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Double‑diffusive Hamel–Jeffrey 
flow of nanofluid in a convergent/
divergent permeable medium 
under zero mass flux
S. Ahmad 1* & M. Farooq 2

In the recent era, the nanofluid’s transportation due to the Jeffrey–Hemal flow phenomenon (i.e., 
carrying fluid through a converging/diverging channel) has significant applications in numerous 
engineering and science technologies. Therefore, multi‑disciplinary evolution and research motivated 
us to present current attempt. The aim of this attempt is to present Jeffrey–Hamel mechanism of 
the nanofluid through non‑parallel channel under thermally balance non‑Darcy permeable medium 
impacts. The nanomaterial is represented using the Buongiorno nanofluid model. The investigation 
also includes zero mass flux impacts as well as variable rheological fluid properties. The influences 
of temperature jump are also encountered in the current analysis. The governing flow expressions 
under the Jeffrey–Hemal analysis are made dimensionless utilizing the similarity variables. The 
dimensionless equations are then solved using the analytical scheme (homotopy method) and the 
obtained series solutions are convergent. The influences of the involved parameters on concerned 
profiles are investigated through graphs. Force of drag, Nusselt and Sherwood numbers are 
elaborated graphically. In this analysis, intensification in Prandtl number enhances the heat transfer 
rate whereas decrement is seen in heat transfer rate for larger thermal slip parameter. Further, mass 
diffusivity parameter adversely affects the mass transfer rate. The current analysis incorporates 
numerous industrial and technological processes including transportation, material synthesis, 
microfluidics, high‑power Xrays, biomedical, solid‑state lighting, microelectronics, scientific 
measurement, medicine, molten polymers extrusion via converging dies, cold drawing operation 
related to polymer industry etc.

List of symbols
u  Velocity component,  ms−1

Uc  Centerline velocity,  ms−1

µf   Nanofluid absolute viscosity,  kgm−1  s−1

ρf   Density of nanofluid,  kgm−3

p  Pressure,  kgm−1  s−2

k∗  Permeability of porous medium,  m2

k∞  Thermal conductivity,  Wm−1  K−1

DT  Thermophoretic diffusion,  m2s−1

γ  Thermal slip parameter
T  Temperature, K
Tw  Wall temperature, K
cp  Heat capacity,  Jkg−1  K−1

αf   Thermal diffusivity,  m2s−1

T∞  Ambient temperature, K
DB  Mass diffusivity,  m2s−1

D∞  Mass diffusivity surrounding,  m2s−1

Le  Lewis number
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Dimensionless parameters
�  Darcy number
Pr  Prandtl number
∈  Thermal conductivity parameter
∈1  Mass diffusivity parameter
Nb  Brownian motion parameter
Cf   Skin friction coefficient
η  Similarity variable
�1  Inertia parameter
C  Concentration
Re  Reynold number
Nu  Nusselt number
Nt  Thermophoresis parameter
Sh  Sherwood number

The initial motivation regarding enhancement in the thermal conductivity through saturation of submicronic 
solid type particles (i.e., nanoparticles) into liquid were described in 1993 by Masuda et al.1. At the first time, Choi 
et al.2 proposed a model and made use of the term" nanofluid" in order to indicate that the engineered colloids 
are consisted of nanoparticles which saturated into a base fluid. However, in recent, nanoparticles have become 
cheaper and widely obtainable which give hope their use for practical applications. For instance, possible usage 
of nanofluids as coolant agent can be explored for advanced nuclear systems. Contrary exploration of discovered 
mili-sized or micro-sized particles in the past, the size of the nanoparticles is relatively very near to the size of 
base fluid’s molecules, and thus under little settlement in gravitation the nanoparticles show stable behavior for 
longer period of time. Usually materials include metals such as gold, copper, and oxides such as titania, copper 
oxide, alumina, silica act as the nanoparticles. Moreover, diamond as well as carbon nanotubes can also be used 
as nanoparticles to form the nanofluid. Likewise water and organic fluids such as ethylene glycol and ethanol are 
adopted as the popular base fluids. Keeping in mind the groundbreaking idea, several investigators have used 
different models to study the aspects of Brownian motion and thermophoresis diffusion. Mohyud-Din et al.3 dis-
closed the nanofluid motion through convergent-divergent channel by utilizing Buongiorno’s model. Vinita and 
 Poply4 disclosed the slip features in hydro-magnetic nanofluid caused by stretchable cylinder. Majeed et al.5 dis-
cussed the nanofluid motion through circular type cylinder using the Buongiorno’s model under the significance 
of multiple slips. Alsaedi et al.6 illustrated the mixed convection features in the peristalsis of magneto nanofluid 
under the impact of compliant wall.  Laila7 disclosed the convergent/divergent influences on motion of nanofluid 
through rectangular channel with heated walls. Ayeche et al.8 discussed the variable magnetic characteristics 
in biofluid flow caused by wedge. Magnetic field describes substantial influences on the bio-magnetic flow and 
heat phenomena. Benaziza et al.9 described the irreversibility features in magneto nanofluid motion through 
coaxial cylindrical channel. Ohmic heating and chemical reaction incorporates to enhance the flow analysis.

Kalpana et al.10 reported the magnetic impacts in nanofluid flow with Brownian and thermophoretic diffusion 
phenomena. Habiyaremye et al.11 described the magnetic features in nanomaterial flow caused by convergent-
divergent channel under the heat and mass transport phenomenon. Rehman et al.12 disclosed the Jeffrey–Hamel 
flow of Carreau nanoliquid under heat and mass transport analysis. Hamrelaine et al.13 disclosed the magnetic 
features in ferro-nanomaterial flow through converging/diverging rotating channel. The study witnesses that 
magnetic field reverses the flow behavior in both convergent/divergent channel. Biswal et al.14 described the 
motion of nanofluid caused by stretchable inclined plates. Here, the stretching/shrinking impacts play a signifi-
cant role over dimensionless profiles. Results revealed that shrinking/stretching parameter helps in accelerating 
the velocity while decelerates the temperature. Qadeer et al.15 explored the converging/diverging effects in flow 
of nanofluid under the irreversibility analysis. The irreversibility change of system is eminent near to the chan-
nel walls.

Literature unfold that many of researches have investigated by incorporating constant physical fluid charac-
teristics such as viscosity, thermal conductivity etc., however, variation in these physical characteristics signifi-
cantly may occur in respect of temperature difference. For instance, viscosity of water falls about 240% when 
temperature changes from 10 to 50 °C. It means that variations in such physical quantities are needed in order 
to understand the flow behavior accurately. Furthermore, most analysts’ studies related to concentration are 
incorporating with constant mass diffusivity features. However, there are many applications in existence where 
mass diffusivity variation with respect to concentration is taken into consideration in certain range. Mass dif-
fusivity variation may occur linearly or exponentially in real life application. Farooq et al.16 reported the variable 
fluid characteristics in squeezed flow through permeable media under modified heat and mass fluxes. Ferdows 
and  Alzahrani17 explored the hydro-magnetic slip features in darcian flow of reactive fluid with variable prop-
erties. Gahgah et al.18 described the flow features of viscoelastic fluid caused by non-parallel sheets. The study 
concludes that higher Weissenberg number depicts reversal flow trend through converging/diverging channel. 
Latreche et al.19 disclosed the flow behavior of diverse viscoelastic liquids through flat and circular ducts. Here, 
PTT and FENE-P liquids become identical when pressure gradient parameters approaches to 1. Sharma and 
 Kumawat20 disclosed the varying liquid properties in MHD reactive flow through a stretchable sheet considering 
ohmic impact. Awais et al.21 described the magnetic impacts in bio-convective nanomaterial motion along-with 
gyrotactic microorganisms and under variable thermal conductivity and mass diffusivity effects. Salahuddin 
et al.22 discussed the variable properties effect in viscoelastic liquid flow. Mottupalle et al.23 reported the variable 
properties (thermal conductivity, mass diffusivity) effect in double diffusive reactive flow caused by accelerating 
surface with impact of mixed convection.  Waqas24 depicted the dual diffusive reactive flow of Maxwell liquid 
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under the impact of variable properties i.e., thermal conductivity and mass diffusivity. Jabeen et al.25 explored the 
dual generalized fluxes in Maxwell stratified fluid under varying liquid properties. Variable thermal conductivity 
and mass diffusivity enhance the thermal and solutal profiles. Abbasi et al.26 explained the peristaltic features 
in magneto nanomaterial through non-uniform channel under the impact of irreversibility and varying fluid 
characteristics. Thermal conductivity increases the heat transfer features during peristalsis movement.

Flow phenomenon through porous medium is significant aspect in numerous areas related to reservoir 
engineering, for instance, environmental, petroleum and groundwater hydrology. In such areas, the design and 
operation of projects are considered to be successful when fluid flow through porous media has been accurately 
described. In many cases, Darcy’s  law27 has been utilized to describe the fluid flow through porous media. How-
ever, in some cases where the high velocity occurs, the Darcy’s law faces difficulty in order to implement for the 
description of fluid flow. Therefore, in order to overcome the deficiency occurred in Darcy’s law,  Forchheimer28 
included an extra term known as non-Darcy term which comprises density of fluid, coefficient of non-Darcy and 
superficial velocity. Non-Darcy behavior effectively utilizes in the industrial and engineering processes comprise 
grain storage, production of crude oil, mastic transport modeling, groundwater pollution, porous insulation, 
nuclear waste discarding and many other. In this direction, Kumar et al.29 discussed the non-Darcian flow 
analysis through convergent/divergent channel in the presence of carbon nanotubes. Alzahrani et al.30 described 
the non-Darcy analysis in hybrid radiative nanofluid flow through flat sheet. Khan et al.31 disclosed the Dufour 
and Soret features in fluid flow through permeable medium with entropy generation. Ahmad et al.32 analyzed 
the slip and non-Darcy features in hybrid nanomaterial flow under the impact of convergent/divergent channel. 
Muhammad et al.33 reported the melting effects in hybrid nanofluid inserted in non-darcy permeable medium. 
Ahmad et al.34 explored the variable properties in non-Darcina flow of second grade nanoliquid considering 
non-linear stratification phenomenon. Wang et al.35 described the entropy features in non-Darcy movement of 
nanofluid under the influence of thermal conductivity. Consequences show that porous medium offers resist-
ance to the flow. Khan et al.36 discussed non-Darcy and Ohmic heating impacts in fluid flow under irreversibility 
phenomenon. The analysis shows that porosity variable decrements the flow field.

The survey of literature reveals that no article is presented for nanofluid flow through converging/diverging 
channel with the influence of zero mass flux and variable fluid’s properties (i.e., thermal conductivity and mass 
diffusivity). Thus, the current work aims to analyze the viscous fluid with nanoparticles inserted in non-Darcy 
porous medium. The flow is subjected to converging/diverging channel. The condition of zero mass flux and 
temperature jump has been implemented to examine the processes of heat and mass transfer. Variable thermal 
conductivity and mass diffusivity are also presented. A nonlinear problem is performed analytically by utilizing 
homotopy  technique37,38 and results are acquired for numerous emerging parameters. Outcomes of skin friction, 
Nusselt and Sherwood numbers are also explored through graphs.

Description and formulation of the problem
Flow analysis. The model illustrates the steady flow of incompressible fluid with the inclusion of nanoparti-
cles in a non-parallel channel subject to a non-Darcy medium and uniform pressure gradient. The channel walls 
are found at an inclination of 2α , as displayed in Fig. 1. In order to formulate the problem, the cylindrical polar 
coordinates (r, θ , z) are implemented. The fluid movement is observed to be in purely radial direction, therefore, 
velocity of fluid takes the form as V = u(r, θ) i.e., the velocity field is consisted to be r and θ only, whereas other 
components (v,w) are considered zero. Since the flow has been taken between convergent and divergent sheets, 
thus, α < 0 represents convergent channel, while the channel is divergent for α > 0 . The fluid motion is driven 
by pressure gradient. Slip condition is considered at wall for temperature. With these assumptions, the flow 
equation can be expressed as 3:

(1)
ρf

r

∂

∂r
(ru) = 0,

Figure 1.  Geometrical flow description.
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where, ρf  represents fluid density, u represents radial velocity, p denotes pressure, µf  represents dynamic viscosity, 
φ represents porous medium porosity, Cb

(

= C∗
b/r

)

 denotes constant drag coefficient, and k∗ represents porous 
medium permeability.

Upon eliminating the pressure gradient from Eqs. (2) and (3), we get the following expression:

the associated boundary conditions are:

since radial velocity (u) is the function of r and θ so that parameter of velocity can be described as:

Jeffrey–Hamel flow mechanism falls in dual channels where the fluid flows inside at one end called converging 
channel and in diverging channel the fluid removes ward at other end. Moreover, the fluid velocity is achieved 
its peak value at θ = 0 i.e., one can have:

subsequently, F(θ) ≤ F(0) , in the range −α ≤ θ ≤ α.
By introducing:

and in view of Eq. (6), Eq. (4) gets the form:

with η ∈ [−1, 1].
Where, �

(

= υf φ/k
∗Uc

)

 denotes Darcy number, �1
(

= Cbφ
∗/
√
k∗
)

 denotes inertia parameter and Reynolds 
number represents as:

The associative boundary conditions are:

and at the center of channel is

Heat and mass transfer analysis. This portion represents the heat and mass transportation throughout 
the nanofluid drift via converging and diverging channels. Here, variable fluid characteristics (thermal con-
ductivity and mass diffusivity) and thermal jump are present in the system, and the zero mass flux effects, then 
energy and concentration equations can be proposed  as3:

(2)u
∂u

∂r
=

−1

ρf

(

∂p

∂r

)

+
µf

ρf

(

∂2u

∂r2
+

1

r

∂u
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+

1

r2
∂2u

∂θ2
−

u

r2
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−
µf φ

ρf k∗
u−

C∗
bφ√
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u2,

(3)
1

ρf

(

∂p

∂θ

)

−
2

r

µf

ρf

∂u

∂θ
= 0,

(4)
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,

(5)
u =

Uc

r
,
∂u

∂θ
= 0, at θ = 0,

u = Uw = β1/r, at θ = ±α,

(6)ru(r, θ) = F(θ),

(7)Umax = Uc = F(0)/r,

(8)η =
θ

α
, f (η) =

F(θ)

Uc
,
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with the boundary conditions:

Here, T represents temperature, k∞ represents surrounding thermal conductivity, ρf  represents fluid density, 
(

Cp

)

f
 represents heat capacity, α represents channel angle, T1 represents ambient temperatures, DB represents 

Brownian diffusion coefficient, DT denotes thermophorsis diffusion coefficient, C represents concentration, 

τ

(

=
(

ρCp

)

p
/

(

ρCp

)

f

)

 represents ratio of thermal capacity, β represents thermal slip coefficient, D∞ represents 

surrounding mass diffusivity, and k(T) = k∞
((

1+ ∈ g(η)
))

 , D(C) = D∞(1+ ∈1h(η)) represent expressions 
for temperature and concentration dependent thermal conductivity and mass diffusivity, respectively, where 
(∈,∈1) represents small parameters known as thermal conductivity and mass diffusivity parameters, respectively, 
and 

(

g(η), h(η)
)

 represent dimensionless temperature and concentration, respectively.
The dimensionless transformations are prescribed as:

Incorporating Eq. (16), into Eqs. (13)–(15), we have:

The associative boundary conditions are:

Here, Nb

(

= τDBCw/r
2υf

)

 denotes Brownian diffusion parameter, Pr
(

= µf Cp/k∞
)

 denotes Prandtl number, 
Le(= α∗/DB) where α∗ represents thermal diffusivity, and Nt

(

= τDTTw/T1r
2υf

)

 represents thermophoretic 
parameter.

Engineering Parameters. The dimensionless parameters such as coefficient of skin friction, Nusselt and 
Sherwood numbers can be defined as:

By considering Eqs. (6), (8) and (16), Eq. (20) could be expressed as:

Analytical solution via homotopic technique
The adopted homotopy technique is deployed to ensure the series solutions (analytical) of transformed problem 
defined by Eqs. (9), (17), (18) under conditions at boundary (11), (12) and (19). In this regard, the base functions 
{

ηkexp(−cη)/k ≥ 0, c ≥ 0
}

 have been chosen. The deployed technique highly confides upon initial approxima-
tions and linear operators. Hence, we choose:

Initial guesses

Linear operators

The expanded form of Lf ,Lg and Lh are:
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∂C

∂r
+

DT
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∂r
= 0 at θ = ±α,

(16)η =
θ

α
, T =
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r2
g(η), C =
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,

(21)(Re)Cf = f ′(±1), αNu = −g ′(±1), αSh = −h′(±1),

(22)fo(η) = 1+ (β − 1)η2, go(η) = 1, ho(η) = −
Nt

Nb
.

(23)Lf = f ′′′, Lg = g ′′, Lh = h′′.
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By using Taylor’s expansion:

now

The equations can also be expressed as:

Convergence discussion. Liao [45] highlighted that the approximations rate, and convergent solutions 
via HAM have revealed dependence upon auxiliary parameters �f , �g and �h . Hence, h-curves have been drawn 
with f ′′(0) , g ′(0) and h′(0) in order to detect the suitable values of such parameters, which shows in Fig. 2. The 
adequate ranges for ℏf , ℏg and ℏh are [− 0.2, − 2.2], [− 0.3, − 2.3] and [− 0.6, − 2.4], respectively.

Results and discussion
This portion is related with a graphical description of the emerged nanofluid characteristics on convergent/
divergent flow. Here, in the plots, the solid lines represent divergent flow behavior for fixed inclination angle 
α = 30° while the dashed lines represent convergent flow behavior for fixed inclination angle α = − 30°. Impacts 
of the divergent channel angle (α > 0) on velocity field are displayed in Fig. 3. It is reflected that velocity field is 
decremented by growing the angle. The channel angle has a dynamic role in the reduction of the fluid deforma-
tion phenomenon under the weak wall impact. From this phenomenon one can notice that away the non-parallel 
wall, weak wall impact resists the fluid movement and backward flow occurs, which consequences in an enhance-
ment in frictional force. Hence, velocity field detracts. The physical features of the convergent channel angle on 
velocity field are predicted in Fig. 4. The magnitude of velocity is grown by enhancing the channel angle. These 
consequences reveal that a greater strength of the angle of inclination overcomes the effect of frictional forces 
and gives increasing response of velocity due to strong narrow wall effects. Analysis of the Reynolds number (Re) 
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2
)
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∣

∣

∣
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.

(29)Lf

[

fm(η)− χmfm−1(η)
]

= �f R
f
m(η),

(30)Lg

[

gm(η)− χmgm−1(η)
]

= �gR
g
m(η).

(31)Lh[hm(η)− χmhm−1(η)] = �hR
h
m(η).

Figure 2.  Convergence for f (η), g(η) and h(η) in case of convergent/divergent channel.
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on velocity field is depicted in Fig. 5. Here when Reynolds number is increased the velocity field grows for con-
vergent flow while it decays for divergent flow. Physically, by increasing Re , drag forces under the divergent flow 
phenomenon amplify the fluid motion resistance away to the heated wall surface due to backward motion and 
as a consequence deceleration is obtained in the velocity field. On the other hand, fluid flow intensity due to 
larger Re in case of convergent angle under the inertial forcre effects speed up the process of fluid deformation 
between the non-parallel walls and thus velocity significantly accelerates. The variation of velocity field versus 
the Darcy parameter � for both cases (converget and divergent) is plotted in Fig. 6. It is elucidated from Fig. 6 
that for incrementing values of � the velocity field climbs in case of α > 0 , and the for α < 0 , velocity field 
diminishes. Here, it is noticed that dropping of velocity in convergent case is due to the strong resistive effects 
as strong � decreases the deformation rate of fluid and hence velocity is decremented. Furthermore, it is seen in 
divergent case that momentum thickness grows with the intensification of � , which prompts that growing � cor-
responds to the strengthening of permeability effects and as a consequence, momentum thickness increments 
significantly. Moreover, strong permeability increases the rate of fluid deformation in the flow and consequently, 
velocity accelerates. Figure 7 depicts velocity variations for physical inertia parameter �1 in converging and 
diverging channel. It reveals that velocity field drops as inertia parameter increases in converging channel, while 
for divergent channel the flow description is converse. Physically, as the �1 rises, the surface drag becomes more 
significant, and resulting in reduced pore velocity which leads to a decrease in velocity in converging channel. 
Moreover, one can notice that escalating values of �1 result in faster fluid deformation as well as higher the flow 
rate. It is understandable that non-Darcy phenomenon aids the enhancement of permeability effects. Therefore, 
enhanced permeability effects raise the deformation rate which helps the flow velocity to amplify in a divergent 

Figure 3.  Behavior of f (η) against α > 0.

Figure 4.  Behavior of f (η) against α < 0.

Figure 5.  Behavior of f (η) against Re.



8

Vol:.(1234567890)

Scientific Reports |         (2023) 13:1102  | https://doi.org/10.1038/s41598-023-27938-0

www.nature.com/scientificreports/

channel. The impact of the thermal conductivity parameter ∈ on fluid temperature is depicted in Fig. 8. With 
increasing ∈ , the temperature increments in the converging and diverging regions. Physically, these outcomes 
display that thermal conductivity parameter has a prominent role in growing the magnitude of temperature field. 
The figure reports that augmentation of ∈ , the thermal conductivity effects elevate with the boundary layer and 
therefore, increment in temperature field is witnessed. The Brownian diffusion parameter (Nb) effects on tem-
perature field are disclosed in Fig. 9. The magnitude of temperature is increased in both converging/diverging 
regions when Nb is increased. In fact, the greater intensity of Nb leads to more fluid’s particles collision and 
consequently extra heat is being transferred from sheet to fluid. Therefore, temperature field rises. The thermo-
phoretic parameter (Nt) influences on the temperature field is reported in Fig. 10. The temperature is enhanced 
in converging/diverging regions by growing Nt . It is seen that molecular collisions can be helpful to strengthen 
the thermophoretic diffusion characteristics in order to intensify the heat transport effects. Incrementing the 
values of Nt , boosts up the phenomenon of fluid’s particles pull from plate towards fluid and consequently accel-
eration in temperature field is witnessed. Figure 11 displays the temperature variations for thermal slip parameter 
γ . It is noticed that growing γ upsurges the temperature field in diverging/converging channels. Physically, when 
γ is enhanced, a significant amount of heat is shifted from heated surface towards adjacent fluid, and therefore, 
temperature field upsurges. The impact of the mass diffusivity parameter ∈1 on concentration field is depicted 
in Fig. 12. With increasing ∈1 , the concentration increments in the converging and diverging regions. Physically, 
these outcomes display that mass diffusivity parameter has a prominent role in growing the magnitude of con-
centration field. The figure reports that augmentation of ∈1 , the mass diffusivity effects elevate with the boundary 
layer and therefore, increment in concentration field is witnessed. Figure 13 illustrates the deviation in 

Figure 6.  Behavior of f (η) against �.

Figure 7.  Behavior of f (η) against �1.

Figure 8.  Behavior of g(η) against ∈.
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Figure 9.  Behavior of g(η) against Nb.

Figure 10.  Behavior of g(η) against Nt.

Figure 11.  Behavior of g(η) against γ.

Figure 12.  Behavior of h(η) against ∈1.
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concentration field when Lewis number Le varies. Concentration field decays in divergent channel due to incre-
ment in Le . Physically uplifting Lewis number corresponds to the diminishing of the mass diffusivity and as a 
consequence, concentration field weakens significantly. Figure 14 depicts the impact of Brownian diffusion 
parameter (Nb) on concentration field. It is seen that concentration field is enhanced with the incrementing of 
Nb in both channels. In fact, large Nb produces more molecular diffusion within the channels, consequently the 
concentration field upsurges. Figure 15 reports concentration variations against thermophoretic parameter (Nt) . 
Improved Nt values cause concentration field to decline in both converging/diverging channels. Physically, 
incrementing thermophoretic parameter Nt is responsible for weak diffusive force which ultimately diminishes 
the phenomenon of mass diffusion and thus, concentration field becomes lessen. Figure 16 displays the variation 
of Cf  (skin friction) against the Darcy (�) and Reynolds (Re) numbers. It is elucidated that increasing � enhance 
the magnitude of Cf  in both channels but opposite trend is witnessed against Re . Figure 17 illustrates Nusselt 
number Nu variation with the impact of Prandtl number Pr and thermal slip parameter γ . Intensification in Pr 
enhances the Nusselt number whereas decrement is seen in Nusselt number for larger γ . Figure 18 displays the 
variation of Sh (Sherwood number) against the Lewis number (Le) and mass diffusivity parameter (∈1) . It is 
elucidated that increasing Le and ∈1 reduce the Sh in both channels. The computations of co-efficient of skin 
friction against various pertinent parameters are depicted in Table 1. The table reveals that greater Re diminishes 
the skin friction coefficient while increasing � and �1 intensifies the skin friction coefficient in both channels. 
Furthermore, skin friction coefficient shows prominent behavior in convergent channel as compared to divergent 
channel. In Table 2, the present results have been compared for skin friction 

(

Cf
)

 with those disclosed in the past 
 study39,40. An excellent agreement is noticed between the studies.

Figure 13.  Behavior of h(η) against Le.

Figure 14.  Behavior of h(η) against Nb.

Figure 15.  Behavior of h(η) against Nt.
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Figure 16.  Behavior of Cf  against Re and �.

Figure 17.  Behavior of Nu against Pr and γ.

Figure 18.  Behavior of Sh against Le and ∈1.

Table 1.  Values of Coefficient of Skin friction ( Cf  ) for diverse values of Re, � and �1 when 
∈ = ∈1 = Nb = Nt = γ = 0.1, Le = Pr = 1.2.

Re � �1 Cf  (α = 18°) Cf  (α = − 18°)

1.1 0.1 0.9 − 1.7569 − 1.7590

1.2 − 1.6104 − 1.6125

1.3 − 1.4865 − 1.4886

1.4 − 1.3802 − 1.3823

0.4 0.1 0.9 − 4.8334 − 4.8355

0.3 − 4.8440 − 4.8248

0.5 − 4.8546 − 4.8142

0.7 − 4.8652 − 4.8036

0.4 0.5 0.1 − 4.8039 − 4.8650

0.4 − 4.8229 − 4.8460

0.7 − 4.8419 − 4.8269

0.9 − 4.8546 − 4.8142
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Conclusions
The current research is dedicated to exploring the thermal jump and variable fluid characteristics in a steady two-
dimensional Jeffrey–Hamel nanofluid flow under non-Darcy permeable medium. The zero mass flux condition 
is considered at boundary wall. The present investigation indicates that increasing Darcy and inertia parameters 
raise the velocity field in divergent channel, while converse trend is noticed in convergent channel. By the rise 
in thermal conductivity and mass diffusivity parameters, the temperature and concentration fields are increased 
respectively. Fluid temperature is weaker for thermal slip parameter. It is anticipated that the current investiga-
tion arises in much realistic implications, for instance, environmental, petroleum, and groundwater hydrology, 
molten polymers extrusion via converging dies, cold drawing operation related to polymer industry, medical 
treatment, processing plants, automobile etc. Future researches will prompt incentive more complex fluid such 
as rate type fluid, power law nano-liquids, Furthermore, three-dimensional case can also be tackled.

Data availability
All data generated or analyzed during this study are included in this published article.

Received: 23 November 2022; Accepted: 10 January 2023

References
 1. Masuda, H., Ebata, A. & Teramae, K. Alteration of thermal conductivity and viscosity of liquid by dispersing ultra-fine particles. 

Dispersion of  Al2O3,  SiO2 and  TiO2 ultra-fine particles. Netsu Bussei 7(4), 227–233 (1993).
 2. Choi, S. U. & Eastman, J. A. Enhancing Thermal Conductivity of Fluids with Nanoparticles (No. ANL/MSD/CP-84938; CONF-

951135-29). Argonne National Lab., IL (United States) (1995).
 3. Mohyud-Din, S. T., Usman, M. & Bin-Mohsin, B. A study of heat and mass transfer of nanofluids arising in biosciences using 

Buongiorno’s model. Int. J. Comput. Methods 14(02), e1750018 (2017).
 4. Vinita, V. & Poply, V. Impact of outer velocity MHD slip flow and heat transfer of nanofluid past a stretching cylinder. Mater. Today 

Proc. 26, 3429–3435 (2020).
 5. Majeed, A., Zubair, M., Khan, A., Muhammad, T. & Alqarni, M. S. Significance of thermophoretic and Brownian motion on MHD 

nanofluids flow towards a circular cylinder under the inspiration of multiple slips: An industrial application. Math. Probl. Eng. 
2021, e8634185 (2021).

 6. Alsaedi, A., Nisar, Z., Hayat, T. & Ahmad, B. Analysis of mixed convection and hall current for MHD peristaltic transport of 
nanofluid with compliant wall. Int. Commun. Heat Mass Transf. 121, e105121 (2021).

 7. Laila, R. Nanofluid flow in a converging and diverging channel of rectangular and heated walls. Ain Shams Eng. J. 12(4), 4023–4035 
(2021).

 8. Ayeche, C. M., Kezzar, M., Sari, M. R. & Eid, M. R. Analytical ADM study of time-dependent hydromagnetic flow of biofluid over 
a wedge. Indian J. Phys. 95(12), 2769–2784 (2021).

 9. Benaziza, N. et al. Entropy generation in magneto-nanofluid flow between two coaxial cylinders by using a new i-adm technique. 
Comput. Therm. Sci. Int. J. 13(6), 33–51 (2021).

 10. Kalpana, G., Madhura, K. R. & Kudenatti, R. B. Numerical study on the combined effects of Brownian motion and thermophoresis 
on an unsteady magnetohydrodynamics nanofluid boundary layer flow. Math. Comput. Simul. 200, 78–96 (2022).

 11. Habiyaremye, F., Wainaina, M. & Kimathi, M. The effect of heat and mass transfer on unsteady MHD nanofluid flow through 
convergent-divergent channel. Int. J. Fluid Mech. Therm. Sci. 8(1), 10–22 (2022).

 12. Rehman, S., Hashim, & Ali Shah, S. I. Numerical simulation for heat and mass transport of non-Newtonian Carreau rheological 
nanofluids through convergent/divergent channels. Proc. Inst. Mech. Eng. Part C J. Mech. Eng. Sci. https:// doi. org/ 10. 1177/ 09544 
06221 10656 88 (2022).

 13. Hamrelaine, S., Kezzar, M., Sari, M. R. & Eid, M. R. Analytical investigation of hydromagnetic ferro-nanofluid flowing via rotating 
convergent/divergent channels. Eur. Phys. J. Plus 137(11), 1–15 (2022).

 14. Biswal, U., Chakraverty, S., Ojha, B. K. & Hussein, A. K. Numerical investigation on nanofluid flow between two inclined stretch-
able walls by Optimal Homotopy Analysis Method. J. Comput. Sci. 63, e101759 (2022).

 15. Qadeer, M. et al. Irreversibility analysis for flow of nanofluids with aggregation in converging and diverging channel. Sci. Rep. 
12(1), e10214 (2022).

 16. Farooq, M., Ahmad, S., Javed, M. & Anjum, A. Analysis of Cattaneo-Christov heat and mass fluxes in the squeezed flow embedded 
in porous medium with variable mass diffusivity. Results Phys. 7, 3788–3796 (2017).

 17. Ferdows, M. & Alzahrani, F. Similarity solution of MHD slip with energy mass transport through chemically reacting stretching 
permeable surface in porous media with variable properties. Physica A 545, 124255 (2020).

 18. Gahgah, M., Sari, M. R., Kezzar, M. & Eid, M. R. Duan–Rach modified Adomian decomposition method (DRMA) for viscoelastic 
fluid flow between nonparallel plane walls. Eur. Phys. J. Plus 135(2), 1–17 (2020).

 19. Latreche, S., Sari, M. R., Kezzar, M. & Eid, M. R. Flow dynamics of PTT and FENE-P viscoelastic fluids in circular and flat ducts: 
An analytical study. Arab. J. Sci. Eng. 46(3), 2783–2792 (2021).

 20. Sharma, B. K. & Kumawat, C. Impact of temperature dependent viscosity and thermal conductivity on MHD blood flow through 
a stretching surface with ohmic effect and chemical reaction. Nonlinear Eng. 10(1), 255–271 (2021).

Table 2.  f ′(1) via α and β when Re = 50 and � = �1 = 0.

α = 5° α = − 5°

β Turkyilmazoglu39 Mohyud–Din et al.40 Present β Turkyilmazoglu39 Mohyud–Din et al.40 Present

− 1 − 3.508103 − 3.508103 − 3.508103 − 1 − 3.508103 − 3.508103 − 3.508103

− 0.5 − 2.173044 − 2.173044 − 2.173044 − 0.5 − 2.173044 − 2.173044 − 2.173044

0 − 1.109326 − 1.109326 − 1.109326 0 − 1.109326 − 1.109326 − 1.109326

0.5 − 0.361846 − 0.361846 − 0.361846 0.5 − 0.361846 − 0.361846 − 0.361846

1 0.000000 0.000000 0.000000 1 0.000000 0.000000 0.000000

https://doi.org/10.1177/09544062211065688
https://doi.org/10.1177/09544062211065688


13

Vol.:(0123456789)

Scientific Reports |         (2023) 13:1102  | https://doi.org/10.1038/s41598-023-27938-0

www.nature.com/scientificreports/

 21. Awais, M. et al. Effects of variable transport properties on heat and mass transfer in MHD bioconvective nanofluid rheology with 
gyrotactic microorganisms: Numerical approach. Coatings 11(2), 231 (2021).

 22. Salahuddin, T., Siddique, N., Khan, M. & Altanji, M. A significant study on flow analysis of viscoelastic fluid with variable thermo-
physical properties. Math. Comput. Simul. 194, 416–429 (2022).

 23. Mottupalle, G. R., Ashwathnarayana, D. P., Shankarappa, B. M. & Sanjeevamurthy, A. A. Effects of variable fluid properties on 
double diffusive mixed convection with chemical reaction over an accelerating surface. Biointerface Res. Appl. Chem. 12(4), 
5161–5173 (2022).

 24. Waqas, M. Chemical reaction impact in dual diffusive non-Newtonian liquid featuring variable fluid thermo-solutal attributes. 
Chem. Phys. Lett. 802, e139661 (2022).

 25. Jabeen, I., Ahmad, S., Anjum, A. & Farooq, M. Analysis of variable mass diffusivity in Maxwell’s fluid with Cattaneo–Christov and 
nonlinear stratification. Heliyon 12, e11850 (2022).

 26. Abbasi, F. M., Gul, M., Shanakhat, I., Anjum, H. J. & Shehzad, S. A. Entropy generation analysis for magnetized peristaltic move-
ment of nanofluid through a non-uniform asymmetric channel with variable thermal conductivity. Chin. J. Phys. 78, 111–131 
(2022).

 27. Darcy, H. Les Fontaines Publiques de la Ville de Dijon (Hachette Livre Bnf, 1856).
 28. Forchheimer, P. Wasserbewegung durch boden. Z. Ver. Dtsch. Ing. 45, 1782–1788 (1901).
 29. Kumar, K. G., Rahimi-Gorji, M., Reddy, M. G., Chamkha, A. & Alarifi, I. M. Enhancement of heat transfer in a convergent/divergent 

channel by using carbon nanotubes in the presence of a Darcy–Forchheimer medium. Microsyst. Technol. 26(2), 323–332 (2020).
 30. Alzahrani, A. K., Ullah, M. Z., Alshomrani, A. S. & Gul, T. Hybrid nanofluid flow in a Darcy–Forchheimer permeable medium 

over a flat plate due to solar radiation. Case Stud. Therm. Eng. 26, e100955 (2021).
 31. Khan, S. A., Hayat, T. & Alsaedi, A. Irreversibility analysis in Darcy–Forchheimer flow of viscous fluid with Dufour and Soret 

effects via finite difference method. Case Stud. Therm. Eng. 26, e101065 (2021).
 32. Ahmad, S., Sheriff, S., Anjum, A. & Farooq, M. Analysis of hydromagnetically modulated multiple slips motion of hybrid-nanofluid 

through a converging/diverging moving channel. Proc. Inst. Mech. Eng. Part E J. Process Mech. Eng. 236(4), 1377–1391 (2022).
 33. Muhammad, K., Abdelmohsen, S. A., Abdelbacki, A. M. & Ahmed, B. Darcy–Forchheimer flow of hybrid nanofluid subject to 

melting heat: A comparative numerical study via shooting method. Int. Commun. Heat Mass Transf. 135, e106160 (2022).
 34. Ahmad, S., Anjum, A. & Farooq, M. Rheological aspects of variable diffusive phenomena in the non-linear stratified second grade 

nanomaterial under Darcy–Forchheimer theory. Alex. Eng. J. 61(3), 2308–2317 (2022).
 35. Wang, F. et al. Thermal conductivity performance in propylene glycol-based Darcy–Forchheimer nanofluid flow with entropy 

analysis. J. Petrol. Sci. Eng. 215, e110612 (2022).
 36. Khan, S. A. et al. Irreversibility analysis in hydromagnetic flow of Newtonian fluid with Joule heating: Darcy–Forchheimer model. 

J. Petrol. Sci. Eng. 212, e110206 (2022).
 37. Liao, S. Beyond Perturbation: Introduction to the Homotopy Analysis Method (Chapman and Hall/CRC, 2003).
 38. Liao, S. Homotopy Analysis Method in Nonlinear Differential Equations 153–165 (Higher Education Press, 2012).
 39. Turkyilmazoglu, M. Extending the traditional Jeffery–Hamel flow to stretchable convergent/divergent channels. Comput. Fluids 

100, 196–203 (2014).
 40. Mohyud-Din, S. T., Khan, U., Ahmed, N. & Bin-Mohsin, B. Heat and mass transfer analysis for MHD flow of nanofluid inconver-

gent/divergent channels with stretchable walls using Buongiorno’s model. Neural Comput. Appl. 28(12), 4079–4092 (2017).

Author contributions
All authors contributed to the study conception and design. Data collection and drafting of manuscript were 
performed by S.A. The methodology and analysis was performed by M.F. All authors read and approved the 
final manuscript.

Competing interests 
The authors declare no competing interests.

Additional information
Correspondence and requests for materials should be addressed to S.A.

Reprints and permissions information is available at www.nature.com/reprints.

Publisher’s note Springer Nature remains neutral with regard to jurisdictional claims in published maps and 
institutional affiliations.

Open Access  This article is licensed under a Creative Commons Attribution 4.0 International 
License, which permits use, sharing, adaptation, distribution and reproduction in any medium or 

format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the 
Creative Commons licence, and indicate if changes were made. The images or other third party material in this 
article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the 
material. If material is not included in the article’s Creative Commons licence and your intended use is not 
permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from 
the copyright holder. To view a copy of this licence, visit http:// creat iveco mmons. org/ licen ses/ by/4. 0/.

© The Author(s) 2023

www.nature.com/reprints
http://creativecommons.org/licenses/by/4.0/

	Double-diffusive Hamel–Jeffrey flow of nanofluid in a convergentdivergent permeable medium under zero mass flux
	Description and formulation of the problem
	Flow analysis. 
	Heat and mass transfer analysis. 
	Engineering Parameters. 

	Analytical solution via homotopic technique
	Convergence discussion. 

	Results and discussion
	Conclusions
	References


