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The time-frequency analysis

of the acoustic signal produced

in underwater discharges

based on Variational Mode
Decomposition and Hilbert-Huang
Transform

Zhen Han3, Xiaobing Zhang'™, Bing Yan'*, Liang Qiao%* & Zhigang Wang>*

The experiments of underwater discharges in an anechoic pool were carried out and analysis of the
time-frequency characteristics of the acoustic signals was conducted based on Variational Mode
Decomposition and Hilbert-Huang Transform (VMD-HHT). We propose a relative center frequency
difference method to determine the decomposition numbers K which has to be given before the
application of VMD and the result is satisfying. The HHT spectrum and marginal spectrum are
obtained, then, some valuable conclusions are drawn. The high-frequency components of the acoustic
signal are mainly attributed to the shock wave, and the low-frequency components mostly result
from the bubble pulse. The frequency range of the acoustic signal is basically from 0 to 90kHz, and the
ratio of energy in the low-frequency band(0-4kHz) to that of the total acoustic signal is up to 55.56%.
Furthermore, this ratio versus gaps is also explored and it has the minimum at the gap of 1.5 mm
which is the optimal gap for the peak pressure and radiated energy of the acoustic signal. Therefore,
we can not obtain the maximum energy of the acoustic signal and the maximum ratio in the low-
frequency band simultaneously.

Strong acoustic signals which are extensively applied in marine exploration, underwater communication, tar-
get detection, water treatment, and other fields can be induced by explosions!, airguns?, transducers’, laser*”,
underwater discharges®’, and so on. This paper focus on the acoustic signals originating from underwater dis-
charges. High electric field acts on the electrodes immersed in the liquid and caused the stored electric energy
to be instantaneously released into the discharge channel formed between the electrodes, which brings about
the high-temperature and high-pressure plasma together with optical emission'?, active species!! and thermal
diffusion'*!*. When the plasma channel expands outward, the shock wave comes into being. For the better
application of this acoustic signal, obtaining the accurate characteristic of acoustic signals produced in under-
water discharges, especially the distribution of time and frequency, is of good significance. Some researchers'*
give amplitude-frequency characteristics of acoustic signals by FFT. Nevertheless, FFT, together with some
time-frequency analysis methods based on Fourier transform, such as short-time Fourier transform (STFT),
Gabor transform, and Wigner-Ville distribution, is suitable for processing linear and stationary signals. As for
nonstationary signals, they are unable to supply the exact frequency-domain characteristic. Thus, suitable signal
processing methods, such as Wavelet and HHT, should be taken into consideration.

Wavelet" is a powerful tool for analyzing transient and nonstationary signals. Unfortunately, the wavelet
base function must be selected manually and can not be changed during signal processing. If the wavelet base
function is not appropriate, the analysis result is not satisfying. Compared to wavelet analysis, HHT has good
adaptability, which means there is no need to choose a base function for decomposing signals in advance. As
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Figure 1. Experimental apparatus of the underwater discharge system.

a new and valid method in nonstationary signals processing, HHT which was proposed by Huang in 1998,
is widely used to analyze seismic signals'’, ECG signals'®, underwater explosive explosion signals'®, and so on.
The acoustic signal generated from underwater discharges is also transient and nonstationary just like the one
generated by underwater explosions. Thus, HHT is employed in this paper. The key of HHT lies in the signal
decomposition method, which is mostly done by Empirical mode decomposition (EMD)®. Liang Qiao?! gives
the time-frequency spectrums of acoustic signals produced by underwater discharges based on HHT. However,
a severe disadvantage of EMD is mode mixing, which was firstly found by Huang during the decomposition of
discontinuous signals. Specifically speaking, the same characteristic time scale exists in multiple IMFs simulta-
neously, or multiple characteristic time scales live in one IME. Mode mixing leads to the disability of IMFs from
representing an actual physical process, which makes nonsense for the HHT spectrum. Therefore, eliminating
mode mixing validly is of great importance.

VMD with a characteristic of suppressing mode fixing is selected in this paper. However, the determination
of decomposition numbers K before the usage of VMD is a challenge. We propose a relative center frequency
difference method to get this job done and make a comparison with the energy difference method. The validity
is verified, and the result is satisfying.

Experimental apparatus

A large number of underwater discharge experiments were conducted in an anechoic water pool. The conductiv-
ity of the water is 0.35 mS/cm and the water temperature is 26.2 °C. Stainless steel rod-to-rod electrodes with a
length of 150mm and a diameter of 5mm were adopted in our experiments. The center of the electrode gap is 1
m underwater, and the electrode gap distance is adjustable from 0.5 mm to 1 cm. The pulse power supply with
a charge voltage of 10 kV and an energy storage capacitance of 0.11 pF is operated through a manual trigger
switch. A high-voltage probe (Tektronix P6015A) monitors the voltage across the electrode gap. A Rogowski coil
(Pearson 2879) is sheathed on the transmission line to measure the current through the circuit. A hydrophone
with a sensitivity level of — 205 dB re 1V/pPa in the range of 5 Hz-15 MHz was placed 1 m underwater and 1
m away from the center of the stainless steel electrode gap to receive acoustic signals produced by underwater
discharges and to transform them into voltage signals. A digital storage oscilloscope (RIGOL MSO5354) was
selected to store and display all concerning signals. A diagram of the experimental apparatus was shown in Fig. 1.

Results and discussion

Time-domain characteristics of acoustic signals produced by a spark discharge. The receiv-
ing sensitivity of a hydrophone is M = ¥, where u is the output voltage signal of the hydrophone with a unit of
V and p is the received acoustic signal ng the hydrophone with a unit of pPa. Then the sensitivity level of the
hydrophone can be expressed as S = 201g 4 3ig> Where Mo = 1V/uPa is the reference sensitivity. In our experl-

ments, the sensitivity level SL = — 205 dB. Thus, the acoustic pressure p is computed by p = —10 % with a
unit of uPa. A typical waveform of voltage across the electrode gap of 0.5 mm and a subsequent acoustic signal
is indicated in Fig. 2.

When t = 0, the trigger switch is closed, and the charge voltage is applied across the electrode gap. From 0 to
to, streamers appear at the anode of the electrode and propagate to the cathode under the function of the applied
electric field. This period during which the plasma channel is formed is called the pre-breakdown phase of a spark
discharge. The electrode gap is broken down at time fo, and then the voltage across the gap drops violently due to
the extremely low resistance of the plasma channel, which is full of high-temperature and high-pressure plasma.
The voltage across the gap oscillates several cycles after time fy and drops to 0 eventually with the deposited
electrical energy into the channel consumed. Almost at t), the plasma channel expands rapidly and compresses
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Figure 2. A typical waveform of voltage across the electrode gap of 0.5 mm as well as a subsequent acoustic
waveform.
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Figure 3. The total acoustic signal produced in a spark discharge.

the surrounding water, which leads to the generation of the shock wave. The shock wave is seen at time ¢; in
Fig. 2 because the hydrophone is 1 m away from the electrodes center. The formation mechanism of the shock
wave can be explained by the piston model?. The front of the shock wave is considerably steep, with a rising rate
being 2.15 kPa/ps. After reaching the peak (14.9 kPa), the amplitude of the shock wave decreases approximately
according to the exponential law. As is seen, the shock wave has a short pulse width of about 52.8 ps. Next, we
briefly describe the formation process of the bubble pulse. The plasma channel expands due to the internal pres-
sure being more considerable than the static pressure of water. After the deposited electrical energy is consumed,
the channel can be regarded as a bubble. With increase of the bubble volume, the internal pressure declines.
When the internal pressure is equal to the static pressure, the bubble continue to expand because of inertia. As
it reaches the maximum radius, the bubble ceases to expand and contract inversely. Similarly, the bubble stops
contracting until the radius reaches the minimum. At this moment, the pressure inside the bubble gets the peak
again. This is the first bubble pulse. Repeating this process can form a second bubble pulse or even a third bub-
ble pulse. Finally, the bubble collapses due to energy depletion. The total acoustic signal containing the shock
wave (also called the expansion pulse) and the bubble pulse (also called the collapse pulse) is shown in Fig. 3.
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Figure 4. The peak pressure versus gaps.
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Figure 5. The energy versus gaps.

Compared to the shock wave, the rising edge of the bubble pulse is not that steep and the peak pressure (15.85
kPa) is more significant. The width of the bubble pulse is 500 ps, which is nearly ten times bigger than that of the
shock wave. Between the shock wave and the bubble pulse, a water surface reflection signal of the shock wave
with a negative amplitude is visible in Fig. 3. After the bubble pulse, there is also a corresponding water surface
reflection signal. In some data sets, more bubble pulses and corresponding water surface reflection signals are
observed. Underwater discharge experiments were carried out with different gaps, including 0.5 mm, 1 mm, 1.5
mm, 2 mm, 2.5 mm, and 3 mm. Three discharges were performed at each gap. The error bars were plotted to
show the statistical results. Each data point represents the mean value and the error adopts the standard devia-
tion. The peak pressure versus gaps is shown in Fig. 4.

For a fixed gap, the first bubble pulse has the maximum peak pressure while the second bubble pulse has the
minimum one. At a gap of 1.5 mm, the peak pressure of the shock wave, the first bubble pulse, and the second

bubble pulse all achieve the maximum. Therefore, 1.5 mm is called the optimal gap. The energy of a shock wave

2
‘;7;—630 o™ pZ,dt with the unit of ], where pq is the density of water, cq is the sound speed

in the water, which is thought as the speed of the shock wave approximately, s is the distance between the center
of the electrode and the hydrophone and g, is the pulse width of the shock wave. Correspondingly, the radiated

energy of the first bubble pulse can be expressed as Erg = tgi o' prgdt, where tpp is the width of the first
bubble pulse, and the radiated energy of the second bubble pulse can be expressed as Esp = ;40’;5; o phgdt
where g is the width of the second bubble pulse. The total energy of the acoustic signal is the sum of the energy

of the shock wave, the first bubble pulse, the second bubble pulse, and the reflection signals. According to the
calculation methods mentioned above, the energy versus gaps is obtained and shown in Fig. 5.

can be expressed as Eg, =
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Figure 6. The deposited electrical energy versus gaps.

Obviously, the optimal gap of 1.5 mm also exists. From the energy balance point of view, the energy of the
acoustic signal originates from the deposited electrical energy into the plasma channel. Therefore, the relation-
ship between the deposited electrical energy and gaps needs to be explored. The electrical energy deposited into
the plasma gap is computed by E¢, = [ iR dt, where i is the measured current through the gap and Ry, is the
constant resistance of the channel which is determined by the difference of the total resistance of the circuit
minus the external circuit resistance. The external circuit resistance can be obtained by short-circuit method and
the total resistance of the circuit is usually obtained by the fitness to measured current on the basis of analytic
expression for current coming from the RLC equivalent circuit model®. The deposited electrical energy versus
gaps is shown in Fig. 6.

The changing trend of the deposited electrical energy is just like the one of the peak pressure and the radi-
ated energy shown in Figs. 4 and 5. At the gap of 1.5 mm, the deposited electrical energy reaches the maximum.
This is the reason why the optimal gap of 1.5 mm can be seen in Figs. 4 and 5. A more clear explanation of the
optimal gap is made as follows. The radiated energy of the acoustic signal depends on the electrical energy
deposited into the plasma channel, which is affected by the remained electrical energy of the capacitor at the
break-down moment and the channel resistance?. In the case of short gaps, although the remained electrical
energy is significant due to the short pre-breakdown period, the low channel resistance compared to the exter-
nal circuit resistance results in a small amount of deposition energy in the plasma channel. As for long gaps,
the channel resistance is higher than the external circuit resistance, but the remained electrical energy is small
because of the long pre-breakdown period, which also brings about a small amount of deposition energy. The
plasma channel can be regarded as a load in the equivalent RLC circuit. Then, based on impedance matching
theory, When the channel resistance is as close as the external circuit resistance, the channel resistance gets the
maximum power and energy.

With E standing for the total signal energy, the ratio of the energy of the shock wave to the one of the total
signal is expressed as Eg,/E. Similarly, the ratio of the energy of the first bubble pulse to the one of the total sig-
nal is expressed as Epp/E and the ratio of the energy of the second bubble pulse to the one of the total signal is
expressed as Esp/E. These three quantities versus gaps are illustrated intuitively in Fig. 7. Compared to the first
bubble or the shock wave, the second bubble pulse makes little contribution to the total energy of the acoustic
signal. Therefore, the second bubble pulse is not our focus.

As is shown in Fig. 8, the bubble oscillation periods compose of the first period which is the time interval
between the peak time of the shock wave and that of the first bubble pulse, and the second period which is the
time interval between the peak time of the first bubble pulse and that of the second bubble pulse. The first period,
which is about twice the second period, has a range of 1.5 ms to 2.9 ms.

Frequency-domain characteristics of acoustic signals produced by a spark discharge. Due to
the high robustness to signal sampling and noise, VMD can suppress mode mixing to a certain extent. Therefore,
VMD-HHT is our choice for analyzing the acoustic signal produced by underwater discharges. The key to VMD
lies in constructing and solving variational problems. Constructing the variational problem takes four steps.

K
Firstly, the original signal f(f) is decomposed into K IMFs, i.e., f(t) = Z uy (t), where uy (t) is the k-th IME. ug ()

=1
has an expression of uy () = A (t)cos(¢x (1)), where Ax(¢) is the posmve and slowly varying envelope and ¢ (¢)
stands for the phase. The instantaneous angular frequency of u (¢), which is non-decreasing, slowly varying and
concentrating on a central value of wy, is expressed as d¢k(t) . Secondly, to ensure the positive spectrum of each
IME the analytic signal of u (¢) is obtained as (§; + t) * uk (t), where §; is the dirac delta function and x* is the
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Figure 8. The bubble oscillation periods versus gaps.

symbol of convolution. Actually, the real part of the analytic signal is u(¢) itself and the imaginary part is the
Hilbert Transform of uy (). Thirdly, the analytic signal is multiplied by a factor of e 7+ to modulate the spec-
trum of each IMF to the corresponding base frequency band. An expression is obtained as

[(6¢ + L) * uk(t)]e’j‘”k(’)t where wy is called the center frequency of uy (t). Lastly, the bandwidth is estimated
as| g {[(St -I- ) * 1,tk(t)]e_J“”<(t)t}|2 where| - |, stands for the 2-norm. The description of the variational prob-
lem is to minimize the sum of the estimated bandwidth of each IMF and the constraint condition is that the sum
of all IMFs should equal to the original signal Then the corresponding constraint variational expression is
min Z |dt {[(5t + m) * uk(l‘)]e_f“’k(t)‘}I2 s.t. Z uk(t) = f(t). To get the solution, Lagrange Multiplication

Operator A(t) is introduced to transform the constramed variational problem into the unconstrained variational
one, and the augmented Lagrange expressmn is obtained as

K
L(ug, wp, A) = o Z Idt{[(& + m) * uk(t)]e’f“’k(t)t}lz—i—[f(t) Z uk(t)|2+<ﬂ S () — Z uk(t)> where « is

the penalty factor measurmg the importance of the first item on the right of the equal s1gn relatlve to the second
and third items, () stands for the inner product. Ultimately, the solution is obtained based on Eq. (1) and Eq. (2).

K K
F)— Y Ut - Y UMo)+A"w)/2
i=Ti<k i=Lisk (1)
14 2a(w — w})?

n+1(w)

U,’:H () is Fourier transform of the k-th IMF at the n + 1 Iteration, F(w) is Fourier transform of the original

signal f(t),and A" (w) is Fourier transform of 1 at the n Iteration.

Scientific Reports |

(2023) 13:22 | https://doi.org/10.1038/s41598-022-27359-5 nature portfolio



www.nature.com/scientificreports/

Given tolerance € , maximum number of
iterations N, and number of IMFs K

l Iterations n =0

Initialization U} (®),a},A'(®)

Yes ' .
Whether the iteration stop

condition is met
NO

Forall >0, based on Eq. (3), update A™'(»)

Yes ¢

n>=N?

Forall >0, basedon Eq. (1), update U/ (@)

n+l

Forall =0, basedon Eq. (2), update o,

NO $ Yes

— k=k+] 4—— k=K?

Y

Output K IMFs

Figure 9. The flow chart of VMD.

Wit — foooww;:H(“’”zdw
k [ U ()2 deo

The Lagrange Operator is updated based on Eq. (3).

K
A" @) = M) + Y [F@) =) U ()]
k=1

y is the noise tolerance. The condition for stopping iteration is illustrated below.
K
1 2 2
> IU @) = Ul @)B/IUR )5 < e
k=1

The VMD algorithm can be illustrated as Fig. 9.

)

Determination of K value. Using VMD, the numbers of IMF, referred to as K, which are also called the decom-
position numbers, have to be determined beforehand. If K is too small, the decomposition of the signal is insuf-
ficient and different frequencies will appear in the same IME. If K is too large, the same or similar frequency will
be decomposed into different IMFs, which will bring about an inadequate result. A common method to deter-
mine the K value is Central Frequency Method®. In the beginning, K is assigned a value of 2. If the central fre-
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Central frequencies (kHz) | [32.338,3.693]
K =2 | Vector of RCFD 0.8858

Vector of ED 0.27

Central frequencies (kHz) | [52.244, 18.743, 2.502]
K=3 Vector of RCFD 0.6412, 0.8665]

Vector of ED 0.27 0.152]

Central frequencies (kHz) 57.04, 33.766, 13.450, 2.009]
K=4 Vector of RCFD 0.408,0.6017,0.8506]

Vector of ED 0.27 0.152 0.126]

K=5 Vector of RCFD 0.3657,0.3868,0.6001,0.8494]

Vector of ED 0.270.152 0.126 0.0532]

84.696, 53.738, 34.378, 18.241, 8.252, 1.436]
0.3655,0.3603,0.4694,0.5476,0.826]

0.27 0.152 0.126 0.0532 0.1012]

Central frequencies (kHz)

K=6 Vector of RCFD
Vector of ED

[
(
[
[
(
Central frequencies (kHz) | [83.394, 52.893, 32.435, 12.97, 1.953]
[
[
(
[
[

Table 1. Three methods to determine K value.

quencies of IMFs differ greatly, then K is increased to 3. Repeat this progress until two IMFs have similar central
frequencies when K equals to k. At this point, a conclusion is drawn that over-decomposition comes into being,
and the optimal K is thought of as k — 1. However, a problem to be solved is how to describe the similarity of the
central frequencies. In most cases, the judgment is made manually based on experience. Unfortunately, this
method does not go smoothly in processing our acoustic signal, with the sampling rate being as high as 50MHz.
To facilitate subsequent signal processing, the sampling rate is dropped by 100 times but can not be furtherly
reduced to a lower level due to the short duration of the signal. The minimum difference in different IMFs is
several kHz even if K is increased to 20. We can not directly make a judgment whether there is over decomposi-
tion by the difference of central frequencies. Therefore, a relative center frequency difference method (RCFD) is
proposed. The basic idea is simply clarified below. Firstly, the original signal is decomposed into K IMFs, where
K =2,3,...,k, and we get a vector of center frequencies as fo;r = [fc1,fc2, - . - »fek ). Subsequently, a relative dif-

ference vector is expressed as f,, = [ Ve f]f”l , fer ;f“‘ e Vex—1 7{* l ]. Lastly, we calculate the difference between
any two elements in this vector. If the minimuim difference 1§ less than one percent, similar central frequencies
are thought to appear in f and over-decomposition occurs. Then, the optimal value of K is considered to be
k — 1. To verify the validity of RCFD, the energy difference method (ED) based on difference in root-mean-
square energy of IMFs was used as a reference®. To do this, a vector is constructed as {bj}, where
b = Ll ETl j=12 k—1ET, =Y \/ Lo G ®) with the data length of each IMF being N and
j BT, ° 2Lr- s » £l i=1 N g 8

the ith IMF being ¢; ,(t). ET; stands for the root-mean-square energy of the original signal. Therefore, the central
frequency vector { fof }, the relative center frequency difference vector { f,c}, and the root-mean-square energy
difference vector {bj} are calculated when K = 2,3, ..., k. Three methods to determine K value are compared,
and the result is shown in Table 1.

When K = 6, the element of the central frequency vector is not similar. However, with RCFD used,
the relative center frequency difference vector f,. =[0.3655,0.3603,0.4694,0.5476,0.826] and the
minimum difference is 0.0052, which is less than one percent. Then over-decomposition is thought
to occur, and the optimal K value is 5. The root-mean-square energy difference vector is obtained as
[b1, b2, b3, by, bs] = [0.27,0.152,0.126,0.0532,0.1012]. We can see that bs is obviously greater than b4. Therefore,
the same result is obtained that the optimal value of K is 5. According to the analysis above, RCFD is an available
method to determine the K value.

Analysis of the total acoustic signal. The Hilbert spectrum of the total acoustic signal illustrated in Fig. 3 is
computed and shown in Fig. 10.

Both the frequency information and the moment the frequency appears are clearly demonstrated, which
indicates that the time-frequency characteristics of the signal can be obtained by HHT. It can be seen intuitively
that the shock wave contains more high-frequency components than the bubble pulse due to the more steep
rising edge and the shorter pulse width. The color in Fig. 10 represents the strength of the signal energy. The
radiated energy of the bubble pulse is obviously higher than the energy of the shock wave in the low-frequency
band (0-4 kHz). Therefore, we get the knowledge that the high-frequency components of the signal produced
by underwater discharges are mainly attributed to the shock wave, and the low-frequency components result
from the bubble pulse mostly. The marginal spectrum?’, which is shown in Fig. 11, is acquired through the time
integral of the Hilbert spectrum and supplies more accurate frequency information than the FFT spectrum.

The wide frequency band of the acoustic signal has a range of 0-90 kHz, and the marginal spectrum of every
IMF is clearly visual. IMF 1 has the smallest amplitude and the highest frequency, while IMF 5 is just the opposite.
With Ejy standing for the energy of an IME the percentage of E;p, in E is shown in Fig. 12.
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Figure 10. The Hilbert spectrum of the total acoustic signal.
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Ejpys/E is as high as 56.84%, which draws our attention. Thus, the marginal spectrum of IMF 5 is plotted in
Fig. 13 to illustrate the frequency characteristic clearly.

IMF 5 ranges in frequency mainly from 0 to 6 kHz. The energy below 4 kHz accounts for 97.74% of the
energy of IMF 5 and accounts for 55.56% of the total acoustic signal, which shows that the energy of the acoustic
signal generated by underwater discharge is mainly concentrated in the low-frequency band. Meanwhile, at the
frequency of 1 kHz and 2 kHz, the significant amplitude is obvious. Thus, our concerned frequency band is set
as 0-1kHz, 0-2 kHz, and 0-4 kHz. With Ef standing for the energy in certain frequency band, the the ratio of
Eaf to E versus gaps is shown in Fig. 14.

As is seen in Fig. 14, the changing trend of Eny/E in all three frequency bands is just opposite to the one of
the peak pressure and radiated energy. Specifically speaking, at the gap of 1.5 mm, which is the optimal gap for
peak pressure and radiated energy of the acoustic signals, Exf/E is the lowest. This may be caused by the violent
oscillation of the acoustic signals due to the maximum deposition energy at the gap of 1.5 mm. The violent
acoustic oscillation means more high frequency, which brings about the minimum of Exf/E.
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Conclusions

The time-frequency characteristics of the acoustic signals produced by underwater discharges are obtained by
HHT in this paper. In consideration of suppressing mode fixing, VMD rather than EMD is chosen to decompose
the signal. According to the principle of VMD algorithm, the decomposition numbers K of the acoustic signals
has to be determined in advance. Therefore, we propose an relative central frequency difference method, namely,
RCFD, and give one-percent judgment criteria to determine the K value. Then, The HHT spectrum is calculated
and some useful conclusions are drawn. The high-frequency components of the signal are mainly attributed to
the shock wave, and the low-frequency components result from the bubble pulse mostly. The acoustic signal
has a frequency range from 0 to 90 kHz, and the energy in the low-frequency band (0-4kHz) is dominant in
the total energy with a proportion of 55.56%. Also Eaf/E versus gaps is investigated. To get an accurate result,
we calculate Exf/E in 0-1 kHz, 0-2 kHz, and 0-4 kHz. The results show that Ex¢/E gets the minimum at the
gap of 1.5 mm and the changing trend is just opposite to the one of the peak pressure and radiated energy of the
acoustic signal. In other words, we cannot get the maximum energy of the acoustic signal and the maximum
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Figure 14. Eas/E versus gaps.

Eay/E in the three bands at the same time. This conclusion is helpful for the application of the acoustic signal
produced by underwater discharges.

Data availability
Data available on request due to privacy/ethical restrictions:The data that support the findings of this study are
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