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applications in multiple criteria
group decision-making
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The precise selection of suppliers to fulfill production requirements is a fundamental component of

all manufacturing and process industries. Due to the increasing consumption levels, green supplier
selection (GSS) has been one of the most important issues for environmental preservation and
sustainable growth. The present work aims to develop a technique based on Fermatean hesitant fuzzy
rough set (FHFRS), a robust fusion of Fermatean fuzzy set, hesitant fuzzy set, and rough set for GSS

in the process industry. On the basis of the operational rules of FHFRS, a list of innovative Fermatean
hesitant fuzzy rough weighted averaging operators has been established. Further, several intriguing
features of the proposed operators are highlighted. To cope with the ambiguity and incompleteness
of real-world decision-making (DM) challenges, a DM algorithm has been developed. To illustrate

the applicability of the methodology, a numerical example for the chemical processing industry is
presented to determine the optimum supplier. The empirical findings suggest that the model has a
significant application of scalability for GSS in the process industry. Finally, the improved FHFR-VIKOR
and TOPSIS approaches are employed to validate the proposed technique. The results demonstrate
that the suggested DM approach is practicable, accessible, and beneficial for addressing uncertainty in
DM problems.

The supply chain is a system of procedures to acquire crude materials, transform them into substantial and final
product, and shipped to the customer. It comprises all relationships between suppliers and consumers. The
objective of supply chain management (SCM) is to improve the physical and information flow that is exchanged
across all stakeholder involved in the supply chain'. Sustainable supply chains may promote a long-term efficient
relationship throughout the diverse firms. Supplier selection is the process through which firms locate, analyse,
and negotiate with suppliers®. In the modern era of internet-based corporate environments, the significance of
SCM and supplier selection has been elevated, and firms pay special attention to the investigation and selection
of potential sources of supply. Whenever a supplier becomes a partner, the interaction between the supplier and
buyer will have a significant impact on the rivalry integrity of the entire SCM. As the majority of firms devote
a substantial portion of their income on procurement, the supplier selection procedure has become one of the
most significant features of developing an efficient SCM system®. Whenever organisations become more reli-
ant on suppliers, the direct and indirect repercussions of terrible supplier selection decisions will intensify*.
The choosing of a supplier is a difficult DM strategy. Before firms made judgments almost completely based
on expense and variety, the majority of modern investigators believe that the arrangement of features should
address not only technological and economic needs, but also social and environmental requirements®. Ho et al.®
suggested that management system be utilized to accurately assess the supplier selection. Conventional supplier
selection approaches emphasise the provider’s economic and technical efficiency while neglecting its sustain-
ability performance. Today, enterprises should evaluate the environmental sensitivity of their consumption and
supply that they minimize their influence on the environment’. In combination with appropriate factors such
as price and quality, the green challenges may play a significant influence on procurement and provide key
environmental variables that can be employed to evaluate the suppliers. The emergence of manufacturing, green
SCM may be seen as a significant approach for all buyers and suppliers. To improve the supply chain’s value, the
current competitive industries have prompted businesses to connect environmental concerns with other essential
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considerations (cost, quality, service level, etc.). Therefore, hiring green suppliers to decrease procurement risk
is one of the most significant DM challenges.

Uncertainty is a repercussion of both the objective world’s complexity and the scarcity of human understand-
ing. Uncertainty is a difficult-to-describe character trait, and the majority of its expressions are unpredictable
and fuzzy. To correctly describe the ambiguous information in real issues, several novel theories and techniques
have been developed see for® !> more details. Among these approaches, fuzzy set (FS) theory has garnered
considerable interest. Zadeh' introduced FS theory, which is used to express the fuzzy and absurd information
of objective items. FS theory describes theoretical framework for the interpretation of imprecise information
and enables the transformation of DM information from the linguistics variable to the numerical variable. The
FS theory has the ability to develop a novel approach to exhibit ambiguous and conflicting information while
addressing the problems with conventional DM processing information. The study on FS theory has yielded
promising discoveries and has been significantly employed in numerous diverse fields. Whenever the complexity
of a DM problem grows, classical FS theory is unable to adequately represent the uncertain information in the
problem'é. For this issue, several researchers have provided the enhanced forms of classical FSs from a variety
of perspectives, including intuitionistic FSs (IFSs)’, Pythagorean FSs (PFSs)'8, hesitant FSs (HFSs)'?, and rough
sets (RSs). The efficacy of many concepts of generalised fuzzy sets served as the inspiration for the notion of
MCGDM, which has been the subject of several investigations (see*'~** for more information). Wu et al.” sug-
gested a multi-criteria sequential calibration and uncertainty analysis technique for improving the efficiency and
performance of high-reliability hydrological modelling. Two case studies were undertaken in comparison with
two other approaches, sequential uncertainty fitting algorithm and generalised likelihood uncertainty estimation,
to assess the performance and practicality of the suggested method. Wang et al.? introduced a hybrid MCDM
framework that combines the spherical fuzzy analytical hierarchy process (SF-AHP) with weighted aggregated
sum product assessment (WASPAS). The optimum site for an offshore wind power station (OWPS) was deter-
mined using a decision framework based on the spherical fuzzy set approach. Basset et al.”” explored an axi-
omatic design to expand MCDM in the neutrosophic environment as a significant contribution to select optimal
computed tomography equipment. They introduced a new linguistic scale based on single-valued triangular
neutrosophic numbers for assessing criteria and alternatives. Limberger et al.?® established the first numerical
model to anticipate the seismic wave field generated by wind farms as well as simulate the complicated effects of
wave field interferences, surface topography, and attenuation. This proposed modelling technique can accurately
estimate the effects of several wind turbines on ground motion recordings, providing critical information to guide
decision-making prior to wind farm implementation. Staiczyk et al.”? designed and presented a method for
predicting water demand based on a linear regression model integrated with evolutionary techniques to extract
weekly seasonality. Eseoglu et al.** designed a novel fuzzy framework for technology selection of sustainable
waste water treatment plants in emerging metropolitan areas based on TODIM methodology.

The rough set theory, established by Pawlak® in the 1980s, is a robust branch of artificial intelligence with
applications in many areas of data mining®!~%, attributes and feature identification*-*%, and data prediction®”.
FSs theory can be combined with RS theory to handle information with continuous features and identify informa-
tion discrepancies. Owing to the fact that the fuzzy RS approach is an effective technique for evaluating inconsist-
ent and imprecise information, it has shown to be valuable in a wide variety of application domains. Numerous
scholars have applied RS theory to scientific disciplines including industrial applications®, pharmaceutical,
health, and bio-informatics**~*2, traffic and transportation*>**, environmental sciences*>*S, environmental engi-
neering and protection of the environment management®, security scientific method*, and aerospace, space
technology, and military control®.

Since the development of RS theory, numerous significant generalisations of RS in diverse directions have
been established®*-*°. In more recent years, RS approximations have been introduced to IF sets*>*”. They sub-
sequently introduced the notion of IF rough sets, in which both the lower approximations (LA) and upper
approximations (UA) are IF sets. Feng et al.”®* introduced the innovative ideas of soft RS, soft set, and rough sets
to examine certain information system characteristics. Zhang et al.®*¢! established the IF soft RS and interval-
valued hesitant fuzzy rough approximation operators. Zhan and Alcantud® developed an overview AOPs, and
their applicability to the DM problem. Pamucar® presented a geometric Dombi Bonferroni mean operator using
interval grey numbers and discussed their application in DM. Ali et al.** established Einstein geometric AOPs
with a unique complex interval-valued Pythagorean FSs for use in green SCM. Motivated by the robust applica-
tion of AOPs in DM, in this article, the present authors introduce an innovative notation of Fermatean hesitant
fuzzy RSs (FHFRSs), which is a hybrid structure of RSs and Fermatean hesitant FSs, having piqued their curiosity
for its capacity to handle ambiguous and imprecise information. According to the existing literature, AOPs are
essential in DM because they enable information from several sources to be aggregated into a single number®"2,
The development of AOps FHFSs hybridization with RSs is not observed in the existing research. Pursuant to
this motivation, we develop a list of algebraic AOPs for FHFR information, including FHFR weighted averaging
(WA), order weighted averaging (OWA, and hybrid weighted averaging (HWA, under the algebraic t-norm and
t-conorm, and explore their significant features in detail. Furthermore, a case study of a real-world DM prob-
lem in GSS for the chemical process industry based on a new concept of FHFRSs is considered, economic and
environmental aspects are appropriately evaluated for GSS. To demonstrate the validity of the suggested DM
technique, an enhanced FHFR-VIKOR method is employed.

The remaining of this article is organised as follows: Section Basic terminologies contains a concise review of
the fundamental and the innovative concept of FHFRSs. The FHFR AOPs are described in Section The Fermatean
hesitant fuzzy rough aggregation operators. Methodologies for MCGDM are discussed in Section Multi-attribute
decision making framework. The implementation of the GSS and assessment of DM model in the chemical pro-
cessing industry is presented in Section Numerical implementation of the MCGDM framework. In Section The
comparative evaluation, the suggested technique is verified via the use of the improved VIKOR and TOPSIS
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schemes based on FHFRSs. Section Concluding remarks and future recommendations concludes with a descrip-
tion of the results and future recommendations.

Basic terminologies
This section presents the following terms: intuitionistic FSs (IFSs), Pythagorean FSs (PFSs), Pythagorean hesi-
tant FSs (PHFSs), rough sets (RSs), Fermatean fuzzy RSs (FFRSs) and Fermatean hesitant fuzzy RSs (FHFRSs).
Definition 2.1 7An IFS F over a universal set { is described as:

F ={{0,tx @), Tr())I9 € U},
foreach? € F the functions¢r : U — [0,1]and T : U — [0, 1] denote the positive membership grade (PMG)
and negative membership grade (NMG) respectively subject to the condition that 0 < ¢ (¥) + Jr(¥) < 1.

Definition 2.2 7>A PFS 7 over a universal set I is described as follows:

T = {0, 7)), T ()9 e U}
forally € 7 the functions{7 : U — [0,1] and J7 : U — [0, 1] denote the PMG and NMG respectively subject
to the condition that (J7 (1)) + (¢7(9))? < 1.

Definition 2.3 7>A Fermatean FS 7 over a universal set I/ is defined as follows:
T = {0, 7)), T ()9 e U}

for all ¥ € 7 the functions {7 : U — [0, 1] and J7 : U — [0, 1] symbolize the PMG and NMG respectively

subject to the condition that (J7 (1))* + (¢7(1))* < 1. The pictorial depiction of the IFS, PES, and FFS is
illustrated in Fig. 1.

Definition 2.4 7*A Fermatean hesitant fuzzy set (FHFS) H over a universal set I/ is defined as follows:
H = {0 iy (9)s Ty D)1 € U},

where ¢y, (x) and Jp,, () are sets of some values in [0, 1] and show the PMG and NMG respectively subject to
the conditions:V & € U,Yjur((x) € Ly, (9),¥ Vi (9) € Tiy, (9)with(max (¢4, ()))’ + (min (T, ())) < 1
and (min (g, (z?)))3 + (max (Tnyy (z?)))3 < 1.To put it simply, we will utilize a pair H = ({j,,» Jh,,) to refer
to the FHF number (FHFN).

Definition 2.5 "Let R1 = ({ig, > Th,) and R2 = ($p,» Thz, ) be two FHENs. Then the fundamental set-
theoretic operations are:

1 ———— T . T T
09f . e ey E
o8t | : b
07F N, : i
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Figure 1. The pictorial representation of the IFS, PFS and FFS space.
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(1) RiURy = U max (ui,u2), U min(V, V) p;
M1€8hp | Vi€Thg,
uzethZ VZEJhRZ

(2) RiNRy= U min(u,p), U max Vi,V s
me:th VlethI
Itzélh722 VZEJhRZ

) R ={Tim, Oh, |-

Definition 2.6 7‘Let R; = g, > ‘7h721 Jand R, = @, > Jth ) be two FHFNs and y > 0 be any positive real
number. The basic laws are formulated in the following way:

1) RieRa=4q U {i/u?Jrui—u?ui}, U W)y
#1@;,721 VleJhRI
;Lze(th VzethZ
2 Ri®R;=< U (-} U {,3/vf+v§—va§} ;
Itlélth VIEJth
#265;,732 VZEJhRZ
O ri={ U {imasae U
M€ V1€th1
Ri=q¢ U {ui} U {f/l—(l—vf)g}
MGC;,RI VIGJth

Definition 2.7 *Let Z C U x U be a (crisp) relation and I/ be a universal set. Then

(1) @isknown to be reflexive if (7, y) € 0,forall j € U;
(2) 0isknown to be symmetricif forall j,w € U,(j, @) € dthen(w, j) € O;
(3) disknown to be transitive if for all j,w,9 € U, (j,w) € U and (w, ¢) € dthen(j,¢) € 0.

Definition 2.8 *°Let 0 be any relation on a universal set /. Characterize a mapping 0* : Y — M(U) by
0*(y) ={w € U|(j,w) € 0}, for j € U where 0%(y) is called a successor neighborhood of the element j w.r.t.
relation 0. The pair (U4, ) is called crisp approximation space. Now for any set 1 C I/, the LA and UA of Jw.r.t.
approximations space (I/, 0) is described as follows:

9d) ={y eUI0*(y) €I}
(1) ={y eUIT* () N T # o).

The pair (Q(J),%(J)) is called RS and both 8(J),d(J) : M(U) — M) are LA and UA operators.
Definition 2.9 “Let 0 € IFS(U x U)be an IF relation and U/ be the universal set. Then

(1) 9isknown to be reflexive if ug(J, ) = land V5(y, ) = 0,Y) € U,
(2) Jisknown to be symmetricifV(j, @) e U x U, us(), w) = pua(w, j)and Vs (j, @) = Vs(@, J);
(3) 0isknown to be transitive if V(j, @) e U x U,

ws(@) =\ [ns(1, ) A ps(@,9)l;

weld

and

Vo) =\, _,, Vol @) AVa(@, ).

Definition 2.10 Let I/ be any fixed set. Then any 0 € FES(U4 x U) is called Fermatean fuzzy relation. The pair
(U x ) is said to be Fermatean approximation space. Now for any I C FFS(U/(), the LA and UA of Jw.r.t. Fer-
matean fuzzy approximation space (I, 3) are two FFSs, which are symbolised by 3(J) and 9(J) and described
below as:
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3D ={{s, ma@ () Vam())ly € U}
3 =({s 153, Vaa D)l € U);

where

150 =\ (.9 \/ na@l:

geu

Vi () =\ Vs, A\ Vi@l

geu

na@ () = /\ s ,0 \ na@l;

geu

Vo () =\ V(.0 \/ Va@;

geu

3 3 —_
such that0 < () (1) + Vo (7)?) < Land0 < <<M§(j)(])> + <V5(3)(1)> ) < L.As(8(1),0(J))are

FFSs, so 9(J), 8(J) : FFS(U) — FFS(U) are LA and UA operators. The pair (J) = (3(J),9(J)) =
{<])(M§(J)(J),V§(j)(]),(uga)(J),Vg(j)(]))>|] €]} is called FFRS. Just because of simplicity,
01 = ({1, 130 () Vam (s (5 (1 Vg ) )1y € Ulis described asdd) = (1, V), (2, V) and s called
as FFR value (FFRV).

Definition 2.11 2!'Suppose U is a universal set and for any subset d € FHFS(U x U) is known as Fermatean
hesitant fuzzy relation. The pair (U4, 9) is called to be FHF approximation space. If for any 1 € FHFS({), then

the LA and UA of J w.r.t. FHF approximation space (U, 0) are two FHFSs, which are symbolised by d(J) and 3(J)
and described as follows:

8 ={ (1 Shgy (s Ty () €U
0@ ={ (1 thaz s T, D)y €U s

where

15 (10 \ 013 ()]
T (150 [\ Ti R

iz (D) = N\ [51s 00 A\ s O

[
Al
e

[
Tan D =\ [Tis 10\ Tz )]

3

3 3 3
suchthat0 < (min(Chgs, (1) + (Max(Tigy (1)) = 1and0 < (Max(@g, )+ (Min( Ty 1)) = 1

As(9(1),8(3)) are FHFSs, so 8(J),0(J) : FHFS(U) — FFS(U) are LA and UA operators. The pair
01 = (0@,53) = { (1, (Shsisy 1+ Ty D) (S, s Ty ) )1 €3}
will be called Fermatean hesitant fuzzy rough set. Just because of simplicity
0D = { (1 (Shace 1+ Thaxy D) (g (D Ty D) ) € 3}

is written as9(J) = ((£ I, (¢, 7)) and is called as FHFR value. For explanation of the above concept of FHFRS,
we present the following example.

Example 2.12 Suppose U = {¢1, 92, ¥3, 94} be any fixed set and (U4, 0) is FHF approximation space where
0 € FHFRS(U x U) is the FHEFR relation shown in Table 1. A decision expert now provides the ideal normal
decision object 1 (in the form of FHFRS).

and
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J 31 c c3
{0.1,0.3,0.4}, {0.2,0.3}, {0.2,0.5,0.7}, 0 3 0.5},
#1 {0.2,0.5,0.7} {0.7,0.9} {0.2,0.3}
{0.2,0.3,0.5}, {0.2,0.3,,0.5}, {0.1,0.4,0.6}, 0 2 0.4},
¥2 {0.2,0.7} {0.3,0.4) {0.7,0.9}
{0.5,0.6}, {0.5,0.8,0.9}, {0.2,0.3}, {0.7,0.9},
#3 {0.7,0.9} {0.1,0.9} {0.5,0.9} {0.1,0.2,0.3}
{0.2,0.5,0.9}, {0.3,0.8,0.9}, {0.2,0.5},
¥4 {0.6,0.7,0.9} {0.4,0.8) {0.6,0.9}

Table 1. FHFR relation in .

|

Then it follows that

Gy 00 = \/ [0 @00 \/ 61 K]

kel

{0.1v0.2,0.3Vv0.3,0.4 v 0.4}V

{0.2v 0.2,0.3Vv 0.3,0 v 0.7} v

{0.2Vv 0.5,0.5Vv 0.7,0.7 v 0.8}V
{03V 0.6,0.5V 0.8,0 v 0.9}

{0.2,0.3,0}v

{0.5,0.7,0.8} v {0.6,0.8, 0.9}

_ { {0.2,0.3,0.4} v

={0.6,0.8,0.9}

Similarly, we can find the remaining values as:

Now,

Ehg s, (92) = {0.6,0.8,0.9} &y - (93) = {0.7,0.9},
Chs g, (#4) = {0.6,0.8,0.9}.

T @) = \ [T .0 ]\ Tis ®)]

By the routine calculations, we get

jhgu) ((pZ) = {01}) jhgu) ((/’3) = {01)02}> jhﬁ(:') (904) = {01>05}

Further,

keld

{0.2 A 0.5,0.5 A 0.7,0 A 0.7}A
{0.7 A 0.1,0.9 A 0.7,0 A 0.8} A
{0.2 A 0.1,0.3 A0.5,0 A 0.7}A
{0.8 A0.2,0 A 0.6,0 A 0.7}

={{0.2,0.5} A {0.1,0.7} A {0.2,0.3} A {0.2}},

={0.2}.

S (00 = N\ [6150:0) \ 613 0]

By the routine calculations, we get

Khﬁ(;) (p2) = {0.1,0.3}, {hﬁ(]) (p3) = {0.2,0.3}, {hﬁ(;) (pg) =

kel

{0.1 A 02,03 A0.3,04 A 0.41A

|

{0.2A0.2,0.3 A 0.3,0 A 0.7}A

{02 A 0.5,0.5A0.7,0.7 A 0.8} A
{03 A 0.6,0.5 A 0.8,0 A 0.9}

_{ {0.1,0.3,0.4} A {0.2,0.3}A

{0.2,0.5,0.7}

={0.1,0.3}.

A {0.3,0.5) }

(¢1,{0.2,0.3,0.4}, {0.5,0.7}), (92, {0.2,0.3,0.7},{0.1,0.7,0.8}),
(3,10.5,0.7,0.8}, {0.1,0.5,0.7}), (¢4, {0.6,0.8,0.9}, {0.2,0.6, 0.7})

{0.2,0.3}.

b
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Now,

T @0 =\ [Ths @0\ T3 0)]
kel
{02V 05,05V 0.7,0.7 vV O}V
{0.7 v 0.2,0.9 v 0.3,0 v 0.7} v
{02V 0.1,0.3V 05,0V 0.7}V
{0.8V0.2,0V 0.6,0 Vv 0.7}

_ {1{0.5,0.7,0.7} v {0.7,0.9,0.7} v
=Y {0.2,0.5,0.7} v {0.8,0.6,0.7}

={0.8,0.9,0.7}.

Keeping on the same route, the remaining values may be determined as follows:
Tigia @2) = {0.7,09), Thg s, (03) = {0.7,0.9,0.8}, Ty s, (#4) = {0.6,0.9,0.9}.

The LA and UA operators in the form of FHFR approximation are follows:

3 = {

30 = {

¢1,{0.1,0.3},{0.8,0.9,0.7}), (g2, {0.1,0.3},{0.7,0.9}),
©3,{0.2,0.3},{0.7,0.9,0.8}), (g3, {0.2,0.3},{0.6,0.9,0.9}) [’

¢1,{0.6,0.8,0.9}, {0.2}), (92, {0.6,0.8,0.9}, {0.1}), }

(
{
(
(¢3,{0.7,0.9,0.9},{0.1,0.2}), (¢4, {0.6,0.8,0.9},{0.1,0.5})

Hence

9(d) =@(),5(D)

(¢1,({0.1,0.3},{0.8,0.9,0.7}), ({0.6,0.8,0.9}, {0.2})),
(02, ({0.1,0.3},{0.7,0.9}), ({0.6,0.8, 0.9}, {0.1})),

(3, ({0.2,0.3},{0.7,0.9,0.8}), ({0.7,0.9,0.9}, {0.1,0.2})),
(3, ({0.2,0.3},{0.6,0.9,0.9}), ({0.6,0.8,0.9}, {0.1,0.5}))

Definition 2.13 Let3(1;) = (3(J1),9(J1)) and 3(J2) = (3(J2), 3(J2)) be two FHERSs. Then

(1) 3@V = {@(1) Ud(I2)), @) Ud(d))}
2) 9(@NN3(T) = {(@(31) N 3(32)), (O(1) N(3))}-

Definition 2.14 Letd(J;) = (8(J1),0(11))and 3(J,) = (3(J,), d(J2)) be two FHFRSs. Then

(1) 39@N®(2) = (@) & 3(32)), (0(11) & 3(32))}

(2) 9@N®3Q2) = {(B(A1) ® 8(2)), (0(d1) ® 9(I2))}

(3) 91 €92 = {(@(@1) € 9(T2))and (8(A1) € 3(T2))}

(4) <031 = (¢8(31),s0(@)) forg > 1

(5) ©@))* = (@A), (@) ) forg > 1

(6) 9(31)° = (@(1)5,0(31)°) where 3(J;)¢ and 0(J )¢ illustrate the complement of FFR approximation opera-

tors 9(J;) and 3(J;), thatis 3(1;)¢ = (jha(:w (;,a(:)).
(7) 9(11) =9(1)iff 8(11) = 3(3) and 5(11) = 5(Ta).
The score function will be utilized to compare and rank two or more FHFR values. Greater FHER score values

indicate superiority, whilst lower FHFR score values indicate inferiority. We will employ the accuracy function
when the score values are identical.

Definition 2.15 The function for scoring FHFR value 3(J) = (3(J),9(J)) = (AN J))is given as:

1 1 —
1 2+ My Zﬂé{haa) {&} + Nz Z;T,eghgu) {Ml}_
JOD =i\ e V) = 3= Svieg. . O
Mg Ke‘yhgu) 2 Mg Vlejhg(]) 1

The accuracy function for FHFR value 3(J) = (3(J),9(J)) = &, I (¢, J))is given as:

1 N _
+ L +

AcHD = & s Zulezhgm () i Zulerhgm (r) ,
MR Zﬁey@:) W) + 1 ZWEJ}%(:) v

where Mz and N show the number of elements in Sn, and Ty TESpeCtively.
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Definition 2.16 Suppose d(J;) = (8(J1),0(J1)) and 8(Jp) = (3(J2), 3(J2)) are two FHFRVs. Then

(1) Ifo@@)) > 0(032)), thendd;) > d(1y),
(2) Ifo@d)) < 0@,)),thend(d;) < 9(3,),
(3) Ifo(d(1)) = 0(3(32)), then

(a) IfACO(;) > ACO(Jy) thend(dy) > 9(J2),
(b) IfACI(;) < ACI(Jz) thend(dy) < d(J2),
(¢) IfACA(;) = ACA(J) thend(dy) = 3(Jn).

The Fermatean hesitant fuzzy rough aggregation operators

In this section, we establish the concept of FHFR aggregation operators by combining the idea of rough sets and
FHF aggregation operators. Further we obtain aggregation notions for FHFRWA, FHFROWA, and FHFRHWA.
Several fundamental characteristics of these notions are highlighted.

The Fermatean hesitant fuzzy rough weighted averaging operator.

Definition 3.1 Consider the collection3(J,) = (3(J,),8(J,))(t = 1,2,3, ..., £) of FHFRVs with weight

vector W = (1, Xz, ..., )| such that Eszl o, = land «, € [0, 1]. The FHFRWA operator is identi-
fied as:

l 12
FHFRWA®®(11),8(12), ... 0()) = <@ o, (1), 6P 6(3,)).

1=1 1=1

Theorem 1 Let 8(J,) = (8(,),9(J,)) (t =1,2,3,...,£) be the collection of FHERVs with weight vector
W = (1, X2, ..., X¢) | . Then the FHFRWA operator is defined as:

FHFRWA(9(J1),9(32), ....0(3¢))

e 4
(@ X, @(Jl),@ X 801))
i=1 i=1

o J(-B0-w)). U fw

| Sy Y &)
¢ (o«
U \3/<1 - M (1- (m)3)“’), Uu =M)
EEC;%(:) = v,ejhﬁa =

Proof We employ the mathematical induction to get the required proof. In terms of the operational law, it fol-

lows that
0(1) ®0(3) = [0(11) ® 0(32),0(11) & 0(1)]
and
c0(1) = (81, ()
If ¢ = 2, then

FHFRWA(3(J1),9(12))

(é % a@xé 9 5(Jl)>
1=1 1=1
U i/(l ~8(1- (ﬁf)%)’ U é(‘%)m)

ﬂefhﬁ(]) VIEJhE(:)
2 2 o
U i/(l— @1(1_(m)3)<x1), U @I(V,)
i &g 3) - VieTiga

For £ = 2, the result is accurate. Assume it is true for £ = k, that is,
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FHFRWA(©(31),0(32), ...,0())

k k
= (@ o, 0(), @ &9 601))
1=1 1=1

k ” f .
ﬂeg@j) \/(1 - El(l — (&)3) )’ Key@;) El V) )
U i/(l—lél(l—(ulf)o‘l)) U I%I(Vl)cx,

s VA !
/ fhg(:() V,EJ;%(J)

Now we need to prove it for £ = k + 1.
Consider FHFRWA (0(J1),9(12), ..., 0(Jk11))
B E@f:l oG 0(3)® Xg41 EA)(:lk-H)g,)

Ech:l o 0(J)® Xhy1 0(Ts1)

k+1 3\ & k+1 o
U ((-E0-w)) v B
14 €y 3 = VieTng g, '~

U (/(1—%11(1—(;“)3)“’), u Bm"

et S8 =1
Sl a) VieThga)

Therefore, the obtained outcome holds for £ = k + 1. As a result, the finding is applicable for all £ > 1. Based

on the preceding analysis 3(J) and 9(J) are FHFRV. So, @: 1 o 9(J,)and @, _, o 0(],) are also FHFRVs.
Therefore, FHFRWA (3(J;), 3(J2), ..., 0(J¢)) is a FHFRV under FHF approximation space (U, 9).

Example 3.2 Consider the set

1, ({0.20,0.30, 0.40}, {0.20, 0.40, 0.70}),
{{0.50,0.70, 0.90}, {0.20, 0.50, 0.70}) >

02, {{0.40,0.70, 0.90}, {0.50, 0.80, 0.90}),

= {{0.20, 0.30, 0.40}, {0.10, 0.20, 0.30}) ' (
03, {{0.20,0.30, 0.40}, {0.10, 0.50, 0.70}),
{{0.40, 0.60, 0.80}, {0.20, 0.40, 0.60}) ’

with weight vector W = {0.25, 0.42,0.33} 7. It follows that

3 3
FHFRWA(D(11),0(1),0(13)) = (69 o 01, D o 5@))

1=1 =1
1
((1 =1 =02)"51 - 0430421 —0.2%)"3))>,
1
((1 _ (1 _ 0.33)0.25(1 _ 0.73)0442(1 _ 0'33)0433))3’
1
((1 -Q1- 0.43)0.25(1 —0. 73)042(1 0. 43)0 33)) 3
(O 20.25 x 0'50.42 x 0.10.33) (0 40 25 x 0. 80 42 % 0. 50.33
. (O 70.25 X 0'90.42 X 0'70.33)
- 1
((1 =1 =051 - 023221 - 0.4%)°3))3,
1
(1= =071 - 0.3)%2(1 - 0.6%°3))3,
1
((1 _ (1 _ 0.93)0.25(1 _ 0.43)0.42(1 _ 0.83)033 )3
( 025 % 0. 10 42 % 0. 20 33 (0.50.25 x 0.20‘42 x 040 33
( 7025 X 03042 X 06033

({0.3172,0.5592, 0.5781}, {0.2337, 0.5760, 0.7779}),
=\ ({0.3846,0.5632,0.7641}, {0.1494, 0.3161, 0.4660}) |

Theorem 2 Consider the collection 9(J,) = (3(J,),0(3,)) (t = 1,2,3,...,£) of FHERVs with weight vectors
W = (1, X2, ooy o) T such that @le o= land o, € [0,1]. Then the FHFRWA operator must fulfill the fol-
lowing properties:

(1) Idempotency: Ifo(J,) = G() for ¢ = 1,2,3,...£), where G(I) = (G(1),G(D) = ((3,d), (3,d)). Then
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FHFRWA(©(J1),9(12),...00¢)) = G(A).
(2) Boundedness: Let (0(J)) ™ = (mmﬁ(l ), max5(] )) and @) T = (maxﬁ(] ), mmf)(.'l )) Then
(8(3)~ < FHFRWA(D(11),8(32), .. 8(10)) < (0N

(3) Monotonicity: Suppose G(J) = (Q(J,),E(J,))(l = 1,2,..,n) be another collection of FHFRVs such that
Q(Jl) = @(Jl) a”da(jl) = 8(:|1) Then

FHFRWA(G (A1), G(32), ... G(e)) < FHFRWA(9(A1),9(J2), ..., 0(¢)).
(4) Shiftinvariance: Consider another FHFRV G(J) = (G(1),G(D) = ((3,d), (3,d)). Then

FHFRWA@J1) © 6(1),0(12) © G(J),...00) @ GQ)) =
FHERWA (1), 9(32), ..., 0(J) ® G(J).

(5) Homogeneity: For any real number ¢ > 0;

FHFRWA(59(31), 69(32), ..., 0(3¢)) = ¢ - FHFRWA(3(J1),9(32), ..., 0(J¢)).

(6) Commutativity: Suppose 9a) = <Q/(Jl),g(],)) andd(J,) = 3(,),00.)),¢ = 1,2,3, ..., £) is a collection
of FHFRVs. Then

FHFRWA®(1),9(%2), ... () = FHFRWA (6’(11),6’ 1), o 6'(14)).

Proof (1) Idempotency: Asd(J,) = G(J) (forall: = 1,2,3,..,0) whereG(J,) = (G(1),G(D) = ((3,.4,), (3,,d))).
FHFRWA®(11),9(2),...0(0))

(@, = 800D, = 500)
U J-80-w)) e

_ | S LASL )
- 4 [——
U V(I— B0-a)*). U Bm)
Pi€hiss g = V‘EJ’%(J) .

foralli, 8(J,) = G(A) =(g(3),§(:l)) = ((3,»d,), (d,,)). Therefore,

14 (e €] 4 o
J(-50-6)7) U aw@

_ be%(:) = g s, '~
o 4 o« [
J(-80-@)7) U 8@

l?refhg(]) = &€ o) =

=[(1-(1-3).3).1-(1-4,),3,)] = (9D,GD) = G(D.

Hence FHFRWA(9(J1), 0(J2), ....0(J¢)) = G(J).
(2) Boundedness: As

@) =| (minte) max {1}). (minfi), max{V.} )
0" ~[ (i (0. s i)
and9(J,) = [(Q,i), (5,7,)] . To prove that

(@)~ < FHFRWA®(11),0(2), -,0(0) < @)™

Since for eacht = 1,2,3, ..., £, this implies that
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min{p} <{} < maxfp,} <=1 - max{p,} <1—{m} <1 - {u)

X

= é (1 —max{m}) [ < é (1—{m )™ < 5 (1 —min{m})
1=1 i 1=1 — 1=1 [ —
4
<=>(1 —mlax{&}) < W= {mh)™ = (1 —mlin{&})

—1- (1 — m}n{&}) <1 —lé(l - {&})O(’ <1-— <1 — mlax{&}).
Hence

¢
min{p} <1 - M (1- ()™ = max{p,} (1)
Next for each: = 1,2, 3, ..., £, we have

X

min{V} {0} < max{V,} = & (min{0,})

4 o 1 LY
=8 W) = B (max{n}) .
This follows that
4 oG
min{0} < B0} < max{), ®
Likewise, we can demonstrate that
14 «
min{fer) < B (7)™ < max(7z) ©)
and
_ o _
min{V,} < ¥ {V,} <max{V,}. (4)

Therefore, based on Equations (1), (2), (3) and (4) we have
@)~ = [(mlin{&},mle{h}), (mlin{m},mlaX{V, })]

(3) Monotonicity: Since G(J) = (6(3,),G(A)) = ((@,d), (8,d)) and 3(J,) = (3(1,),(J,)) to show that
G(J) <98@)and G(3,) <0(,) (for1 = 1,2,3,...,£), s0

4 - 4 -
s == sl-p = M1-p)™ < B(1-0)"

‘ ¢ (5)
=1- ®1(1—a,)°" <1- &1(1—u,)°"
1= - 1= —
next
4
d =V, = ¥d* = KV, (6)
L= 92 il
Likewise, we can show that
¢ X
1-®(1-9,)" <1-Ka-m™ (7)
4 o [ o
EYCARE-AVA ®)

Thus, based on the Equations (5), (6), (7) and (8), we get G(J,) < 9(J,)and G(J,) < d(J,). Therefore,
FHFRWA(G(31),G(32),....G(J¢)) < FHFRWA(9(J1),9(32), ..., 0(J¢)).

(4) Shiftinvariance: As G0 = (¢1),6() = ((3,4),(@,,d,)) is a FHFRV and
9(d) = (8(3),9(3)) = [(¢>J1)» (¢» T, ) ]is the collection of FHFRV, so

0D @G = 0@ ®g@,0() & GI)].
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(1= (1= m) (1= d) Vi), (1= A =7 (1 = &), Vb)),
Thus, FHFRV G(J) = (6(1),GD) = ((3,,d)), (3, d,)). It follows that
FHFRWA©(J1) ® 6(3),9(T2) ® 6(J),....00) ® G(Q))

= -@le «, 0() ® G, @le o, B3) & g(j)):|

[ [4 ' ¢ oy ]
U (- B0-w) a-m) u s |
P €hg 3 = B VieTiga '™
B ¢ _ ¢
5 V(“ @(1—@)3)“’)(1—3:)“’, U 48 W)
T €l ) 1=l VieTig s, =1
[ 4 1 14 oG |
U V(l—(l—a)&(l—(u,f)“), U dx W) 3,
_ Hs &g 3) = B VieTiga, T
_ ¢ o o
U {u-a(i-ga-er) y g
I u,e{;%a) - V’EJ‘%(J) - |
[ 4 9 4 o
U {(-50-w)). |,y §m>)Mmm}
_ 14 €8h5 3 - Vi s '~
B , ¢ e ¢ o
U {(i-g0-@)*). U 80" ) e@a)
i€l 1) . Vi€Thg 3 -
5 4 3\ % 4 o
U (-50-w)7) U Em
1 €Ehg(3) B Yy =7
= . ()e . @ [(3,d.), (3,d,)]
U {(-fo-m@) U o
mefhg(:) = V,ejhg(j) =

=FHFRWA(@B(J1),0(J2), - 0(3e)) ® GA).
(5) Homogeneity: For real number ¢ > 0and 9(J,) = (ﬁ(], ), 0(J, )) be a FHFRVs. Consider
s9(3,) =(s8(1), s0())

U (o a ) U <w>},

P €ng (3 VieThy 3

_S
U (Ye-=mm) U (7)
M:E{hg(]) V,gj;@(:)

Now

FHFRWA(s9(11), s9(32), ..., s9(Je))

o a0,y for)

| \BeSsa
)4 L s
U \3/<1— @1(1—@)3);),7 U @1(%)
o €L ) = VieTiga

=¢FHFRWA(©(J1),9(12), ..., 0(3¢)).

(6) Commutativity: Suppose
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FHFRWA@©(J1),0(2), ...,0(Je)),

PN ¢ _
= E@zzl §1§(Jl)> @lzl §16(:[1):| >
[ 4 S
U f/(l—@l(l—(ﬂf) ) U
1 €hg (3 = VieTug ) '

4 e
U VO—%@«MW) U gm)”
T €8s o) = VieTisa, '

Let (5/(31),3’(32),...,5/(35)) be a permutation of (3(),3(),...0(J¢)). Then we have
93)=01)0 =1,2,3,...,0)

¢ 3\ & N St
1- = (1 —(u ) ) Y, ,
&Egau) \/( =t <Ii) Key’@(:)l (7)
o J(-50-6))) v sE)
| \Fr€lig ) = v’6‘7‘@(:1)1 '
[ 14 ’ 4 =/
= @l=l §t§ (Jl)> @lzl §18 (Jl)

—FHFRWA (6’ a0,3 ), o 6’(30).

) )

iR~

%~

Il X~

>

[E—

Definition 3.3 Consider the collection 3(J,) = (8(,),9(,)) ¢ = 1,2,3, ..., £) of FHFRVs with weight vector
W = (X1, X2, ey O(e)T such that EBfZl o= land 0 <, < 1. The FHFROWA operator is as follows:

FHFROWA(9(J1),9(32), ....0(3¢))

14 4
= (@ 9] %(31):@ 9] 6,0,01)) >
1=1 1=1

k+1 3\ % k+1 o
U j@—&@%m)), U B
&g 3) = VieThg '~

U ¢0_204mwﬂ, U B

_ — 1=
N-ze;hg(:) V,EJ;%(J)

Theorem 3 Let 3(J,) = (8(J,),0(1)) (t = 1,2,3,..,£) be the collection of FHFRVs with weight vectors
W = (X1, X2 .y o<g)T. Then FHFROWA operator is given as:

FHFROWA@®@(J1),9(J2), ..., 0(¢))

l £
(@ o, 3, (1), P %(l))
1=1 1=1

megﬁm i/(l ) él(l ) (M)Syl)""e%sm' <Vp’>%)
U i/(l—l_l<1—(pvp,)3)m), U lé(VTl)m

er —
I {ha(]) Vlejhga)

LR~

X~

whered,(1,) = (0, (3, ),57,,(3, )) demonstrates the highest permutation value from a collection of FHFRV's

Proof This proof follows the proof of Theorem-1.

Theorem4 Letd(J,) = @(1,),3()) (& = 1,2,3, ..., £) be a collection of FHFRVs and W = (X1, X, ..., X¢) | is a
weight vector such that @le o= land 0 <o, < 1. The FHFROWA operator needs to satisfy all of the following
conditions:

(1) Idempotency: If5(J,) = G(I) for1 = 1,2,3,... L where G(J) = (G(1),G(D)) = (3, d), (3,d)), then
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FHFROWA(©(J1),0(32), ....0(J¢)) = G(J).
(2) Boundedness: Let (3(]))™ = <min§(],),mlax5(:l,)) and Q)T =(mlax§(:l,), mling(:ll)). Then
(0(1))” < FHFROWA(9(J1),9(32), ...,0(J¢)) < (5(]))+

(3) Monotonicity: Suppose G(J) = (g(],),?(],))(z = 1,2,..,n) is another collection of FHFRVs such that
Q(Jl) = @(Jl) a”da(jl) = 8(:|1) Then

FHFROWA(G (A1), G(2), ...G(A¢)) < FHFROWA(3(J1),9(J2), ..., ().
(4) Shiftinvariance: Consider another FHFRV G(J) = (G(3),G(D)) = (@, d), (3,d)). Then

FHFROWA@®@() & 6(0),3(12) & 6(),...8(7) & 6(I)
=FHFROWA(9(J1),05(32),...0(¢)) ® G(J).

(5) Homogeneity: For any real number ¢ > 0;

FHFROWA(59(31), 69(32), ..., 0(J¢)) = ¢ - FHFROWA(9(J1),9(32), ..., 0(J¢)).

(6) Commutativity: Supposed (1) = <Ei’ 3,9, )) andd(,) = ()31t = 1,2,3, .., £) is any FHFRV,
Then

FHFROWA(® (1), 3(2), -, 3(30)) = FHFROWA(S (1,8 (1), (1) ).
Proof The proof is similar to the proof of Theorem-2.

Definition 3.4 Letd(J,) = (d(3,),0(1))¢ = 1,2, 3, ..., £)be the collection of FHFRVs and W = (1, X2, ..., X¢) T
is a weights vector such that @le o= land0 <o < 1.Leto = (01,02, ..., 0¢) " such that @le 0, = land0 <
0: < 1be the weight vectors of specified collection of FHFRVs. Then FHFRHWA operator is given by:

4 4 _
FHFRHWA@©®(11), (L), -, 0(Je) = (@ 2.9,3). P a0, (J,)) :

1=1 1=1

Theorem 5 Letd(J,) = (0(3,),0(1,))( = 1,2,3, ..., £) be the collection of FHFRVs and W = (ox1, o2, )T, be
a weight vector such that @le og=1land0 <o, < 1.Let o = (01,025 - Q[)T be the collection of FHFRVs with
the properties that @le 0, = land0 <g, < 1, then the FHFRHWA operator is characterized as:

FHFRHWA(9(1),0(32), ..., 0(3p))

¢ 14 _
(@ 2.9,3). P e 5p(31)>
1=1 =1

T 0]
U i/(l—él(l—(ﬁpf)gl), U g(%)m

T 5 1
ltlefhg(]) V,ejhg(:)

—_

where 8;(3,) =no, 0() = (n o, 3, n o, 0(1,)) indicates the superior permutation value from the set of
FHFRVs, and n denotes the balancing coefficient.

Proof This proof is similar to the proof of Theorem-1.

Theorem 6 Letd(J,) = (8(J,),0(3,))(t = 1,2,3,..., £) be the collection of FHFRVs and W = (o1, &, ..., ¢) | be
a weight vector such that Eszl o= land 0 <, < 1. Then FHFRHWA operator must accomplish the following
conditions:

(1) Idempotency: If0(J,) = G() for:1 = 1,2,3, ..., where G(J) = (Q(]),E(J)) = ((Q,d), (5,3)), then
FHFRHWA(9(31),0(32), ...0(1¢)) = G(3).

(2) Boundedness: Let (3(1))~ = (min@(],),maxﬁ(],)) and @A) T = (ma)@(:l,), ming(:i,)). Then
(©(3))” < FHFRHWA(©(1),0(32),...0¢)) < (5(3))+
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(3) Monotonicity: Suppose G(J) = (G(3,),G())) (1 = 1,2,...,n) s collection of FHFRV such that G(1,) < 9(,)
and G(3,) < 3(,). Then

FHFRHWA(G(11),6(J5),....,G(¢)) < FHFRHWA(©(J1),9(J2),...,0(¢)).
(4) Shiftinvariance: Consider FHFRVs G(J) = (g(]),?(})) = ((Q, ), (@, 3)). Then

FHFRHWA®©(J) ® 6(3),9() ® G(J),...0J) @ G()) =
FHERHWA(®(J1),9(12),....,03)) @ G(J).

(5) Homogeneity: For any real number ¢ > 0;

FHFRHWA(c3(31), c9(2), ... c0(¢)) = ¢ - FHEFRHWA@(11), 3(12), ... 3(Je)).

(6) Commutativity: Suppose 9Q,) = <Q/(J,),g(],)> andd(Q,) = ©(7,),00,)), = 1,2,3,....£) is a collection
of FHFRVs. Then

FHFRHWA((31), 0(32), -, 0()) = FHFRHWA (9 (11,8 (32), .0 (1))
Proof This proof is similar to the proof of Theorem-2.

Multi-attribute decision making framework
In this part, we provide an approach for dealing with uncertainty in MCGDM employing FHFR information.
Assume a DM problem having {A;, A5, ..., A¢} a set of n alternatives and {c1, c3, ..., ¢/} is a set of attributes along

a weight vector W = (x1, X, ..., O(g)T that is, o, € [0,1], @le o, = 1. Suppose {ﬁl,f)z, s D,} is a collec-

(1, T2y ey )T

tion of decision makers and is the weight vector of decision makers such that T, €[0,1],

f:1 T, = 1. To assess the trustworthiness of k" alternative A, under the attribute c,, the matrix for expert
evaluation is outlined as follows:

w=fpci),.,

(ﬁ(ln)@@n)) (§(312)»§(312)) (ﬁ(llj),é(:'lj))
(0(321),0(T21)) (8(322),0(J22)) -+ (8(T37),9(3zy))
(0(331),0(31)) (0(T32),0(T32)) -+ (8(T3),0(T3)))

@(311)5(311)) (6(312)»6(312)) (6(:'1])’8(31]))

where 3D = { (11 Shoyay (1 Thagsy D)7 €U} and 3 = { (11 8y (D Tigy (0)1y €U such that
3

3 3 3
0= (minGhgs, (1)) + (MaX(Tigy (1)) = 1and0 = (max(Gugy 1)) + (Min(Thgy (1) = larethe
FHER values. The following are the main steps for MAGDM:

Step-1  Establish the expert evaluation matrices as follows:

a(3),0@1)) (8(,),5()) -+ (3,5 |
3(35,),0(2))) (9(4,),93)) -+ (8,9

(E) = | (8@]),8)) (8(4,),83)) -+ (9,5

| (ap.3a) (a.300) . (2)p.3c)) |

where ] represents the number of experts.
Step-2  Examine the normalised expert matrices (N)”, as

i 0, = (8(3,),0(34)) = ((ﬂ,&), (W],VT])) if for benefit
e { 06)° = (36" (53)°) = (Vi ). 7)) i for o

Step-3  Employing a FHFRWA aggregation operator, compute the FHFR collected information from DMs.
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FHFRWA(9(J,),0(32), ....0(3¢))

Y4 4
(EB o, 3(3), P 6@))
=1

U {J(-50-w)) U o

_ | s VieTngs) "
4 o O(, L
o U \3/<1 - 1@1(1 - (,ul)3) >» . U I@I(Vl)
“’ED%(J) V,e];%(:)

Step-4  Utilizing the suggested aggregation information, examine the aggregated FHFRV's for each alternative
in the context of specified set of attributes/criteria.
Step-5  Evaluate the ranking of alternatives based on the score function outlined in the following way:

1 1 o
1 2% Mg @”'55‘15(:) () + N e9"’55"5(:1) ()
D=3 ko W) = 3t Byeg, - V)
Mp KEJ;@(]) 2L My vV, ej;%a) t
Step-6  Rank each possible scoring alternative in decreasing order from highest to lowest. The alternative that
provides a higher value is considered to be the ideal alternative.

Numerical implementation of the MCGDM framework
This part explores a real-world application of the GSS in the chemical processing industries in order to demon-
strate the trustworthiness, supremacy, and precision of the suggested aggregation operators.

Case study (green supplier selection in industrial systems). The selection of suppliers has recently
risen as one of the important responsibilities of management, as well as one of the most vital and intricate con-
cerns they must address. In addition, GSS performance measures must be taken into account throughout the
supplier selection process, and GSS decision-making in the chemical process industry has received relatively
significant attention. Due to the rising consumption levels, the GSS has become the most crucial component
for environmental conservation and sustainable growth. Since the previous couple of decades, environmental
concerns have increased and spread quicker than a wildfire, from nation to region to worldwide territory, which
is a significant contributor to rising temperatures and climate variability. Furthermore, the depletion of natural
resources and air pollution have a negative impact on the fauna and flora, as well as human life through the infec-
tious illnesses they aggravate, such as diabetes and cardiovascular disease, brain hemorrhage, lung cancer, and
chronic obstructive pulmonary disorder, intestinal parasites, typhoid fever, Hepatitis, Cholera, and water-borne
diseases. While the GSS idea is used to alleviate potential ecological impacts and control air, water, and waste
contaminants through the adoption of environmentally sustainable industry operations. This research aims to
give a comprehensive framework for choosing green suppliers by including both economic and environmental
factors. The following are the most important attributes for selecting the ideal green supplier:

(c1) Cost: Cost may be considered as a significant factor in supplier selection decisions. Appropriate suppliers
may minimize costs and give purchasers with enhanced market skills. Cost involves transportation, manufactur-
ing, inventory, energy, maintenance, inspecting expenses, and safety expenditure. In addition to waste disposal
expenses as an ecological component and reducing costs capability.

(c2) Quality: The administration must address quality assurance and procedure improvement to enhance
quality performance. Quality management may fulfil consumer needs for efficient resource usage and aligns with
an organisational objectives. Consideration is given to whole management of quality and reliability certifications
such as ISO 9000, BS 5750, and EN 29000. Low toxicity and consumer rejection may also indicate quality. Firms
may accomplish this objective by fast response, minimal wastage, high production, low inventories, no damage,
few faults, and so forth.

(c3) Green products: In recent years, there has been a greater focus on green competence among customers
and suppliers, which has significant implications and enhances brand reputation. Green packaging is a form
of packaging that tries to preserve the natural environment by employing recyclable or reusable, efficient and
environmentally materials.

(c4) Environmental management: The objectives of environmental sustainable approaches are to persuade
businesses to alleviate the negative effects of production on the ecology and to make consumers more environ-
mentally conscious, therefore, influencing the decision-making of industries. Environment-related certifications
such as ISO 14000, green manufacturing management, an internal control mechanism, and low carbon initiatives
are the primary indications of sustainable development.

The evaluation procedure for ideal green supplier selection: Assuming an industry desires to assess the
framework for selecting green product suppliers. They will appoint a panel of professionals to evaluate a suitable
supplier. Let {A1, A2, A3, A4} be the set of four alternatives for supplier, and the penal will choose the optimal one.
Let{c1, c2, c3, c4} be the set of attributes of each alternative according tothe determining variables established as
follows: cost (c1), quality (c2), green products (c3) and environmental management (c4) of green products farming.
Due of uncertainty, the information utilized by decision makers to make decisions is given as FHFR informa-
tion. The attribute weight vector under consideration is w = (0.180, 0.250,0.310,0.260) " and decision makers
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weights vector is w = (0.230, 0.380, 0.390) T To assess the MCDM problem using the established framework for
analyzing alternatives, the following computations are carried out as follows:
[Step-1]Analyses of the information provided by three experts using FHFRVs are demonstrated in

Tables 2, 3, 4.

[Step-2] All of the expert information is of the benefit type. In this situation, it is not necessary to normalize

the FHFRVs.

[Step-3] Table 5 assesses the collective information of three expert analysts using the FHFRWA aggregation

operator.

[Step-4] In order to use the suggested aggregation operators, the aggregate information of the alternative

under the specified set of attributes is evaluated.
Case-1: The aggregation information utilizing FHFRWA operator is displayed in Table 6:
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Table 2. Expert-1 information.
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Table 3. Expert-2 information.
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Table 4. Expert-3 information.
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Table 5. Collective aggregation of FHFR information.
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({0.710,0.811, 0.893}, {0.302, 0.544, 0.796}),
A ({0.739,0.877,0.940}, {0.330, 0.694, 0.886})
({0.670,0.773,0.872}, {0.345, 0.605, 0.819}),
A2 ({0.820,0.827,0.894}, {0.218,0.511,0.781})
({0.703,0.907,0.950}, {0.305, 0.581,0.873}),
A3 ({0.759,0.880, 0.935}, {0.292,0.513,0.677})

({0.726,0.814,0.915}, {0.377, 0.567, 0.839}),
Ay ({0.695,0.827,0.929}, {0.334, 0.510, 0.768})

Table 6. Aggregated information using g-ROHFRWA.

Case-2: Information aggregated employing the FHFROWA operator is displayed in Table 7:

Case-3: Aggregation information using FHFRHWA operator presented in Table 8 with associated weights
vector that is (0.180, 0.230, 0.280, 0.3 IO)T.

Step-5 & 6] The score values for all alternatives determined by the specified aggregation operators are sum-
marized in Table 9.

Graphical representations of rankings for each alternative are illustrated in Fig. 2.

The comparative evaluation
In this section, we intend to enhanced the VIKOR scheme for the FHFR information in order to deal with
MCGDM problems.

The improved FHFR-VIKOR technique. The following is a detailed explanation of the modified form of
VIKOR approach based on FHFR information:

Ay

0.716,0.818, 0.893}, {0.306, 0.555, 0.879}),
0.738,0.877,0.941}, {0.342,0.701, 0.955})

{

{

({0.688,0.774,0.837}, {0.381, 0.655, 0.902}),
A2 ({0.790,0.837,0.898}, {0.241, 0.549, 0.819})

{

{

0.705, 0.840, 0.925}, {0.292, 0.582, 0.943}),
0.792,0.919,0.963}, {0.309, 0.562, 0.786})

({0.749,0.835,0.915}, {0.375, 0.561, 0.877}),
({0.677,0.820,0.904}, {0.388, 0.566, 0.836})

Table 7. Information aggregated utilizing FHFROWA.

({0.722,0.853,0.925}, {0316, 0.557, 0.874}),
A ({0.741,0.889,0.940}, {0.333,0.698, 0.956})
({0.714,0.794, 0.865}, {0.358, 0.598, 0.791}),
Az ({0.821,0.861,0.911}, {0.235, 0.542, 0.820})
({0.737,0.863,0.936}, {0.296, 0.580, 0.945}),
A3 ({0.820,0.929,0.966}, {0.314, 0.549, 0.768})
({0.772,0.847,0.920}, {0.376, 0.561, 0.880}),
Ay ({0.714,0.842,0.918}, {0.367, 0.536, 0.815})

Table 8. Information aggregated employing FHFRHWA.

Proposed operators | Score values of alternatives Ranking

Ay A Aj Ay
FHFRWA 0.618 0.631 |0.657 [0.625 | Az > A, > Aq > Ay
FHFROWA 0.6037 | 0.606 |0.639 |0.608 | A3z > Ay > A; > A;
FHFRHWA 0.611 0.635 | 0.650 [0.623 | A3z > Ay > Aq > Ay

Table 9. Ranking of alternative.
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Figure 2. The pictorial diagram of the ranking of underdeveloped operators.

Step-1  Construct evaluation matrices for the experts in the form of FHFRVs.
Step-2  Through using FHFRWA aggregation operator, compute the collected information of decision makers
along their weights vector and obtained the aggregated decision matrix.

Step-3  Compute the positive ideal solutions (PIS) 7t and negative ideal solutions (NIS) 7 ~ in the form of
FHEFR information as follows:

TH=(V5Y55,..Y0) = (mflxyu,mlaxyzz,mlaxyza,.--,mlaxym-),
T~ =(V7.95.95, - ¥7) = (min Yy, min Yz, min Vs, ., min )

Step-4 To determine the FHFR group utility measure S,(t = 1,2,3,..,£) and the regret measure
R (1 =1,2,3,..,0)of all alternatives L = (A}, Ay, A3, ..., A¢) applying the formulas mentioned below:

—1=1234,.,m

= a(%hy)
R, =maxM, 1=1,2,3,4,...m
a(yr.7)

Step-5 Determine the maximum and minimum values of S and R, respectively as follows:
$® =min§,, $° = max S,, R® = minR,, R° = maxR,, 1 = 1,2,3,..., {.
1 1 1 1
Lastly, we integrate the features of both the group utility S, and the individual regret R, in order to assess the
ranking measure Q, for the alternative L = (A1, Ay, A3, ..., A¢) as follows:

Sl—s<> 1 Rl_R<> _ 2 l
$ 5o T Do ke 1= 1230

Q =x

where x is the strategic weight of the majority of parameters (the parameter with the largest group utility) and

is essential for assessing the compromised solution. The value chosen from the range [0, 1], however 0.5 is a

common number, we utilized it.

Step-6  Furthermore, the alternatives are ordered in decreasing order for the group utility measure S;, indi-
vidual regret measure R,, and ranking measure Q,. Here, we obtained three ranking lists that will help
us determine the best compromise alternative.

Numerical example of the improved FHFR-VIKOR methodology. In this section, we implement
an improved FHFR-VIKOR approach to the MAGDM problem in order to identify the best green supplier in
process industries through using four criteria mentioned in the following numerical example.
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Step-1
Step-2

Step-3
Step-4

The information based on FHFRVS of the three professional experts is analyzed in Tables 2, 3, 4.
The aggregated information of the team of experts, as determined by the FHFRWA aggregation
operator, is summarized in Table 5.

The FHFR PIS (7 +) and the FHFR NIS (7 ~) are computed in Table 10:

The FHER group utility measure S, (1 = 1,2, 3,4) and the regret measure R, (1 = 1,2, 3,4) of the
alternatives under consideration are summarized in Table 11.

Step-5 & 6 Alternative rankings based on the group utility measure S,, the individual regret measure R,, and

the ranking measure Q, are indicated in Table 12. Figure 3 depicts a graphical illustration of the
ranking according to the modified VIKOR approach.

The improved TOPSIS approach based on FHFR information. Hwang and Yoon” invented the
TOPSIS technique for optimum solution, allowing decision makers to examine the PIS and NIS. TOPSIS is
based on the idea that the best alternative is the one that is nearer to the positive ideal while being the far away
from the negative ideal solution””’%. The supplier selection in the process industries through using four criteria
mentioned in the following numerical example. The following are the major components of aforesaid scheme:

Step-1

Step-2
Step-3

The information provided by three professionals experts is analyzed employing FHFRVs in Tables 2
through 4.

The collective information of professional experts utilizing the FHFRWA AOPs is given in Table 5.
The FHFR PIS 7 and the FHFR NIS 7 ~ on the basis of their score values are computed in Table 10:
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T+ T-
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{0.562,0.837,0.976}
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}
}
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0.285,0.535,0.873
0.467,0.328,0.513
0.130, 0.256, 0.622
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0.322,0.406,0.578
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{
{
{
{

Table 10. The PIS and NIS based on FHFR information.

Alternatives | S, R, Q

Ay 1.0520 |0.3599 |0.9918
A 0.4900 | 0.3099 | 0.5000
Az 1.3689 | 0.4050 | 1.2319
Ay 0.7422 | 0.3421 | 0.6588

Table 11. S,, R,, Q, for each alternative.

Alternatives Ranking order of S, | Ranking order of R, | Ranking order of Q,
Ay 2 2 2
Ay 4 4 4
As 1 1 1
Ay 3 3 3

Table 12. Alternative ranking depending on S, R,, and Q,.
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Figure 3. The graphical depiction of ranking according to the modified VIKOR-method.

Step-5 Both the PIS and the NIS are determined using the score value. In this context, the PIS and NIS are
referredtoas 7+ = (yf,y;,y;, ...,y;) and7~ = (y;,y;,y;, o y[)respectively. ForPIST T,
it can be determined by employing the formula as follows:

TH =" Y57, 9))
= (max score()),1), max score));,, max score), 3, ..., max score), ,,.)
1 1 l 1
In a similar fashion, the NIS can be obtained using the formula as follows:
T =(VY0Y5,.97)
= (min score),1, min score),,, min score, s, ..., min scorel, n.)
1 1 1 1

After that, determine the geometric distance between each of the alternatives and the PIS 7 ¥ using the formula
as follows:

— 2 )2
7 s (Ezﬂs)) - (ﬁ)
2 2
— .
41 +’(M11(5)> - (’“1(3))
d(ewj, T ) =g _— 2 V2 ’
g Zs:l <£1j(s)> - (zl (s))

()~ ()

where: =1,2,3,...,¢,andj = 1,2,3,...,m.

—+

In a similar manner, the geometric distance between each of the alternatives and NIS 7 ~ may be expressed as
follows:

1 th 2 _\2
ﬁ?zsﬂ‘(ﬁu‘(s)) - (40)
. 2 _\2
#(mn) ~ (o)
1 \fg z -\
@ ZS:] (ij(s)) - <£z(s)>

) - ()

where: =1,2,3,..,¢,and j = 1,2,3,...,m.

1
d(aljs Tﬁ) :g

—+

Step-6  The following are the relative closeness indices calculated for all decision makers of the alternatives:
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Figure 4. The schematic depiction of the ranking based on the improved TOPSIS approach.

d(,, T)
d(aljx Tﬁ) + d(alj> T+) .

RC(Ot,j) =

Step-7  The alternatives may be ranked according to their desirability, and the choice with the lowest distance
can be selected.

Numerical example of the improved TOPSIS approach. A numerical example relevant to “green
supplier selection in industrial systems” is provided to illustrate the effectiveness of the proposed approach as
follows:

Step-1  The information of decision makers is displayed in the form of FHFRNs in Tables 2, 3, 4, 5.
Step-2  The distance between PIS is computed as follows:

0.2936 0.1399 0.0940 0.3029

and similarly the the distance between NIS is calculated as follows:
0.1652 0.1429 0.2486 0.2467

Step-4  The following are the relative closeness indices for all decision-makers evaluating the alternatives:
0.6399 0.4947 0.2744 0.5511

Step-5  According to the aforementioned ranking of alternatives visualized in Fig. 4, the A3 has the shortest
distance. Hence, A3 is the best option.

Concluding remarks and future recommendations
This research presented an enhanced model of the Fermatean hesitant fuzzy rough set, a novel hybrid structure
of the Fermatean FSs, the HESs, and the rough set for GSS in process industries’*-%2. The addition of RS theory
makes this method more adaptable and efficient for modelling fuzzy systems and crucial DM under ambiguity. A
variety of AOPs, including FHFRWA, FHFR ordered WA, and FHFR hybrid WA operators, is presented utilizing
algebraic t-norm and t-conorm. In addition, the key properties of developed operators are elaborately discussed.
This study presented an assessment approach for determining each potential supplier’s overall performance. The
optimal selection may then be made based on the overall rating of the supplier. Using a suggested model can assist
organisational decisions by employing a suggested approach towards selecting the most appropriate supplier.
The possible uses of the MCDM approach for determining the best decision were illustrated utilising numerical
examples. The suggested techniques and the improved FHFR-VKOR and TOPSIS methods are used to compare
the final ranking and best decision for selecting the green suppliers in process industries. The comparison dem-
onstrated the capability, superiority, and trustworthiness of the suggested approaches.

In the future, the presented approach may be extended to solve MAGDM problems involving generalised
aggregated information with applications in machine learning, artificial intelligence, medical diagnostics, and
DM challenges.

Data availability

All data generated or analysed during this study are included in this manuscript.
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