
1

Vol.:(0123456789)

Scientific Reports |         (2023) 13:2765  | https://doi.org/10.1038/s41598-023-29873-6

www.nature.com/scientificreports

Calculation of active earth pressure 
on external corners with equal 
length on both sides in excavation 
engineering
Zhao Long 1, Hao Zeng 2,3, Shuaihua Ye  2,3* & Weili Li 1*

Taking the external corner with equal lengths as the research object, two failure modes of the 
equilateral external corner are established, and the active earth pressure calculation formula of the 
equilateral external corner in the limit state is further deduced when the external angle is 90°. The 
comparison between the theoretical calculation results and Midas/GTS simulation results shows that 
when the ratio of the side length B to the depth H is large, the sliding wedge failure will occur at the 
external corner, and the active earth pressure of the external corner in the range of wedge-shaped 
slider will not change with the change of size B. When the ratio of the side length B to the depth H 
is small, the displaced soil is composed of two parts, and the earth pressure varies with the change 
of size B. In this paper, the magnitude and distribution law of the active earth pressure obtained by 
the horizontal micro-layered limit equilibrium analysis method is similar to the three-dimensional 
simulation value of the Midas/GTS software, which can prove the feasibility and rationality of the 
theoretical calculation.

The construction site of excavation engineering is easily affected by surrounding buildings and all kinds of pipe 
networks, subways and comprehensive pipe corridors1. And the plane shape of the foundation pit becomes more 
irregular, leading to a large number of excavations with external corners. Due to the free surface on both sides 
of the external corner in the foundation pit, the stress distribution at the external corner is complex, and it is 
more sensitive to the surface stress level, the change in groundwater level and the stiffness of the support system. 
Therefore, special attention needs to be paid to the external corner, and it is necessary to do more research on 
the three-dimensional failure form of the external corner and the calculation of earth pressure in excavation 
engineering. The picture of the external corner in the excavation is shown in Fig. 1.

The research on the three-dimensional failure mode of the foundation pit is mostly aimed at the founda-
tion pit with the regular plane shape (without the external corner), but the research on the three-dimensional 
failure mode of the external corner is less. In the three-dimensional study of the regular foundation pit, Ou2–5 
present the concept of plane strain ratio PSR (the ratio of the maximum displacement at the midpoint of the 
pit wall in the three-dimensional model to the maximum displacement in the two-dimensional plane strain 
model) to describe the influence degree of the pit corner effect; and carried out a large number of studies on the 
pit corner effect. Based on the concept of PSR, through the numerical simulation of a large number of regular 
deep foundation pits, an empirical formula of PSR has been summarized and put forward by Finno6. Many 
scholars have also conducted monitoring tests and three-dimensional numerical simulations of the regular 
foundation pit7–13. Li et al.14 believe that the three-dimensional failure mechanism is related to the soil arching 
effect and then deduce the three-dimensional earth pressure calculation equation for internal corners. Based on 
this theory, Lin et al.15 simplified the curve of the soil arching and then obtained the equations to calculate the 
three-dimensional active earth pressure of the retaining wall using the horizontal micro-layered limit equilibrium 
analysis method16. In addition, many scholars17–20 have studied the three-dimensional earth pressure calculation 
of internal corners according to different conditions. These research results show that the foundation pit has 
obvious three-dimensional characteristics, and it is essential to use a three-dimensional model to calculate the 
earth pressure in the foundation pit. However, all the above studies take the internal corner as the research object, 
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and previous studies21–24 have shown that the external corner is not conducive to the safety and stability of the 
foundation pit, so it is necessary to pay more attention to the external corner. Zhang22 study found that when 
the external corner displacement occurs, the soil around the positive angle will produce deformation similar to 
the wedge-shaped slider. Pan et al.25 pointed out that when the side length of the external corner is identical to 
the excavation depth, the slip surface of the external corner is approximately spherical. Wang et al.26 classified 
the external corner according to the proportional relationship between the length of both sides for the exter-
nal corner and the plane size of the foundation pit, and the research shows that the side length of the external 
corner is an essential factor affecting the deformation. Moradi23 studied the effect of the external corner on the 
deformation of the soil-nailed wall through experiments and evaluated the influence of the nail arrangement 
on the performance of the soil-nailed wall. Wu et al.27 studied the spatial effect of the soil-nailed wall by using 
the three-dimensional elastic–plastic model, and the results show that the internal corner is beneficial to the 
stability of the foundation pit, while the external corner is very disadvantageous to the stability of the foundation 
pit. Research at this stage shows that the external corners protruding from the foundation pit are more prone to 
excessive deformation, and are more likely to be unstable or damaged. And the earth pressure is closely related 
to the deformation, so it is necessary to study the earth pressure of the external corner.

In the past, most of the studies on the pit corner effect of the foundation pit are based on three-dimensional 
numerical simulation. Compared with the internal corner of the foundation pit, research on the external corner 
is very rare, and there is still a lack of theoretical research on the external corner of the foundation pit. There-
fore, this paper studies the three-dimensional failure mode of the external corner in the foundation pit and puts 
forward two different failure models related to the side length of the external corner. The horizontal stratifica-
tion analysis method is used to theoretically analyze the external corner with a turning angle of 90°, and the 
corresponding earth pressure calculation formula is obtained. The three-dimensional finite element numerical 
calculation is carried out using Midas/GTS software, and the simulation results are compared with the theoretical 
method. It is verified that the two failure models proposed in this paper are aimed at the external corner with 
the same length on both sides, and the theoretical calculation results of earth pressure are consistent with the 
simulation results of the software.

Calculation of active earth pressure.  Failure mode analysis of the external corner with equal length on 
both sides.  Two different failure modes are proposed for the external corner with equal length on both sides. 
One of them is shown in Fig. 2a, the side length of the external corner is relatively long, and the soil slider behind 
the supporting structure of the external corner can be regarded as a wedge-shaped block passing through the 
bottom of the foundation pit. The other is shown in Fig. 2b, the side length of the external corner is relatively 
short, and two adjacent corners constrain the external corner, so the displaced soil can be composed of two parts 
(zone I and zone II).

Assuming that the depth of the foundation pit does not change, only the lengths of the sides on both sides 
of the external corner change, and the failure mechanisms of the two above-mentioned external corners with 
equal side lengths are analyzed in conjunction with Figs. 2 and 3:

1.	 As shown in Fig. 3, when the edge length of the external corner is relatively long, the pit wall will slip in the 
two directions connected with the external corner of the foundation pit, and the sliding surface will pass 
through the bottom of the pit. Because of the external corner, the two sliding surfaces will intersect near the 
external corner of the foundation pit so that the sliders overlap. The overlapping slider is a wedge-shaped 
block, as shown in Fig. 2a. When the external corner is destroyed, the sliding wedge will slide.

2.	 As shown in Fig. 2b, considering the interaction between the external corner and the internal corner, the 
internal corner of the foundation pit can stabilize the deformation of the foundation pit. When the side 
length of the external corner is relatively small, the soil between the external corner and the internal corner 

Figure 1.   Picture of the external corner.
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is limited. And the research results of the earth pressure in the limited soil can be used for reference28–30. 
The limited soil on both sides of the external corner will restrict the development of the external corner 
slip surface so that the slip surface cannot completely intersect with the ground surface. And the displaced 
soil behind the retaining wall can be composed of the upper area I and the lower area II. In addition, it is 
worth noting that the failure mode in Fig. 2a applies not only to external corners with equal sides but also to 
external corners with sufficiently long but unequal sides, while Fig. 2b applies only to external corners with 
equal sides.

Calculation of active earth pressure for the external corner with equal lengths on both sides.  In excavation engi-
neering, the most common is the external corner with an angle of 90°. Therefore, this paper makes a theoretical 
analysis of the external corner with an angle of 90°. And taking sand as the research object, cohesion is not con-
sidered. To facilitate derivation, when the side length of the external corner with equal side length is relatively 
long ( B ≥ H tan θ ), the failure model of the external corner is simplified to the form shown in Fig. 4a. Where 

Figure 2.   The failure mode of the external corner with equal lengths on both sides.
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B is the length of the two sides of the external corner with equal length, H is the depth of the foundation pit, θ 
is the angle between the slip surface of the wedge-shaped slider and the vertical line, and the angle of the exter-
nal corner is 90°. In the same way, when the length of both sides of the equal external corner is relatively short 
( B < H tan θ ), Fig. 2b is simplified to the form of Fig. 4b.

In deducing the calculation formula of earth pressure, the following basic assumptions are made:

1.	 The vertical soil stress σz is uniformly distributed in the same horizontal plane.
2.	 The normal stress between the supporting structure and the soil is uniformly distributed at the same height.
3.	 The sliding surface of the slider passes through the bottom of the foundation pit.
4.	 The wall is smooth. Therefore, the friction between the supporting structure and the soil is not considered.
5.	 The displacement mode of the retaining wall is a translational motion mode, so the shear stress between the 

horizontal microelement layers can be ignored.

When B ≥ H tan θ , as shown in Fig. 5a,b, the earth pressure is theoretically deduced by the horizontal micro-
layered limit equilibrium analysis method16, and a horizontal microelement with a thickness of dz is taken for 
analysis. Where σr and τr are the normal stress and shear stress on the slip plane ABC, x and y are the lengths 
of IE and HI on the differential slider, σx and σy are the normal stresses of the interaction between the wall and 
soil on the plane AOC and AOB, K is the midpoint of BC, β (the angle KAO) is the angle between the sliding 
direction of the slider and the vertical line AO, φ is the angle of internal friction of the soil, and dW is the weight 
of the element.

The static equilibrium differential equation in the vertical direction of the element:

In this equation,

where: A1, A2, A3, A4 and A5 are the areas of plane IEFJ, plane HIJG, plane HEFG, plane HEJ and plane GJF 
respectively.

Since the sides of the external corner are equal, the slider of the external corner should be a symmetrical 
structure. If its symmetry is considered, there is σx = σy and x = y , and then Eq. (2) is substituted into Eq. (1), 
so Eq. (1) can be simplified as follows:

(1)σr sin βA3 + σr tan ϕ cosβA3 + (σz + dσz)A4 = dW + σzA5
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Figure 3.   Analysis of failure mechanism for the external corner with long side length.
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where:

Because the wedge-shaped slider is symmetrical, the equilibrium of the differential slider in both OB and OC 
directions is equivalent, and only the static equilibrium equation in one direction is considered, then the static 
equilibrium differential equation in the OB direction is:

Considering the symmetry, σx = σy, A1 = A2, σx = λσz (λ is the lateral pressure coefficient), and Eq. (2) are sub-
stituted into Eq. (5) and then simplified to get:

(4)

β = arctan

�√
2

2
tan θ

�

α = arcsin

�√
2

2
sin θ

�

x = (H − z) tan θ



































(5)σxA1 +
√
2

2
σrA3 tan ϕ sin β =

√
2

2
σrA3 cosβ

Figure 4.   The simplified failure mode of external corners with an angle of 90°.
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where the value of λ is calculated by Eq. (7).

Equation (8) can be obtained by substituting Eq. (6) and x = (H − z) tan θ into Eq. (3).

In this equation,

The boundary condition is as follows,

Therefore, the following equation of active earth pressure calculation can be obtained by solving Eq. (8).
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Figure 5.   Horizontal microelement stress state of the external corner when B ≥ H tan θ.
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When B < H tan θ , the slip body is composed of the upper triangular prism (zone I) and the lower wedge 
(zone II). When the horizontal micro-layered limit equilibrium analysis method is used, the calculation diagram 
is shown in Fig. 6. The calculation diagram of the upper triangular prism (zone I) is shown in Fig. 6a, and the 
calculation diagram of the lower wedge (zone II) is shown in Fig. 6b.

1.	 zone I ( z ≤ H − B cot θ)
	   Also, considering the symmetry, the equilibrium equation of the triangular prism in the OC direction and 

the vertical direction is as follows

	   In this equation,

	   The boundary condition is as follows,

(12)
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Figure 6.   Horizontal microelement stress state of the external corner when B < H tan θ.
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where σx = �σz , when considering symmetry, σx = σy and x = y is established and combined with Eqs. (12) 
and (13), the following solutions can be obtained

	   In this equation,

2.	 zone II ( z > H − B cot θ)
	   The equilibrium equations of the wedge in the OC direction and the vertical direction are as follows,

	   In this equation,

	   The boundary condition is as follows,

where σx = �σz , when considering symmetry, σx = σy and x = y is established and combined with Eqs. (17) 
and (18), the following solutions can be obtained:

	   In this equation,

	   Therefore, when the side length of the external corner satisfies B < H tan θ , the calculation equation of 
the earth pressure around the external corner of the foundation pit is as follows.

	   As a result, the equation for calculating the earth pressure of the external corner with equal length on 
both sides can be obtained when considering the size of different side lengths. When the side length on both 
sides of the external corner satisfies B ≥ H tan θ , the earth pressure around the external corner is calculated 
according to Eq. (11). From Eq. (11), it can be seen that the strength of the active earth pressure around the 
wedge-shaped slider is not affected by the side length B of the external corner. The earth pressure strength 
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length of the external corner satisfies the B < H tan θ , the sliding soil around the external corner is com-
posed of two parts (zone I and zone II). The active earth pressure in zone I ( z ≤ H − B cot θ ) is calculated 
according to Eq. (15), and the active earth pressure in zone II ( z > H − B cot θ ) is calculated according to 
Eq. (20). The active earth pressure around the external corner will change the side length B for the external 
corner. It is worth noting that Eqs. (11) and (22) can only be applied to soils without cohesion. In cohesive 
soil, the calculation results will be too conservative if Eqs. (11) and (22) are used to calculate the active earth 
pressure. Therefore, to improve the accuracy of the calculation results, the cohesion can be calculated as the 
angle of internal friction17.

Calculation of active earth pressure resultant force for the external corner in the excavation engineering.  When 
the side length of the external corner satisfies B ≥ H tan θ.

The formula for calculating the resultant force of active earth pressure can be obtained by integrating Eq. (11) 
in plane AOC or AOB.

The following formula for calculating the resultant force of active earth pressure can be obtained from Eq. (23).

The resultant action position of active earth pressure in the horizontal x direction is as follows.

In this equation,

Substituting Eq. (26) into Eq. (25), we can get

The resultant action position of active earth pressure in the horizontal z direction is as follows.

In this equation,

Substituting Eq. (29) into Eq. (28), we can get

When the side length of the external corner satisfies B < H tan θ.

1.	 Calculation of resultant force for the active earth pressure in zone I
	   Integrating Eq. (15) can get the following formula,
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	   Since the slider in zone I is a prismatic slider, the action position of the resultant earth pressure in zone 
I in the x direction is at the midpoint of the side length of the external corner, and the coordinates in the x 
direction is as follows,

	   The height z of the active earth pressure resultant action point in zone I is as follows,

	   In this equation,

2.	 Calculation of resultant force for the active earth pressure in zone II
	   Integrating Eq. (20) can get the following formula,

	   The action position of the resultant active earth pressure in the horizontal x direction of zone II is as fol-
lows,

	   In this equation,

	   The height z of the resultant action point of active earth pressure in zone II is as follows,

	   In this equation,

	   The calculation formula of the total active earth pressure resultant force of zone I and zone II is as follows,
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	   The formula for calculating the action point of the total active earth pressure resultant force in Zone I and 
Zone II is as follows,

Numerical simulation
Establishment of finite element model.  To further verify the feasibility of the calculation theory and 
better reflect the magnitude and distribution of active earth pressure at the external corner of the foundation 
pit. The three-dimensional finite element analysis is carried out in the deep foundation pit by using Midas/GTS 
software, and there is an external corner with equal lengths on both sides in this foundation pit.

The modified Mohr–Coulomb constitutive model is selected for the soil model. The width affected is 3 to 4 
times the depth of excavation and the depth affected is 2 to 4 of the excavation depth2. To facilitate the calculation, 
the soil layer adopts a single sand layer and the cohesion is not considered. The excavation depth of the founda-
tion pit is 9 m, divided into three layers, and each layer is excavated by 3 m. The supporting structure is equivalent 
to a plate element with a thickness of 0.8 m, embedded depth of 11 m and elastic modulus of 30GPa. The interface 
element simulates the wall and soil interaction, and the angle of the external corner is 90°. Because the friction 
between the retaining wall and soil is not considered in the theoretical hypothesis, the roughness factor of the 
wall-soil interface in the model is 0. The side lengths of the external corner are 3 m × 3 m, 4 m × 4 m, 8 m × 8 m, 
10 m × 10 m, and 12 m × 12 m respectively to calculate the model. As shown in Fig. 7, the finite element calcula-
tion model of the side length of the external corner is 4 m and 8 m, and the soil parameters are listed in Table 1.

Analysis of finite element model.  The cloud diagram of the displacement isoline calculated by finite ele-
ment software is shown in Fig. 8. If the θ is calculated according to π

/

4− ϕ
/

2 , you can get θ=32.5◦ . As shown 
in Fig. 8a, the side length of the external corner is 4 m and less than H tan θ ≈ 5.73m . It can be seen from Fig. 8a 
that the displacement of the external corner at this time is consistent with the failure model of the external corner 
with equal length on both sides proposed in Fig. 2b, both of which can be regarded as composed of the upper 
prism slider and the lower wedge-shaped slider. It can also be seen from the displacement contour cloud map 
in Fig. 8b that the soil around the external corner slides as a wedge-shaped slider, which is consistent with the 
failure model proposed in Fig. 2a.

To further prove the feasibility of this method, the simulation value of active earth pressure calculated by 
finite element software is compared with the calculated value according to this method to verify the rationality 
of the theory. In the theoretical method of this paper, when deducing the active earth pressure theory of the 
external corner, the normal stress caused by the interaction between the supporting structure and soil at the same 
horizontal height is simplified to the uniform distribution. However, in the Midas/GTS finite element software 
calculation, the active earth pressure obtained by the interface element is not uniformly distributed at the same 
horizontal height. Therefore, to verify the rationality of the calculation model and theory more reasonably, the 
variable σv is introduced, as shown in Fig. 9, representing the average earth pressure strength of all monitoring 
points at the same horizontal height. It is used to quantitatively describe the comprehensive distribution law of 
earth pressure strength calculated by the software, and the calculation equation is as follows,

where σv is the average value of the active earth pressure strength of all monitoring points at the same horizontal 
height, σi is the active earth pressure strength of each monitoring point in the same horizontal plane, and i is the 
number of monitoring points.

When the side length of the external corner is 3 m and 4 m respectively ( B < H tan θ ), the active earth pres-
sure strength is calculated according to the Eq. (22). Figure 10 shows the comparison between the finite element 
software simulation value σv and the theoretical calculation results in this paper when the side length of the 
external corner is equal to 3 m and 4 m respectively. It can be seen that the earth pressure strength obtained by 
software simulation and the earth pressure calculated by the theoretical method in this paper are both linearly 
distributed. The active earth pressure strength calculated by the theoretical method in this paper is slightly smaller 
than that of the finite element software, but the overall trend of the data is in good agreement with each other. 
The main reason for the analysis is that when calculating by the finite element software, the soil displacement 
often can not reach the displacement value required by the active earth pressure in the limit state. Therefore, the 
active earth pressure strength calculated by the finite element software is slightly larger than that calculated by 
the theoretical method in this paper. In addition, the theoretical method and software simulation results show 
that when the lengths of the sides of the external corner are 3 m and 4 m respectively, there is little difference in 
the active earth pressure strength between them in the range of 2 m from the top of the foundation pit. However, 
when the depth z is greater than 2 m, the two curves appear obvious "bifurcation", which indicates that the earth 
pressure strength distribution law calculated by the theoretical method in this paper is consistent with the results 
of the finite element simulation.

(40)Fx = Fx1 + Fx2
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(42)σv =
σ1 + σ2 + σ3 + · · · + σi−1 + σi
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When the side length of the external corner is 8 m, 10 m and 12 m respectively, the earth pressure strength 
is calculated according to the Eq. (11). Figure 11 shows the comparison between the simulated value σv and the 
theoretical calculation results with the side length of 8 m, 10 m and 12 m respectively ( B ≥ H tan θ ). It can be 
seen from Eq. (11) that when the side length of the external corner is greater than H tan θ = 5.73m , the earth 
pressure strength calculated in this paper will not change with the change of the side length B. As shown in 
Fig. 11, when the side length of the external corner is 8 m, 10 m and 12 m respectively, the curve of σv is almost 
coincident with the simulation of Midas/GTS software. And it is not much different from the value of earth 
pressure strength calculated by the theoretical method in this paper. It can be shown that the earth pressure 
strength calculated by the software does not change with the change of edge length B, which is consistent with 
the theory of this paper. In addition, the earth pressure strength calculated in this paper and the σv obtained by 
software simulation still have linear distribution.

Figures 10 and 11 show that the earth pressure strength calculated by the theoretical method in this paper 
is 0 at the bottom of the foundation pit because the method used in this paper is the horizontal micro-layered 
limit equilibrium analysis method, while the earth pressure strength obtained by this method is usually 0 at the 
bottom of the foundation pit. In addition, when the depth z is equal to 9 m, the monitoring point is located in 
the corner of the bottom of the foundation pit, which is affected by various factors such as stress concentration, 

Figure 7.   Finite element model in Midas/GTS.

Table 1.   Parameters of soil.

Soil layer Unit weight, γ/(kN/m3) Cohesive force, c/kPa Internal friction angle, φ/(°) Compression modulus, Ea/MPa

1 17 1 25 43
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so the stress distribution at this point is more complex, so as shown in Figs. 10 and 11, the finite element simula-
tion value σv at the bottom of foundation pit shows the irregular distribution.

Conclusion
In this paper, the failure model of the external corner with equal side length on both sides is established in 
excavation engineering . The calculation formula of active earth pressure for this type of external corner under 
different side length is derived according to the established failure model. The main conclusions are as follows:

Figure 8.   Contour map of displacement contours.

Figure 9.   Schematic diagram of partial meshing.
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1.	 According to the difference in the side length, the external corner can be divided into two categories. The first 
type is that the length of the side length B is greater than H tan θ , and the second is that the side length is less 
than H tan θ . When the first type of external corner is damaged, it can be considered the sliding failure of the 
wedge-shaped slider. When the second type of external corner is damaged, the soil slider can be composed 
of two parts.

2.	 When the turning angle of the external corner is 90°, the active earth pressure around the two kinds of the 
external corner is deduced theoretically by using the horizontal micro-layered limit equilibrium analysis 
method. The formulas for calculating the strength of active earth pressure and the resultant force and acting 
point of earth pressure are obtained respectively. For the first kind of the external corner, the active earth 
pressure in the range of the external corner wedge-shaped slider will not change with the side length of 
the external corner, while for the second kind of the external corner, the earth pressure in the range of the 
external corner slider will change with the change of the side length for the external corner.

3.	 In this paper, the theoretical calculation results are compared with the simulation results of Midas/GTS 
software. The comparison results show that there is little difference between the earth pressure values calcu-
lated by the theoretical method and the simulation values of Midas/GTS software, and the magnitude and 
distribution of the main earth pressure values are the same, which proves that the method in this paper is 
feasible and reasonable.

Data availability
All data generated or analyzed during this study are included in this published article.
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Figure 10.   The comparison of calculation results when B < Htanθ. 

Figure 11.   The comparison of calculation results when B ≥ Htanθ. 
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