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Ansatz-Independent Variational
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The paradigm of variational quantum classifiers (VQCs) encodes classical information as quantum
states, followed by quantum processing and then measurements to generate classical predictions.
VQCs are promising candidates for efficient utilizations of noisy intermediate scale quantum (NISQ)
devices: classifiers involving M-dimensional datasets can be implemented with only[log, M]qubits
by using an amplitude encoding. A general framework for designing and training VQCs, however,

is lacking. An encouraging specific embodiment of VQCs, quantum circuit learning (QCL), utilizes

an ansatz: a circuit with a predetermined circuit geometry and parametrized gates expressing a
time-evolution unitary operator; training involves learning the gate parameters through a gradient-
descent algorithm where the gradients themselves can be efficiently estimated by the quantum
circuit. The representational power of QCL, however, depends strongly on the choice of the ansatz,
as it limits the range of possible unitary operators that a VQC can search over. Equally importantly,
the landscape of the optimization problem may have challenging properties such as barren plateaus
and the associated gradient-descent algorithm may not find good local minima. Thus, it is critically
important to estimate (i) the price of ansatz; that is, the gap between the performance of QCL and
the performance of ansatz-independent VQCs, and (ii) the price of using quantum circuits as classical
classifiers: that is, the performance gap between VQCs and equivalent classical classifiers. This paper
develops a computational framework to address both these open problems. First, it shows that VQCs,
including QCL, fit inside the well-known kernel method. Next it introduces a framework for efficiently
designing ansatz-independent VQCs, which we call the unitary kernel method (UKM). The UKM
framework enables one to estimate the first known computationally-determined bounds on both the
price of ansatz and the price of any speedup advantages of VQCs: numerical results with datatsets of
various dimensions, ranging from 4 to 256, show that the ansatz-induced gap can vary between 10
and 20%, while the VQC-induced gap (between VQC and kernel method) can vary between 10 and
16%. To further understand the role of ansatz in VQCs, we also propose a method of decomposing a
given unitary operator into a quantum circuit, which we call the variational circuit realization (VCR):
given any parameterized circuit block (as for example, used in QCL), it finds optimal parameters and
the number of layers of the circuit block required to approximate any target unitary operator with a
given precision.

Since the discovery of Shor’s algorithm®, much effort has been devoted to the development of quantum algo-
rithms and quantum computers?. To exploit a near-term quantum device, several variational quantum algorithms
(VQAs)® have been proposed, including the quantum approximate optimization algorithm (QAOA)* and the
variational quantum eigensolver (VQE)®. Then, quantum circuit learning (QCL) was proposed in Refs.*” and
is now considered to be a promising candidate to utilize near-term quantum devices for implementing efficient
solutions of machine learning (ML) tasks. QCL itself, however, is a special case of a larger set of hybrid quantum-
classical classifiers — a class that we refer to as variational quantum classifiers (VQCs) - since it assumes an
ansatz, where the circuit geometry is fixed and only the gates are parameterized. Thus, several questions remain
unanswered, including (i) whether one can get better performance than QCL by systematically designing an
ansatz-independent VQG, (ii) given that a VQC and QCL perform end-to-end classical machine learning (ML)
tasks, whether they are related to well-known classical ML algorithms that perform better. Furthermore, any
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Figure 1. Schematic of the algorithms discussed in this paper: (a) A general form of a hybrid quantum-classical
classifier, which we refer to as a VQC, (b) QCL, (c) UKM, and (d) VCR. (a) In the architecture of a VQC, the
initial state is |init) := |0)®". We first encode a given classical vector x;: |/ (x;)) := S(x;)|init). One can embed
x; into a higher dimensional vector ¢ (x;) € RE with L = O(M¢) and then use the rest of the framework; the
number of qubits n will still be O(log M), thus retaining any potential quantum advantage. Second, we apply

U: 9% (x;; U)) := Ul (x;)). Third, we perform measurements with respect to {Oj}j=1,.2.,....q- Finally, we
make a prediction on the label of x; by using the outputs of the measurements. (b) In QCL, we assume a circuit
geometry parameterized by 6 for U: U.(0). In most cases, a circuit used for QCL is composed of single- and two-
qubit operators and has a layered structure. A typical example is shown. (c) In the UKM, we directly optimize
U. (d) In the VCR, we decompose a unitary operator into a quantum circuit by assuming a layered structure for
a quantum circuit. For a circuit realization, a simpler circuit is preferable; so, we explicitly denote the number of
layers L.

ansatz-independent upper bound of the performance of QCL is of great interest since the performance of QCL
itself heavily depends on both an ansatz and on an optimization method.

In this paper, we first discuss the correspondence between a VQC and the well-known kernel method®®. Then
we propose an ansatz-independent VQC, which we call the unitary kernel method (UKM). By using the UKM,
we present ansatz-independent upper bounds on the performance of QCL for a wide range of classification tasks,
i.e., the price paid by any chosen ansatz, as well as by the use of the gradient-descent algorithm for learning
the parameters of the chosen ansatz. Next, we construct QCL-type circuits that could implement the unitary
operator computed by the UKM. Since the UKM computes an ansatz-independent unitary evolution operator
(hence, computable by a quantum circuit), it provides a tighter bound on QCL than obtained by the classical
kernel method. It also provides an estimate of the gap between a VQC and a classical kernel-method classifier.

To effectively use the unitary operator obtained by the UKM, we propose a unitary decomposition method
to create a circuit geometry, which we call the variational circuit realization (VCR). By combining the UKM and
the VCR, we can efficiently construct a circuit geometry that works well for classification problems.

In the rest of the paper we also use the term quantum advantage to capture both, (i) any potential gain in
performance over classical ML algorithms, and (ii) any potential gain in hardware efficiency. For example, in the
case of amplitude encoding, the number of qubits used is logarithmic in the dimension of the data. Thus, even
if a classical ML algorithm performs better, VQCs can still have an advantage: when quantum devices become
cheap and well-developed, it could lead to practical methods for implementing high dimensional classification
problems.

Figure 1 presents a schematic of a general VQC, introduces and compares QCL and the UKM, and explains
the VCR.

Variational quantum classifier

We first introduce an ana}gtical formalism for a VQC. Suppose that we are given an n-qubit system and a clas-
sical dataset D := {x;, y;};L,, where x; € RM is a feature vector and y; € {1, —1} is the corresponding label for
i =1,2,...,N.In this paper, we consider amplitude encoding’; thus we fixn = [log, M. One can embed x; into
a higher dimensional vector ¢ (x;) € R with L = O(M¢)and then use the rest of the framework; the number of
qubits #n will still be O(log M), thus retaining any potential quantum advantage. Here, O(-) is the big-O notation
and c is a certain constant. In this paper, however, we stick to amplitude encoding. Let us consider making a
prediction on y; by the following function:
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Q
Forea(xis U,0) := Y §(0)),, 5 + b, (1)

j=1

(0, = (97 (x:0) o (x:)),

[rOu (x5 0)) = Ohlfin (x;)), and Q is the number of observables. In the case of M = 2" [For the details of
amplitude encoding, see also Sect. S-S-V of the supplemental material (SM) and Refs.”!°. Amplitude encoding
in the case of M # 2" is described in Sect. V of the SM.],

Xij |]
\/Z} 1|x1]| jzl ! ®

where n is the number of qubits. Here, x;; is the j-th element of x;. We denote, by S(x,) the unitary operator

that maps |init) := |0)®" into | (x,)) in Eq. 3): [y'"(x;)) = S(Xl)|11’llt ). While {SJ 1 can also be learned and

optimized, the convention in Refs.®” is to treat them as fixed parameters and 64 is a {Jlas term to be estimated.
In a VQC, we estimate U and 6, in Eq. (1) imposing the unitarity constraint on U as follows:

{Uss b} = argmin g 5 Teost (U, ),
subject to UTU = 15,

where

A C)) e ——

(4)

where

N
N 1 N
Teost(U,00) = = D Wi forea (x5 U, 06)). )

i=1

here £(-,-) is a loss function, such as the mean-squared error function or the hinge function®?, and 1, is the
n-dimensional identity operator. As explained later, we consider a parameterized unitary operator and optimize
it in QCL and we directly optimize the unitary operator in the UKM.

Correspondence between a VQC and the kernel method
In the conventional kernel method®*'!, a function ¢ (-) : R” — R%is used to map any input data point z; € R”
to ¢ (z;) € R, and then a linear functlon is used to make a prediction on y; by

G
forea (@i v) ==Y vii(2), (6)

k=1

where ¢ (z;) is the k-th element of ¢ (z;), and v := [v1, V2, ..., vg]T is a real vector. For example, in a commonly
used degree-2 polynomial kernel function, the products of all the pairs of the coordinates of z; are used to gener-
ate a higher dimensional embedding, along with a constant term. That is, G = P? + 1, Gr+p—1)(2i) = Zik - Zi)s
fork,l =1,2,...,P, and finally ¢>( p2yp) = L With this choice of a kernel function, Eq. (6) can be written as

P241
fpred(zi; V) = Z Vk¢k(zi) (7)
k=1
P
= Z (ZikVk+P-1)Zi) + V(p241)- (8)
k=1

Once an embedding has been defined, we minimize the following function to determine v:

1 N
Teost (V) i= 15> (i forea (i3 ¥))- 9)
i=1

We show next how the VQC problem in Eq. (4) can be mapped to the above kernel form, i.e. any solution
obtained by a VQC is a constrained solution of a corresponding kernel based classifier. Thus, the performance
of a suitably defined kernel method - without any constraints on {vk }x — will always provide an upper bound on
the performance of a VQC, 1nclud1ng classifiers based on QCL. In the case of VQCs we have P = 2". Introduc-
ing ¥" (x;) := (1™ (x:)), O i (kD) = (k|O]|l) and g : = (k|U|l) fork, 1 =1,2,. (O]) 0 introduced in
Eq. (2), can be rewritten as

2}’1
Oy 0= D V"W ey V1" () (10)
k=1
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where, fork,1 =1,2,...,2",

2}1
Wikl = Z Uk Oje 1y ur 1> (11)
K, r=1
g = U1 sk - - .» tipn [P fork = 1,2,...,2" ()" is the Hermitian conjugate), and uf'u; = 8.
By using Egs. (10) and (11), the VQC prediction function in Eq. (1) can be written as
Q .
Forea (xiz U, 0) 1= Z e (Zsjw,-,<k,n>w;“<x,-> + . (12)
k=1 j=1

Now, if we compare the VQC prediction function in (12), to the kernel method prediction function in (8), we
get a direct correspondence, where a VQC is reduced to a constrained version of the kernel method, and thus, the
kernel method provides an upper bound on the performance of VQCs. Formally, the following choice of ¢, (-)
and vy, in (6) is required [The kernel method is discussed in Sect. S-VI of the SM and the relationship between
a VQC and the kernel method is discussed in Sect. S-VII of the SM in detail.]: fori = 1,2,...,2" z; = ¥ (x;),
fork,1=1,2,...,2",

Pr 12 (i) = Y ey (x:), (13)
Vir(—1)20 = D W (ki) (14)
=1
and
¢22“+1 = 1: (15)
Voang ) = Gb. (16)

Furthermore, we have P = 2"and G = 22" + 1.

Another advantage of showing this relationship is that it helps us benchmark how well a VQC optimization
method performs: since the kernel method is an upper bound, if the VQC attains performs very close to that of
the kernel method, then it would show that it is performing at its highest capacity.

Quantum circuit learning

Here, we review QCL proposed in Refs.” from the viewpoint of a VQC. In QCL, we assume a parameterized uni-
tary operator Uc(6) [Both U (9) and U (9; L) are used to denote a unitary operator realized by a quantum circuit;
but we use U, (8; L) when we want to explicitly emphasize the number of layers L.] as U and optimize 6 [Refer
to Sect. S-V B of the SM for the details of quantum circuits.]. We then compute |y (x;; 6)) := U O™ (x)).
Then, we make a prediction on x; by

Q
Sorea (i3 0,06) ==Y _ £{O)xi0 + O (17)
j=1
where (O])x 0 = (Youl(x;; 9)|O]|1/f°“t(xl, 6)). Similarly to Eq. (1), {Sj} <, are fixed parameters and 6}, is a bias
term to be estimated. The second step of QCL is to update 6 and 6}, by

{6 B} = argmin g g Teost (6, 6), (18)
where
1 N
Teost (0, 06) = ;uyi,fpred(xi; 0,6)), (19)

and €(-, -) is a loss function [For details, refer to Sec. S-V of the SM.]. For this purpose, we often use the Nelder-
Mead method!? and other sophisticated numerical methods!'>.

As mentioned above, QCL assumes a parameterized unitary operator U.(0); thus, its performance heavily
depends on the circuit geometry of U (6). An assumed circuit geometry is also called an ansatz; thus we can say
that QCL is an ansatz-dependent VQC. This fact strongly motivates us to devise an ansatz-independent VQC,
that is, the UKM. Furthermore, Ref.'® pointed out the difficulty of learning parameters of quantum circuits,
which they call the barren plateau problem. Then, a VQC that is free of the barren plateau problem is of interest.

Unitary kernel method

We here describe the UKM, which is one of the main algorithms in this paper. In the UKM, we directly minimize
Eq. (5). To this end, we employ the unitary version of the method of splitting orthogonal constraints (SOC)"®.
Hereafter, we denote, by X, an operator obtained via the method of SOC. We introduce P and D and iterate update
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equations for X ) ﬁ, and D until convergence. Furthermore, we denote X R f), 15, apd O at the k-th iteration by Xk,
Py, Dy, and 0y, &, respectively. At the first step of the k-th iteration, we compute Xy and 6, by

{?A(k, 9b,k} = argmin g o JukM ()A( Ob; Pr_1, bkq) , (20)
where
A A A A r A N A
Foron (%,0: D) 1= Teon (%.8) + S1X — P+ DI @1

To solve Eq. (20), we optimize the real and complex parts of Xy independently [See Sect. S-IX B of the SM for
details.]. Next, we compute Pg by

P = Ky iKf 22)

where K1 rand k! 5k are unitary operators that satisfy K1 k Ek k= Xk + Dk 1and Zk is a diagonal operator. At
the end of the k- th iteration, we compute

Dy = Dr_1 4 Xy — Py (23)

We repeat the above equations, Eqgs. (20), (22), and (23), until convergence. We call this method the UKM. In
Algorithm 1, the UKM is summarized [For the details of the UKM, refer to Sect. S-IX A of the SM.].

It is clear from the formulation of the method of SOC that X does not strictly satisfy the unitarity constraint;
instead, P and OU of X does. Thus, using the optimal value of X obtained from the UKM leads to a classical
classifier (it cannot be implemented using a quantum circuit), and will in general have higher performance than
the unitary operators given by P and OU of X that approximate X. Thus, we compute the success rates for the
training and test datasets by using all the versions: X, P, and OU of X [OU is explained in Sect. S-IX A of the

M.], of which only P and OU of X correspond to VQCs.

Variational circuit realization

There are some studies on decomposing unitary operators into quantum circuits'’ -, including Knill’s decompo-
sition and the quantum Shannon decomposition (QSD). In these methods, however, the number of the CNOT
gates scales quadratically in M.

Here we propose an alternate method: the assumed circuit is comprised of L layers of a parameterized sub-
circuit with parameterized gates and a fixed circuit geometry; similar to the ansatz used in QCL. We then solve for
the minimum number of layers L, such that the optimized circuit approximates the given unitary operator with
a specified precision of 8. We refer to this circuit methodology as the VCR. The schematic of the VCR is demon-
strated in Fig. 1d. Let U and U, (0; L) be a target unitary operator and a unitary operator realized by a quantum
circuit that is parametrized by 6 and has L layers, respectively. Typically, the target unitary operator is obtained by
the UKM discussed above. Furthermore, we define the global phase unitary operator ®»: (1) :=e ~i%1,n. When
U and Uc+p 0, 2; L) := &1 () U.(6; L) are identical, we have

17-19

U Ucip(6, 25 L) = 1an. (24)
Then, we can estimate 6, for any p > 0, by
{04, 2} = argmin  ; Teost (9,1; L,p, ﬁ), (25)
where
Teost (9, )i L,p, fJ) = |0 Uy (0, 22 L) — 10 2. (26)

In a circuit realization, the complexity of a circuit is of great interest. In this paper, we assume a layered structure
for a quantum circuit. Thus, given an error threshold §, it is convenient to define Ls:

Ls := argmin ¢,
subject to €1, < 6,

where

= mi 0,4; L, , 0.
€r rg};p%ost( pU) (28)

Numerical simulation

We first show the numerical results of QCL and the UKM for the cancer dataset (0 or 1) [The iris dataset in the
UCI repository®® has two labels: (0) ‘B’ and (1) ‘M. In the cancer dataset (0 or 1), we consider the classification
problem between the 0 label and the 1 label. Furthermore, we relabel 0 with —1 to adjust labels with the eigen-
values of 6. For the numerical results for other datasets, refer to Sect. S-IX B of the SM.] in the UCI repository®.
The results for multiple datasets with different dimensions, M, are presented in Table 1.
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Variational quantum classifiers— Classical classifiers
Dataset N |M |n |UKM(P) UKM (OU of X) | QCL UKM (X) Kernel method
Iris (0 or 1) 100 4 2 | 1.0000/1.0000 | 1.0000/1.0000 1.0000/1.0000 | 1.0000/1.0000 | 1.0000/1.0000
Iris (0 or non-0) 150 4 2 | 1.0000/0.9987 | 1.0000/1.0000 1.0000/1.0000 | 1.0000/1.0000 | 1.0000/1.0000
Iris (1 or non-1) 150 4 2 | 0.7880/0.7789 | 0.7953/0.7994 0.6801/0.5872 | 0.9781/0.9618 | 0.9751/0.9666
Cancer (0 or 1) 569 30 5 10.9194/0.9131 | 0.9184/0.9115 0.8797/0.8768 | 0.9218/0.9160 | 0.9618/0.9568
Sonar (0 or 1) 208 60 6 |0.9159/0.7985 | 0.9175/0.7909 0.7455/0.6924 | 0.8903/0.7774 | 1.0000/0.8198
Wine (0 or non-0) 178 14 4 10.9200/0.9185 |0.9212/0.9171 0.9155/0.9126 | 0.9364/0.9313 | 0.9987/0.9955
Semeion (0 or 1) 323 256 |8 | 1.0000/0.9943 | 1.0000/0.9945 0.9210/0.9099 | 1.0000/0.9957 | 1.0000/1.0000
Semeion (0 or non-0) 1593 | 256 |8 |0.9988/0.9949 | 0.9990/0.9953 0.8989/0.8982 | 0.9969/0.9925 | 1.0000/0.9955
MNIST256 (0 or 1) 569 256 |8 [0.9991/0.9969 | 1.0000/0.9951 0.9511/0.9459 | 0.9985/0.9966 | 1.0000/1.0000
MNIST256 (0 or non-0) 2766 |256 |8 |0.9922/0.9871 |0.9927/0.9889 0.9053/0.9050 | 0.9894/0.9859 | 0.9992/0.9953

Table 1. Results of 5-fold CV with 5 different random seeds of the UKM (X, P, and OU of X), QCL, and

the kernel method for all the datasets. The numbers of data points N and dimensions M of the datasets are
shown. The number of qubits 7 required for amplitude encoding is also shown. Note that # = [log, M. The
performance cells are of the format “training performance/test performance” We choose the model that shows
the best test performance for each algorithm. For the UKM, we consider the complex and real cases with and
without the bias term. We set r = 0.010. For QCL, we consider the CNOT-based, CRot-based, 1d-Heisenberg,
and FC-Heisenberg circuits with and without the bias term for the iris, cancer, sonar, and wine datasets, and
the CNOT-based and CRot-based circuits with and without the bias term for the semeion and MNIST256
datasets. We set the number of layers L to 5. For ¢ (-) in the kernel method, we consider linear and quadratic
functions with and without the bias term for 4 = 1072,1071, 1. The values of the best VQC for each dataset are
printed in bold.

Algo. Condition Training Test

QCL CNOT-based, w/o bias 0.8797 0.8768
QCL CNOT-based, w/ bias 0.8597 0.8577
QCL CRot-based, w/o bias 0.7866 0.7752
QCL CRot-based, w/ bias 0.8085 0.8052
QCL 1d Heisenberg, w/o bias 0.6568 0.6512
QCL 1d Heisenberg, w/ bias 0.7515 0.7427
QCL FC Heisenberg, w/o bias 0.7435 0.7444
QCL FC Heisenberg, w/ bias 0.7744 0.7789

Table 2. Results of 5-fold CV with 5 different random seeds for the cancer dataset (0 or 1). The number of
layers L is 5 and the number of iterations is 300. We consider four types of circuits with and without the bias
term: the CNOT-based circuit, the CRot-based circuit, 1d Heisenberg circuit, and the FC Heisenberg circuit.
As shown in Fig. 3, increasing the number of layers L does not lead to better performance, and can in fact
decrease performance of QCL.

Before getting into the numerical results, we state the numerical setup [For the details of numerical settings,
refer to Sect. S-IX A of the SM.]. For the UKM, we putr = 0.010 and set K = 30 in Algo. 1. Furthermore, we use
the conjugate gradient (CG) method to find the solution of Eq. (20) and run the CG iteration 10 times [Refer to
Sect. S-IX B of the SM for the details of the CG method and Sect. S-IX C of the SM for the details of the UKM
with the CG method.]. The UKM can be programmed to yield both real and complex unitary matrices and hence,
we consider the performance for both cases separately; see the appendix and the SM. For QCL, we consider four
types of quantum circuits: the CNOT-based circuit, the CRot-based circuit, the 1-dimensional (1d) Heisenberg
circuit, and the fully-connected (FC) Heisenberg circuit [The definitions of the CNOT-based circuit, the CRot-
based circuit, the 1d Heisenberg circuit, and the FC Heisenberg circuit are given in Sect. S-V B of the SM.], and
run iterations 300 times. To accelerate QCL, we utilize the stochastic gradient descent method®. In both cases,
we use the squared error function €sg(a, b) := % |a — b|*for £(-,-)in Egs. (5) and (19), and setQ = land &; = 1
in Egs. (1) and (17). Furthermore, we consider two cases with the bias term and without the bias term in Egs. (1)
and (17). Note that we use the optimize function provided in the SciPy package?! for the implementation of the
UKM and the Pennylane package?? for QCL. Because of the nature of SOC, the performance of the solutions
often oscillates; thus, we run the UKM for a certain number of iterations and choose the solution of the best
performance. Then we summarize the results of 5-fold cross-validation (CV) with 5 different random seeds of
QCL and the UKM in Tables 2 and 3, respectively. For each method, we select the best model for the training
dataset over iterations to compute the performance.

In Fig. 2, we plot the data shown in Tables 2 and 3.
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Algo. Condition Training Test

UKM X, complex, w/o bias 0.9219 0.9143
UKM P, complex, w/o bias 0.9204 0.9093
UKM OU of X, complex, w/o bias 0.9184 0.9115
UKM X, complex, w/ bias 0.9207 0.9143
UKM P, complex, w/ bias 0.8870 0.8753
UKM OU of X, complex, w/ bias 0.8912 0.8805
UKM X, real, w/o bias 0.9213 0.9107
UKM D, real, w/o bias 0.9194 0.9131
UKM OU of X, real, w/o bias 0.9170 09112
UKM X, real, w/ bias 0.9218 0.9160
UKM D, real, w/ bias 0.7929 0.7879
UKM OU of X, real, w/ bias 0.8107 0.8014

Table 3. Results of 5-fold cross-validation (CV) with 5 different random seeds for the cancer dataset (0 or

1). We show the performance obtained by X, P, and OU of X. We consider real and complex matrices for the
initial input with and without the bias term. We setr = 0.010 and K = 30. We repeat the CG iteration for

Eq. (20) 10 times in each step of the method of SOC. Due to the inherent formulation of the method of SOC, X
does not strictly satisfy the unitarity condition; Pand OU of X strictly satisfy the unitarity condition, yielding
VQCs. The overall higher performance of X can be attributed to it being a classical classifier; a special case of
the kernel method. Note, however, that the classifier created by the UKM without bias yield better performance
than the best classifiers created by QCL, as shown in Table 2.

X, Training ==
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Figure 2. Results of 5-fold CV with 5 different random seeds for the cancer dataset (0 or 1). For the UKM,

we putr = 0.010 and K = 30; see the appendix for the definitions of r and K. We repeat the CG iteration for
Eq. (20) 10 times in each step of the method of SOC. For QCL, the number of layers L is 5 and the number

of iterations is 300. The numerical settings are as follows: (1) UKM: complex matrix without bias, (2) UKM:
complex matrix with bias, (3) UKM: real matrices without the bias term, (4) UKM: real matrices with the bias
term, (5) QCL: CNOT-based circuit without the bias term, (6) QCL: CNOT-based circuit with the bias term,
(7) QCL: CRot-based circuit without the bias term, (8) QCL: CRot-based circuit with the bias term, (9) QCL:
1d Heisenberg circuit without the bias term, (10) QCL: 1d Heisenberg circuit with the bias term, (11) QCL: FC
Heisenberg circuit without the bias term, and (12) QCL: FC Heisenberg circuit with the bias term.

As shown in Fig. 2, the performance of the UKM is better that of QCL in several numerical setups.

Given our analytical results showing that the kernel method is a superset of VQCs, we next present the
performance of the kernel method [Particularly, we use Ridge classification as the kernel method. In Rldge clas-
sification, we use the squared error function £sg (-, -) for £(-, -) in Jeost (V) i= Z: 1 i fored (i3 v)) + 5 ||v||F
For the details of the kernel method, see Sect. S-VI of the SM. More specifically, Ridge classification is described
in Sect. S-VI B of the SM. Refs.3° are also helpful.]. We set 1 = 10~L, which is the coefficient of the regulariza-
tion term, and consider linear and quadratic functions for ¢ (-) with and without normalization. The norm of
the vector of each data point is not unity. Normalization means that we normalize the vector of each data point
before performing classification. The purpose is to see the effect of normalization incorporated into amplitude
encoding though the original setup of classification does not have the process. Note that we use the scikit-learn
package?® for the kernel method. Then we summarize the results of 5-fold CV with 5 different random seeds of
the kernel method in Table 4.

For some 4, the performance of the kernel method is better than QCL and the UKM, as expected.

Next, we explore the performance dependence of QCL on the number of layers L. The result is shown in Fig. 3.

One would naturally expect that increasing the number of layers L leads to better performance. In general,
a circuit with L + 1layers can clearly do at least as well as the circuit with L layers: pick the same parameters for
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Algo. Condition Training Test

Kernel Linear, w/o normalization 0.9623 0.9549
Kernel Linear, w/ normalization 0.9205 0.9176
Kernel Quadratic, w/o normalization 0.9936 0.9361
Kernel Quadratic, w/ normalization 0.9210 0.9195

Table 4. Results of 5-fold CV with 5 different random seeds of the kernel method for the cancer dataset (0 or
1). We set 2 = 10~ For ¢ (-), we use linear and quadratic functions with and without normalization.
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Figure 3. Performance dependence of QCL on the number of layers L for the cancer dataset (0 or 1). We

use the CNOT-based (upper panel) and CRot-based (lower panel) circuit geometries and set fy,;,s = 0. We
iterate the computation 300 times. Note that, for any L, the CRot-based circuit has inherently more expressive
power than the CNOT-based circuit: just fix the controlled versions of the 3-dimensional rotation gate to the
CNOT gates. The fact that performance in the lower panel is worse than that in the upper panel indicates the
optimization problems faced in QCL.

the first L layers, and choose parameters to create an identity operator with the last layer. But Fig. 3 shows it is
not the case. Rather, the test performance gets worse when we increase the number of layers L. This variability
is potentially related to the structure of the cost function landscape: as the number of parameters is increased by
adding an extra layer, there are potentially more local minima or the landscape develops what has been referred
to as a “barren plateau” in Ref."°.

We also see the performance dependence of the UKM on r, which is the coefficient of the second term in the
right-hand side of Eq. (20). The result is shown in Fig. 4.

For small 7, X in the UKM deviates from unitary matrices and the performance gets better. On the other
hand, for large r, X in the UKM becomes closer to unitary matrices but the performance gets worse. Thus, we
should choose an appropriate value of r.
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Figure 4. Performance dependence of the UKM on r, which is the coefficient of the second term in the
right-hand side of Eq. (20) for the cancer dataset (0 or 1). We use complex matrices for the initial input and set
Obias = 0. We putr = 0.010 and K = 30. We repeat the CG iteration for Eq. (20) 10 times in each step of the
method of SOC.
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Figure 5. Performance dependence of the kernel method on 4, which is the coefficient of the regularization
term for the cancer dataset (0 or 1). For ¢ (-), we use linear and quadratic functions (upper panel) with and
(lower panel) without normalization.
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Algo. Condition Cost Training Test

Input UKM, P, real, w/o bias - 0.9139 0.9483
VCR # of layers: 10 1.9694 0.3929 0.2931
VCR # of layers: 20 1.9734 0.6071 0.7069
VCR # of layers: 30 1.3950 0.6071 0.7069
VCR # of layers: 40 0.7777 0.6909 0.7586
VCR # of layers: 50 0.4657 0.8499 0.9224
VCR # of layers: 60 0.1877 0.9073 0.9483
VCR # of layers: 70 0.0236 0.9073 0.9483
VCR # of layers: 80 0.0000 0.9139 0.9483
VCR # of layers: 90 0.0000 0.9139 0.9483
VCR # of layers: 100 0.0000 0.9139 0.9483
UKM D, real, w/o bias - 0.9194 0.9131
QCL # of layers: 5 - 0.8798 0.8768
QCL # of layers: 10 - 0.7814 0.7767

Table 5. Performance of the VCR for the cancer dataset (0 or 1). We show the success rates for the training
and test datasets and the value of the cost function for the VCR. The input for the VCR is P created by the
UKM under the condition of real matrices without the bias term with r = 0.010. For reference, we add the last
three rows that show the results of 5-fold CV. The table shows that around 50 layers, by combining the UKM
with the VCR one can get a better performance than that of QCL.

In Fig. 5, we show the performance dependence of the kernel method on 4, which is the coefficient of the
regularization term.

Like r in the UKM, we also need to choose an appropriate £ to realize good performance.

In Table 1, we summarize the performance of QCL, the UKM, and the kernel method for all the datasets
investigated in this study. We choose the model that shows the best test performance for each algorithm. For the
UKM, we consider the complex and real cases with and without the bias term. We set r = 0.010. For QCL, we
consider the CNOT-based, CRot-based, 1d-Heisenberg, and FC-Heisenberg circuits with and without the bias
term for the iris, cancer, sonar, and wine datasets, and the CNOT-based and CRot-based circuits with and with-
out bias term for the semeion and MNIST256 datasets. We set the number of layers L to 5. For ¢ (-) in the kernel
method, we consider linear and quadratic functions with and without the bias term for 2 = 1072,1071, 1. The
numerical results support the claim that the UKM lies between the kernel method and QCL. We also show the
detailed numerical results for all the datasets in the SM [In Sect. S-XI of the SM, the numerical results for other
datasets are shown.]. The results shown in the SM are consistent with this paper. Finally, we note the difference
between the squared error and hinge functions. In this paper, we have used the squared error function; we show
the results of the hinge function in the SM. The results are qualitatively same as obtained with the squared error
function, and the statements about the relative performances of QCL and the UKM do not change.

We then show numerical simulations on the VCR. Let U¢(0; L) be the unitary operator realized by a quantum
circuit that is parametrized by 6 and has L layers. For U.(8; L), we use the CNOT-based circuit. Furthermore, we
use the BEGS method* to solve Eq. (25). Note that we use the optimize function provided in the SciPy package?!
for the implementation of the VCR. Here, let us consider the cancer dataset (0 or 1) and minimize Eq. (26) with
p = 2. As a target unitary operator, we use the unitary operator that gives the success rate for the training dataset
0.9194 and that for the test dataset 0.9131. In Fig. 6, we show the values of the cost function in the right-hand side
of Eq. (26) with different numbers of layers L. In Table 5, we summarize the performance of the input unitary
operator, QCL, and the circuit geometries computed by the VCR.

Figure 6 and Table 5 show that U.(0; L) gives fairly high performance. Furthermore, we have Ly o1 = 80
where the definition of Ls is given in Eq. (27). This implies that 80 layers are sufficient to approximate the given
unitary operator in the case of the CNOT-based circuit.

Note that the optimization problems arising in VQC involve well-known cost functions used in machine
learning, with the added constraint of unitarity. Thus, in general, the UKM optimization problem is nonconvex
and there is no rigorous proof that the UKM will achieve the best possible solution; the same is the case with the
ansatz-dependent QCL. We can, however, make the following observations: (i) Clearly, the optimal performance
of the UKM is an upper bound for the optimal performance of QCL; by focusing on unitary operations, the
UKM searches over all possible ansitze; (ii) Given any QCL solution, the UKM can almost always show better
performance (in the worst case, the same performance), by initializing it with the QCL solution; (iii) Even with
random initializations, as shown numerically in the paper, the expected performance of the UKM can be bet-
ter than the expected performance of QCL. Thus, the UKM can be framework enables one to estimate the first
known computationally-determined bounds on the price of ansatz.

We also emphasize that the initialization of the UKM is done randomly, but the numerical simulations show
that the UKM works stably.
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Figure 6. Values of the cost function Jeost (6, 4; L, 2, ﬁ), Eq. (26) with p = 2, for the cancer dataset (0 or 1). We
set L = 30, 40, 50, 60, 70, 80, 90, 100.

Discussions

As shown in this paper, the performance of QCL is bounded from above by the UKM, which in turn has its
performance bounded above by kernel method based classical classifiers. One of the primary contributing fac-
tors is the difference in the degrees of freedom in QCL and the UKM. In the UKM, we have O(M?) parameters
to estimate; on the other hand, the number of parameters in QCL is O(L In M). This difference implies that a
circuit ansatz introduces a strong bias in QCL, and may restrict the performance of QCL considerably. Thus,
by designing the UKM, we can explore the ultimate power of QCL and at least, for the case of a small number
of qubits #, the numerical results in this paper show that the ultimate power of QCL is limited (see Table 1);
the performance of the UKM could be up to 10-20% higher than that of the QCL. As noted earlier, we can also
explore the potential limitations of QCL from the viewpoint of optimization. Figure 3 implies the difficulty of
optimizing parameters in QCL. The success rates in Fig. 3 should be more smooth and monotonically increasing:
clearly, a circuit with L layers should perform better than a circuit with L — 1layers, but it seems the QCL can
easily get stuck in local minima. This phenomenon may come from the barren plateau problem'®. On the other
hand, the performance of the UKM is very high and close to that of the kernel method in Fig. 4; thus, we can
say that the UKM does not suffer from a similar optimization problem. This also implies that finding a proper
ansatz such that the QCL paradigm attains the same performance as the UKM is a computationally challeng-
ing problem. Even if an ansatz has the representation capability to yield optimal results, the QCL optimization
algorithm might not find the optimal gate parameters.

Then, we turn our attention to discussing the numerical results of the VCR. Recall that M and L are the
dimension of the data points and the number of layers in an ansatz adopted in QCL, respectively. Note also that
we use amplitude encoding in this paper. Then circuits in QCL have [In M qubits and have O(L In M) gates.
The number of parameters to estimate is of the same order since we use the three-dimensional rotation gate as
a parametrized gate. The UKM also has the same number of qubits [In M7; so it retains the qubit efficiency, but
it optimizes over O(M?) parameters. Moreover, circuits obtained by the combination of the UKM and the VCR
are still of complexity O(L In M), except that now L is not a constant, as in QCL. For the datasets used in this
paper, the VCR yields much more compact circuits than traditional methods for obtaining circuits for unitary
operators, such as the QSD, where the number of gates will be O (M 2. Thus, the VCR yields better performance
than the traditional methods.

Also, we show using the VCR that we can realize the unitary operator obtained by the UKM using the same
ansatz used in QCL. Furthermore, the combination of the UKM and the VCR leads to better performance and
a circuit with fewer gates or layers than QCL in some cases; see also the section on the numerical simulation
of the VCR in the SM [See Sect. S-XII of the SM. We show the numerical results of the VCR on two additional
datasets, and their results are consistent.]. In other cases, we have bigger circuits (i.e., L is larger) but with better
performance. If a dataset has very high dimensions, i.e. M is very large, the computational time and circuit size
might be very large, O(M?). But we still have the [In M| advantage in the number of qubits n. However, QCL
also has two major potential problems, when M is very large. First, the dataset size has to be very large due to the
curse of dimensionality, as M increases. So the training time and convergence complexity will be a problem no
matter what the parameter size is. Second, there is no guarantee that a kernel function with O(L In M) parameters
will do well, especially for small L. The performance for small L and large M could be poor. There is no theoreti-
cal proof that, for large M, QCL will do well with small L. We both use the same number of qubits [In M; so in
terms of intermediate-scale quantum computers, we both have the same advantage. And the computation of the
VCR is O(M?); so it is doable for any reasonable dimensions M. In particular, we believe the UKM can be used
to derive VQC implementations on NISQ devices comprising up to 20 qubits, (i.e. M = 10° or million dimensional
data sets) using enough classical computing resources. Thus, in addition to the application of UKM in deriving
bounds and understanding the role of ansatz in quantum algorithms, it can even complement QCL in the short
term and design optimal VQCs for NISQ devices.
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In this paper, we focused on amplitude encoding. Recently, the relationship between QCL and the kernel
method was discussed from the viewpoint of encoding in Ref.!’. More specifically, the basis encoding, the angle
encoding, coherent state encoding, and other encodings were investigated besides amplitude encoding. We also
would like to note that amplitude encoding provides a logarithmic compression: the number of qubits needed
is logarithm in the dimension of the data. Most other encoding schemes require qubits proportional to the
dimension (1/2 for example). Given that VQCs are a sub-class of classical kernel methods - that is, there is no
performance gain over classical ML algorithms - the only potential quantum advantage lies in the logarithmic
compression in qubits. Hence, from a practical perspective amplitude encoding is the most interesting case to
study. However, from a research perspective, it will be interesting to investigate the performance of VQCs for
such encodings via the UKM and to compare the relative performances of QCL and the UKM for such encod-
ings as well.

We next mention some recent related literature related QML. In Ref.***, VQAs that changes the form of a
circuit adaptively are studied. Such an incremental search over the ansatz space might lead to better performance
than vanilla VQAs. However, their performance should be limited compared to the UKM because the UKM
directly solves an optimization problem with a weaker constraint: by optimizing over unitary operations, the
UKM efficiently searches over all ansatz. Thus, we think that the UKM provides one with better bounds though
they are not compared in this study. In Ref.?, the authors insist that classical machine learning (ML) with data
rivals quantum ML. This point is very important because it implies the difficulty of showing a quantum advan-
tage of quantum ML. In our manuscript, we demonstrated that the expressive power of QCL is lower than the
vanilla kernel method even if we get rid of the assumption of a specific form of a quantum circuit, i.e., VQCs
performance is bounded above by a kernel method. We believe that both, our manuscript and Ref.2, use different
approaches to reach the same conclusion that QCL may not not be as promising as researchers had originally
expected it to be.

Finally, we mention the possible applicability of the UKM to other problems. In the QAOA and the VQE,
optimization problems are dealt with and similarly to QCL some kinds of underlying circuit geometries are
assumed. By using the UKM, it is expected that we can clarify the power of the QAOA and the VQE in an ansatz-
independent manner. Furthermore, VQAs for a number of problems have been proposed: the general stochastic
simulation of mixed states?’, time evolution simulation with a non-Hermitian Hamiltonian, linear algebra prob-
lem, and open quantum system dynamics®, stochastic differential equations?, quantum fisher information®,
the simulation of nonequilibrium steady states®!, and molecular simulation?*. We believe that the UKM is also
applicable for this class of problems and may clarify the hidden power of VQAs.

Concluding remarks

In this paper, we have first discussed the mathematical relationship between VQCs, which are a superset of QCL,
and the kernel method. This relationship implies that VQCs including QCL is a subset of the classical kernel
method and cannot outperform the kernel method.

Then we have proposed the UKM for classification problems. Mathematically the UKM lies between the
kernel method and QCL, and thus it is expected to provide us an upper bound on the performance of QCL. By
extensive numerical simulations, we have shown that the UKM is better than QCL, as expected. We also have
proposed the VCR to find a circuit geometry that realizes a given unitary operator. By combining the UKM
and the VCR, we have shown that we can find a circuit geometry that shows high performance in classification.

In future work, we plan to explore the performance of VQCs for other methods of encoding the related
classical data. For example, one straightforward extension would be to embed the feature vector x; € RMinto a
higher dimensional vector ¢ (x;) € RE with L = O(M¢) and then use the rest of the framework; the number of
qubits n will still be O(log M), thus retaining any potential quantum advantage. Such extensions can increase
the power of both VQCs and QCL.

Data availability
The datasets used and/or analyzed during the current study available from the corresponding author on reason-
able request.

Received: 19 September 2021; Accepted: 16 September 2022
Published online: 14 November 2022

References
1. Shor, P. W. Polynomial-time algorithms for prime factorization and discrete logarithms on a quantum computer. SIAM Rev. 41,
303 (1999).
2. Arute, F. et al. Quantum supremacy using a programmable superconducting processor. Nature 574, 505 (2019).
3. Cerezo, M., Arrasmith, A., Babbush, R., Benjamin, S. C., Endo, S., Fujii, K., McClean, J. R., Mitarai, K., Yuan,X., Cincio, L. et al.
Variational quantum algorithms. arXiv preprint arXiv:2012.09265 (2020).
4. Farhi, E., Goldstone, J., & Gutmann, S. A quantum approximate optimization algorithm. arXiv preprint arXiv:1411.4028 (2014).
. McClean, J. R., Romero, J., Babbush, R. & Aspuru-Guzik, A. The theory of variational hybrid quantum-classical algorithms. New
J. Phys. 18, 023023 (2016).
. Mitarai, K., Negoro, M., Kitagawa, M. & Fujii, K. Quantum circuit learning. Phys. Rev. A 98, 032309 (2018).
. Schuld, M., Bocharov, A., Svore, K. M. & Wiebe, N. Circuit-centric quantum classifiers. Phys. Rev. A 101, 032308 (2020).
. Bishop, C. M. Pattern Recognition and Machine Learning (Springer, 2006).
9. Murphy, K. P. Machine Learning: A Probabilistic Perspective (MIT Press, 2012).
10. Schuld, M. & Killoran, N. Quantum machine learning in feature Hilbert spaces. Phys. Rev. Lett. 122, 040504 (2019).
11. Schuld, M. Quantum machine learning models are kernel methods. arXiv preprint arXiv:2101.11020 (2021).
12. Nelder, J. A. & Mead, R. A simplex method for function minimization. Comput. J. 7, 308 (1965).

w

[c RN o)

Scientific Reports |

(2022) 12:19520 | https://doi.org/10.1038/s41598-022-20688-5 nature portfolio


http://arxiv.org/abs/2012.09265
http://arxiv.org/abs/1411.4028
http://arxiv.org/abs/2101.11020

www.nature.com/scientificreports/

13. Boyd, S., Boyd, S. P., & Vandenberghe, L. Convex Optimization (Cambridge University Press, 2004).

14. Fletcher, R. Practical Methods of Optimization (Wiley, 2013).

15. McClean, J. R., Boixo, S., Smelyanskiy, V. N., Babbush, R. & Neven, H. Barren plateaus in quantum neural network training land-
scapes. Nat. Commun. 9, 1 (2018).

16. Lai, R. & Osher, S. A splitting method for orthogonality constrained problems. J. Sci. Comput. 58, 431 (2014).

17. Shende, V. V., Bullock, S. S. & Markov, I. L. Synthesis of quantum-logic circuits. IEEE Trans. Comput. Aided Des. Integr. Circuits
Syst. 25, 1000 (2006).

18. Nielsen, M. A., & Chuang, I. Quantum Computation and Quantum Information (American Association of Physics Teachers, 2002).

19. Plesch, M. & Brukner, C. Quantum-state preparation with universal gate decompositions. Phys. Rev. A 83, 032302 (2011).

20. Dua, D., & Graff, C. UCI machine learning repository (2017).

21. Bardelli, A. P, Rothberg, A., Hilboll, A., Kloeckner, A., Scopatz, A., Lee, A., Rokem, A., Woods, C. N., Fulton, C., Masson, C.,
Haggstrom, C., Fitzgerald, C., Nicholson, D. A., Hagen, D. R., Pasechnik, D. V., Olivetti, E., Martin, E., Wieser, E., Silva, E,, Lend-
ers, F, Wilhelm, F, Young, G., Price, G. A,, Ingold, G.-L., Allen, G. E., Lee, G. R., Audren, H., Probst, I, Dietrich, J. P, Silterra, J.,
Webber, J. T., Slavi¢, J., Nothman, J., Buchner, J. ,Kulick, J., Schonberger, J. L., de Miranda Cardoso, J. V., Reimer, J., Harrington, J.,
Rodriguez, J. L. C., Nunez-Iglesias, J. Kuczynski, J., Tritz, K., Thoma, M., Newville, M., Kiimmerer, M., Bolingbroke, M., Tartre,
M., Pak, M., Smith, N. J., Nowaczyk, N., Shebanov, N., Pavlyk, O., Brodtkorb, P. A., Lee, P., McGibbon, R. T., Feldbauer, R., Lewis,
S., Tygier, S., Sievert, S., Vigna, S., Peterson, S., More, S., Pudlik, T., Oshima, T., Pingel, T. ]., Robitaille, T. P,, Spura, T., Jones, T. R.,
Cera, T, Leslie, T, Zito, T., Krauss, T., Upadhyay, U., Halchenko, Y. O., Vazquez-Baeza, Y. SciPy 1.0: Fundamental Algorithms for
Scientific Computing in Python. Nature Methods 17, 261 (2020).

22. Bergholm V. et al. Pennylane: Automatic differentiation of hybrid quantum-classical computations. arXiv preprint arXiv:1811.
04968 (2018).

23. Pedregosa, E. et al. Scikit-learn: Machine learning in python. J. Mach. Learn. Res. 12, 2825 (2011).

24. Grimsley, H. R., Economou, S. E., Barnes, E. & Mayhall, N. J. An adaptive variational algorithm for exact molecular simulations
on a quantum computer. Nat. Commun. 10, 1 (2019).

25. Rattew, A. G, Hu, S., Pistoia, M., Chen, R. & Wood, S. A domain-agnostic, noise-resistant, hardware-efficient evolutionary vari-
ational quantum eigensolver. arXiv preprint arXiv:1910.09694 (2019).

26. Huang, H.-Y. et al. Power of data in quantum machine learning. Nat. Commun. 12, 1 (2021).

27. Yuan, X., Endo, S., Zhao, Q., Li, Y. & Benjamin, S. C. Theory of variational quantum simulation. Quantum 3, 191 (2019).

28. Endo, S., Sun, J,, Li, Y., Benjamin, S. C. & Yuan, X. Variational quantum simulation of general processes. Phys. Rev. Lett. 125, 010501
(2020).

29. Kubo, K., Nakagawa, Y. O., Endo, S., & Nagayama, S. Variational quantum simulations of stochastic differential equations. arXiv
preprint arXiv:2012.04429 (2020).

30. Beckey, J. L., Cerezo, M., Sone, A. & Coles, P. J. Variational quantum algorithm for estimating the quantum fisher information.
arXiv preprint arXiv:2010.10488 (2020).

31. Yoshioka, N., Nakagawa, Y. O., Mitarai, K. & Fujii, K. Variational quantum algorithm for nonequilibrium steady states. Phys. Rev.
Res. 2, 043289 (2020).

Author contributions
V.R. and H.M. designed this project. V.R. and H.M. performed the analytical calculations. H.M. performed the
numerical calculations. V.R. and H.M. discussed the results and wrote this manuscript.

Competing interests
The authors declare no competing interests.

Additional information
Supplementary Information The online version contains supplementary material available at https://doi.org/
10.1038/541598-022-20688-5.

Correspondence and requests for materials should be addressed to V.R.
Reprints and permissions information is available at www.nature.com/reprints.

Publisher’s note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International

= License, which permits use, sharing, adaptation, distribution and reproduction in any medium or
format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the
Creative Commons licence, and indicate if changes were made. The images or other third party material in this
article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the
material. If material is not included in the article’s Creative Commons licence and your intended use is not
permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from
the copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

© The Author(s) 2022

Scientific Reports |

(2022) 12:19520 | https://doi.org/10.1038/s41598-022-20688-5 nature portfolio


http://arxiv.org/abs/1811.04968
http://arxiv.org/abs/1811.04968
http://arxiv.org/abs/1910.09694
http://arxiv.org/abs/2012.04429
http://arxiv.org/abs/2010.10488
https://doi.org/10.1038/s41598-022-20688-5
https://doi.org/10.1038/s41598-022-20688-5
www.nature.com/reprints
http://creativecommons.org/licenses/by/4.0/

	Ansatz-Independent Variational Quantum Classifiers and the Price of Ansatz
	Variational quantum classifier
	Correspondence between a VQC and the kernel method
	Quantum circuit learning
	Unitary kernel method
	Variational circuit realization
	Numerical simulation
	Discussions
	Concluding remarks
	References


