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Global analysis of a time fractional
order spatio-temporal SIR model

Moulay Rchid Sidi Ammi', Mostafa Tahiri!, Mouhcine Tilioua*, Anwar Zeb?, llyas Khan®" &
Mulugeta Andualem>**

We deal in this paper with a diffusive SIR epidemic model described by reaction-diffusion equations
involving a fractional derivative. The existence and uniqueness of the solution are shown, next to
the boundedness of the solution. Further, it has been shown that the global behavior of the solution
is governed by the value of Ry, which is known in epidemiology by the basic reproduction number.
Indeed, using the Lyapunov direct method it has been proved that the disease will extinct forRy < 1
for any value of the diffusion constants. For Ry > 1, the disease will persist and the unique positive
equilibrium is globally stable. Some numerical illustrations have been used to confirm our theoretical
results.

In many sciences, experiments can be done to collect information and test hypotheses. Doing experiments for
testing the outbreak of infection in different populations is generally not possible, immoral, and costly'. In most
cases, the data are often unprecise due to underreporting. This deficit in the data collections makes a reliable
estimation of the parameters impossible, which is noted hugely in our recent fight against the pandemic of
COVID-19 disease. Then, it is only possible to approximate certain parameters. Based on the fact that repeatable
experiments are not available in epidemiology, mathematical modeling and numerical simulations can be used
to perform the theoretical experiments needed for a variety of parameter values®. They also help to understand,
analyzing and limiting the outbreak of infectious diseases’. So we should be able to give a response to important
issues as:

e The possibility of having an epidemic.

e The knowledge of the duration of this epidemic is important, for determining the proper public health inter-
vention.

® The density of the individuals that have been touched by this disease.

e The type of control that allows authorities to make decisions about strategies as isolation, quarantine, vac-
cination, and treatment.

In this context, most SIR models have been traditionally investigated in an uniform distribution of populations
which are generally formulated only by ordinary differential equations. This fact shows the possibility that the
disease can outbreak over a spatial region. In reality the infected individuals have the greatest effect on spatially
nearest susceptible persons. The outbreak of infectious diseases is influenced by the spatial movement of popula-
tions. The great development in transportation networks is among the main contributing factors in the growth of
people’s movement around the world. For these reasons, many recent researches have been devoted to the study
of reaction-diffusion models (particularly the existence, uniqueness, positivity and stability of the equilibria).
They have as goal predicting the evolution of diseases in relation to time and space simultaneously*.

Recently, fractional derivatives have several applications in many fields such as mechanics’, control theory®,
bioengineering’ and viscoelasticity®. We point out that derivative order (fractional) can be any positive real choice
in order to best correspond to the available data’. Consequently, the systems of non-integer order differential
equations or partial differential equations give a more realistic behavior!’. Fractional-order-derivatives are used
widely in epidemiology to describe disease evolution and, in most cases, are considered to be more precise than
the classical derivative!'. For example, the spread of the virus is generally discontinuous, so that they are not
well described by systems of ordinary differential equations. Then fractional systems naturally deal with such
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a property of discontinuity'. In addition, different models have used fractional derivatives to better predict
the outbreak of diseases with sufficient data, among these models we find SIR epidemic model with fractional
derivative with Mittag-Leffler kernel®®, hybrid variable-order fractional coronavirus (2019-nCov)', a hybrid
stochastic fractional order Coronavirus (2019-nCov)'>. In'® a survey for novel fractional biological models and
the numerical methods used to study these models. In'! the authors used the real data from the Florida Depart-
ment of Health in the period from September 2011 to July 2014, they concluded that the absolute error between
the solutions obtained statistically and that of the fractional model decreases more than those obtained by the
model of integer derivative.

In the literature, several definitions of fractional derivatives have been used in different works'”. Among the
most popular non-integer derivatives is that of Riemann-Liouville. It is not often adequate for modeling physical
systems because it does not keep the nullity of the derivative constant and the initial conditions of the Cauchy
problem are given by fractional derivatives. Caputo presents another alternative preserving the derivative of the
constant is null and the initial conditions remain expressed as in the classical case by derivatives of integer order'.

The novelties of this work can be summarized in the following two points: Firstly, we investigate the global
behavior of more real extension’s of a basic SIR model with memory effects measured by Caputo’s fractional
derivative in time of order 0 < & < 1, such that when o = 1 we obtain a classical model (without memory).
More precisely, memory measured by the nonlocal operator of the fractional derivative highlights the other
possibilities not included in the model formulation as fear from infection and the movement in the space, and
closing stores, reducing the mobility of persons, and others, which makes fractional systems more realistic to
describe the real life situations. Secondly, we have constructed Lyapunov functions to show the global stability
of the equilibrium points in a more general framework where the proposed system takes into account the spatial
behavior of populations and memory effect. Through this research, we show that our system is well posed in the
sense that we prove the global existence, uniqueness and boundedness of the solution. By constructing suitable
Lyapunov functions, the disease will be eradicated for Ry < 1, and persist for Ry > 1.

This research is structured as follows. In “Preliminaries” section, we remember some basic results for frac-
tional calculus. The proposed model formulation is given in “Model formulation” section. Next, we show in
“Existence and uniqueness of solutions” section the existence and uniqueness of a bounded solution. “Existence of
equilibria and local stability” section is devoted for calculating all possible equilibrium states. The global behavior
of the solution is the subject of interest in “Global stability” section. Numerical simulations of the considered
model in agreement with theoretical results are illustrated in “Graphical representation” section.

Preliminaries
We now recall definitions of the Mittag-Leffler function and Caputo fractional time derivative. First, the Mit-
tag-Leffler function, E, (), is defined as the family of entire functions of z given as

o0 k
z
E = T — 0, C,
«(2) kgo T 1D a > ze

whenever the series converges'®, where I' () is Gamma function .
Observe that the Mittag-Leftler function generalizes the exponential function: E; (z) = exp(z).

Definition 2.1 ('7) We consider f € L!(R"). The Riemann-Liouville fractional-integral of order & > 0 of fis
t
If(t) = / M(t, s)f (s)ds,
0
1 iy .
where M (t,s) = —— (t — s)* ™" is a power law function.

')

Definition 2.2 ('7) We consider & > 0, and letting n € N such thatn — 1 < & < n. The fractional derivative in
sense of Caputo for « for a function f € C"([0, +00), R) is

f(n) )

(t _ S)O"H_”

S,

C o __ rh—anyn _ 1 ‘
§DIf (1) =1 Df(t)_l"(n—a)/o

. d )
with D = a7 forn = 1. In particular, for 0 < o < 1, we get

1 t f/(s)
(I—a)Jo =9

For more details about the definition of fractional derivative in sense Caputo , we refer to'”.

§DYf (1) = -

Model formulation
Let 2 a bounded set in R with smooth boundary d€2, and [0, T] is a finite interval. The classic SIR epidemic
model® governed by reaction-diffusion equations takes the following form: for (¢,x) € Qr = [0, T] x €
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08(H%) ) AS(x) = A — BS(t0)I(E x) — uS(E ),
AI(t, x)
— JaAI(t, %) = BS(,X)I(E,x) — (i + NI(E, %), 3.1)
R(t, %)
o A3AR(t, x) = rI(t,x) — uR(t, x).

The total population N is divided into three compartments of the pathological state where S(t, x), I(t, x) and
R(t, x) are respectively the densities of the susceptible population, infected population, removed population at
time ¢ and the spatial location x.

The positive constants A, r and u are respectively the entering flux into S-class, the recovery rate and the
natural death rate. Persons in S-class acquire infection after a direct contact with person in I-class, with the rate
BSI, where 8 is the transmission coeflicient per unit of time. Positive constants 41, 4 and /3 denote the diffusion
coefficients for the susceptible, infected and removed individuals, respectively. A represents the usual Laplacian
operator.

In the actual world, and during an epidemic, there are numerous components that varies and can influence the
outbreak of a disease and cannot be included in the model formulation, as the fear generated by the population
from infection, weather (specific change in the weather help or reduce the spread of disease). This phenomena
can be modeled by replacing the ordinary differential derivative by a fractional one, as it is used in understanding
many real world phenomena, we cite for instance the research?'. For the model (3.1), the state at any time ¢ does
not depend on the previous history. It is a markovian process (memory depends on time and corresponds to a
Dirac function §(t, s)). However, the evolution and control of epidemic processes in human societies cannot be
envisaged without any memory effect. When an idea is propagated within a human population, the experience
or knowledge of individuals on this idea should influence their responses. To incorporate long-term memory
effects in the classical SIR model (3.1), we convert it to an equivalent system of integral equations. We change
the function é (¢, s) by the power law function M(t, s) which shows a slow decay so that the state of the system at
early times also contributes to the evolution, afterward applying the fractional Caputo derivative?>. One of our
goals is to study the effect of vaccination on the basic reproduction number. We therefore introduced the term
vaccination u into model (3.1). It is assumed that vaccination converts susceptible individuals into the removed
class and confers immunity on them. Motivated by the above discussion, we introduce the time fractional deriva-
tive to the diffusive SIR model in the following manner:

gD‘t"S(t,x) = L AS(t,x) + A — BS(t, x)I(t,x) — uS(t,x) — uS(t, x),
SDYI(t,x) = A ALt x) + BS(t,x)I(t, x) — (u + NI(t,x), (t,x) € Qr, (3.2)
SDYR(t,x) = J3AR(t, x) + rI(t, x) — uR(t, x) + uS(t, x).

We consider that the model (3.2) is self-contained and there is a dynamic across the boundary but there is
no emigration. Then the no-flux homogeneous Neumann boundary conditions are

aS(t,x)  dI(t,x)  OR(t,x)
v v v

0, (t,x) e Zr =1[0,T] x 0%2. (3.3)

For epidemiological aspect, we consider that the following initial conditions of the three classes are positive
S(0,x) = So,1(0,x) = Iy and R(0,x) = Ry, x € Q. (3.4)

The constant u refers to the vaccination rate. It is presumed that the vaccination transforms the persons in
S-class to the removed class after acquiring immunity. We denote by v the outward unit normal vector on the
boundary d€2 and by BBT = 1.V the normal derivative.

Existence and uniqueness of solutions
Letting X = C(2, R) and X> be Banach spaces endowed by the uniform norms
[Ihllx = suplh(x)], Vh € X,

xeQ

and

IHllxs = sup|H(x) |1, YH € X,
xeQ

with |H(x)|; = Z?=1 |H;(x)|is the Manhattan norm?3.
Weset ] = (J1, )2, 3), J* = U, J2,J9), . = (A1, 42, 43) and we assume that A is the linear diffusion operator
where
A:DA) CX > X’
A] = 2A] = (J1AJ1, 72A]2, 23AT3), V] € D(A),

where
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D(A) = {] eX’: AJeX’, sl = Ops forx e 89}.
v

Let the function fdefined by f : [0, T] x X3 > X3, where

fF&J®) =fJ®) = (IO LT, LTM®)),
with

LUWM) = B2 —(w+n)  t€[0,T],

{fl(](f)) = A—BNh—ph —ufy,
HLUW) = 1y — uJs + ufy.

The model can expressed as

Cpar —
{ODt] = Al +f0J®), (4.1)

J0) = J°
where J = (S,I,R) and J° = (Sy, Iy, Ro).

Proposition 4.1 Let 0 < « < 1, for any J° € D(A), problem (4.1) has a unique non-negative solution
J € C([0, T1; X3) given by

J(t) = /0 " 0, 0)Q(10))°d6 + (1),
where
F(t) =« /Ot /Ooo o(t — r)“_ld>a(9)Q((t — 1)%0)f (r)dbdr (4.2)
and 4, (0) is a probability density function defined on (0, 00).

Proof Since A is a linear closed operator defined on a dense set D(A) in X? into itself, then it generates a Cp
-semigroup {Q(t), t > 0} of contractions on X°. It is known that function fis Lipshitz continuous in y uniformly
with respect tot € [0, T]if y; > 0fori = 1,2and 3. Using*, Theorem 3.1], we have the existence and uniqueness
results. O

It remains to show that the solution is bounded. By summing the three equations of system (3.2), we get

SDYS(t,x) + §DYI(t, x) + §DIR(t, x) = A1 AS(t, x) + o AL(t, x) + 23 AR(t, x)
+A — n(S(t,x) + I(t, x) + R(t, x)).

Integrating in €2 the two sides of the above equality, we have
/Q <§D$S(t,x) + §DYI(t,x) + OCD;"R(t,x)> dx = /Q </11AS(t,x) + o AI(t, x)
+3AR(t, x)) dx + /Q (A — (St x) +I(t,x) + R(t,x))) dx.
Applying Green’s formula and using the homogeneous Neumann boundary conditions (3.3) we get
/Q (gD‘;‘S(t,x) + §DYI(t,x) + gD‘gR(t,x)> dx
= /Q (A — u(St,x) +I(t,x) + R(t,x))) dx
= A|Q| — ;/./Q <S(t,x) + I(t,x) +R(t,x))dx.
Note that
/Q (S(t,x) + I(t,x) + R(t,x)) dx = N(1).

Due to the property of the linearity of the Caputo’s operator and Fubini’s Theorem, one have
SDIN(t) = A|Q| — uN(2).

Solving this equality by using Laplace’s transform, we obtain
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o A o
N(t) = N(O)Eq (—pt™) + ;(1 — Eq(—ut™)).
Due to 0 < E,(—ut*) < 1, we conclude that N(¢) < N(0) + % hence the solution is bounded.
Remark 4.2 Owing to®, Theorem 3.1], then (3.2)-(3.4) has a unique solution which is non-negative and bounded.

Noting that the two first equations does not depend on the class R(¢, x) and then are uncoupled with the last
equation of the system (3.2). Hence our attention will concentrated on the analysis of the following reduced
system: for (¢, x) € [0,00) x Q.

ng‘S(t,x) = L AS(t,x) + A — BS(t, x)I(t,x) — uS(t,x) — uS(t, x),

Cnro (4.3)
o DIt x) = A AI(t, x) + BS(E, x)I (¢, x) — (u + r)I(,x).

Existence of equilibria and local stability

The principal goal of this section is to determine the equilibria for (4.3). A crucial idea in epidemiology is the
existence of significant threshold values quantifying and measuring an outbreak spread in a population. The
given value

BA
(e +u)(pu+r1)
is the basic reproduction number®. It is understood as the average number of newly cases of infection, generated

by an person in I-class during infectious period, in a compartment entirely composed of susceptible individuals.
From the definition of Ry, we conclude the following results.

Ro =

Theorem 5.1

A
(i)  There is always a disease-free equilibrium denoted Er = (Sf,0), with S = m
(ii) IfRo > 1, there exists a unique endemic equilibrium denoted E* = (S*,I*), where

1t u

= ptr and I = T(RO —1).

S*
Proof
(i) By astraightforward computation, we get Ey is a steady state of (4.3) which always exists.
(i) To get the other equilibrium, we need to solve (4.3) for (S,I) = (§%,I*). We then obtain

§* = “TH and I* = "Tﬂ (Ro — 1). Hence, if Ry > 1, there exist a unique positive solution which is E*.
O

Next, we study the local stability of the disease-free equilibrium Ey and the endemic equilibrium E*. The
Jacobian matrix of system (4.3) at any equilibrium E = (S, I) is given by

(u—u—fl
]‘< Bl 53—(u+r))' G0

We recall that a sufficient condition for the local stability of E is
ar
|arg(§i)| > 7) i=12, (52)
where &; are the eigenvalues of Ji (see”). First, we establish the local stability of Ey.
Theorem 5.2 IfRy < 1, then the disease-free equilibrium Ey is locally asymptotically stable.
Proof At Ey, (5.1) becomes

- —u - BS
@:< 0 ﬁ%—wln)

Hence, the eigenvalues of]Ef are§) = —p —u, & = (W + r)(Rp — 1). Clearly, & satisfies condition (5.2) if
Ry < 1, since & is negative, proving the desired result. 0
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We now establish the local stability of E*.
Theorem 5.3 IfRy > 1, then the endemic equilibrium E* is locally asymptotically stable.

Proof At equilibrium E*, the characteristic equation for the corresponding linearised system of model (4.3) is
£2 4+ a1& + ay = 0, where

ar = (@ + u)Ro,
and
a=u+r+uwR —1).
If Ry > 1thena; > 0and a, > 0. From?®, we have the desired result. |

Global stability
Our goal now is to study the global behavior for Er and E* using Lyapunov’s functions. Firstly we give the defini-
tion of Lyapunov function. Consider the following fractional differential equation:

D u(t) = f(u(®)), (6.1)
with the initial condition:
u(0) = uo,

where DY is the fractional derivative in Caputo sense of order & € (0, 1], the state variable is a positive vector of
m elements ui, . . ., Uy, and f : R™ —s R™is a function of class C.

Definition 6.1 (*) Let u* be an equilibrium point of system (6.1) such that ® (u*) a neighborhood of u*. Let V
be a differentiable function defined on ® (1*) and with real value. We say that V is a Lyapunov function in u*, if
it satisfies the following two properties: V(1*) = 0 and V(u) > 0in © (u*) for all u # u*.

Theorem 6.2 (LaSalle principle®). Let u* be an equilibrium point of the system (6.1) and let V be a positive function
of class C' defined in the neighborhood © (u*) of u*. Then u* is asymptotically stable if:

1. DFV(u) <0 forallue ®w).

2. Theset{u € ©u*); DYV = 0} contains no other trajectory other than u*.

Moreover, if V(u) — oo, when ||ul| — oo, then u* is globally asymptotically stable.

Secondly, to prove the global stability of DFE, we need to use the following auxiliary lemma for the purpose
of the application of Lyapunov function in the case of the fractional order systems:

Lemma 6.3 (*'). We put y(t) € R%. be a continuous and derivable function. For alla € (0,1) and fort >

Cpa |, * y(t) )’* C na * *
D W — <|1— == Diy(®), RY,
ot {)’ ( e = I0) wDiy (@), y© e RL
where W is a positive function defined by W(y) = —In(y) +y — 1,y > 0.
Theorem 6.4 Ey is globally asymptotically stable for Ry < 1.

Proof Introducing the Lyapunov function:

V() :/ (sfxp<s(t’x)> +I(t,x))dx.
Q Sf

Calculating the fractional derivative of V in Caputo’s sense, we have
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Swvms/

Q

s
((1 - S(tfx)) Cpes(t,x) + SDUI(E, x))

s
: /Q ((1 B S(tj,‘x) ) (A = BS(t01(t,) = (1 +wS(t,x))

+ BS(t,x)I(t,x) — (u + r)I(t,x))dx

/(; AS(x) — iy ] )d
T J (asth0 = aga sy At X))o

" S
SDYV(t) < /Q (( - fo)) ((m+ WS — (4 w)S(t,x))
BA

+ ——1I(t,x) — (u+ r)I(t,x))dx
M+u

Since A = (u + w)Sy, then

S
+/ (AIAS(t,x)—Al f AS(t,x)—l—)vaI(t,x))dx
Q S(t, x)

Applying Green’s formula, we get

(S(t, %) — 72
S(t, x)

|VS(t, x)|2
_;%/ TR

SDYV(t) < — (1 + u) dx+ (u+7) / (Ro — DI(t, x)dx
Q

For Ry < 1, we deduce that gD‘t" V(t) < 0. In addition gD‘t" V(t) = 0is equivalent to S = Sy and (Rp — DI = 0.
Then the following two cases arise:

e IfRy < 1,thenl =0.
® IfRg = L, using the first eq. of (4.3) together with S = Sy, we get

— (u+wSs — BSfI(t,x) =0,
then BSsI(t, x) = 0. Thus, we obtain I = 0.

Hence, the largest invariant set of { (S, Ry : Spev(t) = 0} is the singleton {Ef}. Using LaSall€’s invari-
ance principle®’, we conclude that E is globally asymptotically stable. O

Similarly, we shall show global stability of E* which is resumed in the following theorem
Theorem 6.5 E* is globally asymptotically stable whenever exists.

Proof We consider the Lyapunov function:

V(t):/ (s*w(s(t’x)) +I*‘J/(I(t’x)>>dx.
o s i

Cno - Cno
) DY S(t, x)+( I(t,x))thI(t’x)

/ ( S(t ) ) (A = BS(t0)I(E %) — (1 + u)S(t,x))

We have

Sprvr < ( Stx

+(1- il —— ) (BS(t,0)I(t,x) — (1 + NI, x))) dx + / (/hAS(t,x)
I(t>x) Q
.S . I*
) St AS(t,x) + AL AI(t,x) — (t )AI(t x))

Note that u + r = BS*, A = (u + u)S* + (i + r)I*. Applying then Green’s formula, we obtain
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*

(S(t,x) — §*)?

gD?V(t) < —(u+ u)/ dx+/ (2(;1 + I — (u+r)I*
Q

S(t, x) S(t,x)
L S(t, %) . [ IVS(tx)? . [ VIt X))
—(u+nl o )d — 1S Qisz(t,x) dx — ol 97[2(1',36)
(S(t, %) — §*)2 . S*
<—(n+ )/ S0 ———dx +/Q(M+7)I (2— ()
2 2
B S(t,x))dx_ st |VS(t, x)| dx— 1" |VI(t,x)|
S o S2(t,x) Ja I2(t,x)
(S(t, x) — §*)2 . S*
< —(u+uw 978(1‘ ) dx — (u+nI /Q\IJ(S(t,x)>dx
. S(t, x) . [ VSt x))?
—(u+nl /Q\v( 5 )d — 1S e dx
« [ VI x)?
— oI  Rem

Since W(y) > 0, then D*V(t) <0 for Ry > 0. Furthermore, the largest invariant set that verifies
{S, 1) € Ri : DV () = 0} is {E*}. Using LaSalle’s we achieve the desired result. O

Graphical representation

In this section, we present some graphical illustrations confirming our theoretical findings. The system (3.2)-(3.4)

is numerically integrated by using the forward finite difference approximations to discretize the time-fractional

derivative®? and the centered finite difference schemes to approach the Laplacian’s operator in one- dimensional

space, then We can take © = [0, L]. This method gives an accurate of order 2 — « in time and order 2 in space®
Letd = § LandAx =L » be the length of each time step and the space step respectively, for some large N and

n,t;=18forl =0,. Nandxl_zAxforz_O .., n. We have

-—oz

1 1 l—a _
SDYS(t1, x;) ~ Z G+ )

(S(tl+1_j,xi) - S(tl—j:xi)>>

and

S(tp, xir1) — 28(#, xi) + S(#1, xi—1)
Ax ’

AS(t, xi) ~

Then, we obtain the following scheme:
! IHl—j -
S,Hl — Sf _ Z ((] + l)l—ol _jl_a)(si+17] _ Siij) +
j=1
+TQ—a)x 8 xfl,
!
; “a d—ay (1= e
e =S (G+De - (1T 1) 4
j=1
+TQ2—a)x 8% xfl,
I
ng+1 _ Rﬁ _ Z ((j + 1l _jlfa) (Rl{+1—1 _ RI{—J) +
j=1
+TQ@—a)x 8% xfl,

M xTQ2—a) x 8
AX?

(S —28i+Si )

M xTQ2—a) x§
AX?

(i =20 +10,)

M xTQ2—a)x8*
AX2

(R, —2RI+RL_))

(7.1)
with
fli = A = BSI} — uS; — uS},
fi=BSIH — (u+n1j, (7.2)
f3ll- rI,-l — MRZI- + uS,l-.

Note that unlike the usual derivative, the fractional derivatives are not local operators, i.e. for example to

calculate Sf the number of susceptible at time I, we need all of its information up to the initial instant, and that

. : B TN AT T B e
comes from the summation term ijl (G+ D' — o) ( Si+ s ])WhICh represents the memory effect.

We also notice when @ = 1 we obtain the discretization of classical model without memory.
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alpha=1 alpha=1

St

Figure 1. Dynamics of the system (3.2) fora = 1.

alpha=0.8 alpha=0.8 alpha=0.8

Figure 2. Dynamics of the system (3.2) fora = 0.8.

Next, we study the case without vaccination. Let L = 10and T' = 50. We simulate system (3.2)-(3.4) with the
following set of parameters: u = 0.8, A = 0.9, 8 = 0.1,r = 0.02, u = 0.0, 4; = A, = 43 = 0.2, and the initial
conditions S(0,x) = 1.0, 1(0,x) = 2.0 and R(0, x) = 3.0. As a result we approximate the solutions of (3.2)-(3.4)
forv = 1, « = 0.8 and o = 0.6 that displayed respectively in Figs. 1, 2 and 3. We also calculate Ry = 0.1372.
Hence, system (3.2)-(3.4) has a unique equilibrium E; = (1.12,0, 0). Using Theorem 6.4, Ey is globally stable.
In Fig. 4, we have fixed the space variable x to show the effect of the order « along the dynamics of the solution.
We notice that all the solutions are globally asymptotically stable for different values of o not just for & = 1. We
also notice that the solution for & = 1quickly converges to the equilibrium point E;. Since fractional derivatives
describe reality well, we can say that the epidemic takes a longer duration to be stable. This is very important in
terms of economics and the study of control strategies.

Now, we consider ;1 = 0.2 and letting the same previous set of parameter. Then, Ry = 2.0455. From Theo-
rem 6.5, E* is globally asymptotically stable. Figures 5, 6 and 7 illustrate this result for different values of , which
means biologically that the infection persists but it is under control. For easy comparison see Fig. 8.

Finally, let’s study the effect of the vaccine on the basic reproduction rate Ro. We are only interested in the
endemic case for o = 0.8. We note that the basic reproduction rate decreases when the vaccine rate increases
(for example u = 0.8 we have Ry = 0.4091 (see Fig. 9)). Consequently the number of infected individuals is
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Figure 4. Dynamics of the system (3.2) for x fixed and for @ = 0.6, 0.8, 1 in the case where Ryg = 0.1372 < 1.

alpha=1 alpha=1 alpha=1

Figure 5. Dynamics of the system (3.2) fora = 1.
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Figure 6. Dynamics of the system (3.2) for o = 0.8.

also decreasing. Besides, the number of removed individuals increases at the expense of susceptible people (see
Fig. 10). It reflects the importance of the vaccine to eradicate the disease.

Conclusion

We dealt in this paper with the qualitative behavior of the solutions of a reaction-diffusion system under the
influence of the fractional derivative «. Firstly, we investigated the global behavior of more real extension’s of
a basic SIR model with memory effects measured by Caputo’s fractional derivative in time of order 0 < o <1,
such that when o = 1 we obtain the classical model (without memory). Secondly, we have constructed Lyapunov
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Figure 10. Behavior of the solution for « = 0.8 under the effect of vaccine (1 = 0.8).
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functions to show the global stability of the equilibrium points in a more general framework where the proposed
system takes into account the spatial behavior of populations and memory effect. Taking advantage of the Lyapu-
nov function method we have shown that R plays an important role in determining the global dynamics of the
proposed model. We have established the global stability of the two equilibria: Ef and E* for different values of
a. From epidemiological point of view, this means that the infection will eradicated or persisted while respect-
ing certain restrictions on the parameters. According to our theoretical analysis, we obtained the stability of the
equilibria not only for the integer derivative (@ = 1) but also for all0 < « < 1, which confirms the generality of
our system. In addition, fractional derivatives have provided other means of predicting the progression of the
disease and, in some cases, affecting the time required to reach stable states. Our future work is to control the
vaccination term u to get a better optimal strategy with other fractional derivatives having a non singular kernel.

Methods

As an application of the fractional derivatives a diffusive SIR epidemic model is described. The fixed point theory
is adopted for the results related existence and uniqueness of the solution and Lyapunov function theory is
utilized for the stability analysis of proposed model. Numerical results are done for the verification of obtained
results and it is surety that it will help the researcher in future related fractional order models.

Data availability
The database used and analyzed during the current study are available from the corresponding author on rea-
sonable request.

Received: 22 November 2021; Accepted: 16 March 2022
Published online: 06 April 2022

References

1. Dhar, J. & Sharma, A. The role of the incubation period in a disease model. Appl. Math. E-Notes 99(1), 146-153 (2009). http://
www.math.nthu.edu.tw/~amen/.

2. Acedo, L., Gonzélez-Parra, G. & Arenas, A. J. An exact global solution for the classical SIRS epidemic model. Nonlinear Anal. Real
World Appl. 11(3), 1819-1825. https://doi.org/10.1016/j.nonrwa.2009.04.007 (2010).

3. Omame, A. et al. Analysis of COVID-19 and comorbidity co-infection model with optimal control. Opt. Control Appl. Methods
42, 1568-1590. https://doi.org/10.1002/0ca.2748 (2021).

4. Yuan, Y., Guo, Z. & Tang, M. A nonlocal Diffusion population model with age structure and Dirichlet boundary condition. Com-
mun. Pure Appl. Anal. 14(5), 2095-2115. https://doi.org/10.3934/cpaa.2015.14.2095 (2015).

5. Hilfer, R. Applications of Fractional Calculus in Physics (World Scientific, River Edge, NJ, 2000).

6. Agarwal, R. P, Baleanu, D., Nieto, J. J., Torres, D. F. M. & Zhou, Y. A survey on fuzzy fractional differential, and optimal control
nonlocal evolution equations. J. Comput. Appl. Math. 339, 3-29. https://doi.org/10.1016/j.cam.2017.09.039 (2018).

7. Sidi Ammi, M. R., Tahiri, M. & Torres, D. F. M. Global stability of a Caputo fractional SIRS model with general incidence rate.
Math. Comput. Sci.https://doi.org/10.1007/s11786-020-00467-z (2020).

8. Almeida, R., Tavares, D. & Torres, D. E. M. The Variable-Order Fractional Calculus of Variations; Springer Briefs in Applied Sciences
and Technology (Springer, Cham, 2019).

9. Almeida, R. What is the best fractional derivative to fit data?. Appl. Anal. Discrete Math. 11(2), 358-368. https://doi.org/10.2298/
AADM170428002A (2017).

10. Wojtak, W, Silva, C. J. & Torres, D. E. M. Uniform asymptotic stability of a fractional tuberculosis model. Math. Model. Nat. Phenom.
13(1), 10. https://doi.org/10.1051/mmnp/2018015 (2018).

11. Rosa, S. & Torres, D. E. M. Optimal control of a fractional order epidemic model with application to human respiratory syncytial
virus infection. Chaos Solitons Fract. 117(1), 142-149. https://doi.org/10.1016/j.chaos.2018.10.021 (2018).

12. Salati, A. B., Shamsi, M. & Torres, D. F. M. Direct transcription methods based on fractional integral approximation formulas for
solving nonlinear fractional optimal control problems. Commun. Nonlinear Sci. Numer. Simul. 67, 334-350. https://doi.org/10.
1016/j.cnsns.2018.05.011 (2019).

13. Sene, N. SIR epidemic model with Mittag-Leffler fractional derivative. Chaos Solitons Fract. 137, 1098. https://doi.org/10.1016/j.
chaos.2020.109833 (2020).

14. Sweilam, N. H., Al-Mekhlafi, S. M. & Al-Ajami, T. M. Optimal control of hybrid variable-order fractional coronavirus (2019-nCov)
mathematical model; numerical treatments. Ecol. Complex. (2022).

15. Sweilam, N. H., Al-Mekhlafi, S. M. & Baleanu, D. A hybrid stochastic fractional order coronavirus (2019-nCov) mathematical
model. Chaos Solitons Fract. 145(3), 110762. https://doi.org/10.1016/j.cha0s.2021.110762 (2021).

16. Radwan, A. G, Khanday, E. A. & Said, L. A. A survey on Numerical Studies for Fractional Biological Models and their Optimal
Control. Chapter 1 in the book entitled Fractional Order Systems; An Overview of Mathematics, Design, and Applications for Engi-
neers (Academic Press, 2022). Elsevier Inc. ISBN : 978-0-12-824293-3.

17. Podlubny, I. Fractional Differential Equations. Mathematics in Science and Engineering Vol. 198 (Academic Press, San Diego, CA,
1999).

18. Diethelm, K. A fractional calculus based model for the simulation of an outbreak of dengue fever. Nonlinear Dyn. 71(1), 613-619.
https://doi.org/10.1007/s11071-012-0475-2 (2013).

19. Gorenflo, R. et al. (eds) Mittag-Leffler Functions, Related Topics and Applications (Springer, 2014).

20. Laaroussi, A., Rachik, M. & Elhia, M. An optimal control problem for a spatiotemporal SIR model. Int. J. Dyn. Control 6(1), 384-397
(2018).

21. Carvalho, A. R. M. & Pinto, C. M. A. Immune response in HIV epidemics for distinct transmission rates and for saturated CTL
response. Math. Model. Nat. Phenom. 14(3), 13. https://doi.org/10.1051/mmnp/2019007 (2019).

22. Saeedian, M., Khalighi, M., Azimi-Tafreshi, N, Jafari, G. R. & Ausloos, M. Memory effects on epidemic evolution: the susceptible-
infected-removed epidemic model. Phys. Rev. E 95(2), 022409. https://doi.org/10.1103/PhysRevE.95.022409 (2017).

23. Clapham, C., Nicholson, J. & Nicholson, J. R. The Concise Oxford Dictionary of Mathematics (Oxford University Press, 2014).

24. El-Borai, M. M. Some probability densities and fundamental solutions of fractional evolution equations. Chaos Solitons Fract.
14(3), 433-440. https://doi.org/10.1016/S0960-0779(01)00208-9 (2002).

25. Alikakos, N. D. An application of the invariance principle to reaction-diffusion equations. J. Differ. Equ. 2(33), 201-225. https://
doi.org/10.1016/0022-0396(79)90088-3 (1979).

26. Ma, Z., Zhou, Y. & Wu, J. Modelling and Dynamics of Infectious Diseases Vol. 11 (Higher Education Press, World Scientific, 2009).

27. Petrds, I. Fractional-Order Nonlinear Systems: Modeling, Analysis and Simulation (Springer, Berlin, 2011).

Scientific Reports |

(2022) 12:5751 | https://doi.org/10.1038/s41598-022-08992-6 nature portfolio


http://www.math.nthu.edu.tw/%7eamen/
http://www.math.nthu.edu.tw/%7eamen/
https://doi.org/10.1016/j.nonrwa.2009.04.007
https://doi.org/10.1002/oca.2748
https://doi.org/10.3934/cpaa.2015.14.2095
https://doi.org/10.1016/j.cam.2017.09.039
https://doi.org/10.1007/s11786-020-00467-z
https://doi.org/10.2298/AADM170428002A
https://doi.org/10.2298/AADM170428002A
https://doi.org/10.1051/mmnp/2018015
https://doi.org/10.1016/j.chaos.2018.10.021
https://doi.org/10.1016/j.cnsns.2018.05.011
https://doi.org/10.1016/j.cnsns.2018.05.011
https://doi.org/10.1016/j.chaos.2020.109833
https://doi.org/10.1016/j.chaos.2020.109833
https://doi.org/10.1016/j.chaos.2021.110762
https://doi.org/10.1007/s11071-012-0475-2
https://doi.org/10.1051/mmnp/2019007
https://doi.org/10.1103/PhysRevE.95.022409
https://doi.org/10.1016/S0960-0779(01)00208-9
https://doi.org/10.1016/0022-0396(79)90088-3
https://doi.org/10.1016/0022-0396(79)90088-3

www.nature.com/scientificreports/

28. Wang, X., He, Y. & Wang, M. Chaos control of a fractional order modified coupled dynamos system. Nonlinear Anal. 71(12),
6126-6134 (2009).

29. Hattaf, K. & Yousfi, N. Global stability for fractional diffusion equations in biological systems. Complexity2020 (2020).

30. Huo, J., Zhao, H. & Zhu, L. The effect of vaccines on backward bifurcation in a fractional order HIV model. Nonlinear Anal. Real
World Appl. 26(3), 289-305. https://doi.org/10.1016/j.nonrwa.2015.05.014 (2015).

31. Aguila-Camacho, N., Duarte-Mermoud, M. A. & Gallegos, J. A. Lyapunov functions for fractional order systems. Commun. Non-
linear Sci. Numer. Simul. 19(9), 2951-2957. https://doi.org/10.1016/j.cnsns.2014.01.022 (2014).

32. Lin, Y. & Xu, C. Finite difference/spectral approximations for the time-fractional diffusion equation. J. Comput. Phys. 225(2),
1533-1552. https://doi.org/10.1016/j.jcp.2007.02.001 (2007).

Acknowledgments
Ilyas Khan would like to thank the Deanship of Scientific Research at Majmaah University for supporting this
work under Project R-2022-108.

Author contributions
M.R.S.A: formulated the problem M.T. solved the problem M.Tilioua. solved the results A.Z.: computed results
LK.: plotted and discussed results M.A.: discussed results and revised the paper.

Competing interests
The authors declare no competing interests.

Additional information
Correspondence and requests for materials should be addressed to I.K. or M.A.

Reprints and permissions information is available at www.nature.com/reprints.

Publisher’s note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International

License, which permits use, sharing, adaptation, distribution and reproduction in any medium or
format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the
Creative Commons licence, and indicate if changes were made. The images or other third party material in this
article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the
material. If material is not included in the article’s Creative Commons licence and your intended use is not
permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from
the copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

© The Author(s) 2022

Scientific Reports |

(2022) 12:5751 | https://doi.org/10.1038/s41598-022-08992-6 nature portfolio


https://doi.org/10.1016/j.nonrwa.2015.05.014
https://doi.org/10.1016/j.cnsns.2014.01.022
https://doi.org/10.1016/j.jcp.2007.02.001
www.nature.com/reprints
http://creativecommons.org/licenses/by/4.0/

	Global analysis of a time fractional order spatio-temporal SIR model
	Preliminaries
	Model formulation
	Existence and uniqueness of solutions
	Existence of equilibria and local stability
	Global stability
	Graphical representation
	Conclusion
	Methods
	References
	Acknowledgments


