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An integrated photonic circuit 
for color qubit preparation 
by third‑order nonlinear 
interactions
A. L. Aguayo‑Alvarado1, F. Domínguez‑Serna2, W. De La Cruz3 & K. Garay‑Palmett1*

This work presents a feasible design of an integrated photonic circuit performing as a device for 
single‑qubit preparation and rotations through the third‑order nonlinear process of difference 
frequency generation (DFG) and defined in the temporal mode basis. The first stage of our circuit 
includes the generation of heralded single photons by spontaneous four‑wave mixing in a micro‑ring 
cavity engineered for delivering a single‑photon state in a unique temporal mode. The second stage 
comprises the implementation of DFG in a spiral waveguide with controlled dispersion properties for 
reaching color qubit preparation fidelity close to unity. We present the generalized rotation operator 
related to the DFG process, a methodology for the device design, and qubit preparation fidelity results 
as a function of user‑accessible parameters.

Quantum information processing (QIP) involves manipulating and processing information coded on qubits. Sev-
eral two-level systems have been proposed and implemented for qubit preparation, such as trapped  ions1, quan-
tum  dots2,3, and superconducting  materials4. However, single photons have been one of the most studied systems 
due to their more straightforward implementation, and relative lack of  decoherence5. Broadly, these single-photon 
states are generated from parametric nonlinear processes, such as spontaneous parametric  downconversion6 and 
spontaneous four-wave  mixing7. Practical implementations of QIP tasks, like quantum computing, demand scal-
ability of the quantum  systems8, for which integrated micro and nanodevices become an attractive  alternative9–11.

In generating single-photon-based qubits, the polarization basis has been the most  exploited12–15; though, 
its two-dimensional Hilbert space does not allow harnessing the real potential of QIP. In recent years, different 
bases for qubit preparation have emerged as alternatives to the polarization basis. For example, the transverse 
spatial degree of freedom, through the orbital angular momentum (OAM)  basis16, and the temporal/spectral 
degree of freedom in terms of the temporal mode (TM)  basis17. Both schemes have attracted significant attention 
to encoding information since they reside in high-dimensional Hilbert spaces.

The temporal mode basis has advantages over the OAM basis since it can be used from pulsed optical fields in 
guided media and is less sensitive to  disturbances17,18, establishing an excellent option for applications in  QIP19. 
Recent work on quantum pulse  gate20–22 has opened up a route for TM quantum logic implementation based 
on nonlinear interactions that involve frequency conversion of optical fields as an alternative to the extensively 
implemented quantum computing protocols by linear  optics23. Temporal mode based qubits find applications, 
for instance, in quantum network nodes, where the frequency of flying qubits (photon states) can be converted 
(through a unitary transformation resulting from a nonlinear process) to a different frequency at which the 
stationary qubits (usually a material system) are  sensitive24, but without altering the information coded in their 
quantum  state25,26. The former kind of qubits is known as color  qubits27,28, in the sense that the quantum state can 
be in one frequency or another, i.e., there is a two-level system that allows for the interaction of two frequencies ωs 
and ωr , whose linear combination forms a qubit of the form |�� = cr |ωr� + cs|ωs� , where |ωj� is a single-photon 
state of frequency ωj and cj its corresponding complex coefficient, with j = s, r.

In this work, we propose a feasible integrated photonic circuit, capable of color qubit preparation (in the TM 
basis) and rotations by the third-order nonlinear process of difference frequency generation (DFG)29. Through 
this process, qubit rotations are restricted to axes lying in the xy plane of the Bloch sphere. The present work 
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constitutes a step forward in the study that we recently  published28. The proposed device (see Fig. 1) constitutes 
an example with high potential to be implemented, in which the demonstration of color qubit preparation by 
DFG with fidelities close to unity is achievable. The proposal comprises the on-chip integration of a heralded 
single-photon source by SFWM in a micro-ring cavity and a DFG source implemented in a spiral waveguide. 
Both sources have been engineered to increase the spectral overlap between the fundamental temporal modes of 
the input state (based on SFWM) and the DFG quantum gate, which lead to the desired qubit preparation fidelity. 
There are alternative mechanisms for controlling the spectral properties of the involved processes, such as those 
based on the group velocity matching  technique30,31, through which similar results could be obtained and could 
also be implemented in integrated photonic circuits. In this sense, the presented theory and design methodol-
ogy are general and can be applied in several configurations. Note that the TM basis for color qubit preparation 
demands unitary conversion efficiency and mode selectivity. However, in practical implementations reaching 
unitary efficiencies involve time-ordering corrections (ignored in the present treatment)32,33 that degrade the 
selectivity. This limitation can be overcome by implementing a cascading scheme based on an optical Ramsey 
 interferometer34,35, a scenario we shall consider as future work.

Results
This paper focuses on the third-order difference frequency generation process regarded as a unitary evolution 
for single-qubit preparation and rotations, which we propose implementing in the integrated photonic circuit 
of Fig. 1, designed under realistic conditions. We prove that the DFG process leads to a generalized rotation 
operator, around an axis with unit vector n̂(ν) , in the form Rn̂(ν) = exp

(

−i
∑

j θjn̂(ν) · σ̂ j

)

=
∏

j R
j

n̂(ν)
(2θj) , 

where

with σ̂ j a vector of Pauli matrices, I the identity matrix, Ij = |φ�j j�φ| + |ψ�j j�ψ | , and n̂(ν) = � cos ν, sin ν, 0� . 
Each matrix σ̂ j

x,y,z couples the subspace j, {|φ�j , |ψ�j} , such that each Rj

n̂(ν)
(2θj) is valid for a pair of modes 

( |φ�j , |ψ�j ). For instance, σ̂x in subspace j is written as σ̂ j
x = |ψ�j j�φ| + |φ�j j�ψ | . Note Rn̂(ν) describes a rotation 

around an axis lying in the xy plane. The axis is defined by ν , while the rotation angle θj varies for each j, which 
means that once the rotation axis is defined, all involved pairs ( |φ�j , |ψ�j ) will rotate to a different angle. Therefore, 
after evolution, the output state will comprise in a linear combination several unwanted pairs, unless a single 
one interacts in a controlled  manner28, a challenge we endeavored to overcome. Note that our treatment relies 
on the description of pulsed single-photon states in the temporal mode basis, such that |φ�j and |ψ�j become to 
represent single-photon states in a single temporal mode. Also, note that in our proposal n̂(ν) can be externally 
controlled, while θj will depend on the device geometry and experimental parameters.

(1)R
j

n̂(ν)
(2θj) = I − Ij + cos θjIj − i sin θj

(

n̂(ν) · σ̂ j

)

,

Figure 1.  Design of the proposed integrated photonic circuit for color qubit preparation and rotations. All 
components in the device are based on silicon nitride (Si3N4 ) waveguides above a substrate of silicon dioxide 
(SiO2 ) on silicon (Si). The top scheme describes the circuit operation, comprising the stage for generating a 
heralded single-photon state, which acts as input to the quantum gate waveguide (the second stage), where the 
DFG process occurs. The bottom-right scheme depicts the DFG process that leads to a generalized rotation 
operator for single-qubits defined in the temporal mode basis. Note that |0� = |φj� and |1� = |ψj� are written on 
a computational basis in pairs of temporal modes. The bottom-left image is a representation of the waveguide’s 
geometry.
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Following the scheme in Fig. 1, the designed photonic circuit involves the generation of a heralded single-
photon state by spontaneous four-wave mixing in a micro-ring resonator. The SFWM source is engineered for 
delivering a single-temporal-mode photon state |ωs� , which becomes one of the two states of the computational 
basis (say |0� ). Then, this state is launched together with two pulsed pump fields (tuned at frequencies ω1 and ω2 ) 
into a waveguide, dispersion-controlled to fulfill phasematching for DFG at the desired frequencies. DFG can be 
defined as a frequency-translation process leading to the annihilation of ωs−photons and subsequent emission 
of single-photons at ωr , or the corresponding reversed interaction. The frequency conversion probability will 
depend on source parameters as the power of the pump fields. Note that in this description, a single-temporal-
mode state |ωr� would correspond to the other state of the computational basis ( |1�).

The proposed DFG source is designed to favor the interaction in a particular sub-space j, i.e., to mediate 
the coupling between the temporal-mode pair ( |φ�j , |ψ�j ). In such a case, even the DFG process involves the 
emission of a linear combination of temporal-modes pairs (as seen in Fig. 1), only the one matching the tem-
poral mode of the single-photon input state will be efficiently delivered from the waveguide end. Roughly, the 
DFG nonlinear interaction can be described as a unitary evolution Û  that produces color qubits in the form 
|��out = Û |ωs� = α|ωs� + β|ωr� , with |β|2 the probability of conversion and |α|2 = 1− |β|228. However, such 
description corresponds to the ideal situation for which the DFG unitary operator involves a unique temporal-
mode pair ( |φ�j , |ψ�j ), and also the input state. In general, both the input single-photon state and the DFG source 
comprise a linear superposition of temporal modes, which lead to unwanted interactions through the evolution 
in the nonlinear medium.

Our proposal is based on spectral-properties control engineering to let DFG interactions serve as a platform 
for qubit preparation and rotations. To quantify in a realistic scenario how close is the evolved state to the ideal 
one, we use a fidelity measure defined as F = ideal

out ��|ρout |��idealout  , where ρout is the density operator denoting 
the evolved state.

Focusing on the ideal unitary transformation sketched in the top scheme of Fig. 1, the input state can be 
already in a superposition α|ωs� + β|ωr� , previously prepared in an identical DFG source, which could be 
integrated to the same photonic circuit. On the other hand, let us highlight that once a color qubit is available, 
rotations, given in Eq. (1), are achievable for particular values of the phase difference ( ν ) between the two pump 
fields. Thus, our proposal has the potential to implement, in an integrated monolithic device, the generation of 
a single-photon state, the preparation of qubits, and their rotations on the Bloch sphere.

The proposed device. We propose an integrated photonic circuit for color-qubit quantum gate implemen-
tation based on silicon nitride rectangular waveguides lying above a plane substrate of silicon dioxide on silicon, 
as shown in the inset of Fig. 136. The device integrates the stages for single-photon state generation by SFWM and 
the qubit preparation/rotation by DFG.

The single-photon state source consists of a micro-ring cavity resonant to the heralding mode (at frequency 
ωi ). The design parameters for this source to herald a pure single-photon state (at frequency ωs ) comprising just 
the fundamental temporal mode are summarized in Table 1. In turn, the DFG source is based on a waveguide 
engineered for integration with the single-photon source and reaching qubit-preparation fidelities close to the 
unit. The specific design parameters of the DFG source are also compiled in Table 1. Note that the two nonlinear 

Table 1.  Parameters of the SFWM and DFG sources of the proposed integrated photonic circuit

SFWM DFG

Central wavelengths (μm)

Pump-1 �1 = 0.822 �1 = 0.822

Pump-2 �2 = 1.554

Signal-s �s = 1.253 �s = 1.253

Signal-r �r = 0.729

Idler �i = 0.612

Waveguide dimensions (μm)

Core width wsfwm = 0.953 wdfg = 1.617

Core height h = 0.700 h = 0.700

SiO2 height H = 1.0 H = 1.0

Length lc = 43 L = 1.0× 10
4

Pump/filter bandwidths (THz)

Pump-1 σ1 = 6.0 σ1 = 6.0

Pump-2 σ2 = 0.7

Filter σf = 1.0

Cavity reflectivity

Ri = 0.86

Nonlinear coefficient (mW)−1

γfwm = 5.05 γdfg = 2.50
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interactions demand the use of waveguides with different widths ( wsfwm and wdfg ), which waveguide tapers can 
interconnect with the minimum of losses by designing adiabatic  transitions37.

The crucial point of our proposal is the attainment of qubit preparation fidelities close to unity. In this sense, 
the integration of the SFWM based single-photon source with the DFG source, as depicted in Fig. 1, becomes 
essential, which demands the simultaneous fulfillment of the phasematching constraint for the two nonlinear 
processes, at the same pump ( ω1 ) and heralded single-photon ( ωs ) frequencies.

The heralded single‑photon source. The SFWM-based source is proposed in a micro-ring cavity and is modeled 
according to the treatment given in  reference38. In this configuration, a factorable two-photon state can be emit-
ted if the cavity is resonant to at least one of the photons comprising the pair. In our case, we consider a cavity 
designed to be resonant to the idler photons, with wavelength �i < �1 ( �1 being the the pump wavelength). The 
cavity-modified joint spectrum is composed of a set of cavity-allowed modes and, on the whole, exhibits spectral 
correlation, but the portion corresponding to each cavity-allowed mode is factorable. Then, by using a suitable 
spectral filter, we can choose a unique resonant mode (the central one in our case), obtaining a factorable two-
photon state. The idler photons act as a trigger to herald the emission of signal photons, which are generally 
characterized by the density  operator39,40

where F(ωs ,ωi) is the joint spectral amplitude (JSA) function of the cavity-based two-photon state and 
â(ω)

(

â†(ω)
)

 is the annihilation (creation) operator of photons at frequency ω . For accessing the temporal mode 
content of the two-photon state, the JSA is written in terms of the Schmidt  decomposition41

with ϕm(ωs) and �m(ωi) depicting two sets of temporal-mode basis functions, which are pairwise  correlated20. 
The coefficients Dm weighing the product of temporal-modes pairs are normalized such that 

∑

mDm = 1 . Note 
that an ideal factorable two-photon state involves only a temporal mode pair ( ϕm(ωs), �m(ωi) ). In such a case, 
a detection event of trigger photons heralds the emission of a signal photon in a quantum-mechanically pure 
state; the purity defined as p =

∑

m D2
m.

Our proposal includes the implementation of an SFWM source in a micro-ring resonator of length lc , which, 
after being pumped with pulses centered at �1 = 2πc/ω1 = 0.822µ m is capable of delivering nearly uncorrelated 
photon pairs centered at wavelengths �s = 2πc/ωs = 1.253µ m and �i = 2πc/ωi = 0.612µ m. Then, detection 
of a visible photon (idler arm) announces an infrared photon in the signal arm, accessible for its use as input to 
the DFG source. The joint spectral intensity of the designed SFWM source, calculated as |F(ωs ,ωi)|2 , is shown in 
Fig. 2a). Note that frequency axes are expressed as �ωµ = ωµ − ωµ0 , with µ = s, i and ωµ0 the central emission 
frequency. The joint spectrum exhibits the expected factorable feature, validated by calculating its Schmidt eigen-
functions and corresponding eigenvalues Dm . Figure 2b and c show the three first temporal-mode pairs ( ϕm(ωs)

, �m(ωi) ), plotted as dashed lines, and the corresponding Schmidt eigenvalues are shown in the inset of Fig. 2a. 
As noticed, the JSA is essentially determined by the fundamental temporal-mode pair and consequently can be 
written as F(ωs ,ωi) ≈ ϕ1(ωs)�1(ωi) . Hence, this SFWM source can lead to the preparation of a single-photon 
state with a spectral amplitude ϕ1(ωs) and an estimated purity of 0.997. The reached level of photon-pair source 
factorability was obtained by adding a spectral filter modeled as a Gaussian shape bandpass filter of bandwidth 
σf = 1THz and centered at the central idler emission frequency of the SFWM source. This filter enables the choice 
of a unique cavity-allowed mode (the central one in our case) among those comprising the cavity-modified joint 
 spectrum38 while preserving a high photon-pair emission rate per pump-power squared, ≈ 0.4 pairs /µW2 . 
Integrated bandpass filters can be implemented from liquid  crystals42 or microresonator  systems43.

The DFG source for qubit preparation and rotations. The proposed DFG source is based on a χ(3) spiral rectan-
gular waveguide, as shown in Fig. 1. In this process, a single-photon state at frequency ωs ( ωr ) could be translated 
toward different frequency ωr(ωs ), through the interaction with two intense pump fields with frequencies ω1 and 
ω2 and phase difference ν , constrained to energy and momentum conservation  fulfillment28. This χ(3) nonlinear 
interaction is governed by an evolution operator given by

where ζ is a global constant, H.C. denotes hermitian conjugate, ks(kr ) is the propagation constant at ωs(ωr ), and 
G(ks , kr) is the function that describes the spectral properties of the DFG process and is called onward mapping 
function (MF). An explicit form of this function, given in terms of frequencies rather than wavenumbers, can 
be found in  reference28. Note that the MF squared is proportional to the probability of frequency conversion. 
Interestingly, the MF linearly couples the ωs(ks) and ωr(kr) modes during the interaction. The linearity of the 
DFG process has already been proposed as a method to obtain unitary transformations acting on  qubits18,21, 
whose computational basis is formed of two single-photon states with different colors (frequency)44. This feature 
is the one we exploit for qubit preparation and rotations in our integrated photonic device.

(2)ρs =
∫

dωs

∫

dω′
s

∫

dωiF(ωs ,ωi)F
∗(ω′

s ,ωi)â
†
s (ωs)|vac��vac|âs(ω′
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(3)F(ωs ,ωi) =
∞
∑
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√
Dmϕm(ωs)�m(ωi),

(4)Û = exp
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As for the JSA (see Eq.  3), we write the MF in terms of the Schmidt decomposition 
G(ωs ,ωr) =

∑∞
j=1

√

Cjφj(ωs)ψj(ωr) , which leads us to rewrite the evolution operator of Eq. (4) as

where time-ordering effects and other possible loss mechanisms were ignored; φj(ωs)[ψj(ωr) ] depicts the Schmidt 
eigenfunctions, and Cj is the Schmidt eigenvalue. Âj and B̂j represent temporal mode annihilation operators 
given by

The parameter θj in Eq. (5) couples the different pairs of temporal-mode eigenstates |φ(ωs)�j ≡ |φ�j and 
|ψ(ωr)�j ≡ |ψ�j , and is given by

(5)Û = exp
{

− i
∑

j

[

θjÂjB̂
†
j + θ∗j Â

†
j B̂j

]}

,

(6)Âj =
∫

dωsφj(ωs)â(ωs),

(7)B̂j =
∫

dωrψj(ωr)â(ωr).

Figure 2.  Spectral properties of the proposed SFWM and DFG sources. (a) The normalized joint spectral 
intensity of the SFWM source. (b) and (c) The three first temporal-mode pairs of the JSA ( ϕm(ωs), �m(ωi) ), 
plotted as dashed lines. (d) The normalized DFG mapping function. (b) and (e) The three first temporal-mode 
pairs of the MF ( φj(ωs), ψj(ωi) ), plotted as solid lines. Note that the eigenfunctions have been normalized to 
the maximum value of the fundamental mode, while the joint spectral functions were normalized to their 
corresponding maximum value.The insets of panels (a) and (d) show the Schmidt coefficients of the JSA and 
MF, respectively.
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where ǫ is a global constant, L is the waveguide length, γdfg is the nonlinear coefficient, and Pavµ and σµ are the 
average power and bandwidth of the pump field µ = 1, 2 , respectively. Beyond experimentally controllable vari-
ables, efficient coupling between a particular temporal mode pair is determined by the Schmidt coefficient Cj . 
Equations (5) to (8) reveal that the DFG process can enable the preparation of color qubits as linear combinations 
of the temporal-mode computational basis elements |φ�j and |ψ�j , in the form |�� = αj|φ�j + βj|ψ�j , see Fig. 1.

We conducted a parametrical numerical study that enabled us to identify the geometrical and pump char-
acteristics for the DFG source, which are summarized in Table 1. The obtained spectral mapping function is 
shown in Fig. 2d, where frequency axes are also expressed in terms of detuning from the central frequencies. 
Figure 2b and e show the three first temporal-mode pairs ( φj(ωs), ψj(ωr) ), plotted as solid lines, and the first 
seven Schmidt eigenvalues are shown in the inset of panel 2d. In this case, the MF exhibits marked spectral 
correlation as several Schmidt pairs are needed to reconstruct the entire joint spectral function. The calculated 
Schmidt number characterizing this source is (

∑

j C
2
j )

−1 = 2.33 . On the other hand, note in panel b) that func-
tions ϕ1(ωs) and φ1(ωs) spectrally overlap almost perfectly, which was the real challenge in the quest for the 
design of our integrated photonic circuit.

Let us now analyze the evolution of an input state through propagation along the DFG waveguide (quan-
tum gate medium). Firstly, we assume a pure single-photon state as input, which can be expanded in the DFG 
temporal-mode basis {φj} as |��in =

∑

j OjÂ
†
j |vac� , where

with h(ω) the spectral amplitude of the input state, normalized as 
∫

dω|h(ω)|2 = 1 , that can comprise several 
temporal modes. In the particular example of Fig. 1, the input state corresponds to the heralded single-photon at 
ωs from the SFWM source, engineered for delivering a single-photon state in a single temporal mode, in which 
a case h(ω) would correspond to the first and prevailing eigenfunction in Eq. (3), i.e., ϕ1(ωs).

Through the nonlinear interaction with the two pulsed pumps, the input state |��in will evolve to the output 
 state28

where N  is a normalization constant and |��idealout =
(

cos θ Â† − ieiν sin θ B̂†
)

|vac� , our interest’s color qubit, is 
the evolved state resulting from a perfect spectral overlap between a temporal-mode of the input state with one 
of the computational basis states |φ�j or |ψ�j , being the fundamental mode in our particular instance, see Fig. 2b. 
On the other hand, the terms xj = Oj cos θj and yj = −iOje

iν sin θj arise from likely overlapping among the input 
state and DFG temporal-mode pairs beyond the fundamental pair. Accordingly, a linear combination of those 
evolved terms appears in the output state as a spurious contribution to the qubit.

Since our proposed input state is in a unique temporal mode and the DFG source has been spectrally engi-
neered to guarantee an almost perfect overlap between its first temporal mode |φ(ωs)�1 and that of |��in , the terms 
proportional to xj and yj in Eq. (10) are negligible, enabling to our interested qubit be quite distinguishable from 
the spurious background. The fidelity obtained under our source parameters is F = 0.99 , a highly acceptable 
value for practical applications. Notice that despite the mapping function comprises several eigenfunctions, the 
fundamental pair makes the highest contribution, as can be seen in the inset of Fig. 2d. Our results prove that 
it is not required to factorize the mapping function nor use external control to favor the coupling of a unique 
temporal mode pair ( |φ�j , |ψ�j ) and lead to an almost ideal color qubit preparation.

Let us remark that in a realistic situation, the heralded single-photon, acting as input to the quantum gate 
medium, will be in the mixed state ρs given by Eq. (2), so that the density matrix describing the quantum gate 
can be calculated from Eq. (5) as ρout = ÛρsÛ

† , obtaining

where Î is the double integral operator. Note this expression is less intuitive than the state in Eq. (10).

Discussion
As described in the previous section, our designed integrated photonic circuit allows the preparation of color 
qubit with high fidelity. A continuum of linear superpositions can be prepared by changing the coupling param-
eter θj , which can be achieved by externally controlling the average power of the two pump fields. From Eq. (8), 
and under our proposed experimental conditions, we estimate that a complete translation of the single-photon 
state from ωs to ωr is achieved for a minimal product of the pump powers of 8.3 mW2 . A reasonable value to 
avoid distortion of signal spectra that can degrade our quantum gate’s fidelity, related to other nonlinear effects 
in the  waveguides45,46.

Even though in the previously discussed example, we assumed an input state comprising components in just 
one dimension of the computational basis, in general, the input state to the DFG source may have the form 
|��in =

∑

i

(

xiÂ
†
i + yiB̂

†
i

)

|vac� , for which the complete output state is calculated as |��out = Rn̂(ν)|��in . Notice 
that the general input state can be prepared in an equivalent DFG source, as shown in Fig. 1, suggesting an 

(8)θj = ǫ
√

CjLγdfg

√

Pav1Pav2

σ1σ2
eiν ,

(9)Oj =
∫

dωφ∗
j (ω)h(ω),

(10)|��out = Û |��in = N

(

|��idealout +
∑

j �=1

xjÂ
†
j |vac� +

∑

j �=1

yjB̂
†
j |vac�

)

,

(11)ρout = Î cos2 θ |ωs��ωs′ | + ie−iν Î cos θ sin θ |ωs��ωr | − ieiν Î sin θ cos θ |ωr��ωs′ | + Î sin2 θ |ωr��ωr |,
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additional but feasible stage in the same integrated photonic circuit. Likewise, as mentioned in the Results sec-
tion, our proposed qubit logic is constrained to rotations around axes in the xy plane of the Bloch sphere, which 
can also be implemented in our designed photonic circuits by modulating the phase difference between the two 
pump pulses through an active integrated optical  component47. However, note that entire Bloch sphere rotations 
could be realized by scaling our proposed device to allow consecutive rotations around the x and y axes, some-
thing entirely achievable by integrated photonic means, so its design is currently being explored.

Our proposed design, characterized by parameters given in Table 1, represents a feasible device to manu-
facture and characterize using the working group infrastructure. Still, in practical implementations, deviation 
from predicted conditions may occur, leading to undesired results. We estimate the quantum gate fidelity value 
as a function of pump wavelengths tunability and bandwidths and variations in the SFWM and DFG waveguide 
widths to validate our design’s robustness. Results are shown in Fig. 3. Surprisingly, from panel a) we can see 
a continuum of pump wavelength pairs for which fidelity reaches values close to unity. The three highlighted 
contours from external to internal correspond to fidelities higher than 0.9, 0.95 and 0.99, respectively. Note that 
for a wide �2 range (from 1.4 to 1.6 µm), the fidelity remains high enough for an appropriate �1 value tunable in 
a tight, narrow range. As noticed, the function F(�1, �2) exhibits two prominent stripes that tend to converge to 
a particular �2 value. In this convergency point, the DFG phasematching nontrivial solution and the two trivial 
phasematching solutions merge. For a fixed �1 , the fidelity can reach higher values for longer �2 ’s (right stripe) 
than for �2 ’s shifted to the visible (left stripe). As explained in the previous section, the fidelity depends on the 
spectral overlap between the eigenfunction φ1(ωs) and ϕ1(ωs) as dictated by Oj (see Eq. 9). Consequently, lower 
or negligible fidelity values (Fig. 3a) correspond to �1 and �2 pairs, leading to a diminished or null spectral 
overlapping. Note that trivial solutions represent the two cases i) ω1 = ω2 and then ωs = ωr , and ii) ωs = ω2 , 
and then ωr = ω1.

On the other hand, we evaluate the fidelity as a function of the bandwidths of the two pumps, F(σ1, σ2) , 
while keeping the remaining parameters as described in Table 1. Results are displayed in Fig. 3b, where it is seen 
that fidelity values close to unity are obtained for narrower σ2 values in the considered bandwidth range and σ1 
ranging approximately between 5.5 and 7.5 THz. Variations in the pump bandwidths affect the fidelity because 
the SFWM and DFG spectra change, leading to optimal or non-optimal spectral overlaps between the pair of 
eigenfunctions φ1(ωs) and ϕ1(ωs) , see Fig. 2 and Eq. (9).

Figure 3c shows the fidelity as a function of variations in the SFWM and DFG waveguide widths, rewritten 
as wdfg → wdfg +�w and wsfwm → wsfwm +�w , with �w the deviation from the values reported in Table 1. We 
assume a simultaneous increase or decrease of the waveguide widths that can be originated, for instance, from 
a resolution variation in the system used to write the waveguides. The maximum width deviation considered 
in the simulation is �w = ±0.076µ m. To calculate the fidelity, we fixed the other source parameters to the 
values reported in Table 1, except the operation wavelengths �1 , �s , �i , �r , which must be adjusted for simultane-
ous perfect phasematching of the SFWM and DFG processes as waveguide dispersion properties modify with 
changes in the waveguide widths. It can be seen in the figure that fidelity remains close to unity for the explored 
�w range. Note there is an interval with a 0.07µ m width for which the fidelity is greater than 0.99, defined by 
the vertical dashed lines in Fig. 3c. The described analysis shows that our proposed design is robust against 
fabrication variations. Although the fidelity value varies if the waveguide widths result broader or thinner, the 
change is not so dramatic in an interval of more than 100 nm, while the operation wavelengths of the device 
remain experimentally accessible.

Results depicted in Fig. 3 reveal that once the proposed circuit has been implemented, there is flexibility in 
controlling its operation through external parameters related to the laser sources. They also indicate that if the 
geometrical parameters deviate slightly from the ideal values during the fabrication process, suitable quantum 
gate fidelities can still be obtained by choosing the proper phasematched wavelengths and pump bandwidth; 
a consequence of the SFWM and DFG spectral properties dependence on waveguide dispersion and pump 
characteristics.

In conclusion, we have designed a feasible integrated photonic circuit capable of color qubit preparation 
and rotations, based on the third-order nonlinear processes of spontaneous four-wave mixing and difference 
frequency generation. Our proposed device settles the basis for a photonic single-qubit logic relying on the 
temporal modes of pulsed single-photon states. It has been proved that by spectral engineering of the two 
nonlinear processes, assumed to be implemented in silicon nitride rectangular waveguides, qubit preparation 
fidelities close to unity are attainable. We consider our work a viable route for advancing quantum computing 
development by photonic means.

Methods
For designing our integrated photonic circuit proposed to demonstrate color qubit preparation and rotations by 
DFG, we developed a parametric numerical exploration that enabled us to identify the set of physical parameters 
that lead to a quantum gate fidelity as close to unity as possible. For this, we propose an interaction in which 
the fundamental temporal modes of the input state and DFG quantum gate spectra almost perfectly overlap. 
This strategy requires satisfying the following conditions: (i) the JSA must be factorable, such that the heralded 
single-photon state contains only the fundamental mode, and (ii) although the mapping function can comprise 
several temporal modes, it must be such that only the fundamental one overlaps with that of the input state. 
Ideally, the overlap must be perfect for getting a unity fidelity, so the first step in our quest is to guarantee the 
simultaneous fulfillment of the phasematching conditions for the two processes (SFWM and DFG) at the same 
central frequencies ω1 and ωs , which depends on the dispersion properties of the nonlinear media.

Note that the material optical properties used in our numerical study correspond to those materials syn-
thesized and characterized by the working  group36, which become essential to make a real connection among 
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simulations, experimental data, and feasible proposals. On the other hand, the waveguide dispersion properties 
were computed employing the opensource optical eigenmode solver  WGMODES48, by using as free parameters 
the width (w) and the height (h) of the waveguide cores, while the height of the silicon dioxide layer was set to 
1µm.

To accomplish the conditions mentioned above, we proceed with the following methodology: 

 (i) To define the pump and signal wavelengths for the SFWM and DFG processes. In our case, taking into 
account our concern in an experimental demonstration of the proposed integrated circuit, we choose the 
central operation wavelengths of the device based on our availability of lasers sources and single-photon 
detectors for characterization.
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Figure 3.  Color qubit preparation fidelity as a function of (a) the pump wavelengths, (b) the pump bandwidths, 
and (c) variations in the SFWM and DFG waveguide widths, while the remaining parameters of the SFWM and 
DFG sources are fixed to the values in Table 1.
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 (ii) To identify the waveguide geometrical parameters for the SFWM and DFG sources. For doing so, we 
define an objective function to be minimized, given by 

 where �ksfwm(h,wsfwm) [�kdfg (h,wdfg )] represents the phase mismatching for SFWM [DFG]. Perfect 
phasematching requires the conditions �ksfwm(h,wsfwm) = 0 and �kdfg (h,wdfg ) = 0 to be fulfilled, which 
reduces our problem to find the values of h, wsfwm and wdfg that minimize the objective function at the 
wavelengths of interest. We consider that fields in each waveguide propagate in the fundamental electrical 
transverse mode. The exploration ranges for each dimension were limited to realistic and feasible manu-
facturing values under our experimental conditions. Figure 4a shows the minimum value of the objective 
function in terms of the core height h, while the widths of the two waveguides are allowed to vary. It is 
interesting to see that for a certain value of the core height, h ≈ 0.4µ m, the function Fobj(h,wsfwm,wdfg ) 
reaches a plateau near the desired value Fobj(h,wsfwm,wdfg ) = 0 . The observed behavior suggests that 
for each h on that plateau, there is a combination of wsfwm and wdfg values, for which phasematching 
is simultaneously achieved for the two processes. Figure 4b shows the value of the objective function 
for h = 0.7µ m in terms of the waveguide widths. It is worth noting that the minimum value shifts to 
lower wdfg as the height decreases, while wsfwm remains almost constant. Figure 4c shows the phase-
matching diagrams for the two processes, obtained with parameters h = 0.7µ m, wsfwm = 0.953µ m and 
wdfg = 1.617µ m. In the case of DFG the diagram is generated for �2 = 1.554µ m. This figure shows that 
phasematching is fulfilled simultaneously for the two processes at �1 = 0.822µ m and �s = 1.253µm.

 (iii) To boost the quantum gate fidelity through variations of user-accessible parameters. By keeping fixed the 
bandwidths of pump 2 ( σ2 = 0.5 THz) and the spectral filter in the heralding arm of the SFWM source 
( σf = 4 THz), we evaluate the fidelity as a function of the remaining device parameters in order to iden-
tify conditions for boosting the fidelity value. The free variables were the length of the DFG waveguide 
(L), the bandwidth of pump 1 ( σ1 ), and the length ( lc ) and reflectivity ( Ri ) of the SFWM cavity, according 
to the model in  reference38. The parameters were varied in ranges of values accessible experimentally. 
Results are displayed in Fig. 5 as a 3× 3 matrix, where columns correspond to three different values of 
L, while rows correspond to three different values of σ1 . Each matrix element shows the fidelity value as 
a function of lc and Ri . Results are presented as filled contours, with six levels indicating different fideli-
ties ranges; see the colorbar underneath the matrix. As the figure shows, in our conditions, the fidelity 
increases for shorter L, wider σ1 , longer lc , and high-quality cavities (as dictated by the Ri value); those 
parameter combinations favor the spectral overlap between the fundamental temporal modes of the input 
state and the mapping function characterizing the quantum gate medium. We choose the parameters 
corresponding to the black circle marker on the bottom-left matrix element for the example discussed 
here and presented as a potential proposal to be implemented, i.e., L = 1 cm, σ1 = 6 THz, lc = 43µ m 
and Ri = 0.86 , which lead to a fidelity F = 0.983 . As the last step in defining our design, we vary the 
bandwidths σ2 and σf  while fixing the remaining parameters at the values corresponding to the black 
circle marker in Fig. 5. Results are shown in Fig. 6. In addition to fidelity (panel a), we present results of 
the SFWM photon-pair emission rate (panel b)) and the minimum product of the average powers of the 
two pump fields (panel c) required for a complete evolution from the mode Â† to the mode B̂† , see Eqs. 
(6) and (7), since they are affected by σ2 and σf  . A high photon-pair emission rate is beneficial for getting 
reasonable heralding efficiencies of the SFWM based single-photon source, and a low minimum value of 
the product Pav1Pav2 is required for avoiding undesirable nonlinear effects in the DFG waveguide. Note 
that in the exploration ranges, the obtained fidelity values exceed 0.97 and can achieve values close to 
unity for smaller σ2 and σf  at the expense of a reduced photon-pair emission rate and higher values of 
the product of the pump powers. For our proposed design, we set σ2 = 0.7 THz and σf = 1 THz, which 

(12)Fobj(h,wsfwm,wdfg ) = �k2sfwm(h,wsfwm)+�k2dfg (h,wdfg ),
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lead to a fidelity F = 0.99 , a photon-pair emission rate per pump-power squared of ≈ 0.4 pairs/µW2 
and a minimum product of the pump powers of 8.3 mW2 . In Fig. 6, the black circle marker indicates 
this particular result.
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The above-described methodology allowed us to find a feasible design with high potential to be developed with 
currently available technology for photonic integrated circuits. The full description of our proposed circuit for 
qubit preparation and rotations is summarized in Table 1.

Data Availability
Data underlying the results may be obtained from the authors upon reasonable request.
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