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Roles of resonant muonic molecule 
in new kinetics model and muon 
catalyzed fusion in compressed gas
Takuma Yamashita1,2*, Yasushi Kino2, Kenichi Okutsu2, Shinji Okada3 & Motoyasu Sato3

Muon catalyzed fusion ( µCF) in which an elementary particle, muon, facilitates the nuclear fusion 
between the hydrogen isotopes has been investigated in a long history. In contrast to the rich 
theoretical and experimental information on the µ CF in cold targets, there is relatively scarce 
information on the high temperature gas targets of deuterium-tritium mixture with high-thermal 
efficiency. We demonstrate new kinetics model of µ CF including three roles of resonant muonic 
molecules, (i) changing isotopic population, (ii) producing epi-thermal muonic atoms, and (iii) inducing 
fusion in-flight. The new kinetics model reproduces experimental observations, showing higher cycle 
rate as the temperature increasing, over a wide range of target temperatures ( T < 800 K) and tritium 
concentrations. Moreover, it can be tested by measurements of radiative dissociation X-rays around 
2 keV. High energy-resolution X-ray detectors and intense muon beam which are recently available 
are suitable to reveal these dynamical mechanism of µ CF cycles. Towards the future µ CF experiments 
in the high-temperature gas target we have clarified the relationship between the fusion yield and 
density-temperature curve of adiabatic/shock-wave compression.

Nuclear fusion reactors have been pursued for a long time with prospect of future energy  source1. In general, 
confinement of hydrogen isotope plasma is necessary for fusion, and the major challenge of the reactor develop-
ment is to create and maintain plasma of several 108 K by magnetic or inertial  confinement2,3. Another confine-
ment mechanism is known as “chemical confinement” by an elementary particle muon ( µ)4. Because of the 207 
times larger mass of µ than an electron, the µ can strongly squeeze the two hydrogen nuclei and form a muonic 
molecule in which the nuclear fusion reaction occurs by the overlap of nuclear wave function. The idea of an 
intramolecular fusion (IMF) was proposed by Frank and Sakharov  independently5,6, followed by more detailed 
theoretical considerations by  Zeldovich7. Experimental observation of IMF was first reported in  19568, where a 
muonic molecule pdµ , in which µ binds itself by a proton p and a deuteron d with the binding energy 220 eV, 
forms in a hydrogen bubble chamber and the fusion reaction of pdµ → 3He+ µ was recorded. The other fusion 
events in a deuterium chamber, ddµ → t + p+ µ , were also recorded in  19639. Here, t is a triton. Since the µ 
itself does not directly enter the nuclear reaction but acts like a catalyst for chemical reactions, these phenomena 
were reported as “Catalysis of nuclear reactions”.

The idea of muon catalysed fusion ( µCF), therefore, stems from the repeated reactions of IMF. In the early 
stage of the µ CF history, the number of µ CF event per µ was considered to be too low to be used as a fusion reac-
tor. The experiments by Dzhelepov et al.10, however, showed a much higher molecular formation rate of ddµ than 
the theoretical prediction assuming the mechanism in which the binding energy of ddµ transfers to an electron 
in the collision between d µ and D 2 . Based on the above experimental observation and theoretical  suggestions11, 
Vesman proposed another mechanism of ddµ formation in  196712, where the formation of muonic molecules 
occurs resonantly transferring its binding energy to the rovibrational excitation of target D 2 molecules, e.g.,

where Ji/f , υi/f  are rotational and vibrational quantum numbers of the initial/final states. This so called Vesman 
mechanism (VM) results in a temperature dependency of muonic molecular formation rates, and was confirmed 
experimentally for ddµ13. The same idea was deduced to the muonic molecule dtµ in which the d and triton t are 
confined by µ , and was confirmed by  experiments14. Theoretical studies based on few-body quantum mechanics 
had established the existence of rovibrationally-excited bound states of ddµ and dtµ whose binding energies are 

(1)dµ(1s)+ D2(Ji , υi) → [(ddµ)dee](Jf , υf ),
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1.97 and 0.66 eV, respectively. These loosely bound states are compatible with the host-molecular rovibrational 
excitation, (Ji , υi) → (Jf , υf ) , as Vesman proposed.

Owing to the non-zero amplitude of the wave function of the d-t motion at the origin inside the compact size 
of the muonic molecules, an intramolecular fusion (IMF) occurs immediately at the rate of 1012 s −1 for dtµ , 108 
s −1 for ddµ , and 107 s −1 for ttµ . For dtµ , the IMF,

results in a “liberalized” µ . The released µ repeatedly undergoes the muonic molecular formation and subsequent 
fusion; the circular process including VM and IMF is called µ CF cycle. The µ CF cycle has been investigated 
dedicatedly with the expectation of future energy/neutron  sources4,15–18. The µ CF kinetics model based on the 
VM is now well established in cold D 2 and H 2/D2  systems19,20.

With respect to the application of µ CF to energy sources, the cold target of D 2 and H 2/D2 is unrealistic owing 
to its low thermal efficiency. The higher thermal efficiency of µ CF can be achieved in a hot target. In addition 
to the thermal efficiency, the much higher fusion yield can be achieved in D 2/T2 mixtures because of the high-
est formation rate among the muonic molecule isotopologues, rapid fusion rate, and the smallest probability of 
released µ to stick α . Despite of the highest efficiency, however, the experimental data of µ CF in D 2/T2 targets are 
relatively scarce, partly due to the difficulty of T 2 handling. Kawamura et al. reported the anomalous temperature 
dependency of the µ CF cycle  rate21 using a solid D 2/T2 target in the temperature range of 5–16 K. Bom et al. 
summarized the µ CF experimental results obtained at the Joint Institute for Nuclear Research phasotron (JINR)22 
since 1997. The experimental conditions covered wide range of target temperatures of 20–800 K, densities of 
0.2–1.2 of the liquid hydrogen density (LHD), and tritium concentrations of 15–86%. They observed increments 
of the cycle rate as both temperature and density. They pointed out the importance of µ CF experiments at high 
temperatures above 1000 K.

In a kinetics model of µCF, the number of fusion events catalyzed by one µ , Yf  , can be related with the cycle 
rate �c and a αµ sticking probability W as

where �0 = 0.455× 106 s −1 is the µ decay  rate23 and ϕ is the number density of target hydrogen atoms relative 
to the liquid hydrogen density (LHD; 4.25× 1022 atoms cm−3 ). The parameter W represents the muon loss 
probability from the cycle, namely the αµ sticking that the muon captured the atomic orbital of the α just after 
the fusion reaction. Although the theoretical representation of W depends on the kinetics model under consid-
eration, in a simple model based on the dtµ fusion cycle, W is often given by W = (1− R)ωs where ωs ≃ 0.8% 
is an initial sticking probability of dtµ → αµ+ n15 and R ∼ 0.35 represents reactivation  fraction24, i.e. muon 
stripping probability from αµ in collisions with surrounding D 2/T2 . Using typical values of W = 0.5 % and 
�c ∼ 108 s −1 results in Yf ∼ 100 at LHD.

The cycle rate can be approximated as

where cd and ct are fraction of D 2 and T 2 , respectively, and satisfy cd + ct = 1 . �dtµ is the dtµ formation rate via 
the VM, �dt ≃ 108 is a muon transfer rate between the ground state muonic atoms, d µ(1s) + t → d + t µ(1s) . 
The 0 ≤ q1s ≤ 1 is a phenomenological factor (deduced from experiments) that represents the probability of a 
d µ∗ reaching d µ(1s) . The Eq. (4) manifests the importance of VM in that the �dtµ plays a primary role to realize 
high �c.

In the higher temperature region of 100–800 K, several experimental  data15,22,25 clearly indicate higher �c 
and its increase as temperature. This amplification of �c at high temperatures could be caused by an increase 
in the dtµ formation rate �dtµ . A beam  experiment26 utilizing the Ramsauer-Townsend effect of muonic atoms 
revealed a significantly high �dtµ = (7.1± 1.8)× 109 s −1 at the resonance energy 0.423±0.036 eV for the reac-
tion tµ + D 2 → [dtµdee]υ=3 . This value is much higher than the typical formation rate �dtµ ∼ 108 s −1 at lower 
energy conditions, and even higher than perturbative calculations, including quadrupole correction under full-
thermalization  conditions27.

In these two decades, theoretical investigations associated with experiments including time-of-flight and 
X-ray spectroscopy have shed a light on the further understanding of muonic atom processes. These studies were 
motivated by solid state effects on  VM28,29, Ramsauer-Townsend effect on muonic atom  scattering30 µ CF target 
 optimization31, and refinement of cascade  models32–35 that are related to the precise measurement of muonic 
hydrogen energy  levels36–42.

In addition to these progresses, the µ CF is recently rejuvenated with new sophisticated techniques and 
renewed motivation. The improvement of the energy resolution of X-ray detectors allows us to reveal the dynam-
ics of muon atomic  processes43–45 in more detail. Intense muon  beam46 also provides upgraded conditions for such 
experiments. As well as the energy source, a µCF-based neutron source is another motivation. Since the neutron 
emitted from the d-t fusion has mono-energetic spectrum, it can be used to reduce long-lived fission products 
(LLFPs), or the high-level radioactive waste from nuclear power plants; the idea itself of transmutation of LLFPs 
by a µCF-based neutron beam was described in  literature47–49 whereas it has not been featured in these decades. 
A new concept of gas target composed of conical spatially localized D/T mixture gas streams for µ CF combined 
with resonance rf acceleration techniques was reported  recently50. The released µ after the fusion would have 10 
keV kinetic energy on average and would be utilized by muon beam  cooling51 which can be applicable to negative 
muon microscope and injection source of muon  collider52 exploring beyond standard model of particle physics. 

(2)dtµ → α + n+ µ+ 17.6MeV,

(3)Y−1
f = W + �0/�cϕ,

(4)
1

�c
≈

1

�dtµcd
+

cdq1s

�dtct
,
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The exact energy distribution of the released muon after the fusion was recently  calculated53, while experiments 
for observation of these muons using the high-intensity pulsed muon beam are in  progress54–56.

The aim of this study is to explore the possibility of µ CF at the higher temperature gas target ( T < 104 K and 
10−3 < ϕ < 1 ). For this purpose, we propose a new kinetics model including resonant muonic molecules that 
play several crucial roles in the µ CF cycles. We have solved coupled rate equations based on the new kinetics 
model by the 4th-order Runge-Kutta method and investigated the responses of Yf and �c to the uncertainty of the 
rate parameters. We present the theoretical model shows a fairly good agreement with experimental observations. 
Toward the advent of a hydrogen-based society, it is becoming possible to handle high-temperature, high-density 
hydrogen safely and at low cost. A high-temperature and high-pressure hydrogen gas target by shock wave, which 
is advantageous for extracting energy and neutrons by µCF, has been  proposed57. We demonstrate the new µ CF 
kinetic model in the new gas target condition.

Options of the mechanism
The kinetic energy distribution of the muonic atoms has caused arguments in which it will change the effective 
rate of the dtµ formation. An electron in the molecule is first replaced by an injected µ and a highly excited 
muonic atom ( n ∼ 14 ) is formed. Subsequently, the muonic atom cascades down to lower levels, where part of 
the level transition energy converts to its kinetic energy. In addition, an isotopic muon transfer reaction

where n denotes the principal quantum number of the muonic atoms, produces a tµ atom with epi-thermal 
energy. The muonic atom cascade processes have been investigated experimentally from X-ray measurements 
of K α/Kβ  ratio58–61. Recently, close-coupling calculations were performed for the Coulomb deexcitation in p µ -H 
and d µ -D  collisions32–35, in which the muonic atoms are accelerated by the n → n′ ( n > n′ ) deexcitation energy 
in addition to the isotopic muon transfer. Owing to these collisional processes of excited muonic atoms, it is 
rational to consider that some muonic atoms that reach ground states have epi-thermal kinetic energies and, 
consequently, the molecular formation rate via VM deviates from the full-thermalization  condition62,63. So far 
the epi-thermal effects have been investigated by Monte-Carlo  simulation64–70 and experiments using low-density 
gas  targets71. The epi-thermal effects on the steady state of µ CF at high density ( ϕ ≥ 0.4 ) were examined by ana-
lyzing the experimental  data72. At any target conditions, the comparison between the theory and experiments 
suggested amplification of the dtµ formation rate �dtµ by the epi-thermal effects. However, the time dependence 
of the kinetic energy distribution of muonic atoms has still involved unknown factors and the correspondence 
between the theory and experiments has not completed yet.

In addition to the VM that plays an important role in the formation of bound muonic molecules, a side-path 
model (SPM)73–75 has been proposed where the formation of resonant muonic molecules dtµ∗ , ddµ∗ , and ttµ∗

40,76–79 is included. These resonant muonic molecules are expected to form by the same process as the VM in 
which the excess energy of formation transfers to the rovibrational excitation of D 2/T2 , e.g.,

where Ji/f , υi/f  are rotational and vibrational quantum numbers of the initial/final states. Owing to the degen-
eracy of the n = 2 energy levels in the muonic atoms, the resonant muonic molecules have several rovibrational 
energy levels produced by the long range induced dipole potential below the dµ/tµ(n = 2 ) + D 2/T2 threshold 
energy, which leads to much higher rates of molecular formation around �SPM ≃ 1011 s −1 than �dtµ ≃ 108 s −1 . 
Figure 1 illustrates the energy level diagram of muonic molecules based on the few-body quantum mechanical 
calculations (see review articles for the bound  states4,15 and above mentioned references for the resonances). The 
dµ/tµ(n = 2 ) + x (x denotes d or t) threshold energy is located approximately 2 keV above the lowest threshold 
energy of n = 1 . The resonance energy levels are accumulated to the dµ/tµ(n = 2 ) + x threshold energy. As 
indicated by the shaded region, the VM-like mechanism requires the energy levels located below the threshold 
energy by � 5 eV so that the excess energy of the molecular formation is compatible with the host-molecular 
rovibrational excitation. Thus, the resonance states would form in vibrationally excited states and then undergoes 
deexcitation processes where the excess energy is shared by the dissociation fragments or emitted as a photon. The 
contribution of SPM to the kinetics model of µ CF was reported in Ref.73 where the dissociation of dtµ∗ changes 
the population of dµ and tµ from the VM. The SPM explains the �c in a wide range of tritium concentrations 
0 ≤ ct ≤ 1 ; however, the contribution of other resonant muonic molecules, ddµ∗ and ttµ∗ , and the application 
of SPM to the high-temperature region have not been discussed in detail thus far.

Precise three-body variational calculations indicate that branching ratios of the radiative dissociation of the 
dtµ∗ and ddµ∗ are 0.979–82. The X-ray emitted from the radiative dissociation has a peak close to 2 keV, suggesting 
that the dissociated muonic atoms would have a few tens of eV. Therefore, the prediction of the kinetic energy 
distribution of muonic atoms becomes more challenging. The non-radiative dissociation produces a ‘hot’ muonic 
atom with kinetic energy of approximately 1 keV because the muonic atom shares half of the entire dissociation 
energy 2 keV with the other similar mas fragment.

Another process is fusion in-flight (FIF)83, in which the collision between tµ (1s) and d leads to the nuclear 
fusion without muonic molecular formation. As the µ strongly screens the Coulomb repulsion between d and t , 
the collision energy required for FIF is much lesser than that for the d-t bare nuclear collisions. The fusion rates 
of FIF were reported for collision energies E up to 10 keV, where significant non-adiabatic effect was  predicted83. 
Under non-ionized target gas conditions ( < 104 K), the contribution of FIF to the fusion cycle should be neg-
ligible except for the ‘hot’ muonic atoms considered in this paper. So far, the contribution of the FIF associated 
with the SPM to the µ CF kinetics model has never been considered so far.

(5)dµ(n)+ t → tµ(n)+ d + 48/n2eV,

(6)tµ(n = 2)+ D2(Ji , υi) → [(dtµ∗)dee](Jf , υf ),
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Kinetics model
We propose a new kinetics model including the VM, SPM, and FIF, with particular focus on the three roles of 
the resonant muonic molecule, namely, (i) dtµ∗ changes isotopic population of d µ and t µ , (ii) all species of 
the resonant muonic molecules produce epi-thermal muonic atoms, and (iii) the ‘hot’ muonic atoms induce 
fusion in-flight. In order to consider the epi-thermal effect of the muonic molecules in the VM, we intro-
duce a simple scaling factor 1 ≤ ηdtµ and define the temperature-dependent dtµ formation rate �dtµ(T) as 
�dtµ(T) = ηdtµ�

(theo)
dtµ (T) , where �(theo)dtµ (T) is given theoretically by Faifman et al.27 under the full-thermalization 

condition. The �(theo)dtµ (T) is defined independently for the spin state ( F = 0, 1 ) of tµ (1s). Hereinafter, we refer to 
the VM enhanced by ηdtµ as an enhanced-VM (EVM). The main purpose of the present work is to compile the 
major frameworks of µ CF mechanism and to overview the fusion and X-ray yields as a function of temperature 
and target densities towards future applications and recent precise X-ray spectroscopy. Therefore, we present 
calculations based on the coupled rate equations which are advantageous to deal with the sequential reactions 
and obtain the integrated yields of various signals within small computational cost. Although the present cal-
culations are disadvantageous to treat thermalization of the atoms, the epi-thermal effect can be approximately 
incorporated to the formation rate with scaling factor.

The formation rate of the resonant muonic molecules �SPM , involves ambiguity and is tuned to reproduce 
the experimental results in the range of 1010 s−1 ≤ �SPM ≤ 1012 s−1 that covers the rates used in Ref.73 under the 
full-thermalization condition and experimental  suggestions40.

The fusion in-flight rate �FIF(E) was calculated as a function of the collision energy E83. Although the calcu-
lated fusion in-flight rate �FIF(E) unphysically oscillate against the collision energy, we obtain smooth function 
after averaging with the Boltzmann distribution.

Figure 2 summarizes the EVM-SPM-FIF model of µ CF considered in this work. Some of t µ ( n = 2 ) and d µ 
( n = 2 ) are subject to the SPM, and the others are deexcited to the ground state. The hot muonic atoms produced 
by the dissociation of resonant muonic molecules undergo FIF, which competes with thermalization. The IMF 
and FIF subsequently occur and the µ becomes free again. Some of the µ stick to the helium nucleus after fusion 
and in part, depending on the temperature, are reactivated in collisions with target  molecules24.

We solve the kinetics model using the 4th-order Runge-Kutta method with a time step �t < 10−14 s. The 
atom/molecule ratio fmol(T), fat(T) of the target gas is estimated by the law of mass action using the binding 
energy of the D 2/T2 molecules. These fractions are considered in the VM and SPM rates.

The other rate constants, such as the µ capture rate, cascade down rates, Stark mixing rate between 2s and 
2p of d µ/tµ , spin-flip collisions (depending on the temperature), ddµ and ttµ formation rates, and reactivation 
probability (depending on temperature) are set to the previously reported  values15,20,24,84.

The number of fusion events is calculated by

(7)
dYf

dt
= �

(dt)
f Ndtµ(t)+ �

(dd)
f Nddµ(t)+ �

(tt)
f Nttµ(t)+ �FIF

(

ctϕNdµ(hot) + cdϕNtµ(hot)

)

,

Figure 1.  Energy level diagram of resonance states (restricted to rotationally ground state and its vibrational 
excited states ) and bound states (all rovibrational states) of muonic molecules. The hatched areas indicate the 
VM range 5 eV below the threshold energy. x denotes d or t.
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where Ni(t) represents the population of i. We use �FIF = 2× 108 s −1 which corresponds to the hot muonic 
atom collision in ∼ 1 keV kinetic energy produced from the non-radiative dissociation of resonance states of 
muonic molecules.

Reproducibility of experimental observations
Figure 3a displays the calculated cycle rates �c together with the available experimental results in wide tem-
perature ranges. We display the results of EVM-SPM-FIF kinetics model, where ηdtµ = 5 and �SPM = 5× 1010 
s −1 , and compare the experimental data with other models with different parameters. As the branching ratio 
resulting in tµ(1s) after the radiative dissociation of dtµ∗ , ϒtµ , has never been predicted exactly and depends 
on the initial population and the subsequent Auger transitions among the resonance levels, we examine the �c 
in the range of 0.1 ≤ ϒtµ ≤ 0.9 . The EVM-SPM-FIF model almost reproduces the experimental values over a 
wide range of temperatures and ct . Note that the experimental data of ct = 0.4 and T ≤ 16 K were obtained for 
the solid hydrogen target and might require additional theoretical treatment coupling to phonon  interactions28.

It should be stressed that at the low ct condition, the simple VM, ηdtµ = 1 and �SPM = 0 , significantly overes-
timates the cycle rate particularly at the small ct conditions. In contrast to the VM, the VM-SPM model in which 
ηdtµ = 1 and �SPM = 5× 1010 s −1 provides a good agreement of calculated �c with experiments at ct = 0.1 . Thus, 
the SPM processes play an indispensable role in description of d µ and t µ population drastically. Although the 
VM-SPM model does not reproduce the �c at high ct conditions, the EVM-SPM model gives closer results. As 
described below the Eq. (4), in previous studies of µ CF kinetics model, a phenomenological factor q1s , which 
represents the probability of a d µ∗ reaching d µ(1s) , was introduced to explain the experimental  observations15,85. 
In the present calculation, q1s is not explicitly used; instead, the SPM processes naturally alter the q1s tuning. 
As described in Ref.73, one of the reasons of this alternation is that the SPM processes open a way back from 
t µ(n = 2) to d µ(1s) instead of the muon transfer reaction, d µ(n = 2) + t → t µ(n = 2) + d at the rate of 1012 
s −184. Another factor comes from ddµ∗ → d µ(1s) + d + γ , which prevents the µ in d µ(n = 2) from transferring 
to the t, and enhances the probability that d µ(n = 2) reaches d µ(1s) . In turn, at the high ct condition, the ttµ∗ 
formation/dissociation processes enhances the t µ(1s) fraction, which results in the small dependency on ϒtµ.

One can see the VM-SPM-FIF kinetics model, where ηdtµ = 1 and �SPM = 5× 1010 s −1 using ϒtµ = 0.5 , in 
the same figure. The scaling factor ηdtµ does not change the �c at small ct conditions; however, ηdtµ significantly 
contributes to �c at high ct and high T conditions. EVM-SPM assumes thermalization time scale of the hot muonic 
atoms to be 107 s −1 at ϕ = 0.4 . The reproducibility of the experimental observations is improved by adding the 
FIF process to the EVM-SPM.

In order to investigate the IMF and FIF contributions to the total fusion yield Yf  , we introduce partial fusion 
yields Y (i)

f  where i denotes IMF(dtµ ), IMF(ddµ ), IMF(ttµ ), and FIF. Figure 3b shows ratios Y (i)
f /Yf  for EVM-

SPM-FIF and VM models at the condition of ϕ = 0.4 and T = 900 K. The similar trends can be seen at other 
temperatures. The IMF(dtµ ) has a major contribution to the Yf  in both models, and accounts for more than 95% 
of Yf in the range of 0.1 ≤ ct ≤ 0.8 The contribution of IMF(ddµ ) strongly depends on the ct and decreases as the 
ct increases. The contribution of IMF(ttµ ), as expected, increases as the ct increases. EVM-SPM-FIF model ampli-
fies the contribution of IMF(ddµ ) and reduces that of IMF(ttµ ) from those of the VM. The FIF has a constant 

Figure 2.  Reaction scheme of µCF, including the dtµ formation based on the Vesman mechanism (VM, 
lightblue arrows) and subsequent intramolecular fusion (IMF, red arrows), side-path model (SPM, purple 
arrows), and fusion in-flight (FIF, orange arrows). The green arrows denote the αµ sticking and the dashed 
green arrow denotes µ reactivation from µHe. The arrows with hν indicate X-ray emissions from the 2p state 
muonic atoms and resonance states of the muonic molecules.
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contribution to the fusion yield in the considered range, and has maximum contribution at ct ∼ 0.5 . This would 
be because the ct ∼ 0.5 maximizes the probability to find hot t µ(1s) -d and hot d µ(1s) -t pairs.

The upper panels of Fig. 4 display the time evolution of various muonic populations of VM/EVM-SPM/EVM-
SPM-FIF kinetics model at ct = 0.5 , ϕ = 0.5 , and T = 800 K. For brevity, we sum up some of the populations of 
the similar states, for example, t µ(1s) in F = 0, 1 . It can be seen that the injected µ is replaced by an electron and 
forms t µ/dµ atom which appears as a drop in the µ population around 10−10 s. In accordance with the decrease 

Figure 3.  (a) Normalized cycle rates �c calculated at ϕ = 0.4 are shown as a function of target temperature. The 
lines are calculation and symbols are experimental results: ◦25, △15, ▽21, ⋄22. The bold symbols denote the values 
obtained in 0.3 ≤ ϕ ≤ 0.5 conditions. The shade range is drawn in the vicinity of 0.1 ≤ ϒtµ ≤ 0.9 (the solid line 
corresponds to ϒtµ = 0.5 ; dtµ∗ is assumed to result in t µ and d µ equally). Note that the data points of ct = 0.4 
and T < 16 K are from experiments using a solid D 2/T2  target21. (b) Contribution of IMF and FIF to the total 
fusion yield as a ratio of fusion yield Y (i)

f
/Yf where Yf denotes total fusion yield and Y (i)

f
 denotes partial fusion 

yields whose component i is noted by the lines. The conditions are ϒtµ = 0.5 , ϕ = 0.4 and T = 900 K.

Figure 4.  Upper panels: Time evolution of population of muonic atoms/molecules for (a) VM, (b) EVM-SPM, 
and (c) EVM-SPM-FIF kinetics models at ct = 0.5 , ϕ = 0.5 , and T = 800 K. Lower panels: Velocities of nuclear 
fusion and X-ray emission events.
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of µ , the muonic atom populations increase and then decrease due to molecular formation. Such a drastic change 
in the population boils down to a steady state in 10−9 s. In this steady state, the VM calculation indicates that 
almost all of the µ exist as t µ(1s) , and the population of d µ(1s) is more than two orders of magnitude smaller 
than that of t µ(1s) . Since the q1s parameter is not include in the present models, the population of the ttµ is 
larger than the conventional model. Though the ttµ would be one factor to delay of the cycle because of its slow 
fusion rate, it gives broad neutron energy spectrum which can be a proof of the present models. In contrast to 
the VM, the EVM-SPM calculation results in the same amount of the populations, which could be because of 
the dissociation of dtµ∗ . The similar time evolution can be found in EVM-SPM-FIF kinetics model.

In the lower panels of Fig. 4, the velocities of nuclear fusion and X-ray emission events are displayed. The 
largest contribution to the total fusion velocity is the IMF of dtµ , and the second dominant effect comes from 
FIF processes, as we see in Fig. 4c. While the dtµ formation in VM(EVM) is only allowed for t µ(1s) owing to 
the isotopic energy gap between d µ(1s) and t µ(1s) , the FIF processes can be allowed not only for t µ(1s) + d 
collisions but also for d µ(1s) + t collisions, where the hot d µ(1s) are provided in the non-radiative dissociation 
of dtµ∗ and ddµ∗ . The X-ray yields associated with the radiative dissociation of the resonant muonic molecules 
are constantly present during the µ CF cycle.

For the test of the EVM-SPM-FIF kinetics model, one of the positive proofs of the experimental signals is the 
X-ray from resonant muonic molecules, ddµ∗ , dtµ∗ , and ttµ∗ . As described above, these species emit charac-
teristic X-rays whose energy spectrum ranging from 1.7 to 2.0 keV and can be, in principle, distinguished from 
the mono-energetic 2p → 1s transition X-ray of muonic atoms, d µ and t µ.

Towards µ CF in high temperature compressed gas targets
For future development of new µ CF targets, it is worth to survey the Yf  of the EVM-SPM-FIF kinetics model as 
a function of temperature T and ct together with the yields of X-rays YX from the resonant muonic molecules. 
The results obtained under the ϕ = 1 condition are illustrated in Fig. 5. It can be seen in Fig. 5a that Yf  increases 
as the temperature increases and becomes maximum at ct = 0.4–0.5.

From Fig. 5b–d, the contribution of the resonant muonic molecules is clearly indicated. At the ct ∼ 0.3 
condition, the dtµ∗ formation and dissociation are the dominant SPM processes. On the other hand, ct ∼ 0.75 
condition, the ttµ∗ formation and dissociation are the dominant SPM processes. It is seen that the ddµ∗ processes 
are almost suppressed. This is because the optimized formation rate, �ddµ∗ = 5× 1010 s −1 is much smaller than 
the muon transfer rate between the excited states, 1012 s −1 . The large contribution of ttµ∗ at high ct condition 
explains the small dependency of �c against ϒtµ indicated in Fig. 3 because the ttµ∗ dissociation only enhances 
the t µ(1s) populations. It should be also noted that the YX gradually decreases as the temperature increases. In 
the present model, the 2p → 2s transition rates of muonic atoms are assumed to have temperature-dependency 
owing to the Lamb shift of these states (see the details in the subsection of kinetics model below). Accordingly, 
around the 400 K, the 2p → 2s transition rates become comparable to the formation rate of resonant muonic 
molecules and then most of the 2s states of muonic atoms undergoes deexcitation at the higher temperature.

Figure 5e illustrates the superposition of X-ray spectra from several vibrational energy levels of dtµ∗ 
( 0 ≤ υ ≤ 5 , J = 0 ), for example. These spectra are taken from the recent  calculation86 obtained by the three-body 
variational method, utilizing a Gaussian expansion  method87 and a complex coordinate rotation  method79,88–90. 
Since the 2p → 1s X-rays from dµ and tµ are mono-energetic spectra while the X-ray radiation from dtµ∗ has a 
broad and oscillating structure ranging from 1.7–2.03 keV depending on the vibrational state, the high energy-
resolution X-ray  detectors91 utilizing the superconducting transition should directly demonstrate the existence of 
dtµ∗ which is the key of the SPM processes. Figure 5e is based on a possible scenario where the resonant muonic 
molecule forms at the high vibrational state υ ∼ 8 , and subsequently undergoes resonance-resonance transition 
by emitting an Auger electron, resulting in υ � 4 states which dissociates emitting an X-ray photon. The required 
energy resolution can be seen in the inset of the Fig. 5e. The current energy resolution of the detector is ∼ 5 eV 
(FWHM) at 6  keV45, which is promising to distinguish the nearest peak from the 2p 1s X-ray.

We calculate t µ(1s) kinetic energy spectrum after the radiative dissociation. The results are shown in Fig. 5f. 
Adding to the 20 eV t µ(1s) resulted from the isotopic muon transfer reaction (5) for n = 1 , most of the t µ 
atoms produced from the radiative dissociation of ttµ∗ have kinetic energy distribution of more than 20 eV. As 
described in the introduction, the difficulty in reasonably incorporating epi-thermal effects on µ CF stems from 
the initial kinetic energy distribution of muonic  atoms67. So far, the isotopic muon transfer reaction (5) and the 
Coulomb deexcitation have been considered to be a major source of the epi-thermal muonic atoms. As shown 
in the lower panels in Fig. 4, the dissociation X-ray yield YX accounts for the roughly half of the fusion yield Yf  , 
which implies that the SPM process should have non-negligible contribution to the kinetic energy distribution 
of t µ and d µ atoms in the ground states.

Recently, a new µ CF gas target utilizing the shock-wave compression (SWC) was  proposed92. The SWC has 
different features from conventional adiabatic compression (AC) in which the temperature T and density ϕ obey

γ = 1.4 is the heat capacity ratio of the hydrogen. Ti and ϕi are the initial temperature and density of the gas, 
respectively. In the shock wave compression, however, T/Ti and ϕ/ϕi depends on the initial speed of the gas flow, 
Mi (Mach number; for supersonic flow, 1.2 ≤ Mi ≤ 5 ) as

(8)ϕ

ϕi
=

(

T

Ti

)
1

γ−1

.
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and

In the limits of Mi → ∞, for example,  ϕ/ϕi → const. , and T/Ti → ∞.
Figure 6 displays the Yf  as a function of temperature and the target density ϕ under the condition of ct = 0.5 . 

As most of the rates of atomic processes except for radiative transitions depend on ϕ , the Yf  increases as ϕ and T 
increase. White lines in Fig. 6 show possible thermodynamic processes for the future experiment (or experimental 
set up). As shown in Fig. 6, the high Yf  region could be achieved by adiabatic compression (white dashed lines) 
using Ti = 100 K and ϕi = 10−3 (approximately 1 atm). Three white solid lines indicate the different conditions 
of the SWC. We consider the gas jet of Mi at the Ti and ϕi initially. The T and ϕ of the compressed gas depends 
on Mi that is a experimental tuning factor. SWC-1 assumes Ti = 300 K and ϕi = 10−3 , which can reach Yf < 20 . 
As seen in SWC-2 and SWC-3, increasing ϕi , the highest ϕ and Yf  increases.

In contrast to the AC, the SWC shows the limit of density. On the other hand, the temperature is easily tun-
able, which would be suitable for the high temperature µCF. While the AC is a static compression, the SWC is a 
dynamical compression that can be applied to realize the flowing gas target. Moreover, such a dynamic flow of 
the target will be utilized to extract energy and remove the helium atoms produced in µ CF reaction.

(9)
ϕ

ϕi
=

(γ + 1)M2
i

(γ − 1)M2
i + 2

,

(10)
T

Ti
= 1+

2(γ − 1)

(γ + 1)2
γM2

i + 1

M2
i

(M2
i − 1).

Figure 5.  Fusion (a) and X-ray (b)–(d) yields as functions of tritium concentration and temperature under the 
ϕ = 1 condition. (e) X-ray spectrum of dtµ∗ in the υ-th vibrational states (the colors indicate 0 ≤ υ ≤ 4)86. The 
black narrow lines indicate 2p → 1s X-rays of dµ (1.997 keV) and tµ (2.033 keV). The inset of (e) is a close-up 
view of the spectrum. (f) tµ(1s) kinetic energy spectrum of radiative dissociation of ttµ∗.
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Conclusion
We proposed a new kinetics model of µ CF and it showed a fairly good agreement with the experimental observa-
tions, without an unphysical tuning factor on the muonic atom population. The proposed kinetics model predicts 
that the cycle rate increase as an increase of temperature (800-1000 K). This kinetics model includes three roles 
of resonant muonic molecules, (i) changing isotopic population, (ii) producing epi-thermal muonic atoms, 
and (iii) inducing fusion in-flight. We also presented X-ray emission from the resonant muonic molecules that 
would provide a positive signal for verification of the µ CF kinetics. We investigated the fusion yields in a wide 
range of temperatures T ≤ 1500 K and densities 10−3 ≤ ϕ ≤ 100 LHD which can be prepared by the adiabatic 
or shock-wave compressions. The present results pave the way for future development of a µCF-based compact 
fusion reactor.

Methods
Numerical calculation. A full reaction scheme that reflects our actual calculations is illustrated in Fig. 2. 
We treat spin-flip reactions of muonic atoms in the ground state as a temperature-dependent processes.

Based on the full reaction scheme shown in Fig. 2, we have the following simultaneous ordinary differential 
equations. We denote the population of i (= µ , d µ(2s), dtµ and so on) as Ni.

(11)
dNµ

dt
= (−�0 − �aϕ)Nµ + �IMF(dtµ)(1− ω̃s)Ndtµ + �IMF(ddµ)

(

1− ωdϒnp

)

Nddµ

+ �IMF(ttµ)(1− ωt)Nttµ + �FIFcdϕ(1− ω̃s)Nhot tµ + �FIFctϕ(1− ω̃s)Nhot dµ,

(12)
dNdµ∗

dt
=

(

−�0 − �
′
aϕ

)

Ndµ∗ − �
′
dtctϕNtµ∗ + �acdϕNµ

(13)
dNtµ∗

dt
=

(

−�0 − �
′
aϕ

)

Ntµ∗ + �
′
dtctϕNdµ∗ + �actϕNµ

(14)

dNtµ(2s)

dt
=

{

−�0 − �2s→2p(T)ϕ − �SPMcdϕfmol(T)− �SPMctϕfmol(T)− �St

}

Ntµ(2s)

+ �
′
aϕϒsNtµ∗ +

1

4
�
′
dtctϕ

(

Ndµ(2s) + Ndµ(2p)

)

+ �2p→2s(T)ϕNtµ(2p)

(15)

dNtµ(2p)

dt
=

{

−�0 − �2p→2s(T)ϕ − �SPMcdϕfmol(T)− �SPMctϕfmol(T)− �2p→1s

}

Ntµ(2p)

+ �
′
aϕ(1−ϒs)Ntµ∗ +

3

4
�
′
dtctϕ

(

Ndµ(2s) + Ndµ(2p)

)

+ �2s→2p(T)ϕNtµ(2s)

(16)
dNdµ(2s)

dt
=

{

−�0 − �
′
2s→2p(T)ϕ − �SPMcdϕfmol(T)− �Stϕ − �

′
dtctϕ

}

Ndµ(2s)

+ �
′
aϕϒsNdµ∗ + �

′
2p→2s(T)ϕNdµ(2p)

Figure 6.  Fusion yields Yf as functions of ϕ and T. The white dashed lines denote ϕ-T relation of adiabatic 
compression (AC-1 assumes Ti = 100 K and ϕi = 10−3 ; AC-2 assumes Ti = 300 K and ϕi = 10−3 ). The white 
solid lines denote the relationship of shock wave compression (SWC-1 assumes 300 K and initial ϕi = 10−3 ; 
SWC-2 assumes 300 K and initial ϕi = 10−2 ; SWC-3 assumes 300 K and initial ϕi = 10−1).
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and

(17)
dNdµ(2p)

dt
=
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where �0 = 4.55× 105 s −123 is a µ decay rate, �a = 4× 1012 s −115 is muonic atom ( dµ∗ , tµ∗ ) formation rate, 
�
′
a = 7× 1010 s −115 is muonic atom cascade down rate, �IMF(dtµ) = 1× 1012 s −115 is intramolecular fusion rate 

of dtµ , �IMF(ddµ) = 4× 108 s −115 is intramolecular fusion rate of ddµ , �IMF(ttµ) = 1.5× 107 s −115 is intramo-
lecular fusion rate of ttµ , ω̃s = ωs(1− R(T)) is an effective αµ sticking probability following the dtµ IMF where 
ωs = 0.00815 and R(T) is the reactivation  fraction24, ωd = 0.1215 is the αµ sticking probability following the ddµ 
IMF and ϒn = 0.58315 is 3He + n branching ratio, ωt = 0.1415 is the αµ sticking probability following the ttµ 
IMF, �′dt ≃ 1012 s −184 is the rate of muon transfer reaction among the excited muonic atoms, namely, dµ(n) + t → 
tµ(n) + d, �dt ≃ 108 s −115 is muon transfer reaction rate at the ground state, dµ(1s) + t → tµ(1s) + d. �2s→2p(T) 
and �2p→2s are Stark mixing rates between 2s and 2p states. They are related each other as

where �ELamb ≃ 0.2 eV denotes the Lamb shift of 2s-2p levels, kB the Boltzmann constant, and �2p→2s = 1013 
s −173, �St = 109 s −173 is the Stark mediated deexcitation rate of 2s muonic atoms. 1010 ≤ �SPM ≤ 1012 s −1 is the 
formation rate of resonant muonic molecules (in this work we use the same constant for ddµ∗ , ttµ∗ and dtµ∗ 
because of their high level density). 0 ≤ fmol(T) ≤ 1 is the fraction of target molecule calculated by the law of 
mass action,

where nmol is the number density of molecules, nat the number density of atoms, D the bond energy of hydro-
gen molecule, mat the mass of the atom and h Planck constant. ϒs is the probability of the excited muonic atom 
reaching the 2s state just after the cascade process (in this work we take 0.5 due to the parity conservation), 
�dtµ(F=0)(T) and �dtµ(F=1)(T) are dtµ formation rates for tµ(1s, F = 0, 1) (see main text), �ttµ = 2× 106 s −115 
is the ttµ formation rate, �ddµ(F=1/2) = 9× 104 s −115 and �ddµ(F=3/2) = 5× 106 s −1 are ddµ formation rates for 
dµ(1s, F = 1/2, 3/2) (including non-resonant formation process), �dis = 7× 1010 s −1 is the dissociation lifetime 
of resonant muonic molecules (estimated  from79). ϒγ ≃ 0.9 is the branching ratio of radiative dissociation of 
the resonant muonic molecules, 0.1 ≤ ϒtµ ≤ 0.9 is the probability resulting in tµ(1s) + d pair after the radiative 
dissociation of the resonant muonic molecules, ϒ ′

t = 0.174 is the probability resulting in tµ(1s) + d pair after the 
non-radiative dissociation of the resonant muonic molecules, �thr is a typical thermalization time constant for 
the hot muonic atoms (we take 107 s −1 in the present calculation based on classical interaction model and Monte 
Carlo  calculations68). �F=3/2→1/2 and �F=1/2→3/2(T)

20 are spin-flip reaction rate between dµ(1s, F = 3/2) and 
dµ(1s, F = 1/2) given by

where �Ehfs(dµ) = 0.0485 eV is the hyperfine splitting energy of dµ(1s) , and �3/2→1/2 = 3× 107 s −1 . �F=1→0 
and �F=0→1(T) are spin-flip reaction rate between tµ(1s, F = 0) and tµ(1s, F = 1) given by

where �Ehfs(tµ) = 0.24 eV is the hyperfine splitting energy of tµ(1s) , and �F=1→0 = 1.3× 109 s −1 . �T/kB ≃ 1.2 
eV is introduced to include the epi-thermal effect of spin-flip collisions.

Total sticking probability W can be given by

where Pdµ(1s,F) and Ptµ(1s,F) are arrival probabilities of dµ(1s, F = 1/2, 3/2) and tµ(1s, F = 1, 3) , respectively. 
Similarly, Phot dµ(1s) and Phot tµ(1s) are the arrival probabilities of hot d µ(1s) and t µ(1s), respectively. These prob-
abilities are defined by the relative value against the muonic atom formation probability.

Future improvements of the kinetics model. Since the present kinetics model is based on the current 
few-body theories of muonic atoms/molecules. The theories do not cover the muonic atoms/molecules and sur-
roundings because of the long-range Coulomb interactions. Thanks to the rapid progress of computer resources, 
the area where the few-body calculations can be handled is increasing, and the following improvements are 
expected in the model in the future.

First, the EVM is a simple implementation of epi-thermal muonic atom processes. It has been pointed out 
that the surrounding electron correction to the binding energy of dtµ (finite size effect)93,94 that affects the VM 
is  insufficient95,96. Furthermore, the finite size effect should be treated much more rigorously in dtµ∗ than dtµ 
because the spatial size of dtµ∗ is much larger than that of dtµ and is close to the electron orbital. A rigorous 
four-body scattering  calculation97 that can distinguish the final states of dtµ∗ radiative and non-radiative diso-
ciation will be required.
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Second, there should be a discrepancy between the full-thermalization assumption and the realistic popula-
tion of constituting species. The µ captured in atomic orbital cascades down to the lower levels converting the de-
excitation energy to the kinetic energy of the muonic atom and the different kind of atomic/molecular processes 
from the fully thermalized processes would occur. So far such cascade processes were considered theoretically; 
however, as described above, not only the isotopic muon transfer at the ground states of the muonic atoms, but 
also the SPM processes (even by the radiative dissociation of resonant muonic molecules) induce epi-thermal 
muonic atoms. Theoretical implementation of the SPM contribution should be required.

Third, the rate of resonant muonic molecular formation which plays a crucial role in the µ CF kinetics model 
with SPM should be tested experimentally. As shown in Fig. 5b–d, the yield of X-rays associated with the radiative 
dissociation is not small, and could be observable. The X-ray spectrum has characteristic structure depending 
on the vibrational states of dtµ∗ and ddµ∗ and can be distinguished from 2p → 1s mono-energetic transition 
energy. Recently available X-ray  detectors43–45 are promising tools.
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