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One-component quantum
mechanics and dynamical
leakage-free paths

Jun Jing® & Lian-Ao Wuy?3*

We derive an exact one-component equation of motion for the probability amplitude of a target time-
dependent state, and use the equation to reformulate quantum dynamics and control for both closed and
open systems. Using the one-component equation, we show that an unexpected time-dependent leakage-
free path can be induced and we capture a necessary quantity in determining the effect of decoherence
suppression. Our control protocol based on the nonperturbative leakage elimination operator provides a
unified perspective connecting some subtle, popular, and important concepts of quantum control, such

as dynamical decoupling, quantum Zeno effect, and adiabatic passage. The resultant one-component
equation will promise significant advantages in both quantum dynamics and control.

Quantum mechanics is based on postulates, such as (a) quantum dynamics governed by the Schrodinger equation,
(b) quantum measurement’ by projection or postselection, and (c) boundary conditions of the system wave-func-
tion or density matrix that induce interesting phenomenon such as topological insulator?. Partial control methods
exploit the last postulate. One of these protocols is termed as shortcuts to adiabaticity®>*, including the transitionless
quantum driving based on the counterdiabatic Hamiltonian, the inverse engineering methods by virtue of the
Lewis-Riesenfeld invariant, the stimulated Raman adiabatic passage, and quantum optimal control®. The other
part of the existing quantum control protocols® involves with the first two postulates. Dynamical control”® that
is usually realized by laser pulse sequence, such as bang-bang (BB) control’~'2, when the evolution operator of
the system and environment is intersected by unitary and instantaneous control operations; the nonperturbative
dynamical decoupling'®~'¢, when the system Hamiltonian is modified by the time-dependent pulse sequence;
and the adiabatic passage'’~'° based on the slowly-varying Hamiltonian and the avoiding of the level crossings.
Nonunitary quantum control relies on the projection methods, such as quantum Zeno-like effect®*-?2, when the
total evolution operator of the system and environment is frequently interrupted by an operation projecting the
system to the desired state or subspace. These methods seem to be dramatically different from each other.

In this paper, we show that the aforementioned control protocols and the corresponding dynamics of the
interested system can be uniformly formulated by an exact one-component equation that properly traces the
amplitude for the target time-dependent state|A(t)) or|A(¢))), which is a vector living in a normal Hilbert space
or a superoperator space?»**, Using this equation, we can obtain a sufficient condition for creating a leakage-free
path (LFP), that conceptually generalizes the conventional decoherence-free subspace?¢. Also, this condition
extends the existing conditions for realizing dynamical control.

The paper is outlined as follows. In “One-component quantum mechanics” section, we present the theoretical
framework of one-component quantum mechanics via the one-variable dynamical equation based on the P-Q
partition. In “A universal quantum control protocol” section, we propose a universal control protocol towards
LFP. We show in “Discussion” section that the conventional bang-bang control, quantum Zeno effect, and the
adiabatic passage could be unified under the condition for LFP. In “Applications” section, our control protocol
is applied to various pedagogical models, including a two-level system, a spin-spin-bath model, a multiple level
system under a non-Markovian environment, and a harmonic oscillator coupled to a bosonic reservoir. And we
conclude our work in “Conclusion” section.
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Table 1. A list of examples of linear dynamical equations in physics. (1) Hamiltonian mechanics for classical
harmonic oscillator model, where p and g are generalized coordinates and momentum. (2) Schrédinger equation
for closed quantum system. (3) Liouville equation for open quantum system?, where £ is a Liouvillian super-
operator, where p is the density matrix of the system. For a d-dimensional system, |p)) = (o1, p2, .- -, pz2)".

In this case, the dimensionality of X' isn = d?and|A(t))) = P(t)|A(t)) (A(t)] in normal representation. (4)
Stochastic Schrodinger equation for open quantum system, e.g., the quantum-state-diffusion equation, where
Heg is the non-Hermitian effective Hamiltonian and | (z*)) = (z| W) is a state of system obtained by the inner
product of a stochastic environment coherent state|z) and the whole system state | W 5=,

One-component quantum mechanics

We consider a generic linear equation of motion, 3;: X = MX, exemplified by matrix representations of the
Schrodinger equation, the stochastic Schrodinger equation that combines the Schrodinger equation of the
entire system and quantum measurements on its environment or bath, such as the quantum-state-diffusion
equation®~%, the perturbative master equation®, and even a classical equation for linear-interacting harmonic
oscillators. We derive the one-component equation via the Feshbach P-Q partitioning technique®-*. The
n-dimensional vector X’ and the n x n dynamic matrix M can be partitioned as

(5] o= ().

where P is the probability amplitude of the one-dimensional target state |A(f)), and the (n — 1)-dimensional Q
resides in the subspace orthogonal to |A(%)).

Table 1 shows various physical realizations of the linear equation of motion. Suppose that initially P(0) = 1
and Q(0) = 0. Equation (1) could be decomposed into

%P =hP+RQ, 9Q=WP+DQ. @)

The formal solution is

t
3:P(t) = h(t)P(t) -l—/ dsg(t,s)P(s), (3)
0

where

t
g(t,s) = R(OHG(E, )W (s), G(t,5) = Te{exp [/ ds'D(s/)} }

"t
Alternatively, we can set P(t) = p(t)ev/o dsh(s) and obtain a more compact formal solution

t ot
qp(t) = eic(”/ dse_ic(s)g(t,s)p(s) = / dsg’'(t,s)p(s), (4)
0 0

where C(t) =i fot dsh(s) in the absence of control. This one-component integro-differential equation is the core
result of this work and will serve as a powerful tool in studying both dynamics and control of a given target state.
Ifg'(t,s) = —k? with k a constant number, then we recover the equation of motion for a harmonic oscillator, i.e.,
p+Kk2p =0. And p(t) = cos(kt) when p(0) = L. If ¢(t,s) = —228(t — s), then we find the ideal Markovian
dynamics with p(t) = —2Ap(t). And then p(t) = e p(0), implying one can not keep the system on the target
state.

To walk on a desired target path [A(t)), we need to eliminate the leakage between P and Q parts, which is
equivalently to have a vanishing integral

t
/0 dse_ic(s)g(t,s)p(s) =0. (5)

In the case of quantum mechanics, h(%) is a purely imaginary number, so that C(¢) is a real function and then
either real or imaginary part of e ") is a time-dependent function oscillating between —1to 1. In what follows,
we will focus on quantum mechanical system and show that the vanishing of the integral over e =) g(t, 5)p(s)
leads to a time-dependent LFP. A trivial LFP emerges in a special case when g(t,s) = 0. Note that g(t,s) =0
might hold even if none of R(¢), G(t, s), and W(s) is vanishing. In general, a LFP is realized when h(f) can be so
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manipulated that a rapid-oscillating e ") could cancel the effect raised by smoother functions of both g(t, s)
and p(s) through

/ dsef’c(s)g(t S)p(s) ~ Z( 1) g(t kt)p(kt)t — 0, (6)

k=0

where v = t/nwithn — oo. Note here smooth means g(t, kt) = g(t, (k + 1)t) and p(kt) ~ p((k + 1)7). This
result is supported by the Riemann—Lebesgue lemma!'® provided that the characteristic frequency for the function

~iC)is larger than the cut-off frequency of g(t, s)p(s). The separation in the timescale might remind one of the
Floquet engineering method?. The periodical-driven Hamiltonian gives rise to either the effective time-averaged
Hamiltonian under the high-frequency limit or the nontrivial Floquet Hamiltonian, depending on the scalability
of the parameters in the Hamiltonian. In any case, the inverse engineering of the system can be designed in a
specific rotating frame under the effective Hamiltonian. In contrast, our method focuses on dynamical leakage-
free paths and does not involve seeking an effective Hamiltonian.

A universal quantum control protocol

Consider an either closed or open quantum system S, whose Hilbert space is spanned by a set of time-inde-
pendent or time-dependent bases |¢,,) (m = 0,1,2,...,n — 1) and|A(0)) = |do). Now we aim at control of the
system to evolve along a desired quantum path characterized by a unitary transformation /(¢) in the system
space, i.e., holding the system on the path |A(t)) = U/(t)|¢o). Thus the total Hamiltonian H. can be expressed
in terms of the time-independent or time-dependent basis states |m) = U®)|Pm), where o) = |A(2)). Under
the Schrédinger equation, 3;|Y) = —iHyot|V/), we have

h(t) = —i(do|HiotlPo) = —iol[U(t)Hioed () + UBUT (£)]1I0), 7)

in terms of P-Q partitioning given in Eq. (1). Note U/ (¢) is irrelevant to Ho. In the scenario of open quantum
system, for example, the whole system could be decomposed into the system part that we are interested and the
remainder part that are called environment. In the rotating frame with respect to the environment Hamiltonian
(assumed to be time-independent), i.e., U () = exp(—iHeny?), we always have

Hiot = Hyys(t) + ) Sk(®Bi (D), ®)
k

where Sy (¢) and By ( t) are Hermition operators in the space of system and | environment, respectively. It turns out
immediately that if (dolSk(H)|do) = 0 holds for each k, then h(r) = —1(¢0|Hsys(t)|¢0) which is irrespective to
the operators and the size of environment. The well-known instance is the conventional leakage-free subspace
for collective dephasing and dissipation®. It implies therefore that h(t) could be under a full control without
unpractically invoking control over the environment and the remainder of the system space.

Under the bases {|¢,(¢))}, the rotating-frame Hamiltonian can always be partitioned into a similar form as M
in Eq. (1). Suppose Hiot = Hy + L, where the block-diagonal part H; = h @ D and L is the block-off-diagonal
part consisted of R and W. To maintain the system in the state of |A()), i.e., to create a rapid-oscillating expo-
nential function e~*“) by manipulating h(#), a leakage elimination operation (LEO) in rotating framework or
a rotating LEO*®

Ry = c(t) |Ido) (ol — ) |</3n><q§n|} = ()20} (o] - T ©)

n>0

has been introduced to cancel the off-diagonal term (in charge of leakage) L in the time evolution. Here c(¢) is
the control function, which can be absorbed into h(f) when Eq. (4) is considered in the control protocol. It is
clear to see {R;, L} = 0 and [R;, Hj] = 0, so that the LEO serves to parity-kick out the leakage L. Ideally, one
can easily prove that if ¢(t) oc §(t — nt) at given times nt (n = 1,2,...) (that is exactly the assumption in the
original Bang-bang control), then

e~ Hal(rt)ele jf =il ()T R (=ilHa((nH D)D) FH () e (10)

whent — 0andt & nt. Nonperturbatively, it is shown that the nonideal pulse () does also allow to achieve the
same result. We have found'® that the time integral over the pulse ¢(f), i.e., the accumulation of the pulse strength
in the control history, determines the realistic effect of the general dynamical decoupling or LEO. Furthermore,
the general leakages, such as ), Sk(#)Bi(t) in the open quantum system, can be eliminated by R;.

Discussion

Bang-bang control and quantum Zeno effect. Many existing protocols targeting on decoherence-
suppression or leakage elimination are found to be subsets of the control framework we proposed through the
one-dimensional dynamical equation (4). Moreover, our control strategy is state-independent.

That could be interpreted using a model of a two-level system subjected to unwanted disturbances from
the uncontrollable Hilbert space orthogonal to that of the P-part in Eq. (1). To cancel the effect from the
leakage Hamiltonian L = X(t)B, () + Y (t)B,(t), where X(t) and Y (#) can flip the desired state |[A(t)) into
an orthogonal state, e.g., |AL (1)), and Byy(t) is an arbitrary environmental operator. By Trotter formula and
using Eq. (8), in a short time interval §;, the system approximately evolves into |A(61)) — ié; |AL(81)), where
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|A(81)) = U81)|A0)) = e~ Hss @311 4(0)). In order to stabilize the passage of the system along the desired path,
one has to insert a BB control pulse indicated by Z(t) to the system evolution after the period of free-evolution
81. Similar to X (t)and V' (r) given before, Z(t) is not necessary the Pauli matrix along the z-direction. It is merely
required that these three operators constitute a set of generators of SU(2). For instance, z (t) can be chosen as
JAGSDYAG)| — AL (8)) A(AJ- (81)]. To the first-order perturbation, the state of the system is now approximated
as|A(81)) by virtue of {L, Z(¢)} = 0. This process could be repeated many times until to the desired moment
t = ;8. BB control always works as long as each interval §; is short enough. However, it amounts to taking
the zero- order perturbation for an effective Hamiltonian Heg = 7+ Hiot, where ¢§ = /2 and the system-
bath Hamiltonian is effectively turned off when the pulses are applied to the system. Under this condition, the
control-strength ¢ has to approach infinity when § goes to zero, which gives rise to both inconsistency in theory'?
and inaccessibility in experiment. The underlying mechanism of BB control has been partially justified by the
nonperturbative control'® when the integral of control pulses over time domain is sufficient large to enhance the
survival probability of the system under control. It is a solution to attain a high-frequent exponential function
under control, i.e., exp[—iC(s)] = exp[—iC(s) — i fos ds’c(s")]. In the line of using longitudinal control to cancel
the transversal error caused by the flip-flop Hamiltonian L, it is straightforward to extend the above protocol
into a multi-level one.

Different from the BB control, quantum Zeno effect takes on the projection strategy, instead of an ideal unitary
transformation, interpolating the unitary evolution of the whole system. After each period §; of free evolution,
the system is projected upon |A(;)) (A(8;)| canceling all the errors caused by the system-environment interaction
at the cost of a nondeterministic postselection®. Similar to BB control, this protocol also does not depend on
the sequence arrangement of the projection but the projection frequency. In reality, a particular realization of §;
could be random, noisy, and even chaos'*-1¢.

Adiabaticity induced by control. Through maintaining the system along the target path of |A(t)), our
control-activated LFP elevates the condition on achieving adiabatic passage of the system, where the quantum
channel is realized through the time-dependent quantum eigenstate. Now the universal protocol for quantum
control is applied in the following way. We first construct a time-dependent Hamiltonian for a nondegenerate
system H(t) = ), Ex(£)|E4(t))(En(t)|and let|A(t)) = |Eo(t)) in lab frame up (at most) to a geometrical phase,
where E,(¢) and |E,(¢)) are instantaneous eigenvalues and eigenvectors of H(t), respectively. To obtain the one-
component equation of motion for the amplitude of |A(t)), it 1s instructive to rewrite the Hamiltonian in the
adiabatic frame by U = 3°, €' ) |E,,(0)) (E,,(t)| with 6,,(t) = fo dsE,(s). We thus have

H(t) = UHMOUT + itiud*
=3 " DIE, ) En(t)] - Em(8)|Em (D)) (Em(B)] - € |Ex () (Ex (0)]

n,m,k
+ 3 [ O™ OB ) (En (D] + €O 1By (0)) (1)

e D|E, (£))(En (0)]
= En(0)|Ex(ONEn(0)| = > En(0)|En(0))(E,(0)]

+iy OO ([ (£)|Ey(£)) | Em(0))(En(0)]

m,n

= —i Y (Ea()En(D)|En(0)) (En(0)]

L0y -0 (Em(t)[H(1)|En (1))

Eu(t) — En(t) [Em (0)){Ex(0)].

m#n
So that in language of Eq. (1), X' (¢) = [Yo(t), ¥1(£), Y2(¢), .. .1, and
8 (O—8m(®)] <Em(t)|H<t)|En(t)>
Eu(t) — Em(t)

In particular, P(t) = v¥o(t) and h(t) = — (Eo()|Eo(1)). Under the unitary transformation into the adiabatic
frame, the rotating LEO in Eq. (9) reads Ry, = ¢()[2|E(0))(Eo(0)| — Z]and one can inversely derive the LEO
in the lab frame as

Miptn = —e (11)
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Ry = UTIQLU

=c(t) {22 e Dy () (En(0)] - [Eo(0)) (Eo(0)] - €'V |E,(0))(En(t)] — T

m,n
_I}.

Applying LEO into controlling the system, the traditional condition for adiabaticity|(E,, |Eq)| < |En — Em|could
be generalized to the vanishing accumulation of the product of e~C®and g(t, s)p(s) in Eq. (4). With a sufficiently
fast-oscillating exponential function e~ 1CO) via manipulating h(t) = h(t) + c(t), i.e, M = M + (—iRy), the
adiabatic passage could be realized by rescaling the energy difference between the target state |A(#)) and the other
eigenstates of the system over time, and this control does not necessary boost this energy gap on time average.
Our theorem is thus consistent with the original formalism of the adiabatic theorem and relaxes the slowly-
varying condition. Additionally, it avoids the practical difficulty in some accelerated adiabatic passage, such as
transitionless quantum driving* that requires to add a counter-adiabatic term into the original Hamiltonian (see
also* for the LEO in an experimental framework).

Beyond the adiabatic passage, any desired time-dependent LFP could be transformed into a time-inde-
pendent one in the rotating frame after performing a proper unitary transformation. As long as the manipu-
lation is highly frequent, there are unlimited numbers of strategies through which the LFP can be achieved
since the control is fully determined by e~CM_ rather than C(t) = ifot ds[h(s) + c(s)] (a large amplitude of
this integral surely supports a high-frequent e =™, but clearly it does not exhaust all the solutions) and even
the details of the shape and arrangement of these pulses c(#) presented in h(t) under control. For example, if
D(t) = a(t)|W)(W]| + Z]- bj(t)|WjJ')(W-J'\ [assuming both W and R in Eq. (1) are time-independent], where
(WIWL) =0,1ie, Wisan eigenstate of ﬁ and the eigenvalue is a(f). Then in the case when i’ = h — ais a con-
stant (pure imaginary) number, it is found

=c(O)[2|Eo (1)) (Eo(t)| — 1]

= C(t){ {2 Z(Em(O)IEo(t)) (Eo(£)|En(0)) |Em (0))(En(0)]

m,n

—H+A o, WHA Wi,

— ¢ 2 -|— e 2
2A 2A

where A = \/h'? + 4(R|W)2. When || could be so tuned that |h'|t = 2k7, k is an integer, the two oscillation

frequencies in the expression of p(t) will become sufficiently close to each other. Then |p(t)| could be maintained

as unit and a LFP emerges. It is consistent with and extends the previous result that h(t) with a sufficient large

magnitude'® overwhelming 2|(R| W) | will suppress the decoherence.

p@t) = , (12)

Applications

A two-level system in accelerated adiabatic passage. Following the conven-
tions given by “Adiabaticity induced by control” section, a two-level-system state can be written as
[ (1)) = Yo (H)e 0D |Eg (1)) + v (£)e 1O |E  (£)) in lab frame, where |E,(t))s, n = 0,1, are instantaneous
eigenstates. Choosing |A(t)) = |E(t)) and suppose E; = —E( = E/2 without loss of generality, we have

Mo ( h=—(E|Ey) |R= —<Eo|E1>e"9)
W = —(EilEo)e™ D= —(E1|E)

(13)

in the adiabatic frame, where 0(t) = fot dsE(s) = 01(t) — Op(t). Setting p(t) = Yo(t)B(t) with
B(t) = eJo #Eo®IEs) i yields a one-component dynamical equation as Eq. (4):

dip(t) = P /0 s Mg (1, 5)p(s) = /0 g (6, 9p() (14)
where
8/ (t,5) =(Eo()|Ex())(E1 (5) | Eo (s))
X exp { / t ds' (iE(s') + (Eo(s)|Eo(s)) — (Er(HIE1(s))) |
For the control H(t) — [1 + ¢(t)]H(#), in which the LEO reads

~ E —
R = (”( N ‘f) — cC(OH®. (1)

Tt will change the eigenvalues but not the eigenvectors. Once the frequency of the exponential function e’ [ d'EG)
is effectively enhanced by c(#), the integral in Eq. (14) could vanish and then this two-level system would walk

in an accelerated adiabatic path.

A spin-spin-bath model. Consider an electron spin coupled to a nuclear spin-1/2 bath through the hyper-
fine interaction:
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Figure 1. Fidelity dynamics of a 10-level atomic system under control of regular and noisy pulse sequences. The
target state|A) = Z 01 a;jj) is such chosen as |ﬂ1|2 = 1/10. The parameters are chosen as x; = 0.1w, Ejxo = 0
and Ey(t) = w. For regular rectangular pulse, |c(t)| = ®/Aformt — A <t < mt, wherem > lis an integer;
otherwise, [c(t)| = 0. ®, A, and 7 are the strength, duration and period of pulse, respectively. Here T = 0.02wt
and A/t = 0.5. For noisy pulse, |c(t)| — |c(t)|[1 + GN ()] where G (here G = 50%) is a dimensionless
parameter measuring the white noise strength /() € (—1, 1). The environment correlation function is taken as
B(t,s) =% e""‘ sI, where y is inversely proportional to the environmental memory time. A smaller y indicates
a stronger non- Markovran environment.

Hiot = Q(H)S% + Z wnl? + Z JE(H)SUIS + Z B% I%IZ,

nmao

(16)

where o = x,y,z. In the single-exciton subspace and in the absence of the last term representing the inner
coupling between the nuclear spins, we have

M = — iHygy
o -y, 52 e gt
_ o e =12 0 o
T3 (t) 0 -L0 o

where ]nL ® =]+ A (t). Now the D matrix presents in the diagonal form. So that in the framework of our
one-component quantum mechanics [see P-Q partitioning in Eq. (1) and the dynamical equation (4)], when
the target state is chosen as the electron in the excited state and the nuclear spins in the ground state[100- - - ),

gt =>, ]l(t)]L(s)e*"""(t 9=J¢ AT /2 ,andC(s) = i [0 ds'[Q2(s") — =, JE(s')/2]. One can thenmampu-
late €2(t) to hold the population in the P-subspace. The control efficiency is also relevant to the longitudinal
Overhauser field JZ(¢)*. In the presence of the inner couphng terms in nuclear spin bath, 4, W and R do not
vary while the dlagonal terms of D become D, = w, — T mn 3" and the off-diagonal terms become
Dym = BY,, + Bhm. In this case, a protocol is to adjust the transversal Overhauser field (flip-flop term) ]L(t)
until D| W) = a|W). Then one would achieve a similar result as Eq. (12), so the electron spin is maintained as
the target state. It means that a partial control on the interaction between system and bath promises to enhance
the decoherence suppression, in comparison with the exclusive control over the system part.

A multi-level system under non-Markovian environment. For an n-level atom coupled to a non-
Markov1an bosomc bath whose correlation function is 8(t, s), we con51der a genuine multilevel atomic system

Hgyys = 2"7 E;j(t)]j) (j| and the system coupling operator, S = E" k;jlj){0]. Using the non-Markovian quan-
tum tra]ectory method28 %0, one can get an exact quantum-state- dlfqulOl’l equation for this model:

i (2") = My (2¥), M=

where O(t) = E]” 1F (t) |])(0\ Coefficient functions Fj(t) = fo dsp(t,s)f;(t,s) satisfy fi(s,s) = kj and

dfi(t,s) = [1(Eo E) + Zk L kEER@®)]fi (8, 5). The target state can be arb1trar11y chosen as |A) = Z]_O a;lj),
where Z" 0 |a]|2 = 1 The ﬁdehty]: (A|p|A) = M[{(A|Y(z*)) (¥ (z*)|A)], where M[-] means ensemble aver-
age, measurmg the control efficiency, is then found to depend on the population rather than the amplitude of
the initial state:

—iHgys + Sz; — STO(1), (17)
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— S E () +EFF
F(t) =lao|*e Lim EO+E O] Z Iaj|z|uk|z
Jk=Lk#j

n—1
_\n-l g n—1 px
+ laol* E |ak|2[e Y E® 4 o~ Y @

n-l t n—17, .
+ Z|aj|2{|aj|2+ /0 dslag [Fi(s) + Ff (s)]e” =1 1045 “”},

where F;(t) = |, Ot dsFj(s). It implies that the control fidelity depends only on the populations.

In Fig. 1a, b, we plot the fidelity of a multilevel system under control of regular and noisy sequences of pulse
in environments with different environmental memory parameters. It is shown that the fidelity is enhanced with
increasing pulse strength ®, which is linearly proportional to the absolute value of control integral C(t). Note
the average of control integral is kept vanishing for the sign of ¢(¢) is switched periodically (see the lines with no
markers) or randomly (see the lines with markers). One can find that the effect of regular control is nearly the
same as the noisy sequence, which does not change e 7 in terms of ensemble average and long time simulation.
Comparing Fig. 1a, b, it is reliable to estimate that any control will gradually lose its effect when the environment
becomes more and more memoryless (note y — oo indicates a Markovian environment). The LFP of Fig. la,
b is represented by |aj|* = 1/n, while for an arbitrary target state, M in our control protocol can be found by a
corresponding rotating as I/|A) = |A).

A harmonic oscillator coupled to a bosonic reservoir. In the Heisenberg picture, the one-compo-
nent quantum mechanics as well as the leakage-free path could be interpreted by the dynamical equation for a
single-degree-of-freedom system. Consider a single-mode harmonic oscillator characterized by a and a' with
a time-dependent frequency coupled to a bosonic reservoir. Under the rotating-wave approximation, the total
Hamiltonian reads

H=ow,a'a+> bl + > gilabl +a'by). (18)
k k

where g is the coupling strength between the system and the kth mode of the reservoir. The spectrum density
is J(w) = >y Igk [28(w — wy). By virtue of the Heisenberg equations for both a and by, one can arrive at a one-
component equation as

t ”
P(t) — _ / dt/g(t _ t/)eil-[zr dswu(s)p(t/) T+ F(1), (19)

Jo
where p(t) = a(t)et Jo dscoa ©), g() = [do] (w)e™ ™! is the Fourier transformation of the spectrum density, and

F(t) =iy gib(0)e' Jo dslwa(s)~e]
k

denotes the noise operator of the reservoir. Note that different from the prev10us cases, the one-component p(t)
is now an operator. Again, if e~ iJi d50a(s) s 4 faster oscillation than gt — 1), then fo dtF(t) — 0and Eq. (19)
reduces to p = 0 and a(t) = a(0). By proper control, the bosonic mode a can follows its own leakage-free path
with no influence from the external reservoir, as shown in specific physical systems and selected controls in Ref.*.

Conclusion

In this work, we set up a general framework that allows one to follow and control a quantum system, open or
closed, along a desired leakage-free path, presented by a one-dimensional dynamical equation addressing the
time-dependent target state. A common mechanism subtly underlying the existing quantum control protocols,
including BB control, Zeno effect, and adiabatic passage, is brought to light as a general condition for dynamical
leakage-free paths. As long as the exponential function of a phase provided by the time integral or cumulation
over the control pulse is featured with a sufficient large frequency, the LFP can be realized by leakage elimina-
tion operation. As an active protocol that is not confined by the structure of the total Hamiltonian, it would
be versatile to accommodate arbitrary linear non-Markovian equations of motion for open quantum systems.
Moreover, upon proper control over system Hamiltonian or partial control over system-environment interac-
tion Hamiltonian, the target state |A) or |A)) could be extended into a more general LFP in multi-dimensional
space that is able to perform more quantum processing, such as the non-Abelian geometric quantum gate in
degenerate subspace, the shortcut to quantum state transmission*, the speeding up holonomic quantum com-
putation in decoherence-free subspace®’, the quantum search algorithm, and the almost-exact state transfer in
non-Markovian environments*¢-45.
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