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Calculation of horizontal 
displacement of loess fill slope 
supported by frame prestressed 
anchors based on minimum 
potential energy method
Zhuangfu Zhao 1,2, Yanpeng Zhu 1,2* & Shuaihua Ye 1,2

Combined with the deformation characteristics of flexible retaining structure, the horizontal 
displacement calculation method of loess fill slope supported by frame prestressed anchors is 
proposed. Based on the minimum potential energy method, the analytical solution of horizontal 
displacement of slope under self-weight and additional load is derived, and the influence of soil 
parameters and supporting structure parameters on displacement is analyzed. The proposed 
calculation method is applied to a practical engineering and compared with the numerical simulation, 
which shows that the method is reasonable and reliable. The minimum potential energy method is 
clear in concept and simple in solving the horizontal displacement of loess fill slope supported by 
frame prestressed anchors. The calculation method proposed in this paper can be applied to the 
structural optimization design of loess fill slope supported by frame prestressed anchors, and further 
enrich the displacement calculation theory of slope supported by flexible retaining structure.

With the acceleration of urbanization construction, the contradiction between the large-scale demand for con-
struction land and the scarcity of land resources becomes increasingly prominent, which leads to the emergence 
of large-scale land reclamation projects by cutting mountains and filling gullies. More than 700 hills were leveled 
in Lanzhou, Gansu Province, China, and the leveling soil was about 25  km2. Shiyan, Hubei Province, China has 
carried out a 150,000-mu mountain cutting and land reclamation project. Yan’ an New District, Shaanxi Province, 
China has started the largest loess filling project in the world. It is planned to cut mountains and fill gullies in 
about 90  km2 within ten  years1,2. At the same time, the number of airport construction projects in hilly and gully 
areas is increasing, and the record of high fill height is constantly refreshed. In the large-scale land reclamation 
project of cutting mountains and filling gullies and the airport construction project on the loess ridge terrain, 
a large number of construction modes using fill to make up the engineering land have  appeared3,4. Most of the 
original foundations of fill slopes are slope foundations, some of them are deformed and  damaged5,6. The loess 
area is often characterized by broken terrain and ravines. With the construction gradually expanding to higher 
places and mountainous areas, due to the limitation of terrain conditions, it can be predicted that high fill slopes 
will appear in large quantities in future construction projects in loess areas, and it is urgent to study its deforma-
tion characteristics and failure mechanism.

In view of the high fill slopes with different fillers and different filling technologies, some scholars have done a 
lot of work in design methods, filling methods and slope stability research, and obtained useful research  results7,8. 
For the fill slope in loess area, the filled loess is both the settlement medium and the load of the underlying stra-
tum, which is prone to consolidation settlement and collapse settlement under the action of self-weight load and 
additional load on the upper  part9–11. Because the design theory of high fill slope is not mature, it is easy for high 
fill slope to have large horizontal and vertical displacement at the top of the slope and shear failure at the foot 
of the slope in the later operation process. In severe cases, the slope will slide directly or even collapse, which 
will seriously affect the safety of people’s lives and  property7,8,12. In order to avoid the occurrence of engineering 
accidents, in addition to controlling the filling quality, it is also necessary to carry out the retaining reinforcement 
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for the fill slope. The frame prestressed anchor is a flexible retaining structure with active support. Because of its 
light weight and good reinforcement effect, it is widely used in the slope support and reinforcement design. By 
applying certain prestress, the advance reinforcement of the slope can be realized, and the sliding and deforma-
tion of the slope can be effectively constrained and  controlled13,14. Although there are many research results in 
the displacement control and settlement prediction method of  filling2,4,6, the displacement deformation charac-
teristics and failure mechanism of the loess fill slope are not fully understood, and the displacement calculation 
method of loess fill slope supported by frame prestressed anchors remains to be further studied.

In this paper, the loess fill slope supported by frame prestressed anchors is taken as the research object. Con-
sidering the deformation characteristics of flexible retaining structure, the displacement calculation model of 
slope is established by analyzing the forces acting on the supporting structure and considering the influence of 
various supporting components on slope deformation. The analytical solution of horizontal displacement of slope 
is derived based on the minimum potential energy method, and the influence of soil parameters and supporting 
structure parameters on slope displacement is analyzed. Finally, the method is verified by practical engineering 
application and numerical simulation. The method proposed in this paper can optimize the structural design of 
loess fill slope supported by frame prestressed anchors, and further enrich the displacement calculation theory 
of the slope supported by the flexible retaining structure.

Establishment of horizontal displacement calculation model.
Mechanical analysis of supporting structure. At present, the frame prestressed anchor structure has 
been widely used in slope engineering and foundation pit engineering. In filling engineering, the flexible retain-
ing structure of frame prestressed anchor has also played a considerable role. In the foundation pit engineering, 
considering the space effect, the displacement and deformation of the supporting structure of frame prestressed 
anchor is assumed to be the constrained torsion problem, according to the elastic stability theory, some scholars 
have given the deformation curve equation of the retaining wall of frame prestressed  anchors15,16:

where, y is the horizontal displacement of retaining wall at z from the foot of foundation pit. x is the distance 
from the foundation pit corner. z is the calculated height. L is the calculated length of foundation pit, s is the 
maximum horizontal displacement in the middle of the calculated length. H is the height of foundation pit.

However, in slope engineering, the problem of space effect is seldom considered. It is considered that the 
deformation of slope can be considered as a plane strain problem. In order to simplify the calculation, it is 
assumed that the deformation of frame beams and columns conforms to the assumption of plane section, and the 
deformation of frame (beams and columns) is mainly bending deformation. According to the related  research17, 
it can be assumed that the frame beam and the frame column can be decomposed into independent continuous 
beam units without considering the torsional deformation of the beam. Because the frame column is the main 
stress component, the frame beam only plays the role of spatial coordination, so it is only necessary to consider 
the bending deformation of the frame column and ignore the bending deformation of the frame beam.

Based on this, the calculation model of horizontal displacement of loess fill slope supported by frame pre-
stressed anchor flexible supporting structure, as shown in Fig. 1, is established. According to the research results 
of Zhou and  Zhu18, the short pile foundation with a length of 3–5 m is generally set at the bottom of the sup-
porting structure of the frame prestressed anchors, and its function is mainly to increase the horizontal thrust 
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Figure 1.  Horizontal displacement calculation model.
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resistance. Considering the passive earth pressure of the soil below the slope bottom, it is considered that the 
horizontal displacement of the supporting structure at the slope bottom is approximately 0. Assuming that the 
maximum displacement of the slope occurs near the top of the slope. For convenience of calculation, the maxi-
mum displacement of the retaining wall at the top of the slope is s. On the basis of Eq. (1), the deformation curve 
equation of retaining wall is simplified as follows:

where, y is the horizontal displacement of retaining wall at z from the foot of fill slope. z is the calculated height. 
H is the height of fill slope. That is, in slope engineering, the structural deformation is only analyzed in plane 
without considering the effect of the calculated length L.

The filling body of loess fill slope produces horizontal lateral displacement under the action of upper addi-
tional load and self-weight of soil, and produces a slight fold step deformation at the slip surface (Fig. 1). The 
prestressed anchors have tensile and shear deformation, and the frame column has bending deformation. On 
the whole, the forces borne by the supporting structure mainly composed of the active earth pressure behind 
the slope, the self-gravity, and the prestress of anchors, among which the self-weight of retaining structure has 
little influence on slope deformation and can be ignored. Therefore, the total potential energy of fill slope system 
supported by frame prestressed anchors includes the bending strain energy of frame columns, the tensile strain 
energy of prestressed anchors, the shear strain energy of prestressed anchors, the tensile external potential energy 
of anchors and the external potential energy of active earth pressure.

Analysis of the tension force of anchors. As a load-transfer member, the anchor transmits the self-
supporting pull-out force of the soil, and provides the pull-out force through the soil anchor effect. According to 
Zhou’s  research19, assuming that there is no prestress loss, the tensile force of the anchor is:

where Tj1 is the pullout resistance provided by the j-th anchor (the pullout resistance provided by the soil anchor 
effect). Tj2 is the pullout resistance provided by the self-supporting action of soil. The expression is:

In the formula: η is the friction coefficient, the values can be found in the  literature20. D is the diameter of the 
anchorage section. lfj and lj are the free section length and the total length of the j-th row of anchors, respectively. 
γ is the unit weight. q0 is the additional load on the ground. haj is the thickness of the overlain soil layer at the 
calculated point of anchoring section.

Analysis of earth pressure on retaining structure. Based on the earth pressure calculation model of 
the retaining wall with anchors recommended by “Technical code for building slope engineering” (GB50330-
2013)21, the lateral pressure distribution of the multi-layer anchor flexible retaining structure is established by 
considering the factors such as the number of anchor layers, the displacement of retaining wall and the stiffness 
of retaining structure. As shown in in Fig. 2, for soil slope:
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Figure 2.  Sketch map of earth pressure.
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where ehk and Ehk are the standard value of horizontal component and horizontal resultant force of lateral earth 
pressure, respectively.

Using Coulomb earth pressure theorem to calculate Ehk , the internal friction angle ϕ and cohesion c are 
expressed by equivalent internal friction angle ϕD . The Coulomb earth pressure coefficient Ka is:

where β is the wall back inclination, θ is the inclination of the slip surface. δ is the external friction angle between 
soil and retaining wall.

The total active earth pressure Pa is:

The horizontal component of active earth pressure can be expressed as:

Energy analysis of the loess fill slope supported by frame prestressed anchors
The principle of minimum potential energy is a special case of the principle of constant potential energy in the 
range of linear elasticity. For general problems, the "equilibrium state" of real displacement makes the potential 
energy of the structural system take the stationary value, that is, the first-order variation becomes zero, and the 
stable equilibrium state makes the potential energy of the structure take the minimum value, that is, when the 
potential energy of a system is the minimum, the system will be in a balanced and stable  state16. As mentioned 
earlier, the total potential energy 

∏

 of loess fill slope system supported by frame prestressed anchors can be 
divided into the bending strain energy of frame columns U1 , the tensile strain energy of prestressed anchors U2 , 
the shear strain energy of prestressed anchors U3 , the tensile external potential energy of anchors U4 , and the 
external potential energy of active earth pressure U5 . They are introduced as follows:

(1) Bending strain energy of frame columns.

where EkzIkz is the bending stiffness of the column. Ikz is the inertia moment: Ikz=ab3/12 , a and b are the 
section width and height of the frame column, respectively.

(2) Tensile strain energy of prestressed anchors.

where n is the number of rows of the anchor. kMj is the stiffness of the anchor: kMj = EaA/lfj , A and Ea are 
cross section area and elastic modulus of the anchor, respectively. �j is the initial deformation of the j-th 
row of prestressed anchors: �j = p/kMj , p is the applied prestress.

(3) Shear strain energy of prestressed anchors.
  Under the action of self-weight and additional load on the upper part, the filling body of loess fill slope 

will produce relative displacement at the potential slip surface, and the prestressed anchor is subjected to 
shear action (not considering the torsion action of anchor rod). According to the mechanical  equilibrium19, 
the support force perpendicular to the axial direction of the prestressed anchor can be expressed as:

where hfj indicates the thickness of the overlying soil layer of the anchor at the slip surface.
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where G is the shear modulus of the anchor rod: G = Ea/[2(1+ µa)] , µa and Ea are the Poisson’s ratio and 
elastic modulus of the anchor, respectively. ls is the free section length of the anchor after deformation:

  Thus:

(4) Tensile external potential energy of anchors.

(5) External potential energy of active earth pressure.

Based on the above analysis, the total potential energy 
∏

 of the fill loess slope system supported by frame 
prestressed anchors is:

According to the minimum potential energy  method16: ∂
∏

∂s = 0 , we can get:

The horizontal displacement of loess fill slope supported by frame prestressed anchors at any calculated height 
can be obtained by formula (2) and formula (19).

Example analysis and verification
Engineering example. A fill slope with a height of 12 m and a gradient of 80 degrees is supported by frame 
prestressed anchors. The soil parameters are shown in Table 1. The supporting scheme is shown in Fig. 3. The 
specific design parameters are shown in Table 2, the section size of column is 300 mm × 300 mm. The load on 
the top of the slope is 20 kPa, the number of anchor rows n = 5 , and the angle of the anchor is 10 degrees. The 
calculation parameters are given in Table 322,23.

Method validation. To verify the rationality of the method proposed in this paper, a numerical model of 
“Engineering example” was established by PLAXIS 3D finite element software (Fig. 4). The supporting structure 
in the model adopts linear elastic model, the frame (beam + column) is simulated by beam element, the retaining 
plate is simulated by plate element, and the free section of anchor is simulated by point-to-point anchor element, 
the embedded pile element is used to simulate the retaining pile and anchor  segment24,25. The parameters of the 
supporting structure are shown in Table 4. The surrounding boundary of the model is a normal fixed bound-
ary, complete constraint at the bottom and free boundary at the  top26. The soil is modeled by SSC consolidation 
creep  model2, and the soil parameters are obtained according to “Engineering example” and relevant empirical 
 formulas27, as shown in Table 5. The initial stress field of the model is considered according to the self-weight 
stress of the foundation, the calculation type is "K0 process", and the loading type is "staged construction". After 
that, the calculation type is "consolidation".

Figures 5 and 6 show the displacement nephogram of loess fill slope without support and with support, 
respectively. We can see that the vertical settlement of the soil under the action of self-weight drives the soil to 
move to the free surface of the slope. After support, the displacement is significantly constrained.
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Table 1.  Parameters of soil. γ unit weight, ϕ internal friction angle, c cohesion, Es elastic modulus, µ Poisson’s 
ratio, τ ultimate frictional.

Soil γ(kN/m3) c(kPa) ϕ(°) µ Es(MPa) τ(kN/m2)

Loess 19 35 27 0.30 28 50
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Figure 3.  Design result of slope support.

Table 2.  Design results of anchors. z anchor height, sV vertical spacing of anchors (m), sH horizontal spacing 
of anchors (m), d diameter of reinforcement, D diameter of anchorage (mm)., lf  length of the free section of the 
anchor (m), la length of anchoring section of the anchor (m), l  total length of the anchor (m).

z sH sV D d lf la l

11 2.5 2.5 150 28 6 10 16

8.5 2.5 2.5 150 28 5 9 14

6 2.5 2.5 150 28 4 8 12

3.5 2.5 2.5 150 28 3 7 10

1 2.5 2.5 150 28 3 5 8

Table 3.  Calculation parameters. η friction coefficient of the anchor, Ea elastic modulus of the anchor, G shear 
modulus of the anchor, Ek elastic modulus of the frame column.

η Ea(N/mm2) G(N/mm2) Ek(N/mm2)

0.38 2× 10
5

0.77× 10
5

3.5× 10
4

Figure 4.  Finite element numerical model: (a) Model establishment (b) Mesh division.
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Table 4.  Parameters of the supporting structure.

Parameters Beams, columns Free section of the anchor Anchoring section of the anchor Retaining plates

E (kN/m2) 3.5 ×  107 2 ×  108 2.0 ×  105 8 ×  106

γ (kN/m3) 25 – 28 20

Table 5.  Parameters of soil. γ unit weight, γsat saturated unit weight, c cohesion, ϕ internal friction angle, µ 
poisson ratio, E elastic modulus, �∗ modified compression index, µ∗ modified creep exponent, κ∗ modified 
rebound coefficient, kz permeability coefficient, in this paper, kz/kx = 10 ( ky=kx ) taken to  calculate27.

γ/(kN/m3) γsat(kN/m3) c/(kPa) ϕ/(°) E/(MPa) µ �
∗ µ∗ κ∗ kz/(m/d)

19.0 19.84 35 27 30 0.26 0.0689 0.0023 0.0069 0.0024

Figure 5.  Deformation nephogram of unsupported slope.

Figure 6.  Deformation nephogram of supported slope: (a) Slope deformation (b) Slope surface deformation.
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According to the deformation nephogram, the unsupported slope shows integral sliding deformation, and 
the maximum displacement occurs at the slope shoulder, with a value of 68 mm (Fig. 6a). However, the slope 
displacement after supporting has been greatly improved. Under the constraint of supporting structure, the 
maximum displacement at the top of the slope occurs at a certain distance from the slope shoulder. It can be seen 
from Fig. 6b that the distribution law of the horizontal displacement of the slope surface is larger at the upper 
part and smaller at the lower part, which is the same as the distribution trend of the horizontal displacement 
calculation method proposed in this paper. The displacement from the top to the bottom of the slope decreases 
stepwise, and the maximum horizontal displacement is 9.18 mm, which is located at the slope shoulder.

The calculated results of the method presented in this paper are compared with those of numerical simulation, 
as shown in Table 6. Compared with the calculation results of the method proposed in this paper, it is found that 
the numerical simulation results are smaller, this may be related to the difference between actual and selected 
earth pressures for calculation, resulting in a certain difference in results, but the displacement distribution trend 
is consistent on the whole, which shows that the calculation method in this paper is reliable.

Considering the influence of the construction process of the foundation pit slope, a method for calculating 
the horizontal displacement of the slope surface of the frame prestressed anchor flexible supporting structure is 
presented in  reference28, the calculation model of earth pressure is chosen as trapezoid, and the free segment of 
anchor is assumed to be spring. The flexible retaining structure of frame with prestressed anchor rod is simplified 
as a continuous beam with bottom hinged and upper supported by anchor at different supporting heights, the 
total displacement of the slope considering the superposition of distributed excavation is calculated according 
to the schematic diagram shown in Fig. 7a.

The method proposed in this paper is compared with the method presented in  reference28, which is shown 
in Fig. 7b. Where H/h is the ratio of the height of the calculated point to the height of the slope, the horizontal 
displacement distribution obtained by this method is similar to that calculated in  reference28: the upper displace-
ment is larger, the lower displacement is smaller. In numerical value, the horizontal displacement calculated by 
the method of minimum potential energy is slightly larger than that calculated by considering the construction 
process. On the whole, the calculated results in this paper are in good agreement with those in  reference28.

The experimental results in  reference18 are used to verify the algorithm in this section. In order to deeply 
understand the working performance of the flexible supporting structure of frame prestressed anchors, espe-
cially the displacement control function of the flexible supporting structure, Zhou and Zhu (2010) designed and 
completed the model test of the loess slope supported by frame prestressed anchors (Fig. 8a), and analyzed the 
distribution law of the horizontal displacement of the slope.

Table 6.  Calculation results.

Calculated position z(m) 1 3.5 6 8.5 11

Horizontal displacement y (mm)

Methods of this paper 0.18 2.15 5.51 8.85 10.81

Numerical simulation 0.12 3.25 6.53 7.89 9.18
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According to the test results, the distribution curve of the horizontal displacement along the height direction 
is obtained as shown in Fig. 8b, where h/H is the ratio of the height of the measuring point to the height of the 
slope, and the negative displacement is the displacement which points to the free surface. Figure 8b also shows the 
distribution curve of the calculated results in this paper. It is necessary to explain that, as the test is a basic study, 
the model test is carried out for geotechnical problems and is restricted by the test conditions, the test model 
is not designed strictly according to the similarity method, and the geometric similarity of the model is mainly 
considered. Therefore, the test results can only be qualitatively analyzed, and cannot quantitatively express the 
actual deformation of the original slope. The test results show that the displacement of the slope is non-linear, 
and the displacement of the middle and upper part of the supporting structure is larger and increases gradually 
along the slope height. The displacement distribution is consistent with the results in this paper, which confirms 
the validity of the flexible deformation model assumption in this paper.

To sum up, the calculation method of horizontal displacement of loess fill slope supported by frame pre-
stressed anchors based on energy method proposed in this paper is reasonable.

Parametric analysis. This section mainly analyzes the influence of soil parameters and supporting struc-
ture parameters on the horizontal displacement of loess fill slope supported by frame prestressed anchor. The 
parameters of soil include unit weight, internal friction angle and cohesion. The parameters of supporting struc-
ture include prestress, diameter of anchor and inclination of anchor.

(1) Influence of soil parameters on horizontal displacement.
The internal friction angle, cohesion and unit weight of soil are important parameters for the design of 

frame-supported structures with prestressed anchors. As shown in Fig. 9a–c, the displacement of the slope 
gradually increases with the increase of the unit weight of soil, but the increasing rate decreases gradually. With 
the decrease of internal friction angle, the displacement and growth rate of slope increase. With the increase of 
cohesion, the slope displacement decreases gradually. In the calculation, the internal friction angle, cohesion 
and unit weight of soil are related to the equivalent internal friction angle, which affects the active earth pressure 
of the soil behind the slope, so it has a great influence on the horizontal displacement. This also shows that for 
fill slopes, the selection of fillers has a significant impact on slope displacement. In the actual filling project, the 
filling material is usually taken locally, and the compactness and moisture content of the filling soil should be 
controlled to minimize the later consolidation settlement deformation of the filling body.

(2) Influence of supporting structure parameters on horizontal displacement.
The design parameters of supporting structure have a significant impact on slope displacement. Changing 

the prestress of the anchor, it can be seen from Fig. 9d that the maximum displacement of slope top is 9.7 mm 
without prestress (p = 0 kN). When prestress is applied to 100 kN, the maximum displacement of slope top is 
6.34 mm, and the displacement is reduced by 35%. This shows that the application of prestress can effectively 
control the slope displacement. The supporting structure of frame prestressed anchors belongs to active flexible 
supporting structure. Without prestress, the supporting structure does not enter the active supporting state, 
which is the traditional passive support. After loading prestress, the supporting state changes. With the increase 
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of prestress, the slope displacement decreases gradually. In engineering construction, the prestress applied value 
should be reasonably selected within the allowable range of design, so as to realize the advanced control of slope 
deformation.

Changing the diameter of the anchor, as shown in Fig. 9e, the larger the anchor diameter, the smaller the 
slope displacement. According to the calculation formula, the initial deformation of the anchor decreases with 
the increase of the diameter of the anchor. The tensile stiffness of the anchor increases and the pullout force 
increases, which provides an effective constraint for the slope displacement.

Changing the angle of the anchor, as shown in Fig. 9f, the displacement increases with the increase of the 
angle of the angle. According to the mechanism of the anchor, the greater the angle of the anchor is, the smaller 
the tension force in the horizontal direction of the anchor is, and the smaller the constraint on the horizontal 
displacement is, resulting in the gradual increase of the displacement.

Conclusions
The calculation method of horizontal displacement of slope considering the deformation characteristics of flexible 
retaining structure is put forward, and the following conclusions are obtained through calculation and analysis.

(1) The displacement calculation method of loess fill slope supported by frame prestressed anchors is put 
forward, and the analytical solution of horizontal displacement of slope is derived, and its rationality is 
verified by practical engineering application and numerical simulation.

(2) The minimum potential energy method combined with the characteristics of flexible retaining structure 
to solve the horizontal displacement of loess fill slope supported by frame prestressed anchor is clear in 
concept and simple in solving method, which can be applied to the optimization of displacement control 
scheme of flexible retaining fill slope.

(3) According to the results of parameter analysis, the filling parameters have great influence on the horizontal 
displacement, so the quality of filling should be controlled in practice. In addition, the pre-stress of anchor 
can control the horizontal displacement of slope remarkably. The larger the prestress is, the smaller the 

Figure 9.  Influence of parameter change on horizontal displacement: (a) Unit weight. (b) Internal friction 
angle. (c) Cohesion. (d) Prestress of the anchor. (e) Diameter of the anchor. (f) The inclination angle of the 
anchor.
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slope displacement is. Therefore, the prestress should be reasonably selected in the design of supporting 
structure.

(4) The calculation method proposed in this paper can be applied to the structural optimization design of loess 
fill slope supported by frame prestressed anchors, and further enrich the displacement calculation theory 
of slope supported by flexible retaining structure.
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