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A non-field analytical method
for gas dissolution under forced
compression

Vladimir Kulish®* & Vladimir Horak?

This paper presents an extension of the non-field analytical method—known as the method of Kulish—
to model gas dissolution into a liquid due to forced compression. Solutions are obtained for the time
evolution of pressure (and, hence, mass concentration) at the gas-liquid interface. These solutions

are in the form of series with respect to fractional differ-integral operators. The asymptotic solutions
for the two limiting cases of compression—slow and fast compression—have been established as well.
Then several particular examples of the law of gas volume variation are considered. Among them, the
law of a linear volume variation is the most interesting for practical purposes, in which case numerical
values of the dimensionless pressure as a function of dimensionless time are provided.

List of symbols

an, by Coefficients in fractional series
C,kg/ m?> Mass concentration

c Dimensionless mass concentration
D, m? /s Diffusion constant

F, m? Gas contact area

f Volume change function

k,n Summation indices

M, kg/mol Molar mass

P,Pa Pressure

Dimensionless pressure
R,J/(kmol - K)  Universal gas constant

T,K Temperature

t,s Time

vV, m? Gas volume

X, m Spatial variable

Greek

r The gamma function

0 Dimensionless temperature

¢ Dummy variable

K, kg/(m> - Pa)  Henry coefficient

ALE Dimensionless variables

v Order of fractional differ-integration
T Dimensionless time

Special symbols

e Fractional differential operator of order v
D Fractional operator
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This paper presents an extension of the non-field analytical method—known as the method of Kulish'—to model
gas dissolution into a liquid due to forced compression.

The method has been first proposed by Kulish and Lage” more than 2 decades ago and since then was success-
fully employed for solving various problems in heat and mass transfer®, fluid mechanics*®, and other areas®’. In
one of the recent works, the method received its full theoretical justification, whereas it has been shown that the
solutions it renders can always be represented in the form of either series with respect to fractional differ-integral
operators®, or compact fractional differ-integral operators with improved convergence’.

The problem, considered in this study, belongs to a large class of problems on the dynamics of phase interac-
tion—ranging from modelling the process of boiling'’, to combustion of solid propellants'?, and even to applica-
tions in military technology (e.g., the non-equilibrium model of depressurisation in two-phase fluids to study the
performance of air-guns used in combat training)'’. In all of these cases, to tackle this type of problems, various
methods are used, but all of them render approximate solutions only'*!2 In contrast, the method, employed in
this study, renders exact solutions. Moreover, the mentioned approximate methods are much more laborious in
contrast to the easy-to-apply formulae, obtained in this study for the first time. In particular, the inequality for
estimating the lower pressure limit, established in “Asymptotic solutions for the two limiting cases of compres-
sion” section, may be very useful for practicing engineers.

“Problem formulation” section is fully devoted to the problem formulation and assumptions made. Then,
in “Solution procedure” section, solutions are obtained for the time evolution of pressure (and, hence, mass
concentration) at the gas-liquid interface. These solutions are in the form of series with respect to fractional
differ-integral operators. In “Asymptotic solutions for the two limiting cases of compression” section, the asymp-
totic solutions for the two limiting cases of compression—slow and fast compression—have been established.
In addition, an important inequality for estimating the pressure is as well provided. “Some examples” section
presents several particular examples of the law of gas volume variation. Among them, the law of a linear volume
variation is the most interesting for practical purposes, in which case numerical values of the dimensionless
pressure as a function of dimensionless time are provided.

The solution method considered in this paper, in addition to direct practical interest, seems to be useful from
a methodological point of view, since the approach proposed here is applicable to the study of more complex
problems of the dynamics of phase interaction.

Problem formulation
The process of gas dissolution under forced compression, if convective currents are absent, can be modelled by
the following set of equations'':

d v (D) PM) Z aC
dt|"Y\o)RT| " ax|,_, (12)
ac d\/?
—VD im0 = <55 (G = C),0 <t <0 (1b)
Ci=0 = Co, Pt=0 = Pp = Col«, P = Gy, (1c)

where Vj is the initial volume of the gas, 6 is the compression time to zero volume, f denotes a given volume
change function [ f(0) = 1; f(1) = 0], M is the molar mass of the gas, R is the universal gas constant, D is the
gas diffusivity in the liquid, « is the Henry coefficient, F is the gas contact area, and C denotes the concentration
of the dissolved gas.

In Eq. (1b), the operation of fractional differ-integration is defined in the Riemann-Liouville sense as'?

dgy o, 1 d [fg@)dg
dtv _Qg(t)_r(l—u)ﬁfo(t—;)“’

The x-axis is directed downward from the surface and the depth of the liquid is taken to be infinite.

The gas temperature is assumed to remain constant, which suggests a fairly slow compression. If necessary,
the non-isothermality of the process can be easily taken into account by making an appropriate change in the
function f(¢/0). Such akind of process is realised, for example, during thermal expansion of a liquid in a closed
vessel containing a gas cavity.

Equation (1a) expresses the change in the mass of the gas volume due to diffusion through the gas-liquid
interface. The mass flux is unambiguously related to the change in concentration at the boundary? by means
of relation (1b), which makes it unnecessary to consider the process of mass transfer in the region x > 0. It is
required to determine the pressure P in the "cushion" as a function of time.

—oo<v<l (2)

Solution procedure
Upon introducing dimensionless variables p = ¢ = C/Cy = P/Py, &€ = x/~/DO,tT = t/0, . = kRT~/D6 /(MVy),
the set of Eq. (1) becomes

d ac

—|f (1) = A—le=

g O] = Al (3a)
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ac d\v?
9g =0 = g

D,cle=o =1 (3b)

Eliminating (d¢/0&)¢—o from Eqgs. (3a) and (3b) renders the equation for the dimensionless concentration—
and, hence, the dimensionless pressure p(t)—at the interface:
d dl /2
E[J((T)P] + im(}’ -1)=0 (4a)

Ple=o =1 (4b)

Applying operator D1 = | 3(')6117 to Eq. (4a) and taking into account the initial condition (4b) together
with!®

v — Tt

= ——~ "V > —-1v<l1 5
Tu+1-v M (5)

yields an alternative form of Eq. (4a), which is more useful for practical purposes:

fp+20 Vp=1+ 21\/5 (6)

The latter equation is an integral equation with respect to the unknown function p. However, here it will be
treated as a differential equation of fractional order. This makes it possible to take into account the specifics of
the fractional differ-integration in the most complete way in the case when f(7) is given by the series

o0
f@ :Z b,t™?, b, = const, by = 1 )

n=0

It is necessary to point out here that the latter expression belongs to the series representation of fractional
differ-integral operators with improved convergence. Convergence of such a representation has been studied in
much detail in a recent work by the authors’. It has been shown there that fractional power series of the form
given by Eq. (7) provide much better convergence in comparison with the corresponding standard power series
expansion (series of integer powers). The latter circumstance is of great importance in case when asymptotic
solutions are to be found for large values of ¢.

Now, because the fractional operator D12 transforms a power function into a power function [see Eq. (5)],
the solution can be expressed in the series form as

oo
P(T) = Zantn/z)a() =1, (8)
n=0

where the coefficients a, are found from the recurrent relations

n+1

r(s+1)
ay = —by, Ant1-kbk + Aa 2 9)
2. Y

Asymptotic solutions for the two limiting cases of compression
In this section, asymptotic solutions for the two limiting cases of compression are obtained, namely—slow
compression (4 3> 1) and fast compression (4 < 1).

For A >> 1 (slow compression), the solution of Eq. (6) can be found in the form’

p=>_ i"pu (10)
0

Upon substituting Eq. (10) into (6) and equating the expressions at the equal powers of 17", the solution
becomes
1 1
p=1+-20—f@)] - SV @D N - fD)]+ - (11)
As can be seen from the latter equation and Eq. (2), for t — 1, the first two terms in the series provide an
asymptotic solution for 4 >> 1.
For 4 <« 1 (slow compression), an asymptotic solution can be found upon rewriting Eq. (6) in the form

PSnyY I O T
{H%@ }p_f(r)<1+“\/;> (12)

Then the formal solution
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1 1 T
p= T =T Af—l(r)Q—l/Zm (1 + 22\/;) (13)

can be found upon expanding the operator into power series with respect to 4 (or, which is the same, with respect
to D1/2)";

S B S S V2 2R NPT SV o 71/2L_...K \/E>
P b(r) o o T o o e s

By direct substitution, one can verify that Eq. (14) is indeed the solution of Eq. (6).

It is worth noting here that the series in Eq. (14) diverge as T = 1. However, it can be used for calculations if
T < 1(see details below).

The rest of this section is devoted to establishing, an important inequality, which allows one to estimate the
pressure value. ~

Using the fact that”!? |®" f(7) | < sup [f] F(Tlijv), it follows that, for an increasing function p(t),

D712p <« 2p\/§ (15)

Substituting the latter expression into Eq. (6) yields

14 22t/7
p= 7/ (16)
f()+ 24/ /m
From this, it follows that, fort = 1,
T
pm=1+ YT 17)
24

Some examples
This section discusses three examples of the law of volume variation f(t) that have important practical
applications.

First, consider

fo=1-t (18)
From Eq. (9),
ay=1lar=1la=a[1-I'3/2)/T2)];---

+2 +3
s r( )

The solution in the series form (8) converges for an arbitrary value of A for all 0 < t < 1. This proves that the
pressure value remains bounded for the moment of “collapse” of the gas volume.

Moreover, if 2 = I'(%£2) / T" (£2), the series given by Eq. (8) ends on the n-th term and, hence, the solution
can be written in a finite form. For instance,

L=T@TGR) =2/J7  p@) =1+ 7
L=T(/2/TQ) =374 p() =1+ JT+ (1 - @)r (20)

Now consider the case of

C(n+3/2) "
= (1= n+1/2 1
foy=(1—-""2)y Tt 7 1)
In this case, Eq. (8) renders a finite expression, namely:
C(n+3/2) "
=1 _—
PO=1 10T 7 @2)

As can be seen, the pressure value remains bounded for the moment of “collapse” of the gas volume, too.
To conclude this section, consider the case, which is very important for practical applications, namely—the
gas volume changes linearly—that is,

foy=1-r. (23)

Two values of A are considered, namely: 4 = 0.1and A = 0.01. This corresponds to the limiting cases with the
characteristic parameters as follows: 0 = 2 x 10°...2 x 10%sVy = 1m%« = (0.1...0.3) x 10> kg/(m? - Pa);
F=7m%Py =15 x 10° Pa; M = 29kg/mol; R = 8310]/(kmol - K); D = 107" m?/s; T = 293K.

For the chosen values of 4, it is convenient to conduct pressure calculations using Eq. (14). The latter yields
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T
Eq A 0 |02 |04 0.6 0.8 09 095 |0.98 1
24 0.1 1 |1.24 |1.62 |232 |411 |8.63 - - -
16 0.1 1 | 1.23 |1.60 |2.23 |3.60 |594 6.94 8.44 9.86
24 001 |1 |1.25 |1.66 |248 |491 |9.66 |18.86 |44.87 -
16 001 |1 |125 |1.70 |2.47 |4.81 |9.13 |16.57 |31.02 |89.62

Table 1. Dependence of the dimensionless pressure p versus dimensionless time 7 in the case of the linear
change of the gas volume.

(24)

1 2/ 1 . T JT Lo 22
P=1"7 ﬁ(l—r)”zarcan -t 1-7 1 —1)?

As follows from Eq. (24), the relative computational error is defined by the ratio of the third term of the series
to the first one and is of the order of 42/(1 — 7). Hence, the latter equation is not applicable for T — 1.

From comparing the law of the gas volume change given by Eq. (23) with the laws given by Eqs. (18) and
(21), it follows that, for any finite value of 4, it is possible to choose such a value of n in Eq. (21) that all values of
the function given by Eq. (23) will be between the values of the functions given by Egs. (18) and (21). Hence, it
becomes obvious that the pressure value remains bounded for the moment of “collapse” of the gas volume for
the linear volume change as well.

Table 1 shows the computational results for the pressure value as a function of time obtained from using
Eq. (24) with the relative computational error of ~ 1%. The results are compared with the estimate of the pressure
value obtained by from the inequality (16).

As can be seen, inequality (16) renders the values close to the exact value (relative error <10%) up to
7 =0.7(A=0.1)and T = 0.9(4 = 0.01). In addition, this inequality renders the lower estimate of the pressure
value for all values of 7. One can draw a similar conclusion upon comparing (16) with the exact solutions for
the first two cases considered in the beginning of this section. Hence, formula (16) can be recommended for
practical applications.

To conclude this section, it is worth noting that, if the pressure is not a monotonously increasing function of
time, the inequality sign in (16) may change to the opposite one.

General discussion
It has been demonstrated so far that the solution for the pressure evolution at a gas-liquid interface is in the form
of series with respect to fractional differ-integrals (derivatives of fractional order).

As has been already mentioned, problems similar to those treated here were considered earlier in connection
with the study of the dynamics of growth and dissolution of gas bubbles taking into account many factors (e.g.,
surface tension, viscosity, etc.)!°!2. Unfortunately, the said methods are quite laborious and able to render but
approximate solutions. On the contrary, the method employed here not only renders exact solutions but is much
less laborious. Moreover, a simple inequality for estimating pressure values has been established. The latter can
be used by practicing engineers as a quick easy-to-use tool.

To conclude, it is worth noting here that the solution method considered in this paper, in addition to direct
practical interest, seems to be useful from a methodological point of view, since the proposed approach is appli-
cable to the study of more complex problems of the dynamics of phase interaction. For instance, the results,
presented here, can be used to develop advanced non-equilibrium models of depressurisation in two-phase fluids.
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