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Bio‑convective and chemically 
reactive hybrid nanofluid flow 
upon a thin stirring needle 
with viscous dissipation
Arshad Khan1, Anwar Saeed2, Asifa Tassaddiq3, Taza Gul4, Poom Kumam5,6*, Ishtiaq Ali7 & 
Wiyada Kumam8

In this work, the thermal analysis for bio‑convective hybrid nanofluid flowing upon a thin horizontally 
moving needle is carried out. The chemical reaction and viscous dissipation has also considered for 
flow system in the presence of microorganism. The hybrid nanoparticles comprising of Copper (Cu) 
and Alumina (Al

2
O
3
) are considered for current flow problem. Mathematically the flow problem is 

formulated by employing the famous Buongiorno’s model that will also investigate the consequences 
of thermophoretic forces and Brownian motion upon flow system. Group of similar variables is used 
to transform the model equations into dimensionless form and have then solved analytically by 
homotopy analysis method (HAM). It has established in this work that, flow of fluid declines due to 
increase in bioconvection Rayleigh number, buoyancy ratio and volume fractions of nanoparticles. 
Thermal flow grows due to rise in Eckert number, Brownian, thermophoresis parameters and 
volume fraction of nanoparticles. Concentration profiles increase due to growth in Brownian motion 
parameter and reduces due to increase in thermophoresis parameter and Lewis number. Motile 
microorganism profile declines due to augmentation in Peclet and bioconvection Lewis numbers. 
Moreover, the percentage enhancement in the drag force and rate of heat transfer using conventional 
nanofluid and hybrid nanofluid are observed and discussed. The hybrid nanofluid increases the skin 
friction and heat transfer rate more rapidly and efficiently as compared to other traditional fluids. A 
comparison of the present study with the existing literature is also conducted with a closed agreement 
between both results for variations in thickness of the needle.

List of symbols
Tw  Wall temperature (K)
T∞  Fluid temperature at free stream (K)
Cw  Wall concentration
C∞  Fluid concentration at free stream
nw  Microorganism at wall
n∞  Microorganism at free stream
DB  Brownian diffusion coefficient 

(

m2/s
)

DT  Thermophoresis diffusion coefficient 
(

m2/s
)
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Nb  Brownian diffusion parameter
Nr  Buoyancy ratio parameter
Nt  Thermophoretic parameter
K∗  Rate of dimensionless reaction
Pr  Prandtl number
Le  Lewis number
Ec  Eckert number
Pe  Peclet number
Lb  Bioconvection Lewis number
Cf   Skin friction coefficient
Nux  Local Nusselt number
Shx  Local Sherwood number
k  Thermal conductivity (W/k m)
c  Size of needle

Greek symbols
ϕ  Volume fraction of solid nanoparticles
θ  Dimensionless temperature
φ  Dimensionless concentration
ρf   Density of fluid 

(

kg/m3
)

ρm  Density of motile microorganisms 
(

kg/m3
)

ε  Velocity ratio parameter
µ  Dynamic viscosity 

(

kg/m2 s
)

η  Variable of transformation
υ  Kinematic viscosity 

(

m2/s
)

The suspension of small sized particles (with size less than 100 nm) in a base/pure fluid for instance oil, water 
and ethylene glycol etc. is named as nanofluid while the small sized particles are named as nanoparticles such as 
silver 

(

Ag
)

 , alumina (Al2O3) , copper (Cu) and copper oxide (CuO) etc. Since these fluids augment the thermal 
conductivity and improve the capability of heat transmission of pure fluid, so these fluids play a vital role as 
coolant in heat transmission equipment. These fluids also play a significant role in industry and engineering appli-
cations such as microelectronics, biomedical devices, vehicle cooling and power generation etc.  Choi1 was the 
first gentleman who has suggested the number of nanoparticles in a pure fluid for augmenting the heat transfer 
characteristics of base fluid. After this work a number of researchers have diverted their attention to discuss the 
heat transmission characteristics of nanofluids by using different geometries and under different flow conditions. 
Khan et al.2 have discussed minimization of entropy production for a nanofluid past a thin needle by using ther-
mal radiation. In this work the entropy production has analyzed through second law of thermodynamics. Salleh 
et al.3 have investigated numerically the stability analysis for hydromagnetic liquid motion upon a thin needle. 
In this work the model of Buongiorno has employed to investigate the impact of Brownian and thermoporetic 
forces upon flow system. Waini et al.4 have discussed the prescribed heat flux for a hybrid nanofluid over a 
vertical needle. In this work the modeled equations have been transformed to dimensionless form by using set 
of transformable variables and then have solved the resultant equations numerically by employing MATLAB 
software. Gul et al.5 have discussed nanofluid flow over thin needle for fractional order convective nanotubes.

During the past few decades, the deliberation on the theme of thin heated needle has achieved a considerable 
attention from a number of scientists and researchers due to its importance and contribution at industrial level. 
The work of  Lee6 as comprehended by Narain and  Uberoi7 measured the forced as well as free convective heat 
transmission past a vertical thin needle for a viscous liquid. In this extended work, the authors have investigated 
locally similar and series solutions for considered flow problem. Chen and  Smith8 have discussed the mixed 
convective transfer of heat upon a thin needle. In this work the thermal characteristics are examined under the 
impacts of Prandtl number and size of needle for accelerating and uniform flow of liquid.  Wang9 investigated 
numerically mixed convective flow of fluid upon a heated tip of vertically placed needle. Afterwards various inves-
tigations have been conducted for fluid flow upon a thin needle using various flow  conditions10–15. Ramesh et al.16 
have discussed thermal examination for hybrid nanofluid flow upon a thin needle using Darcy-Firchheimer 
porous surface characteristics and external heat source. The authors of this article have transformed the modeled 
equations into dimensionless form and then have determined a numerical solution for that set of dimensionless 
equations. Hashim et al.17 have discussed the thermophoresis properties for nanofluid flowing upon a continu-
ously moving needle. In this article the investigation has carried out by employing viscous dissipation and the 
solution of modeled equations has carried out numerically by using Matlab software.

Transportation behavior in nanofluid is described by two models one model is suggested by  Buongiorno18 
while the other model is proposed by Tiwari and  Das19. The model of Buongiorno is two components non-
homogeneous in which slip velocity of pure/base fluid and nanoparticles is non-zero. This model has determined 
seven different slip mechanisms for nanofluid flow. These mechanisms are described as gravity, Magnus effect, 
Brownian motion, inertia, drainage of fluid, diffusiophoresis and thermophoretic effects. It has also proposed 
in Boungiorno’s  work18 that out of the seven slip mechanisms only thermoporesis and Brownian diffusions are 
important for fluids containing nanoparticles. Due to importance of Buongiorno’s model numerous research-
ers have used this model successfully by using different geometries and various flow conditions. After a few 
years, Nield and  Kuznetsov20,21 have expanded the Buongiorno’s work by taking some new conditions applied 
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on boundary of the problem. These two authors have utilized the thermophoretic and Brownian motion terms 
into concentration and energy equations in order to investigate the impact of Brownian motion and thermo-
phresis upon these equations. Afterwards, a number of researchers have used Buongiorno’s model for fluid 
flow by using different geometries and various flow conditions. Khan et al.22,23 have discussed the Buongiorno’s 
model for nanofluid flow upon a horizontal cylinder by using different flow conditions. The authors of these 
investigations have transformed the modeled equations into dimensionless form by employing the suitable sets 
of similar variables and then have solved the resultant equations by using semi-analytical technique HAM. The 
readers can further study about Buongiorno’s model for fluid flow by using different geometries and various 
flow conditions in Refs.24–28.

The occurrence of bio-convection is another striking field which consists of a number of physical and real 
world applications. The convective movement of a material due to gradient of density at microscopic level is 
termed as bio-convection. This instability in density gradient occurred due to collective swimming of micro-
organisms. Normally this phenomenon takes place at the upper most level of liquid due to which the liquid in 
that specific region become denser. Instability in flow system also occurs due to the segregation in density of the 
upper and lower level of liquid. There are numerous medical and biological processes that necessitate this physical 
phenomenon, for instance, bio-fuels, enzymes, micro-system, biological tissues, bacteria and bio-technology etc. 
The bioconvection process is categorized into different categories such as gyrotactic microorganism, chemotaxis 
and geotactic microorganisms. This categorization is based upon the directional movements of various microor-
ganisms.  Kuznetsov29,30 has investigated the bioconvection by using various types of nanoparticles. Mallikarjuna 
Mallikarjuna et al.31 discussed the steady biocovective flow for a nanofluid with gyrotactic microorganism over 
a vertical cylinder and have transformed the modeled problem into dimensionless form by using dimension-
less variables and then have solved resultant equations in numerical form by finite difference method. Uddin 
et al.32 have discussed numerically the mathematical model to check the impacts of velocity slip of second order 
past a horizontal permeable plate. Chebyshev method has used in this investigation for approximate solution 
of problem. The reader can further study about the bioconvection fluid flow with different geometries and flow 
conditions in Refs.33–37.

Most of the modeled problems in the universe are extremely nonlinear and are also highly complex in nature 
to determine their solution; even sometimes the determination of exact solution of such problems is impos-
sible. For the purpose of determination the solution of such complex problems, there is a need to use a specific 
analytical, semi analytical or numerical technique. HAM is one of such famous semi-analytical technique that 
is used to determine solution to highly nonlinear problems. This method was first introduced by  Liao38,39 for 
solution of numerous nonlinear problems. This technique provides solution in functional form and is also very 
fast convergent method. The solution provided by this method involves all the parameters encountered in the 
physical modeling of the problem; hence the impact of these substantial parameters upon flow system can be 
discussed easily.

From above cited literature, we observe that many investigations have conducted for fluid flow upon a thin 
needle by using various flow conditions, but only one  study40 has been found in literature that discussed the 
fluid flow with motile microorganism upon a thin moving needle. In this  work40 traditional nanofluid has used. 
In our work we have considered the thermal analysis for bioconvection of hybrid nanofluid flowing upon a thin 
horizontally moving needle. The novelty of this work is increased further by considering the chemical reaction 
and viscous dissipation with gyrotactic microorganism for hybrid nanofluid which has not been discussed yet. 
Moreover, the hybrid nanoparticles comprising of Copper and Alumina are considered for current flow problem 
which further increase the originality of this work. For determination the impact of thermophoretic forces and 
Brownian motion upon flow system the famous Buongiorno’s model has also used in this study. After convert-
ing the modeled equations into dimensionless form, the popular semi-analytical technique (HAM) has used to 
determine the solution of resultant equations.

Problem formulation
Take a thin horizontal needle enclosed by a laminar viscous incompressible hybrid nanofluid. The hybrid nano-
particles comprise of Copper (Cu) and Alumina (Al2O3) while the base fluid is considered as water. Let u, v be the 
flow components in x as axial and r as radial directions respectively as depicted in Fig. 1. Following assumptions 
are used to model the problem:

1. The flow is forced convective.
2. The needle is moving horizontally with uniform velocity uw in opposite or similar direction of surrounded 

fluid flowing upon the needle with fixed velocity u∞.
3. The radius of needle is R(x) =

(

υf cx/U
)1/2 with c as its size and υf  as kinematic viscosity. Moreover, 

U = uw + u∞ is composite velocity for current flow system.
4. The temperature, concentration and microorganism at needle surface are Tw , Cw and nw respectively while 

T∞, C∞ and n∞ are their corresponding values for ambient fluid with Tw > T∞ , Cw > C∞ and nw > n∞.
5. The model of Buongiorno is employed to flow system with chemically reactive and viscous dissipative effects.

Considering all the above assumptions we  have40–42:

(1)
∂(rv)

∂r
+

∂(ru)

∂x
= 0
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Above in Eqs. (1) – (5) u, v depict the axial and radial components of flow. T is temperature C is concentra-
tion, ρhnf ,µhnf , κhnf  are respective representations for density, viscosity and thermal conductivity of hybrid 
nanofluid. The Brownian and themophoretic diffusion constant are denoted by DB, DT while K∗ = K0/x is the 
rate of dimensionless reaction.

The required boundary conditions  are12,41

For the purpose of non-dimensionalization following group of similarity transformation has  defined12

The flow system for current work is streamlined, so in Eq. (7) ψ is a stream function. The corresponding flow 
components for the assumed stream function are defined as  below12

Next we shall incorporate Eq. (7) into Eqs. (1) – (5) so that after simplification we shall have

(2)

u
∂u

∂x
+v

∂u

∂r
=

µhnf

ρhnf

1

r

∂

∂r

(

r
∂u

∂r

)

+
1

ρhnf

{

(1− C∞) βg(T − T∞)−
(

ρp − ρf
)

(C − C∞)− gγ
(

ρm − ρf
)

(n− n∞)
}

(3)
(

ρCp

)

hnf

(

u
∂T

∂x
+ v

∂T

∂r

)

= κhnf
1

r

∂

∂r

(

r
∂T

∂r

)

+τ

(

DB
∂C

∂r

∂T

∂r
+

DT

T∞

(

∂T

∂r

)2
)

+µhnf

(

∂u

∂r

)2

(4)u
∂C

∂x
+ v

∂C

∂r
=

DB

r

∂

∂r

(

r
∂C

∂r

)

+
DT

T∞

1

r

∂

∂r

(

r
∂T

∂r

)

− K∗(C − C∞)

(5)u
∂n

∂x
+ v

∂n

∂r
+

b Wc

(Cw − C∞)

[

∂

∂r

(

n
∂C

∂r

)]

= Dn
1

r

∂

∂r

(

r
∂n

∂r

)

(6)
u(x. r) = Uw , v(x. r) = 0, T(x. r) = Tw , C(x. r) = Cw , n(x, r) = nw at r = R(x),

u(x. r) → U∞, T(x. r) → T∞, C(x. r) → C∞, n(x, r) → n∞ as r → ∞

(7)ψ = vf x.f (η), η =
Ur2

vf x
, θ(η) =

T − T∞

Tw − T∞

, φ(η) =
C − C∞

Cw − C∞

, ξ(η) =
n− n∞

nw − n∞

(8)u =
1

r

∂ψ

∂r
= 2uf ′(η), v = −

1

r

∂ψ

∂x
= −

υf

r

(

f (η)− ηf ′(η)
)

(9)

2

(1− ϕ1)
2.5(1− ϕ2)

2.5

(

ηf ′′′ + f ′′
)

+

{

(1− ϕ2)

(

(1− ϕ1)+ ϕ1
ρs1

ρf

)

+ ϕ2
ρs2

ρf

}

ff ′′+�(θ − Nrφ − Rbξ) = 0

Figure 1.  Geometry of flow problem.
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Notice that the in above equations the prime notations depict the derivative with respect to similarity variable 
η . By considering η = c that represents the needle wall, while the surface of needle is expressed  as12

In this work the nanoparticles of copper and alumina are suspended in water which is taken as pure fluid. In 
order to obtain the hybrid nanofluid Cu− Al2O3/H2O , first the nanoparticles of Al2O3 with volumetric fraction 
ϕ1 are suspended in water this produced Al2O3/H2O . Afterwards, nanoparticles of Cu with volumetric fraction 
ϕ2 are mixed in Al2O3/H2O . This physical phenomenon will finally give us hybrid nanofluid Cu− Al2O3/H2O . 
Moreover, in Eqns. (9–12) κs1, ρs1,

(

ρCp

)

s1
,ϕ1 are representations for thermal conductivity, density, heat capac-

ity and volumetric fraction for Al2O3 − nanoparticles while κs2, ρs2,
(

ρCp

)

s2
,ϕ2 are the corresponding values 

for Cu− nanoparticles.
The dimensionless form of subjected BCs is

In above equations the dimensionless parameters Nr is buoyancy ratio parameter, Rb is bioconvection Ray-
leigh number, � is mixed convection parameter, Pr is Prandtl number, Nb is Brownian motion parameter, Nt is 
thermophoresis parameter, Eckert number is given by Ec , Le is Lewis number, K is chemical reaction parameter, 
ε is velocity ratio parameter, Pe is Peclet number and Lb bioconvection Lewis number. Mathematically these 
parameters are defined as  follows12,40–42:

Above Grx =
gβ(1−C∞)(Tw−T∞).x3/v2

(Cw−C∞)
 is local Grashof number and Rex = Ux/v is local Reynolds number. 

Also it is to be observed that the mixed convection parameter � > 0 corresponds to supporting flow, whereas 
� < 0 corresponds to conflicting flow. The thermophoretic characteristics for nanofluid and hybrid nanofluid 
are depicted in Table 1 where the numerical values for base fluid and nanoparticles are expressed in Table 2.

(10)
2
khnf

kf

(

θ ′ + ηθ ′′
)

+

{

(1− ϕ2)

(

(1− ϕ1)+ ϕ1

(

ρCp

)

s1
(

ρCp

)

f

)

+ ϕ2

(

ρCp

)

s2
(

ρCp

)

f

}

Pr f θ ′

+ Pr Ec
η

(1− ϕ1)
2.5(1− ϕ2)

2.5

(

f ′′
)2

+ 2η Pr
(

Nbθ
′φ′ + Nt

(

θ ′
)2
)

= 0

(11)2
(

φ′ + ηφ′′
)

+ 2
Nt

Nb

(

θ ′ + ηθ ′′
)

+ Leφ′ −
1

2
LeKφ = 0

(12)2
(

ξ ′ + ηξ ′′
)

+ Pr Lbξ f
′ − 2Pe

(

2ηξφ′′ +
(

ξ + ηξ ′
)

φ′
)

= 0

(13)R(x) =
(υf cx

U

)1/2

(14)
f (c) =

ε

2
c, f ′(c) =

ε

2
, θ(c) = 1, φ(c) = 1, ξ(c) = 1,

f ′(∞) →
1

2
(1− ε), θ(∞) → 0, φ(∞) → 0, ξ(∞) → 0

(15)

Nr =

(

ρp − ρf
)

(Cw − C∞)

ρf β(1− C∞)(Tw − T∞)
, Rb =

(

ρm − ρf
)

(nw − n∞)

ρf β(1− C∞)(Tw − T∞)
,

� =
Grx

Re2x
, Pr =

υf
(

ρCp

)

hnf

kf
,

Nb =
τDB(Cw − C∞)

υf
, Nt =

τDT (Tw − T∞)

T∞υf
, Ec =

U2

(Tw − T∞)Cp
,

Le =
υf

DB
, K =

K∗

U
, Pe =

bWc

Dm
, Lb =

α

Dm
, ε =

uw

U

Table 1.  Thermophysical properties of hybrid  nanofluid43.

Properties Nanofluid (Al2O3) Hybrid nanofluid (Cu− Al2O3)

Density ρnf = (1− ϕ1)ρf + ϕ1ρs1 ρhnf =

{

(1− ϕ2)

(

(1− ϕ1)+ ϕ1
ρs1
ρf

)

+ ϕ2
ρs2
ρf

}

ρf

Heat capacity
(

ρCp

)

nf
= (1− ϕ1)

(

ρCp

)

f
+ ϕ1

(

ρCp

)

s1

�

ρCp

�

hnf
=























(1− ϕ2)

�

(1− ϕ1)+ ϕ1

�

ρCp

�

s1
�

ρCp

�

f

�

+ϕ2

�

ρCp

�

s2
�

ρCp

�

f























�

ρCp

�

f

Dynamic viscosity µnf =
µf

(1−ϕ1)
2.5 µhnf =

µf

(1−ϕ1)
2.5(1−ϕ2)

2.5

Thermal conductivity κnf =
κs1+2κf −2ϕ1

(

κf −κs1
)

κs1+2κf +ϕ1
(

κf −κs1
) κf κhnf =

κs2+2κf −2ϕ2
(

κf −κs2
)

κs2+2κf +ϕ2
(

κf −κs2
) κnf
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Quantities of engineering interest. In the field of thermodynamics, engineers and scientists are nor-
mally interested to examine and calculate the thermal and mass transmission through fluid flow. They are also 
interested in determination of the resistance offered by the fluid surface and the surface of channel through 
which the fluid is flowing. At industrial level, liquids are mostly flowing through different parts of mechanical 
machinery in which the transmission rate of heat, mass and the fraction among various parts of machinery 
are also of more interest for engineers. In the fluid dynamics context the fraction between surface of fluid and 
flow channel is named as skin fraction, the heat transmission rate through fluid flow is termed as local Nusselt 
number and the rate of mass transmission is known as local Sherwood number. These quantities are defined 
mathematically as follows:

Skin fraction

By employing Eq. (7) in Eq. (16) we have the following dimensionless form of skin fraction

Local Nusselt Number

By employing Eqn. (7) in Eqn. (18) we have the following dimensionless form of local Nusselt number

Local Sherwood Number

By employing Eq. (7) in Eq. (20) we have the following dimensionless form of local Sherwood number

Local Density Number of Motile Microorganism

By employing Eqn. (7) in Eqn. (22) we have the following dimensionless form of local density number of 
motile microorganism

In above equations Rex = Ux
υf

 represents local Reynolds number.

Method of solution
For determination the semi-analytical solution of Eqns. (9–12) using the boundary conditions stated in Eq. (14) 
we shall employ the semi analytical technique  HAM38,39. Moreover, the HAM method is implemented through 
BVP 2.0 package. For application of this semi-analytical technique some initial guesses are required which are 
stated as follows:

(16)Cf =
µhnf

ρf u2w

(

∂u

∂r

)

r=R

(17)Cf Re
1/2
x = 4c1/2

1

(1− ϕ1)
2.5(1− ϕ2)

2.5
f ′′(c)

(18)Nux = −
xκhnf

kf (Tw − T∞)

(

∂T

∂r

)

r=R

(19)NuxRe
−1/2
x = −2

κhnf

κf
c1/2θ ′(c)

(20)Shx =
−x

(Cw − C∞)

(

∂C

∂r

)

r=R

(21)ShxRe
1/2
x = −2c1/2φ′(c)

(22)Nnx = −
−x

nw − n∞

(

∂n

∂r

)

r=R

(23)NnxRe
−1/2
x = −2c1/2ξ ′(c)

Table 2.  Numerical values of nanoparticles and base fluid for thermophysical  properties43.

Properties
(

Copper − Cu
)

 nanoparticles (Alumina − Al2O3) nanoparticles (Water −H2O) base Fluid

ρ

(

kg/m3
)

8933 3970 997.1

Cp

(

J/kg K
)

385 765 4179

κ(W/mK) 400 40 0.613
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Such that the linear operators are expressed as

The above linear operators in their expanded form are given as

Above in Eq. (26) the expressions ei for i = 1, 2, 3, . . . 8 are constants.
Further we have

It is to be noticed that the 0-order system for Eqns. (9–12) is expressed as

The related boundary conditions are stated as

It is to be noticed that ζ ∈ [0, 1] , so for ζ = 0 and ζ = 1 we have

The expansion of Taylor’s series for 
⌢

f (η; ζ ),
⌢

θ(η; ζ ),
⌢

φ(η; ζ ) and
⌢

ξ(η; ζ ) around ζ = 0

(24)f0(η) = 1− eη , �0(η) =
γ1

1+ γ1
e−η , �0 =

γ2

1+ γ2
e−η , ξ(η) =

γ

1+ γ
e−η

(25)Lf
(

f
)

= f ′′′ − f ′, L�(�) = θ ′′ − θ , L�(�) = φ′′ − φ, Lξ (ξ) = ξ ′′ − ξ

(26)Lf
(

e1 + e2e
η + e3e

−η
)

= 0, L�
(

e4e
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With boundary conditions as follows

Next we have

Moreover, we have

Results and discussion
In this investigation the thermal analysis for bio-convective hybrid nanofluid flowing upon a thin horizontally 
moving needle is carried out. The hybrid nanoparticles comprising of copper and alumina are considered for cur-
rent flow problem. Mathematically the flow problem is formulated by employing the famous Buongiorno’s model 
that will also investigate the consequences of thermophoretic forces and Brownian motion upon flow system. 
HAM is used to determine solution of set of dimensionless equations. The impact of various physical parameters 
upon flow, thermal, concentration characteristics and density of motile microorganism with the help of graphi-
cal view have discussed. The problem geometry is depicted in Fig. 1. The total square residual error displayed 
in Fig. 2 using the BVP 2.0 package of HAM. The strong convergence obtained up to the 15 iterations order.
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Flow characteristics f ′(η). In this subsection the impact of the emerging parameters such as bioconvec-
tion Rayleigh number (Rb) , buoyancy ratio parameter (Nr) and volumetric fraction ϕ1, ϕ2 for nanoparticles 
upon flow profiles of nanofluid will be discussed, as depicted in Figs. 3, 4, 5. From Fig. 3 it is perceived that flow 
declines with augmentation in Rb . Physically a growth in the values of Rb offers a resistance to the upward motion 
of nanoparticles which declines the flow characteristics of fluid. The impact Nr on flow is describes in Fig. 4. 
Physically it can be interpreted as an increase in Nr moves the nanfluid towards the needle’s surface. Addition-
ally an augmentation in the inverse bouncy exaggerated by volume fraction of nanoparticle at free stream and 
results in reduction of the flow distribution and wideness of momentum boundary layer. This ultimately declines 
the flow of fluid. The impact of volumetric fractions ϕ1, ϕ2 of nanoparticles upon flow characteristics is exposed 

Figure 2.  Total square residual error for modelled problem.

Figure 3.  Flow characteristics for dissimilar values of Rb.

Figure 4.  Flow characteristics for dissimilar values of Nr.
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in Fig. 5. Since with growth in the values of ϕ1 or ϕ2,there is a corresponding increase in the viscous nature of 
nanofluid, due to this physical phenomenon flow of fluid declines.

Thermal characteristics θ(η). The impact of Eckert number (Ec) , Brownian motion parameter (Nb) , Ther-
mophoretic parameter (Nt) and volumetric fractions (ϕ1 = ϕ2) of nanoparticles upon thermal characteristics 
is discussed in Figs. 6, 7, 8, 9. Figure 6 depicts the impact of Eckert number upon θ(η) . Since growth in Er 
enhances the transportation energy due to which thermal boundary layer of nanoparticles increases. Hence 
thermal characteristics grow up due to increase in Eckert number. The growth in Nb results in augmentation of 
nanoparticles random collision which grows up the thermal boundary layer, because during this physical phe-
nomenon the kinetic energy of nanoparticles is converted to heat energy. Hence increase in Nb corresponds to 

Figure 5.  Flow characteristics for dissimilar values of ϕ1 = ϕ2.

Figure 6.  Thermal characteristics for dissimilar values of Ec.

Figure 7.  Flow characteristics for different values of Nb.
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a growth in thermal characteristics as depicted in Fig. 7. Similarly increase in thermophoretic parameter results 
in an increase in temperature gradient of nanoparticles. Actually, for larger value of Nt there will be maximum 
temperature gradient in the flow system that leads to a maximum heat transfer as shown in Fig. 8. The rise in 
the volume fractions of alumina (Al2O3) or copper (Cu) nanoparticles results in an augmentation in density of 
fluid. During this physical phenomenon the thermal boundary layer of nanofluid enhances as depicted in Fig. 9.

Concentration characteristics φ(η). In this subsection impact of thermophoretic parameter (Nt) , 
Brownian motion parameter (Nb) and Lewis number (Le) will be discussed, as shown in Figs. 10, 11, 12. From 

Figure 8.  Thermal characteristics for different values of Nt.

Figure 9.  Thermal characteristics for different values of ϕ1 = ϕ2.

Figure 10.  Concentration characteristics for different values of Nt.
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Fig. 10 it is observed that with a growth in Nt the thermal conductivity of nanofluid grows up and also infiltrates 
deeper in the nanoparticles and finally declines the thickness of concertation boundary layer. Hence increase in 
thermophoresis parameter corresponds to reduction in concentration characteristics. Figure 11 depicts impact 
of Brownian motion parameter upon concentration of nanofluid. Since the mass transfer rate declines with 
augmentation in Brownian motion parameter that declines the concentration boundary thickness of naofluid. 
Hence augmentation in Brownian motion results in reduction of concentration characteristics as shown in 
Fig. 11. Moreover, augmentation in Lewis number reduces the mass flow that further weakens the concentra-

Figure 11.  Concentration characteristics for different values of Nb.

Figure 12.  Concentration characteristics for different values of Le.

Figure 13.  Motile microorganism characteristics for different values of Pe.
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tion boundary layer. Hence increase in Lewis number declines the concentration characteristics of nanofluid as 
depicted in Fig. 12.

Motile microorganism characteristics ξ(η). The impact of Peclet number (Pe) and bioconvection Lewis 
number (Lb) upon motile microorganism characteristics is depicted in Figs. 13, 14. It can be noticed from these 

Figure 14.  Motile microorganism characteristics for different values of Lb.

Figure 15.  Flow chart for HAM technique.
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figure that higher variations in Lb and Pe results in decline of dimensionless microorganism of nanofluid. Actu-
ally an augmentation in the values of Pe , Lb leads to a less spread of microorganism and results a decline of motile 
boundary layer thickness of nanofluid. Physically the motile density declines with increasing numerical values of 
Pe or Lb that ultimately results in the reduction of motile microorganism of nanofluid.

Figure 16.  Comparison of current results with Ref.41 for velocity profile.

Figure 17.  Comparison of current results with Ref.41 for thermal profile.

Table 3.  Percentage growth in the skin friction due to solid nanoparticle volume fraction, when 
Nr = Nb = Nt = 0.1, Pr = 6.2, ε = 1.1, c = 0.02.

ϕ1 = ϕ2 4c1/2(1− ϕ1)
−2.5f ′′(c) (Cu) % Increase 4c1/2(1− ϕ1)

−2.5(1− ϕ2)
−2.5f ′′(c) (Al2O3 + Cu) % Increase

0.0 0.376002 0.376002

0.01 0.386032 2.667% 0.401483 6.7%

0.02 0.396308 5.4005% 0.427769 13.7%

Table 4.  Percentage increase in the rate of heat transfer due to solid nanoparticle volume fraction, when 
Nr = Nb = Nt = 0.1, Pr = 6.2, ε = 1.1, c = 0.02.

ϕ1 = ϕ2 −2κnf /κf c
1/2θ ′(c) (Cu) % Increase −2κhnf /κf c

1/2θ ′(c) (Al2O3 + Cu) % Increase

0.0 1.83318 1.83318

0.01 1.89320 3.27409% 1.89413 3.324%

0.02 1.95485 6.6371% 1.95679 6.742%
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Flow chart of HAM and comparison. The flow chart of the HAM method is added and depicted in 
Fig. 15. Moreover, the comparison of the present results with the published work is displayed in Figs. 16, 17 by 
considering common parameters. From these figures a closed agreement of the present and published results has 
been observed, which shows the authentication of the obtained results.

Table discussion. The numerical outputs of the present study are displayed in Tables 1, 2, 3, 4, 5. The ther-
mophysical characteristics are displayed in the Table 1. The numerical values of thermophysical properties for 
solid nanoparticles and base liquid are presented in Table  2. The focus has been given to the nanoparticle’s 
volume fraction and the percentage enhancement in skin friction coefficient and heat transfer rate for both 
Cu nanofluid and Cu+ Al2O3 hybrid nanofluid as described in Tables 3, 4. From Table 3 it is observed that the 
increase in the magnitude of volume fraction of Cu-nanoparticles volume fraction ϕ1 from 0.0 to 0.01 and 0.0 to 
0.02 enhances the skin friction coefficient from 2.667% to 5.4005% respectively. While for the same variations 
in values of Cu+ Al2O3-nanoparticles volume fraction ϕ1 = ϕ2 enhances the skin friction coefficient from 6.7% 
to13.7%, showing that the hybrid nanofluid increases the skin friction more rapidly and efficiently as compared 
to other traditional fluids. From Table 4 it is perceived that the percentage increase in the heat transfer rate for 
variations in Cu-nanoparticles volume fraction ϕ1 from 0.0 to 0.01 and 0.0 to 0.02 are respectively 3.27409% 
and 6.637%. On the other hand for the same variations in values of Cu+ Al2O3-nanoparticles volume fraction 
ϕ1 = ϕ2 the heat transfer rate is observed as 3.324% and 6.742% respectively. This shows that the hybrid nano-
fluid enhancing the heat transfer rate more efficiently as compared to the other traditional fluids. The compari-
son of the present study with the existing literature is carried out and presented in Table 5. A closed agreement 
has been observed in both results by varying the thickness of the needle.

Conclusion
In this investigation the thermal analysis for bio-convective hybrid nanofluid flowing upon a thin horizontally 
moving needle is carried out. The hybrid nanoparticles comprising of copper and alumina are considered for cur-
rent flow problem. Mathematically the flow problem is formulated by employing the famous Buongiorno’s model 
that will also investigate the consequences of thermophoretic forces and Brownian motion upon flow system. 
HAM is used to determine solution of set of dimensionless equations. The impact of various physical parameters 
upon flow, thermal, concentration characteristics and density of motile microorganism with the help of graphical 
view have discussed. After detail study of the work the following points are highlighted (Supplementary Files):

• Growth in the values of bioconvection Rayleigh number offers a resistance to the upward motion of nano-
particles due to which flow of fluid declines.

• Increase in buoyancy ratio parameter moves the nanofluid towards the surface of the needle and results in 
reduction of the flow distribution

• An augmentation in the values of volume fractions of nanoparticles also reduces velocity profile.
• Rise in values of Eckert number enhances the transportation energy due to which thermal boundary layer 

of nanoparticles increases, hence temperature grows due to increase in Eckert number.
• The growth in Brownian motion results in augmentation of nanoparticles random collision which grows 

up the thermal boundary layer that ultimately rises the temperature. On the other hand concentration of 
nanofluid reduces during this physical phenomenon.

• Increase in thermophoretic parameter results in increase of temperature gradient of nanoparticles and hence 
maximum heat will transfer. Moreover, concentration of nanofluid also enhances during this phenomenon.

• The rise in volume fractions of alumina (Al2O3) or copper (Cu) nanoparticles results in augmentation in 
thermal boundary layer of nanofluid.

• Augmentation in Lewis number reduces the mass flow that further weakens the concentration boundary 
layer. Hence increase in Lewis number declines the concentration characteristics of nanofluid.

• Augmentation in Peclet and bioconvection Lewis numbers has an adverse impact upon motile microorgan-
ism profile, as it reduces due to increase in above-mentioned numbers.

• The increase in the magnitude of volume fraction of Cu-nanoparticles from 0.0 to 0.01 and 0.0 to 0.02 
enhances the skin friction coefficient from 2.667% to 5.4005%. While the skin friction coefficient enhances 
from 6.7% to13.7% for the same variations in values of volume fraction of Cu+ Al2O3-nanoparticles, show-
ing that the hybrid nanofluid increases the skin friction more rapidly and efficiently as compared to other 
traditional fluids.

• The percentage increase in the heat transfer rate for variations in volume fraction of Cu-nanoparticles from 
0.0 to 0.01 and 0.0 to 0.02 are respectively 3.27409% and 6.637%. On the other hand for the same variations 
in values of volume fraction of Cu+ Al2O3-nanoparticles the heat transfer rate is observed as 3.324% and 

Table 5.  Comparison with the existing  literature41 using only common parameters Pr = 6.2.

c 4c1/2f ′′(c) Soid and  Pop41 4c1/2f ′′(c) present
−2c1/2θ ′(c) Soid and 
 Pop41

−2c1/2θ ′(c) Present −2c1/2φ′(c) −2c1/2ξ ′(c)

0.1 0.864546 0.864657 1.53162 1.531735 1.70480 1.43433

0.2 0.970583 0.970694 1.89531 1.895422 1.18017 1.04621

0.3 1.07510 1.075212 2.48240 2.482513 0.788956 0.742106
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6.742% respectively. This shows that the hybrid nanofluid enhancing the heat transfer rate more efficiently 
as compared to the other traditional fluids.

• A comparison between current results and the results available in literature has also been carried out both 
graphically and numerically in tabular form. A fine agreement has established between both the results.

• In future, the above investigation can also be extended by incorporating the effects of variable thermal con-
ductivity, variable viscosity. Moreover, micropolar fluid can also be considered in the mathematical model 
of current investigation.
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