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Degeneracy of light scattering 
and absorption by a single 
nanowire
Jeng Yi Lee1*, Yi‑Huan Chen2 & Pai‑Yen Chen2

We theoretically and numerically prove that under an electromagnetic plane wave with linear 
polarization incident normally to a single nanowire, there exists a power diagram that could indicate 
scattering properties for any system configurations, material parameters, and operating wavelength. 
We demonstrate the distinct power distribution boundary in absorption, scattering, and extinction 
for a generalized nanowire with any partial wave modes dominant. In the boundary, each dominant 
scattering coefficients remain constant, and its energy performance would display superabsorbers or 
superscatterers. Interestingly, for a system with larger partial wave modes dominant, the occupied 
domain in the power diagram could completely cover that with lower ones. Hence, a system with 
different levels of partial wave modes can display the same power results, reflecting the degeneracy. 
This degenerate property could release more degrees of freedom in design of energy harvesting 
devices and sensors. We demonstrate several systems based on realistic materials to support our 
findings.

Understanding of the interaction between scatterers and impinging electromagnetic radiation is of importance for 
a variety of applications, such as solar energy  harvesting1–3, strengthening interaction of light and subwavelength 
 objects4, magnetic resonance  imaging5,6, highly directivity of  antennas7–9,  sensing10, medical heating treatment 
at  nanoscales11–13,  photodetectors14–16, and  photocatalysis17.

Scattering and absorption of an isotropic scatterer in extremely subwavelength dimension would have a sin-
gle partial wave mode  limit18–20. To overcome this limit, a composite subwavelength system by placing proper 
multi-layered configurations can induce multiple resonances at same frequency, i.e., degenerate resonances. It 
has demonstrated that, in the whispering gallery framework, excitation of a confined polariton can result in a 
 superscatterer21–23. Analogous to degenerate resonant mechanism, minimum-scattering superabsorbers, that 
not only can retain minimum scattering power but also can arbitrarily strengthen absorption, was theoretically 
 demonstrated24,25. With proper sizes for nanowires or metal plasmonic covers, there had experimentally boost 
photocurrent, photoresponse, and photocatalysis, relied on leaky mode resonances mechanism or localized 
surface  plasmon1,2,15–17,26. The effort of these works is to optimize the absorption of light. On the other hand, 
there also demonstrated that silicon based nano-photodetection with gold coating can not only reduce charge 
recombination, but also reduce scattering of light contributed by dipolar and antidipolar scattering  cancellation14, 
analogous to the work of cloaked  sensors10. The central issue of the work, from energy viewpoint, is to link rela-
tion between absorption and scattering of light.

We note that due to the constraint imposed by passivity and causality, the corresponding partial absorption, 
scattering, and extinction cross sections are definitely bounded, irrespective of inherent system configurations, 
material parameters, and operating  environment27,28. Consequently, as a benefit of the phase diagram for scat-
tering coefficients, we can find that for each partial mode, scatterer systems can display a variety of scattering 
with constant absorption. However, when a scatterer system has sophisticated mode interferences, the answer to 
whether there can have a general power diagram valid for arbitrary scattering situations is far from obvious and 
remains open. The answer can definitely provide complete information in power distribution in light scattering 
process and address inherent limits, with potential applications in development of nano-photonics devices.

Inspired by the concept from the calculus of  variations29, in this work, we define a energy function related 
to scattering and absorption, and use differential calculus to address power distribution. We theoretically and 
numerically prove that under an electromagnetic plane wave with linear polarization, for a cylindrical system, 
there exists a power diagram in which can indicate all possible power distribution, without limit of specific 
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scattering situations. The power diagram can clearly indicate the correlation among absorption, scattering, 
and extinction. We also find the definite boundary of power diagram for any partial wave modes dominant. 
Along the boundary, the magnitudes of scattering coefficients and its phases are required the same, which cor-
responds to exotic superabsorbers or superscatterers. We also observe that for a system with lower partial wave 
modes excitation, its domain in the power diagram is just a sub-region of that with larger ones. Therefore, one 
can design a nanowire system, through exciting higher partial mode levels, to simulate the identical power 
performance occurred at lower ones by means of excitation of higher partial mode levels. We also demonstrate 
quasi-minimum-scattering superabsorbers and quasi-superscatterers, whose its power distribution is similar as 
the  works21–24, but without degenerate resonant requirements. We believe our results can provide more degrees 
of freedom for nano-photonics designs in energy harvesting and sensing.

General power diagram
Consider a cylindrically symmetric scatterer is normally impinged by a plane wave with electric field oscillated 
along the z-axis direction, i.e., s mode. The scattering, extinction, and absorption powers can be expressed in 
the  following18,21,30,

where E0 is amplitude of incident electric field, asn is complex-valued scattering coefficient, k0 is environmental 
wave number, and ε0 and µ0 are free space permittivity and  permeability31. Without loss of generality, we set 
|E0| = 1 in the following analysis. We note that due to cylindrical symmetry, the scattering coefficients have 
a symmetry of asn = as−n . For n = [0, 1, 2] , they correspond to electric dipole, magnetic dipole, and magnetic 
quadrupole, respectively. The extinction power, summation of absorption and scattering power, is also related to 
the optical theorem, which links the scattering electric field at forward  direction32–35. Thus, a system with non-
zeros of absorption and scattering, they must possess scattering electric field along the forward direction. Under 
constant extinction, enhancement of absorption would reduce scattering, that would further lower the scatter-
ing intensity over all direction, but it still remains a constant scattering electric field at the forward  direction8.

Due to the energy conservation in such a passive system, the partial absorption cross sections for each par-
tial modes should be restricted −[Re(asn)+ |asn|

2] ≥ 0 . Here −[Re(asn)+ |asn|
2] is defined as normalized partial 

absorption power. Following this inequality, we obtain a physical bound of scattering coefficients for each partial 
modes, i.e., |asn| ∈ [0, 1] and Arg[asn] ∈ [π

2
, 3π

2
]8,27.

The normalized partial absorption power at each partial mode can not go beyond 0.25, while the upper limit 
for normalized partial scattering power, defined as |asn|2 , is 1 for each partial mode. If a system has a N partial 
wave modes excited, the maximum absorption power can not be larger than (2N + 1)× 1
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 absorption36,37. In an extreme situation, the maximum scattering power in N partial modes can reach 
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 , while its absorption is zero.
However, when a system is excited by multi-partial wave modes with arbitrary scattering coefficients, the 

answer for the power distribution in absorption, scattering, and extinction is unclear. Suppose our system has 
a absorption power Pabs = Const. ≡ η contributed from N partial wave modes. Then, we want to evaluate the 
corresponding extreme scattering power Pscat,

The values of scattering coefficients are unknown, but there is a constraint for absorption 
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.
Now, we define a energy function L related to scattering and absorption powers as follows

where � is a Lagrange multiplier and θn is the argument of asn.
In order to find the corresponding extreme minimum or maximum of scattering powers, the energy func-

tion L should satisfy,
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that are valid for n = −N to N. In the latter expression, to obtain non-trivial solutions for � and asn , the solutions 
should be θn = 0 or θ = π . However, due to non-gain materials embedded, the applicable solution would be 
θn = π . By using this outcome and the first expression in Eq. (4), we have |asn| =

�

2�−2
≡ s . Further, asn = −s 

represents that at the extreme scattering by constant absorption, the magnitudes of scattering coefficients are 
identical and the corresponding phases are π , for each partial wave modes. Consequently, we can express the 
corresponding scattering coefficients from Eq. (2),

In the square root, it can guarantee a non-negative value, because 0 ≤ η ≤ 2N+1
2k0

√

ε0
µ0

 . The ultimate absorp-
tion corresponds to multi-channel coherent perfect absorption. More appealingly, our results imply that under 
a constant absorption, there can have two extreme scattering powers:

Based on Eq. (6), by tuning η , we can depict a clear boundary for scattering and absorption as N partial 
modes are excited, as shown in Fig. 1. Inside the boundary, by Pext = Pscat + Pabs , we can make a contour plot 
to indicate extinction. Here N = 0 represents a system with only electric dipole mode supported, N = 1 has 
electric and magnetic dipoles modes, and N = 2 has electric dipole, magnetic dipole, and magnetic quadrupole 
modes. We can see that for a system supported by N modes, the occurrence of maximum normalized extinction 
accompanies with maximum of normalized scattering, while the corresponding normalized absorption is zero, 
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Figure 1.  Power contour diagram for normalized absorption, scattering, and extinction powers. The black line 
indicates the boundary for a system with N = 0 mode dominant, the purple is for n = [−1, 0, 1] modes, and the 
green is for n = [−2,−1, 0, 1, 2] modes. The red dashed box highlights a region with a lower scattering, but with 
overwhelming absorption. Inset shows the detailed power distribution among absorption and scattering for the 
corresponding red dashed box.
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corresponding to  superscattering21–23. Additionally, along with a constant extinction, increasing absorption would 
reduce scattering. We will discuss this anomalous scatterer in the following analysis.

We note that for a system with N partial modes dominant, the corresponding region in the power diagram is 
just a sub-region of a system with higher modes. As a result, the scattering system can display the same energy 
performance, but its inherent scattering coefficients can be completely different.

Quasi‑minimum‑scattering‑ superabsorbers and quasi‑superscatters
To verify our findings, in Fig. 2, we first discuss systems with realistic materials  embedded38. We design two types 
of systems operated at the wavelength of 500 nm, but with different geometrical sizes, materials, and inherent 
configurations. In Fig. 2a, the red line represents that a core-shell nanowire system is constituted by gold in shell 
and silicon in core, while the blue line is a homogeneous silicon nanowire (see the insert of (a) for schematics of 
both scattering events). We tune the outer radius a from 50 to 70 nm for the core-shell system, while the ratio 
of shell-core radii is fixed constant 0.2. For the homogeneous silicon nanowire, we tune the radius from 69 to 80 
nm. Initially, the red line is inside N = 0 region when the outer radius is 50 nm. When the outer radius is larger 
than 55 nm (marked by a yellow dot in Fig. 2a), its power distribution then goes from N = 0 through N = 1 
region. In order to understand its underlying mechanism, we study the magnitudes and phases of the dominant 
scattering coefficients in Fig. 2b. We can observe that the dominant mode in gold-silicon core-shell system is 
N = 0 (electric dipole) when a = 50 nm, however, with increasing system size a, the N = 1 (magnetic dipole) 
mode would gradually become another primary contribution. We also find that the phase of the electric dipole 
mode is nearly π at a = 55 nm when close to the boundary of N = 0 , as expected in Fig. 2b.

In the silicon nanowire system, we depict a blue line in Fig. 2a by tuning geometry size from 69 to 80 nm. 
We also perform the mode analysis with n = [0, 1, 2, 3] in Fig. 2c, which the system obviously belongs to N = 2 
region. This outcome reveals that the domain of this silicon system should be N = 2 , but its location is at N = 1 , 

Figure 2.  Power distributions of two different systems by tuning sizes are shown in the power diagram (a). 
Insert shows these two systematic configurations. Red line is for a gold-silicon core-shell system. Here the radius 
ratio (inner to outer) is fixed constant, 0.2. Blue line is for a homogeneous silicon system. When tuning a = 50 
nm to 70 nm of a gold-silicon core-shell system, the corresponding power distribution shown in the red line, 
goes through N = 0 to N = 1 region. An orange dot denotes that the system is cross boundary of N = 0 . In the 
blue line, it shows that the size of silicon nanowire is tuned from 69 to 80 nm. An intersection of red and blue 
lines (marked by a black star) denotes two systems have same power in absorption, scattering, and extinction. 
In below (a), it reveals the detail of power distribution for the red and blue lines. In (b) and (c), we study the 
constitution of dominant scattering coefficients for the gold-silicon core-shell and homogeneous silicon systems 
in magnitudes and phases, respectively. Here the relative permittivity of gold we use is −2.81+ i3.19 and that of 
silicon is 18.5+ i0.63 . The operating wavelength is 500 nm. In (d), we plot the electric field distribution for two 
different systems with the same power distribution in scattering, absorption, and extinction, corresponding to 
black stars in (b) and (c).
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which reflects the degeneracy of light scattering. Moreover, when the radius of silicon system is 74 nm marked by 
a black star, we find the absorption, scattering, and extinction, are identical to that of the gold-silicon core-shell 
system with the radius 66 nm, which can be readily understood by comparing the electric field distributions 
shown in Fig. 2d. Although their constitutions of scattering coefficients are totally different, they can provide 
the same power performances in light scattering.

Next, we discuss the existence of the minimum-scattering  superabsorbers24,25, in which the system can absorb 
more energy while maintaining scattering by exciting more partial modes, as highlights in a red-dashed box of 
Fig. 1. We consider a core-shell nanowire system made of silicon in shell and gold in core (see the inset of Fig. 3a), 
where the ratio of inner to outer radius is fixed 0.42 and the outer radius is 132.98 nm. The material dispersions 
are based on measurement results provided  in38. In Fig. 3a, we study power distribution of the core-shell system 
with varying operation wavelength from 520 to 540 nm, as denoted by cyan color line. To understand its inherent 
scattering coefficient components, we also plot the magnitudes and phases for each partial modes n = [0, 1, 2] , 
as shown in Fig. 3b. In this wavelength range, the dominant modes are n = [0, 1] . We note that only at 530 nm, 
the cyan line would intersect with the boundary N = 1 marked by a black star, revealing a system with lower 
scattering but larger absorption. In this case, the normalized absorption and normalized scattering power are 
[0.6, 0.2], respectively. In phase analysis of Fig. 3b, it is interesting to see that the phases from dominant modes 
at 530 nm would be π , marked by a black star.

Furthermore, we consider another system of silicon in shell and silver in core with an outer radius of 51.6 
nm and the ratio of inner to outer radii 0.89 (see the inset of Fig. 3c). Figure 3c shows a brown color line in the 
wavelength range from 430 to 450 nm. Here the system obviously is operated in the N = 0 region. We mark 
the system operated at 440 nm by a black cross, an intersection at N = 0 boundary, with the minimum-scat-
tering superabsorption property. The normalized absorption and normalized scattering power in this case are 
[0.18, 0.05], respectively. However, when we study the components of dominant scattering coefficients in Fig. 3d, 
we find the contributed modes are n = 0 and n = 1 . In the phase analysis of Fig. 3d, the phases of dominant 
modes are not needed to be π . We note that this system certainly possesses the desirable power performance 
for a minimum-scattering superabsorber. This outcome reveals that when designing a system related to energy 
issue, it can have an opportunity to relax constraints of scattering coefficients when taking a system with higher 
partial modes into account.

Figure 3.  Power distributions of two different systems by tuning operating wavelength in (a) and (c), 
respectively. In (a), the cyan line represents the gold-silicon core-shell system with an outer radius of 132.98 
nm and a ratio of the inner to outer radius of 0.42. The corresponding magnitudes and phases of the scattering 
coefficients in this gold-silicon system are shown in (b). The operation wavelength in this system is from 520 to 
540 nm. An intersection of the N = 1 boundary is occurred at operating wavelength 530 nm, marked by a black 
star. In (c), this system is made of silver-silicon core-shell with outer radius of 51.6 nm and ratio of outer-inner 
radius of 0.89. The operating wavelength for this system is from 430 to 450 nm. An intersection of the N = 0 
boundary is at 440 nm, marked by a black cross. The magnitudes and phases of dominant scattering coefficients 
in this operating wavelength window are shown in (d).
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In a superscattering case, the system has multiple partial modes resonances operated at same wavelength, 
beyond a single mode limit. This mechanism results from inducing confined surface waves in multi-layered 
 system21–23. Here we relax this constraint by employing more higher modes excited. In Fig. 4, we choose a core-
shell system with gold in shell and silicon in core by tuning a ratio of inner to outer radius, γ (see the inset of 
Fig. 4a). The operating wavelength is fixed to 500 nm. We assume that the materials in this system are lossless, 
in order to clearly observe its mode resonances. The blue line denotes the system with γ = 0.9 to γ = 1 . We 
can observe that when γ = 0.912 (marked by a blue star), there has an intersection with N = 1 boundary, but 
its dominant modes are n = [0, 1, 2] as shown in Fig. 4b. Moreover, its phases are not π . This case displays a 
superscattering result, but it is achieved by exciting higher partial wave modes, i.e., quasi-superscatters. We note 
that with state of the art, hetero-nanowires can have Co–Ag/Pt core–shell39–41, Fe-Au/Ag core–shell39,42,43, In-Si 
core-shell39,44, Au–Co core–shell39,45 and GaP-ITO/Ag/Cu core-shell46. We believe our findings in quasi-mini-
mum-scattering- superabsorbers and quasi-superscatters might be demonstrated with these already structures.

Conclusion
With an employed energy function related to scattering and absorption, and the use of differential calculus and 
Lagrange multiplier, we propose the general power digram involving scattering, absorption, and extinction, for 
any passive cylindrical systems. The power diagram is irrespective of any structure configuration, any materials, 
and any operating environment. For a system with N partial wave modes supported, there has a clear boundary 
in absorption, scattering, and extinction. Along the boundary, all dominant scattering coefficients are the same. 
However, inside the boundary, there has no such relation for scattering coefficients. The region of a system with 
higher partial modes can completely cover a system with lower modes. Therefore it can properly induce higher 
modes to simulate the same power distribution in lower ones. This is a degeneracy of light scattering in absorp-
tion, scattering, and extinction. We discuss several examples of quasi-minimum -scattering superabsorption 
and quasi-superscattering. This work not only provides the complete information for power distribution in light 
scattering, but also relaxes degrees of freedom in practical design of power harvesting and sensing.
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