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Magnetism and topology
in Tb-based icosahedral
quasicrystal

Shinji Watanabe

Quasicrystal (QC) possesses a unique lattice structure with rotational symmetry forbidden in
conventional crystals. The electric property is far from complete understanding and it has been a
long-standing issue whether the magnetic long-range order is realized in the QC. The main difficulty
was lack of microscopic theory to analyze the effect of the crystalline electric field (CEF) at the rare-
earth atom in QCs. Here we show the full microscopic analysis of the CEF in Th-based QCs. We find
that magnetic anisotropy arising from the CEF plays a key role in realizing unique magnetic textures
on the icosahedron whose vertices Tb atoms are located at. Our analysis of the minimal model based
on the magnetic anisotropy suggests that the long-range order of the hedgehog characterized by
the topological charge of one is stabilized in the Tb-based QC. We also find that the whirling-moment
state is characterized by unusually large topological charge of three. The magnetic textures as well
as the topological states are shown to be switched by controlling compositions of the non-rare-earth
elements in the ternary compounds. Our model is useful to understand the magnetism as well as the
topological property in the rare-earth-based QCs and approximant crystals.

Quasicrystal (QC), which was discovered in 1984}, has a unique lattice structure with the rotational symmetry
forbidden in conventional crystals®*. In the QC, it has been an open question whether the magnetic long range
order is realized*. Thus far, in the rare-earth based approximant crystal (AC) retaining the periodicity as well
as the local atomic configuration common to the QC, the magnetic long-range orders have been observed in
Cd¢R (R =Nd, Sm, Gd, Tb, Dy, Ho, Er, and Tm)>-® and Au-SM-R (SM = Si, Ge, Sn, and Al, and R = Gd, Tb, Dy,
and Ho)>!°. Most of these measurements were performed by using the bulk probe such as susceptibility and the
detailed magnetic structures remain unresolved. Recently, in the Tb-based ACs, the magnetic structures have
started to be identified by neutron measurements'"'2. Quite recently, the ferromagnetic (FM) long-range order
has been discovered experimentally in the Tb-based QC"*.

These experimental developments urgently require theoretical investigation of the magnetism in the rare-
earth based QC and AC. Theoretical studies to date have been performed as the model calculations mostly by the
spin model and also by the Hubbard model in a small cluster or low-dimensional systems'*-?°, where the effect of
the crystalline electric field (CEF) crucial for the rare-earth system was not taken into account microscopically.

In the rare-earth based compounds, the effect of the CEF is important for the electronic states, which has
been well recognized in the periodic crystals such as the heavy fermion systems. In contrast, in the rare-earth
based QC and AC, understanding about the CEF is very limited because the local symmetry around the rare-
earth site is completely different from the crystallographic point group, e.g., fivefold symmetry allowed in the
QC and AC is forbidden in the periodic crystals. Thus far, the CEF in the rare-earth based ACs was analyzed
experimentally®!'*°. Recently, the full CEF Hamiltonian in the rare-earth based QC and AC has been formulated
theoretically*.

In this article, by applying this formulation to the Tb-based QC and AC, we report full microscopic analysis
of the CEF in the Tb-based QC and AC. We show that the magnetic anisotropy arising from the CEF plays a key
role in realizing unique magnetic textures on the icosahedron (IC) at whose vertices the Tb moments are located
in the QC and AC. We propose the minimal model to clarify the magnetic structures in the QCs and ACs. Our
analysis suggests that the long-range order of the hedgehog characterized by the topological charge is realized
in the Tb-based QC. This is the first theoretical discovery of the possible long-range order of the topological
magnetic texture in the QC. Distinct from the topological spin textures intensively studied so far in the periodic
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Figure 1. Crystal structure of Tsai-type cluster and local atomic configuration. Tsai-type cluster consists of
(a), the cluster center, (b), dodecahedron, (c), icosahedron, (d), icosidodecahedron, and (e), defect rhombic
triacontahedron with Au (yellow), Au/Si (green), and Tb (gray). (f), Local atomic configuration around Tb.
(This figure is created by using Adobe Illustrator CS5 Version 15.1.0.).

crystals®=, our discovery is based on the total angular momentum on the CEF-anisotropy-protected IC, which

provides a new concept of topological quasicrystal.

The Tb-based QC and AC consist of building blocks named the Tsai-type cluster composed of the concentric
shell structures shown in Fig. la-e, where Auyg Si;7 Tby3 is displayed as a representative case. Namely, a set of
polyhedrons are nested like a matryoshka doll. In Fig. 1c, Tb is located at each vertex of the IC, which forms the
Tb-12 cluster. The local atomic configuration around Tb is shown in Fig. 1f. Here, the z axis is passing through
Tb from the center of the IC, which is regarded as the pseudo fivefold axis, and the y axis is taken so as the yz
plane to be the mirror plane. Namely, the configuration of atoms is symmetric in both sides with respect to the
yz plane in Fig. 1f.

Results

Analysis of crystalline electric field. The CEF can be analyzed on the basis of the point charge model.
Since the Tb>* ion has the 4f® configuration, it is regarded to have the charge of 6|e| in the hole picture (4f'4
is the closed shell of 4f electrons). Then, the electrostatic energy at the Tb*" ion is expressed as Hcgr = 6le|V,
where V is the Coulomb potential V = 21‘121 qi/|r — R;|. Here, r and R; are the position vectors of the Tb>* ion
and ligand ions respectively and g; is the charge at thei = 1-16th Au or Au/Si mixed site shown in Fig. 1f. To take
into account the effect of the Au/Si mixed sites, here we set g; = (0.63Z4, + 0.37Zs;)|e|fori = 1, 3, and 4 and
q16 = (0.19Zx, + 0.81Zg;)|e| so as to reflect the occupancy ratio'!, otherwise g; = Zay|el, where Za, and Zg; are
the valences of Au and Si respectively.

In metallic crystals and alloyed ACs, the valences of Au and Si are known to be 1 and 4 respectively
However, in reality, these values can be reduced by the screening effect of the conduction electrons. Hence, we
analyze the CEF for Zs; = aZa, by setting Zs, = 0.223 as a typical value which was determined by the neutron
measurement in Auyg Sij7 Tby3''. It is noted here that the choice of Z,, does not affect the CEF eigenstate as
long as « is the same.

On the basis of the recently developed formulation (Supplementary information)*, we diagonalize Hcgg for
the total angular momentum J = 6 as the ground multiplet endorsed by the Hund’s rule. Then, the CEF energies
E, and the eigenstates |1/, ) are obtained, as shown in Fig. 2a. The CEF energies are split into almost 7 foraz = 0
to 8 for @ = 4, some of which are nearly degenerate. The CEF ground energy Ej is well separated from the first
excited energy E; as seen in Fig. 2a, as indeed observed in Auy Si;7 Tby3 with E; — Ej being in the order of 10%K.
Thus, the magnetism at low temperatures is dominated by the CEF ground state.

38,39

Magnetic anisotropy. Then we evaluate the largest magnetic-moment direction of the CEF ground state,
i.e., the principal axis. The result, which is expressed as the normalized vector J = (Jy, JysJ2), is shown in Fig. 2b.
This reveals that the magnetic moment is lying in the yz plane i.e., the mirror plane in Fig. 1f and changes its
direction depending on . Namely, as « increases from 0, the magnetic moment rotates to anticlockwise direc-
tion in the mirror plane, whose angle defined from the z axis, 6, changes from 6 ~ 90° to approach 6 = 0°, as
shown in Fig. 2c.

Minimal model on icosahedron. This result indicates that the direction of the magnetic moment at each
Tb site can be changed by controlling the compositions of Au and SM in the Au-SM-Tb ACs and QCs. To clarify
how the magnetic anisotropy affects the magnetism in the IC, we consider the minimal model

H= —%Jijli-lj. W
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Figure 2. Crystalline-electric-field energies and magnetic-moment direction of the ground state. (a), The «
dependence of the CEF energies at Tb in Zgi = «Za,. (b), The o dependence of the largest-moment direction of
the CEF ground state shown by the normalized vector J. (top panel) J; versus o, (middle panel) J, versus c, and
(bottom panel) J, versus . (c), The o dependence of 6 defined by the angle of J from the z axis in Fig. 1f. Inset
illustrates the J vector in the yz plane. (This figure is created by using Adobe Illustrator CS5 Version 15.1.0.).

Here, J; is the unit Ising-spin vector operator at the ith Tb site, whose direction is restricted to either parallel
or antiparallel to the principal axis shown in Fig. 2b and J;; is the exchange interaction. We consider the nearest
neighbor (N.N.) interaction J; and the next. N.N. (N.N.N.) interaction J,. It is noteworthy that this model has
recently been used to analyze the neutron measurement in the AC Auy; Alj4 Tbi4, which results in J5/]; ~ 2.3
and 6 = 86° that successfully reproduces not only the measured magnetic structure but also the temperature
dependence of the magnetic susceptibility as well as the magnetic-field dependence of the magnetization'.
Hence we adopt this model as the effective model, which is expected to be relevant generally to the Tb-based
ACs and QCs. So far, in various Tb-based ACs, negative Weiss temperature was observed, which indicates that
the antiferromagnetic (AF) interaction is dominant between the magnetic moments at the Tb sites*. Hence we
focus on the AF interaction J; < 0and J, < 0 and the case of the FM interaction will be reported elsewhere*!.

It is noted that the Tb-based AC and QC are metallic compounds. Hence, the RKKY interaction via the con-
duction electrons is considered to contribute to the exchange interaction between the 4f magnetic moments at
Tb sites. Furthermore, in the AC, the effect of the Fermi surface such as the nesting can also contribute to trigger
the magnetic order. To describe the essential feature of the resultant magnetism in the itinerant electron system,
the minimal model is introduced as Eq. (1). Namely, due to the strong magnetic anisotropy arising from the CEF,
the Ising model restricted to the anisotropy direction at each Tb site, which is regarded as the strong anisotropy
limit in the anisotropic Heisenberg model, is considered to be the effective model as the first step of analysis.

Ground-state phase diagram. The ground-state phase diagram for J,/J; and the angle 6 of the magnetic
anisotropy in the IC is shown in Fig. 3a. Here we also show the « axis as the holizontal axis. It is noted that
depending on the compositions of Au and SM in the Au-SM-Tb ACs and QCs, the a dependence of 6 can change
slightly from that shown in Fig. 2c. Hence, the J,/J1-0 phase diagram with the wide range of 6 is generally rel-
evant to the Tb-based ACs and QCs.

Magnetic textures on icosahedron. We find that unique magnetic states appear depending on J>/J; and
0, as a result of the CEF-anisotropy-protected IC. Each symbol in Fig. 3a represents the magnetic texture shown
in Fig. 3b. Note that the magnetic texture where all the moments are inverted also has the same ground-state
energy for each symbol, i.e., energetically degenerate. The red-square symbols denote the hedgehog state where
all the magnetic moments at 12 Tb sites on the IC are directed outward (see 6 = 0° in Fig. 3b). It is remarkable
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Figure 3. Ground-state phase diagram and magnetic textures in icosahedron. (a), The ground-state phase

diagram for J,/J1(J1 < 0)and 6 as well as « in the icosahedron. Contour plot of the topological charge n is also
shown. (b), Magnetic texture shown by each symbol in (a). (c), Antihedgehog state for 6 = 0°. (d), Antiwhirling
state for & = 70°. (e), Whirling state for & = 90°. (This figure is created by using Adobe Illustrator CS5 Version

15.1.0.).

that the hedgehog state is stabilized in the rather wide-6 region (Supplementary information). The antihedgehog
state where all the moments are inverted from the hedgehog state is shown in Fig. 3c.

Topological charge.

To reveal the topological character underlying in the magnetic textures, we define the
topological charge n per an IC by calculating the solid angle subtended by three neighboring moments J;, J;, and
Ji* located at the vertices of each triangle surface of the IC. By calculating n for each magnetic textures on the
IC, we find that the topological charge of n = 1is realized in the hedgehog state and n = —1is realized in the
antihedgehog state. This implies the solid angle subtended by 12 Tb moments on the IC covers the whole sphere
and the hedgehog and and antihedgehog play the roles of source or sink of emergent field, which are transcribed

as the emergent monopole and antimonopole with a “charge” n = 1and n = —1 respectively.

Whirling-moments state with unusually large topological charge.
logical charge also appears in the region denoted by the symbols of orange squares in Fig. 3a. The magnetic tex-
ture (see orange square & = 90° in Fig. 3b) is characterized by unusually large magnitude of topological charge

We find that the finite topo-
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Figure 4. Long-range order of hedgehog in quasicrystal. The long-range order of the hedgehog for 6 = 0°
in the QC. Tb-12 clusters at the origin and at the vertices of the icodidodecahedron are shown. (This figure is
created by using Adobe Illustrator CS5 Version 15.1.0.).

n = —3. We call this state the antiwhirling-moments state since the magnetic moments are whirling when it is
seen from the (111) direction (Supplementary information). Interestingly, we find the topological transition to
n = loccurs around 8 = 79° (see Fig. 3d). In Fig. 3a, the contour plot of the topological charge 7 is also shown.
We see that finite integer n appears in the Ji, = 0 state which is denoted by the square symbols in Fig. 3a. Here,
the total magnetic moment on the IC is given by Jio; = 3.2, J;. There exists a finite magnetic moment per an
IC Jiot # O for the magnetic textures denoted by not-square symbols in Fig. 3a and b.

Long-range order of hedgehog in quasicrystal. To explore the magnetism in the QC, we consider
the Cd5 ;Yb-type QC where the Tb-12 cluster i.e., IC is located at the origin and the surrounding vertices of the
icosidodecahedron and they are repeatedly arranged outward in the self-similar manner®. We have applied the
model (1) to the Cds;Yb-type QC with the AFM N.N. interaction J; < 0 and N.N.N. interaction J, < 0 not
only for the intra IC but also for the inter ICs located on the line connecting neighboring vertices of the 7>-times
enlarged icosidodecahedron from that in Fig. 1d. Heret = (1 + V/5)/2 is the golden ratio. Then we evaluate the
inner product(J; - J;) for the N.N. and N.N.N. pairs of the Tb sites in the intra IC and inter ICs. For the hedgehog
state with 6 = 0°, we confirmed that (J; - J;) < 01is realized for all the (i, j) pairs with respect to the inter ICs in
addition to the intra IC. This indicates that the hedgehog is stabilized in the arrangement of the 30 ICs located
at each vertex of the icosidodecahedron. Indeed we confirmed that the hedgehog has the lowest ground-state
energy. We show the magnetic structure in the real space for & = 0° in Fig. 4. The hedgehog is arranged ferro-
magnetically i.e., uniformly distributed in IC to IC, where the total magnetic moment is zero Ji,; = 0in each IC.

This result is intuitively understood from the magnetic moment directions shown in Fig. 4. Namely, each
magnetic moment at the Tb site on the IC are directed outward. Hence, the magnetic moments between the
neighboring ICs are directed antiferromagnetically each other at least for the N.N. and N.N.N. Tb sites when
the hedgehog is uniformly distributed. Then, if the N.N. and N.N.N. interactions are AFM in the model (1), i.e.,
J1 < 0and J> < 0, the hedgehog in the IC is able to be arranged uniformly as shown in Fig. 4. For the outer ICs
than the icosidodecahedron, the magnetic moments pointing to outward direction from the IC earn the energy
gain for the neighboring IC with the same hedgehog when the N.N. and N.N.N. interactions are AFM. Then,
the uniform arrangement of the hedgehog state is realized in each IC in the self-similar manner, giving rise to
the magnetic long-range order in the QC. o

This implies that the long-range order of the hedgehog is realized in the ground state. By calculating (J; - J;)
for N.N. and N.N.N. pairs of the Tb sites for the inter ICs in 30 ICs located at vertices of the icosidodecahedron,
we confirmed that uniform distribution of the hedgehog is stabilized as the ground state at least for the region of
J2/J1 and 6 symbolized by red squares in Fig. 3a. This is, to our best knowledge, the first discovery of the possible
long-range order of topological magnetic textures in the QC. It is noted that the antihedgehog shown in Fig. 3e
also exhibits the uniform distribution. The hedgehog QC and antihedgehog QC are energetically degenerate
within the model (1).

Discussion. Our finding of the hedgehog long-range order in the QC demonstrates that topological textures
can be stabilized in the QC. As for the antiwhirling (whirling) state [see orange square for & = 90° in Fig. 3b
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(Fig. 3e)], the long-range order can be realized uniformly when the AFM N.N.N. interaction is dominant for
the inter ICs in the QC (Supplementary information). In this case, the antimonopole (monopole) with unusu-
ally large topological charge |n| = 3 orders ferromagnetically. In the hedgehog and whirling ordered states, the
non-trivial phenomena such as the topological Hall effect are expected to emerge. Our model (1) is generically
applicable to the rare-earth based QCs and ACs with magnetic anisotropy, which is useful to clarify the magnetic
structures as well as topological properties.

Methods
Crystalline electric field. Recently, the CEF Hamiltonian in the rare-earth based QCs and ACs have been
formulated by the operator-equivalent methods*

4
Heer = Y [BY©OY(©) + Y > BImOym|, @)

£=2,4,6 n=c,s m=1

where O}’ (1) is the Stevens operator*? and B is the coefficient. Since O}’ (1) is expressed as the operators of
the total angular momentum J, Hcgr can be obtained on the basis of J and the z component J,, i.e., |J, J;) for
J.=J,] —1,---,—] + 1,and —]J. Then, by dia; 3gonalizing the (2] + 1) x (2] + 1) matrix Hcgg, we obtain the CEF
energies E, and the eigenstate [1,). For the Tb> " ion, J = 6 is the ground multiplet according to the Hund’s rule.
Then, Hcgr is diagonalized by setting ] = 6 as described in the main text (see also Supplementary information).

Principal axis of the magnetization. The largest magnetic-moment direction in the CEF ground state
can be identified by diagonalizing the 3 x 3matrix Mgs = (YolJeJs| o) for&, 8 = x,y, and z. Here, J is the oper-
ator of the total angular momentum. The normalized eigenvector of the largest eigenvalue of M, J = (Jx, Jy,Jz),
gives the direction, i.e., the principal axis of the magnetic moment.

Minimal model. The ground state of the model (1) in the main text is obtained numerically among
212 gpin configurations in the IC. Namely, the expectation value of the Hamiltonian (1), i.., the energy
E = (01,02, -+ ,012|H|01,02, - - ,012) are calculated for o; =1, | where the quantization axis at each i-th site
on the IC (Fig. 1¢) is directed to the anisotropy direction 6 shown in the inset of Fig. 2c. Then, by searching the
lowest energy numerically, we obtain the ground state. By performing this calculation for various J,/J; and 6, we
have constructed the ground-state phase diagram for an IC in Fig. 3a.

Next, we apply the model (1) to the Cds 7Yb-type QC, where the Tb-12 cluster, i.e., IC, is located at the origin
surrounded by the 7> times enlarged icosidodecahedron from that in Fig. 1d, whose vertices ICs are located at
and they are repeatedly arranged outward in the self-similar manner. In the icosidodecahedron, there exist 30
ICs. For the neighboring pairs of ICs, whose number is 60, we set the N.N. interaction J; and N.N.N. interaction
J2 between the magnetic moments at the N.N. and N.N.N. Tb sites respectively.

Then, we evaluate the inner product (J; - ;) for four sets of (i, j) pair as the N.N. and N.N.N. pairs per each
bond among the 60 bonds. Namely, the inner product for the 4 x 60 pairs are calculated with respect to the inter
ICs. Combining this with the calculation for the intra IC mentioned above, we search the lowest-energy state of
the model (1) on the 30 ICs located at vertices of the icosidodecahedron with totally 360 Tb sites numerically
for various J>/J; and 6 and obtain the ground state.

Topological charge on the IC.  Recently, the scalar chirality and the topological charge have been defined
for four spins located at each vertex of the tetrahedron®. It has been shown by this definition that the hedgehog
state realized in the tetrahedron is characterized by the topological charge of one. Extending these definitions to
the IC, here we consider the scalar chirality and the topological charge in the IC as follows.

We define the scalar chirality of the IC with its center-of-mass position R by x (R) =3, JikelC Xijk with
Xijk =Ji - Jj x Jr) where the order of i, j, and k is defined in the anticlockwise direction with respect to the nor-
mal vector of the triangle formed by the i, j, and kth sites, 1; j x, pointing outward from R. In the same way, we define
the solid angle subtended by the twelve moments on the ICas Q(R) = >, ijkelC Qjjx. Here, Q2 is the solid angle
for three magnetic moments J;, J;, and Ji, which is given by Qi = 2tan™ " [x /(1 + J; - J; + J; - T + Ji - J1)]
41 The topological charge n is defined asn = Q(R)/(47) per an IC.

Data availability
All the data supporting the findings are available from the corresponding author upon reasonable request.

Received: 18 June 2021; Accepted: 19 August 2021
Published online: 03 September 2021

References

1. Shechtman, I, Blech, I., Gratias, D. & Cahn, J. W. Metallic phase with long-range orientational order and no translational sym-
metry. Phys. Rev. Lett. 53, 1951 (1984).

2. Tsai, A. P, Guo, J. Q., Abe, E., Takakura, H. & Sato, T. J. A stable binary quasicrystal. Nature 408, 537 (2000).

3. Takakura, H., Gomez, C. P, Yamamoto, A., Boissieu, M. . De. & Tsai, A. P. Atomic structure of the binary icosahedral Yb-Cd
quasicrystal. Nat. Mater. 6, 58 (2007).

4. Suzuki, S. et al. Magnetism of Tsai-type quasicrystal approximants. Mater. Trans. 62, 298 (2021).

5. Tamura, R., Muro, Y., Hiroto, T., Nishimoto, K. & Takabatake, T. Long-range magnetic order in the quasicrystalline approximant
CdgTb. Phys. Rev. B 82,220201(R) (2010).

Scientific Reports |

(2021) 11:17679 | https://doi.org/10.1038/s41598-021-97024-w nature portfolio



www.nature.com/scientificreports/

6. Mori, A. et al. Electrical and magnetic properties of quasicrystal approximants RCdg (R: Rare earth). J. Phys. Soc. Jpn. 81, 024720
(2012).
7. Tamura, R. et al. Structural and magnetic transitions in the crystalline approximant CdeSm. Phys. Rev. B 85, 014203 (2012).
8. Das, P. et al. Crystal electric field excitations in the quasicrystal approximant TbCds studied by inelastic neutron scattering. Phys.
Rev. B 95, 054408 (2017).
9. Hiroto, T. et al. Ferromagnetism and re-entrant spin-glass transition in quasicrystal approximants Au-SM-Gd (SM = Si, Ge). J.
Phys. Condens. Matter 25, 216004 (2013).
10. Hiroto, T., Tokiwa, K. & Tamura, R. Sign of canted ferromagnetism in the quasicrystal approximants Au-SM-R (SM = Si, Ge and
Sn/R = Tb, Dy and Ho). J. Phys. Condens. Matter 26, 216004 (2014).
11. Hiroto, T. et al. Noncoplanar ferrimagnetism and local crystalline-electric-field anisotropy in the quasicrystal approximant Au;0
Siy 7Tby 3. . Phys. Condens. Matter 32, 415802 (2020).
12. Sato, T.]J. et al. Whirling spin order in the quasicrystal approximant Au;2Al;4Tb; 4. Phys. Rev. B 100, 054417 (2019).
13. Tamura, R. Magnetism in hypermaterials. In Japan Physical Society March Meeting Symposium 15pF2-3 (2021); Tamura, R. et al.
Submitted.
14. Okabe, Y. & Niizeki, K. Duality in the Ising model on the quasicrystals. J. Phys. Soc. Jpn. 57, 1536 (1988).
15. Serensen, E. S, Jari¢, M. V. & Ronchetti, M. Ising model on Penrose lattices: Boundary conditions. Phys. Rev. B 44, 9271 (1991).
16. Coffey, D. & Trugman, S. A. Magnetic properties of undoped Cg0. Phys. Rev. Lett. 69, 176 (1992).
17. Jagannathan, A. & Schulz, H. J. Magnetic states induced by electron-electron interactions in a plane quasiperiodic tiling. Phys.
Rev. B 55, 8045 (1997).
18. Axenovich, M. & Luban, M. Exact ground state properties of the classical Heisenberg model for giant magnetic molecules. Phys.
Rev. B 63, 100407(R) (2001).
19. Wessel, S., Jagannathan, A. & Haas, S. Quantum antiferromagnetism in quasicrystals. Phys. Rev. Lett. 90, 177205 (2003).
20. Konstantinidis, N. P. Antiferromagnetic Heisenberg model on clusters with icosahedral symmetry. Phys. Rev. B 72, 064453 (2005).
21. Jagannathan, A., Szallas, A., Wessel, S. & Duneau, M. Penrose quantum antiferromagnet. Phys. Rev. B 75, 212407 (2007).
22. Hucht, A, Sahoo, S., Sil, S. & Entel, P. Penrose quantum antiferromagnet. Phys. Rev. B 84, 104438 (2011).
23. Thiem, S. & Chalker, J. T. Long-range magnetic order in models for rare-earth quasicrystals. Phys. Rev. B 92, 224409 (2015).
24. Komura, Y. & Okabe, Y. High-precision Monte Carlo simulation of the Ising models on the Penrose lattice and the dual Penrose
lattice. J. Phys. Soc. Jpn. 85, 044004 (2016).
25. Sugimoto, T., Tohyama, T., Hiroto, T. & Tamura, R. Phenomenological magnetic model in Tsai-type approximants. J. Phys. Soc.
Jpn. 85,053701 (2016).
26. Koga, A. & Tsunetsugu, H. Antiferromagnetic order in the Hubbard model on the Penrose lattice. Phys. Rev. B 96, 214402 (2017).
27. Koga, A. Superlattice structure in the antiferromagnetically ordered state in the Hubbard model on the Ammann-Beenker tiling.
Phys. Rev. B102, 115125 (2020).
28. Suzuki, S., Tamura, R. & Sugimoto, T. Classical and quantum magnetic ground states on an icosahedral cluster. Mater. Trans. 62,
367 (2021).
29. Miyazaki, H., Sugimoto, T., Morita, K. & Tohyama, T. Magnetic orders induced by RKKY interaction in Tsai-type quasicrystalline
approximant Au-Al-Gd. Phys. Rev. Mater. 4, 024417 (2020).
30. Jazbec, S. et al. Schottky effect in the i-Zn-Ag-Sc-Tm icosahedral quasicrystal and its 1/1 Zn-Sc—Tm approximant. Phys. Rev. B
93, 054208 (2016).
31. Taguchi, Y., Oohara, Y., Yoshizawa, H., Nagaosa, N. & Tokura, Y. Spin chirality, Berry phase, and anomalous Hall effect in a frus-
trated ferromagnet. Science 291, 2573 (2001).
32. Nagaosa, N. & Tokura, Y. Topological properties and dynamics of magnetic skyrmions. Nat. Nanotechnol. 8, 899 (2013).
33. Kanazawa, N. et al. Critical phenomena of emergent magnetic monopoles in a chiral magnet. Nat. Commun. 7, 11622 (2016).
34. Fujishiro, Y. et al. Topological transitions among skyrmion- and hedgehog-lattice states in cubic chiral magnets. Nat. Commun.
10, 1059 (2019).
35. Ishiwata, S. et al. Emergent topological spin structures in the centrosymmetric cubic perovskite SrFeO3. Phys. Rev. B 101, 134406
(2020).
36. Tokura, Y. & Kanazawa, N. Magnetic skyrmion materials. Chem. Rev. 121, 2857 (2021).
37. Aoyama, K. & Kawamura, H. Hedgehog-lattice spin texture in classical Heisenberg antiferromagnets on the breathing pyrochlore
lattice. Phys. Rev. B 103, 014406 (2021).
38. Pearson, W. B. The Crystal Chemistry and Physics of Metals and Alloys (Wiley, 1972).
39. Mizutani, U, Sato, H., Inukai, M. & Zijlstra, E. S. e/a determination for 4d- and 5d-transition metal elements and their intermetallic
compounds with Mg, Al, Zn, Cd and In. Philos. Mag. 93, 3353 (2013).
40. Watanabe, S. & Kawamoto, M. Crystalline electronic field in rare-earth based quasicrystal and approximant: Analysis of quantum
critical Au-Al-Yb quasicrystal and approximant. J. Phys. Soc. Jpn. 90, 063701 (2021).
41. Eriksson, F. On the measure of solid angles. Math. Mag. 63, 184 (1990).
42. Stevens, K. W. H. Matrix elements and operator equivalents connected with the magnetic properties of rare earth ions. Proc. Phys.
Soc. A 65,209 (1952).

Acknowledgements
This work was supported by JSPS KAKENHI Grant Numbers JP18K03542 and JP19H00648.

Author contributions
S.W. conceived the study and led the project. Theoretical calculation was performed by S.W. The manuscript
was written by S.W.

Competing interests
The author declares no competing interests.

Additional information
Supplementary Information The online version contains supplementary material available at https://doi.org/
10.1038/541598-021-97024-w.

Correspondence and requests for materials should be addressed to S.W.
Reprints and permissions information is available at www.nature.com/reprints.

Publisher’s note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Scientific Reports|  (2021) 11:17679 | https://doi.org/10.1038/s41598-021-97024-w nature portfolio


https://doi.org/10.1038/s41598-021-97024-w
https://doi.org/10.1038/s41598-021-97024-w
www.nature.com/reprints

www.nature.com/scientificreports/

Open Access This article is licensed under a Creative Commons Attribution 4.0 International

License, which permits use, sharing, adaptation, distribution and reproduction in any medium or
format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the
Creative Commons licence, and indicate if changes were made. The images or other third party material in this
article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the
material. If material is not included in the article’s Creative Commons licence and your intended use is not
permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from
the copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

© The Author(s) 2021

Scientific Reports|  (2021) 11:17679 | https://doi.org/10.1038/s41598-021-97024-w nature portfolio


http://creativecommons.org/licenses/by/4.0/

	Magnetism and topology in Tb-based icosahedral quasicrystal
	Results
	Analysis of crystalline electric field. 
	Magnetic anisotropy. 
	Minimal model on icosahedron. 
	Ground-state phase diagram. 
	Magnetic textures on icosahedron. 
	Topological charge. 
	Whirling-moments state with unusually large topological charge. 
	Long-range order of hedgehog in quasicrystal. 
	Discussion. 

	Methods
	Crystalline electric field. 
	Principal axis of the magnetization. 
	Minimal model. 
	Topological charge on the IC. 

	References
	Acknowledgements


