of 0.5Re1/2r1 Cf  versus Vc for various values of M.
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Figure 14.  Plot of 0.5Re1/2r1 Cf  versus d for various values of M.

Table 2.  Comparison to existing methods.

Authors Fluid Value of β
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Table 3.  Comparison of the stability analysis with similar works.

Approaches Fluids Stability analysis (Stable /unstable)

Hamid et al.47 Non-Newtonian
(

1+ 1
�

)

∂3F
∂η3

+ F0
∂2F
∂η2

+
(

∂F
∂η

)2
−M ∂F

∂η
− ∂2F

∂τ∂µη
= 0,

1

Pr(1+Rd )
∂2ϕ

∂η2 0

∂ϕ
∂η

∂ϕ
∂ε

Khashi’ie et al.49 Newtonian

µhnf
µf
ρhnf
ρf

∂3F
∂η3

+ 2f0
∂2F
∂η2

+ 2F
∂2 f0
∂η2

−

(

2f
′
0 − γ +

( σhnf
σf

ρhnf
ρf

)

M

)

∂F
∂η

= 0,

1

Pr
(κ)hnf /(κ)f

(ρCp)hnf /(ρCp)f

∂2G
∂η2

∂θ0
∂η 0

∂G
∂η 0

∂F
∂η

−
(

2
∂f0
∂η

− γ

)

G + 2

(

σhnf /σf

(ρCp)hnf /(ρCp)f

)

EcM
∂f0
∂η

∂F
∂η

= 0,

Present work Non-Newtonian
A1

(

1+ 1
�

) ∂3 f

∂ξ3
+ 3A2F0

∂2 f

∂ξ2
+ 3A2fF

′′
0 − A2

(

6F ′0 − γ
) ∂f
∂ξ
−A5M

∂f
∂ξ

− A2
∂2F
∂ξ∂ε

= 0,

(A4 + Nr )
∂2ϕ

∂ξ2
+ 3A3 Pr F0

∂ϕ
∂ξ

+ 3A3 Pr f θ
′
0 + γ ϕ − A3 Pr

∂ϕ
∂ε

= 0,



14

Vol:.(1234567890)

Scientific Reports |         (2023) 13:3369  | https://doi.org/10.1038/s41598-023-30482-6

www.nature.com/scientificreports/

The velocity behaviour in the absence of Casson fluid and M = 0 in the presence of stretching plate results are 
 converted14, while sin(τ ) = 1 in the presence of hybrid nano particles leads to the results of Khan et al.34.

Table 2 presents relevant works from the literature for comparison.
Table 3 presents the comparison of the stability analysis performed here with other works that have conducted 

the stability analysis with a time variable. Khashi’ie et al.49 and Hamid et al.47 have taken τ = ct , while, in the 
present work, we have considered ε = r1

2bt.
Finally, in Table 4, values of skin friction coefficients both for the upper and lower branch solutions, related 

to Fig. 12, are presented.

Conclusion
This paper has presented a detailed investigation of the boundary-layer flow and heat transfer properties implied 
by water-based CNTs over a permeable shrinking sheet, affected by the parameters of the Casson fluid, an inclined 
magnetic field and thermal radiation effects. The exact solutions for velocity and temperature have been obtained 
with aid of the Gamma function. The analytical results have been graphically illustrated versus various dimen-
sionless physical characteristics that have been found to affect velocity, shear stress, and temperature distribution.

• The velocity profile of the upper branch solution of SWCNT and MWCNT nanoparticles has obtained higher 
values when mass transpiration (Vc) and magnetic field (M) increase, but the opposite behaviour is observed 
for the lower branch solutions. Temperature values, on the other hand, have shown similar decreasing behav-
iour for both branches.

• The velocity profile also increases when � increases. The reverse behaviour appears for the lower branch 
solutions, while temperature is clearly decreased for upper branch solutions and increased for lower branch 
solutions.

• The fluid velocity of upper and lower branch solutions of all CNT nanoparticles decreases and increases, 
respectively. Furthermore, the temperature of both branch solutions obtains higher values when φ increases.

• The temperature for both branch solutions of CNT nanoparticles increases when the thermal radiation Nr 
increases. Moreover, it is observed that SWCNTs achieve higher temperatures compared to MWCNTs.

• The skin friction coefficient both carbon nanotubes increases for decreasing d and increases with M.

To conclude, we believe that the main findings of this analytical investigation can find field of applicabil-
ity in various engineering and industrial applications, concerning medical applications, micro-fluidic devices, 
nanofluidic pumps, and space technology, among others.

Data availability
The datasets used and/or analysed during the current study available from the corresponding author on reason-
able request.
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