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The quantum Zeno and anti‑Zeno 
effects with driving fields 
in the weak and strong coupling 
regimes
Mehwish Majeed & Adam Zaman Chaudhry*

Repeated measurements in quantum mechanics can freeze (the quantum Zeno effect) or enhance 
(the quantum anti‑Zeno effect) the time‑evolution of a quantum system. In this paper, we present 
a general treatment of the quantum Zeno and anti‑Zeno effects for arbitrary driven open quantum 
systems, assuming only that the system–environment coupling is weak. In particular, we obtain a 
general expression for the effective decay rate of a two‑level system subjected to arbitrary driving 
fields as well as periodic measurements. We demonstrate that the driving fields change the decay rate, 
and hence the quantum Zeno and anti‑Zeno behavior, both qualitatively and quantitatively. We also 
extend our results to systems consisting of more than one two‑level system, as well as a two‑level 
system strongly coupled to an environment of harmonic oscillators, to further illustrate the non‑trivial 
effect of the driving fields on the quantum Zeno and anti‑Zeno effects.

Unlike classical measurements, quantum measurements in general disturb the state of the quantum system. This 
back-action of measurements is a peculiar concept of quantum mechanics which gives rise to striking phenom-
ena such as the quantum Zeno effect (QZE). In the QZE, repeated measurements hinder the time evolution of 
the quantum  system1–23. However, it has also been observed that if the measurements are not rapid enough, a 
reverse effect, known as a quantum anti-Zeno effect (QAZE), can occur whereby the measurements accelerate 
the quantum  evolution24–36. Both the QZE and the QAZE have gained considerable interest theoretically and 
experimentally due to their huge importance in the foundations of quantum mechanics as well as possible 
applications in quantum technologies. For example, the effect of repeated measurements can be used to infer 
properties of the environment of a quantum system, that is, noise  sensing37–39. Generally speaking, so far, the 
main focus of the studies performed on QZE and the QAZE have been on the population decay  model24–29,40–45 
and the dephasing  model30 (notable exceptions include Refs.46,47).

What is lacking is a rigorous general study of the QZE and QAZE in the presence of coherent driving fields. 
The idea of controlling the coherent dynamics of a quantum system by an external time-dependent field has found 
widespread theoretical and experimental interest in many areas of physics and  chemistry48. For example, driving 
fields are a commonly used tool to manipulate qubits as well as to control chemical reactions by external laser 
 fields49–52. In quantum optics, it has been shown that a frequency-modulated excitation of a two-level atom sig-
nificantly modifies the time-evolution of the  system53 . In quantum tunneling systems, it has been demonstrated 
that an appropriately designed coherent drive can bring the tunneling to an (almost) complete standstill—this 
is known as coherent destruction of  tunneling54,55. Driving fields can even effectively remove the interaction of 
the quantum system with its environment, which is precisely the idea behind dynamical  decoupling56–61. Driving 
fields have also been recently used in noise  sensing62.

It is then clear that driving fields, repeated measurements as well as the environment can all drastically influ-
ence the temporal evolution of a quantum system. Consequently, in this work, we study the QZE and the QAZE 
when driving fields are applied to the quantum system as well. We start by deriving a general expression of the 
effective decay rate for the driven quantum system, provided that the system–environment coupling is weak, 
thereby extending the formalism of Ref.46. We then obtain general expressions for the decay rate of a two-level 
system subjected to arbitrary driving fields. In particular, we consider in detail both the population decay model 
and the pure dephasing model in the presence of different driving fields. For example, we show that the effective 
decay rate for the driven population decay model can no longer be obtained using the usual sinc-squared function 
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(as can be done in the absence of any driving  fields24). Moreover, counter-rotating terms in the system–environ-
ment interaction Hamiltonian can become important in the presence of the driving fields, in contrast with the 
undriven case. We then extend our results to more than one two-level system by modeling the multiple two-level 
systems as a single large  spin63. We also demonstrate that our results can be extended to the strong system–envi-
ronment coupling regime via the well-known polaron  transformation64–70 along with perturbation theory. All in 
all, our results generally indicate that the effective decay rate is very significantly influenced by the driving fields.

Results
Effective rate of an arbitrary driven quantum system in the weak coupling regime. We start 
by writing the total Hamiltonian of a quantum system, in the presence of driving fields, interacting with its 
environment as

Here, the first term ĤS(t) describes the central quantum system Hamiltonian. This carries explicit time-depend-
ence due to the application of external driving fields on the system; consequently, we write it as the sum of a 
time-independent part ĤS and a time-dependent part Ĥc(t) describing the effect of the external fields. The 
second term ĤB corresponds to environment, whereas the last term ĤSB is the coupling between them, which, 
for later convenience, we write in the diagonal form ĤSB =

∑
µ F̂µ ⊗ B̂µ , with the F̂µ operators belonging to 

the system Hilbert space and the B̂µ operators living in the environment Hilbert space. From now on, we will be 
suppressing the ‘hats’ on the operators—the context should make it clear whether or not we are dealing with an 
operator. Keeping in mind our objective of investigating the quantum Zeno and anti-Zeno effects in such driven 
open quantum systems, our primary quantity of interest is the effective decay rate of the system when repeated 
projective measurements are performed on the system with time interval τ . To calculate the effective decay rate, 
we assume that the system is initially prepared in the pure state |ψ� . We then find the system density matrix at 
time τ , that is, ρS(τ ) , and then use this to find the survival probability s(τ ) that the system is still in state |ψ� at 
time τ . Thereafter, we can find the effective decay rate Ŵ(τ) via Ŵ(τ) = −ln s(τ )/τ . The system density matrix at 
time τ is obtained via ρS(τ ) = TrB[U(τ )ρ(0)U†(τ )] , where ρ(0) is the state of total system plus environment, 
TrB is the partial trace with respect to environment states and U(τ ) is the total unitary time-evolution operator 
corresponding to the total Hamiltonian H(t). Generally speaking, for the time-dependent system–environ-
ment models considered here, it is usually impossible to calculate the time-evolution operator exactly. However, 
for weakly coupled system–environment models, we can find the time-evolution operator U(τ ) using time-
dependent perturbation  theory71. We assume that the system–environment state is initially of a simple product 
form, that is, ρ(0) = |ψ��ψ | ⊗ ρB , where ρB = e−βHB/ZB is the thermal equilibrium state of the environment 
with ZB = TrB[e−βHB ] . Extending the treatment of Ref.46 to time-dependent Hamiltonians in a straightforward 
manner, we find that the decay rate of the quantum state |ψ� , in the presence of projective measurements and 
for weak system–environment coupling, is given by ‘overlap integral’ of two functions—the generalized filter 
function Q(ω, τ) and the spectral density of the environment J(ω) (see the Methods section), that is,

Here, the generalized filter function is given by

where Fµ(t) = U†
S (t)HS(t)US(t) , with US(t) being the unitary time-evolution operators corresponding to HS(t) 

only, and P⊥ is the projector onto the system subspace orthogonal to |ψ��ψ | . The environment correlation function 
is Cµν(t) = TrB[ρBeiHBtBµe

−iHBtBν ] , which can generally be simplified to the form Cµν(t) =
∑

k |gk|2fµν(ωk , t) , 
where gk is the coupling between the system and the kth mode of the environment. The function fµν(ωk , t) then 
contains the remaining information about Cµν(t) . The sum over the modes is typically converted to an integral 
over the environment frequencies via the substitution 

∑
k |gk|2(. . .) →

∫∞
0

dω J(ω)(. . . .) , thereby introducing 
the spectral density function J(ω) of the environment. It should be noted that Q(ω, τ) depends not only on the 
frequency of the measurements, the way that system is coupled to its environment, the state of system that is 
repeatedly prepared, and part of the environment correlation function fµν(ω, t) ; most importantly for us, it also 
depends on the driving fields applied. Similar analytical expressions to account for the effect of driving fields 
have been considered  before49–52. However, our expression takes into account the effect of both measurements 
as well as the concurrent application of driving fields for arbitrary system–environment models, and we do not 
make any assumptions regarding the driving fields such as the adiabatic  approximation72,73. We also note that 
there are different ways to define the survival probability and hence the decay rate, as well as different ways of 
identifying the Zeno and anti-Zeno regimes. For example, one can also look at the history of  measurements74,75 
when calculating the survival  probability34. Similarly, we identify the Zeno and anti-Zeno regimes by looking at 
when the decay rate Ŵ(τ) is an increasing function (the Zeno regime) or a decreasing function (the anti-Zeno 
regime)46; an alternative approach is to compare the measurement modified decay rate with the decay rate 
without  measurement76.

General expression of the decay rate for a driven two‑level system. To apply our formalism to 
a two-level system, we first note that, without loss of generality, we can assume the initial state to be |e� , where 

(1)Ĥ(t) = ĤS(t)+ ĤB + ĤSB.

(2)Ŵ(τ) =
∫ ∞

0

dωQ(ω, τ)J(ω).

(3)Q(ω, τ) = 2

τ
Re

(
∑

µν

∫ τ

0

dt

∫ t

0

dt′fµν(ω, t
′)TrS

[
P⊥F̃ν(t − t ′)ρS(0)F̃µ(t)

]
)
,
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σz |e� = |e� , since we can always choose our coordinate system in this manner. We then check, with time interval 
τ , whether or not the system is still in this state or not. The projector onto the orthogonal subspace is 

∣∣g
〉〈
g
∣∣ , 

where σz
∣∣g
〉
= −

∣∣g
〉
 . Now comes a key insight. No matter what the external driving fields are, the system unitary 

time-evolution operator corresponding to US(t) can always be written in the form

where α(t) , β(t) , and γ (t) are time-dependent Euler angles. These are arbitrary functions of time with the 
constraint that US(t = 0) = 1 . The corresponding Hamiltonian HS(t) can be worked out from Schrodinger’s 
equation. We find that

In other words, by choosing the functions α(t) , β(t) , and γ (t) appropriately, we can work backwards to find the 
corresponding system Hamiltonian.

With this form of US(t) , we can work out the effective decay rate. Using our previous general expression given 
in Eq. (3), we find that the filter function Q(ω, τ) is

where

and

with Fµij = �i|Fµ
∣∣j
〉
 . In the following sections, we use this form of the filter function with various α(t) , β(t) , and 

γ (t) to evaluate the effective decay rate for different system–environment models.

Application to the driven population decay model in weak coupling regime. To illustrate our 
formalism, we first consider a single two-level system interacting with an environment of harmonic oscillators 
in the presence of external driving fields. The total system–environment Hamiltonian is written as (we set � = 1 
throughout)

where HS(t) = ε0
2
σz +Hc(t) is the system Hamiltonian with ε0 representing the energy spacing of the two-

level system, while Hc(t) is a time-dependent external driving field acting on the system. HB =
∑

k ωkb
†
kbk is 

the environment Hamiltonian with bk and b†k representing the usual annihilation and creation operators, and 
HSB =

∑
k(g

∗
k bkσ+ + gkb

†
kσ−) is the system–environment interaction Hamiltonian with gk denoting the coupling 

strength between the central two-level system and the environment oscillators. As usual, σz is the standard Pauli 
spin-1/2 matrix, and σ+(σ−) are the raising (lowering) operators. Note that we have made the rotating-wave 
approximation (RWA) here for the system–environment interaction, which means that we have neglected those 
processes which do not conserve  energy17,77.

With the model specified, we now move to find the effective decay rate of the two-level system using the for-
malism described before. As is usually the case in studies of the quantum Zeno and anti-Zeno effects, we initially 
prepare our system in the excited state |e� such that σz |e� = |e� , and we then repeatedly check, with time interval 
τ , whether or not the system is still in the excited state. To calculate the decay rate using our formalism, we note 
that F1 = σ+ , F2 = σ− , Cµν(t) = TrB[ρBB̃µ(t)Bν ] , B̃µ(t) = eiHBtBµe

−iHBt , B1 =
∑

k g
∗
k bk , and B2 =

∑
k gkb

†
k . 

In the limit of zero temperature, we find that f12(ω, t) = e−iωt , while f11 = f22 = f21 = 0 . Moreover, we find 
G1(t) = ei(α(t)+γ (t)) cos2[β(t)/2] , and Ḡ2(t − t ′) = e−i(α(t−t′)+γ (t−t′)) cos2[β(t − t ′)/2] . Using these results, we 
obtain

In general, this can be a very complicated function. Therefore, we first consider the simplest case where 
α(t) = ε0t , while β(t) = γ (t) = 0 . This corresponds to [see Eq. (5)] H = ε0

2
σz , that is, the usual population 

decay model with no driving field. After performing the integrals, we get Q(ω, τ) = τ sinc2[ (ε0 − ω)τ

2
] , thereby 

(4)US(t) = e−iα(t)σz/2e−iβ(t)σy/2e−iγ (t)σz/2,

(5)
HS(t) =

σz

2

∂α(t)

∂t
+ 1

2

∂β(t)

∂t

(
cos[α(t)]σy − sin[α(t)]σx

)
+ 1

2

∂γ (t)

∂t
cos[β(t)]σz

+ 1

2

∂γ (t)

∂t

(
sin[β(t)] cos[α(t)]σx + sin[β(t)] sin[α(t)]σy

)
.

(6)Q(ω, τ) = 2

τ
Re

(
∑

µν

∫ τ

0

dt

∫ t

0

dt′fµν(ω, t
′)Gµ(t)Ḡν(t − t ′)

)
,

(7)

Gµ(t) = ei(α(t)+γ (t)) cos2
[
β(t)

2

]
Fµeg − e−i(α(t)−γ (t)) sin2

[
β(t)

2

]
Fµge + eiγ (t)

sin[β(t)]
2

(Fµgg − Fµee),

(8)

Ḡν(t) = e−i(α(t)+γ (t)) cos2
[
β(t)

2

]
Fνge − ei(α(t)−γ (t)) sin2

[
β(t)

2

]
Fνeg + e−iγ (t) sin[β(t)]

2
(Fνgg − Fνee),

(9)H(t) = ε0

2
σz +Hc(t)+

∑

k

ωkb
†
kbk +

∑

k

(g∗k bkσ+ + gkb
†
kσ−),

(10)

Q(ω, τ) = 2

τ

∫ τ

0

dt

∫ t

0

dt′ cos[α(t)− α(t − t ′)+ γ (t)− γ (t − t ′)− ωt′] cos2[β(t)/2] cos2[β(t − t ′)/2].
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reproducing the well-known sinc-squared function for Q(ω, τ) . Our formalism, on the other hand, allows us to 
go much further. The next case that we can consider is α(t) = ε0t + (V0/�) sin(�t) with β(t) = γ (t) = 0 , 
which corresponds to HS = ε0

2
σz and Hc(t) = V0 cos(�t)σz/2 , with V0 the amplitude of the applied sinusoidal 

field and � its frequency. Using the Jacobi-Auger identity eix sin(�t) =
∑∞

l=−∞ Jl(x)e
il�t , with Jl(x) being the 

Bessel functions of the first  kind78, we find that now

with Amn = Jm(V0/�)Jn(V0/�) . It is clear that the filter function is no longer a simple sinc-squared function 
- although the average value of the sinusoidal applied field is zero, the filter function changes in a very non-trivial 
manner. In particular, it is clear that the filter function Q(ω, τ) is no longer generally peaked at ω = ǫ0 , even for 
changing measurement interval τ . Rather, the second term in Eq. (11) makes it particularly clear that such a 
simple conclusion no longer holds in the driven case, and in fact the peak of the filter function changes as the 
measurement interval changes. Carrying on, we can also consider α(t) = ε0t , with non-zero β(t) (while 
γ (t) = 0 ). This corresponds to the driving field Hc(t) =

1

2

∂β(t)

∂t

(
cos[ε0t]σy − sin[ε0t]σx

)
 . In these cases, Q(ω, τ) 

needs to be calculated numerically, but the point is that in all such cases, the filter function, and hence the decay 
rate, changes in a very non-trivial manner. Similarly, we can also study non-zero values of γ (t) ; the part of the 
H a m i l t o n i a n  w h i c h  c o n t r i b u t e s  i n  Hc(t)  d u e  t o  γ (t)  i s  o f  f o r m 
1

2

∂γ (t)

∂t
cos[β(t)]σz +

1

2

∂γ (t)

∂t

(
sin[β(t)] cos[α(t)]σx + sin[β(t)] sin[α(t)]σy

)
.

We now illustrate the change in the filter function as a result of these driving fields. Our results are shown in 
Fig. 1 where we demonstrate the behavior of the filter function Q(ω, τ) as a function of oscillator frequency ω for 
two different measurement intervals τ both with and without driving fields. We have set β(t) = γ (t) = 0 , while 
α(t) = ε0t for the solid, black curve (the undriven case) and α(t) = ε0t + (V0/�) sin(�t) for the other curves 
(the driven cases). For the small measurement interval case illustrated in Fig. 1a, the different filter functions 
practically overlap—this is simply a manifestation of the convergence to the Zeno limit in the small measurement 
interval scenario even in the presence of the driving fields. However, for relatively large measurement interval 
τ , the filter function for the population decay model (given by the usual sinc-squared function) is qualitatively 
different from the cases where we place the central system in a time-dependent external field [see Fig. 1b]. It 
can be seen that for the solid, black curve (the no driving case), the filter function Q(ω, τ) is sharply peaked at 
ε0 = ω for τ = 1 , and changes very appreciably in the presence of strong driving fields (the dot-dashed green 
and long-dashed magenta curves). The long-dashed magenta curve corresponds to relatively lower frequency 
( V0 = 5 and � = 1 ), and to a first approximation, this filter function can be obtained by considering that the peak 
of the usual sinc-squared filter function is now shifted to ε0 + V0 . However, for strong driving fields with higher 
frequencies (the dot-dashed green curve), such a naive picture is no longer applicable. Looking at Eq. (11) and 
using the fact that for higher frequencies, the Bessel functions are rapidly decaying so that only a few terms in 
the sum are important, it is clear that not only is the frequency ω = ε0 important in the filter function, but also 
other frequencies such as ω = ε0 +� , ω = ε0 −� , and so on. This leads to a much richer and complicated filter 
function, whose peak in fact also changes as the measurement interval τ is varied. As a result, we can expect that 
the effective decay rate is non trivially modified.

Let us now consider more complicated driving fields such that we have non-zero values of β(t) and γ (t) . As an 
example, we consider α(t) = ε0t and β(t) = υt , while γ (t) = 0 . This introduces oscillatory fields in the system 

(11)

Q(ω, τ) =
∞∑

m,n=−∞

τ

ε0 − ω +m�
Amn

(
sinc2

[
(m− n)�τ

2

]
(m− n)�+ sinc2

[
(ε0 − ω + n�)τ

2

]
(ε0 − ω + n�)

)
,

Figure 1.  Filter function for the driven population decay model with the RWA. (a) Graph of Q(ω, τ) versus ω 
in the presence of time-dependent driving fields: α(t) = ε0t + (V0/�) sin(�t) , β(t) = 0 and γ (t) = 0 with 
V0 = 1 and � = 5 (dashed, red curve), V0 = 5 and � = 1 (large-dashed, magenta curve), and V0 = 5 and � = 5 
(dot-dashed, green curve). α(τ) = ε0τ , β(τ) = 0 and γ (τ) = 0 for the solid, black curve. Throughout, we 
use dimensionless units with � = 1 and we have set ε0 = 1 . Here we have used a relatively small measurement 
interval, that is, τ = 0.1 . (b) Same as (a), except that now τ = 1.
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Hamiltonian [see Eq. (5)], and the filter function now changes as shown in Fig. 2a. It is clear that adding in the 
control fields now greatly reduces the filter function (see the dot-dashed orange curve), and is thus expected 
to lead to a decrease in the effective decay rate. We can also consider what happens if these oscillating control 
fields are ‘damped’—this is illustrated by the dashed blue curve. We have checked as that as the fields become 
more damped, the filter function starts to coincide with the undriven scenario (the solid black curve). Proceed-
ing along these lines, we can also work out the filter function when γ (t) is also non-zero, further illustrating the 
drastic effect of the driving fields on the filter function (see Fig. 2b).

Having illustrated the effect of the driving fields on the filter function, we now demonstrate how this translates 
to a change in the effective decay rate and thereby the quantum Zeno and anti-Zeno behavior. The behavior of the 
effective decay rate Ŵ(τ) versus measurement interval τ is shown in Fig. 3 for different driving fields. Let us note 
how the behavior of Ŵ(τ) helps us to identify the quantum Zeno and anti-Zeno regimes. If the effective decay 
rate Ŵ(τ) decreases by shortening the measurement interval τ , we are in the quantum Zeno regime while if it 
increases, then we are in the quantum anti-Zeno  regime30,41,44,46. Moreover, to actually compute the effective decay 
rate, we need to specify the spectral density of the environment. Throughout this work, we will use an Ohmic 
spectral density J(ω) = Gωe−ω/ωc , where G stands for the dimensionless coupling strength between the system 

Figure 2.  Filter function for the driven population decay model with the RWA. (a) Graph of Q(ω, τ) versus ω 
in the presence of time-dependent driving fields: α(t) = ε0t , β(t) = −(e−χ t − 1)/χ and γ (t) = 0 with χ = 0.2 
(dashed, blue curve), α(t) = ε0t , β(t) = υt and γ (t) = 0 with υ = 5 (dot-dashed, orange curve), α(t) = ε0t , 
β(t) = 0 and γ (t) = 0 (solid, black curve). We have used τ = 1 . (b) Here α(t) = ε0t , β(t) = υt and γ (t) = ξ t , 
with υ = 5 and ξ = 1 (dashed, red curve), υ = 1 and ξ = 5 (long-dashed, magenta curve), and υ = 5 and ξ = 5 
(dot-dashed, green curve). The solid black curve shows α(t) = ε0t , β(t) = 0 and γ (t) = 0 . We have again used 
τ = 1.

Figure 3.  Effective decay rate for the driven population decay model with the RWA. (a) Graph of Ŵ(τ) versus 
τ in the presence of time-dependent driving fields: α(t) = ε0t + (V0/�) sin(�t) , β(t) = 0 and γ (t) = 0 with 
V0 = 1 and � = 5 (dashed, red curve), V0 = 5 and � = 1 (long-dashed, magenta curve), and V0 = 5 and � = 5 
(dot-dashed, green curve). The solid black curve shows α(t) = ε0t , β(t) = 0 and γ (t) = 0 . We remind the 
reader that we have used dimensionless units with � = 1 and we have set ε0 = 1 . Here we have used G = 0.01 
and ωc = 10 . (b) We now have α(t) = ε0t , β(t) = −(e−χ t − 1)/χ and γ (t) = 0 with χ = 0.2 (dashed, blue 
curve); α(t) = ε0t , β(t) = υt and γ (t) = 0 with υ = 5 (dot-dashed, orange curve); α(t) = ε0t , β(t) = 0 and 
γ (t) = 0 (solid, black curve). We now have G = 0.05 and ωc = 10.
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and its environment, and ωc is the cutoff frequency. As we have discussed before, for weak system–environment 
coupling, the effective decay rate is the overlap integral of the spectral density of the environment J(ω) and the 
generalized filter function Q(ω, t) . If the peak value of the filter function is near the cutoff frequency of spectrum 
of environment then there will be a significant overlap between J(ω) and Q(ω, t) , giving an enhanced decay rate. 
On the other hand, if the peak value of generalized filter function is well beyond the ωc , then that minimizes 
the overlap between J(ω) and Q(ω, t) , leading to a reduced decay rate. The dynamically modified filter function 
in the presence of driving fields (see Figs. 1 and 2) affects the overlap of J(ω) with Q(ω, t) , and thus can either 
accelerate or inhibit the decay rate as compared to the undriven scenario. In particular, it is clear from Fig. 3a 
that for the simple population decay case with no driving fields (the solid black curve), there is a single local 
crossover between quantum Zeno and anti-Zeno regime, meaning that, in short time regime, effective decay 
rate Ŵ(τ) decreases by decreasing the measurement interval τ while for large measurement interval, it increases 
by decreasing the measurement interval. In the presence of driving fields, not only is the effective decay rate 
greatly affected (see the long-dashed magenta curve), but also there are multiple Zeno and anti-Zeno regimes 
(see the dashed red curve and the dot-dashed green curve). For long-dashed magenta curve, the peak value of 
the filter function is at approximately ω = 5.6 (see Fig. 1b) which is more near to the peak of the spectrum of 
the environment as compared to the solid black curve (for which the peak is at ω = 1 ). As a result, this gives 
maximum overlap of Q(ω, τ) with J(ω) for the magenta curve, which consequently enhances the effective decay 
rate compared to the undriven case. For the dot-dashed green curve, we observed previously that a large driving 
field frequency means that the peak of the filter function keeps changing as the measurement interval changes, 
and this leads to multiple Zeno and anti-Zeno regimes. However, at short measurement intervals, all the curves 
agree. This is expected, since, as we have seen before, with very fast measurements, the filter function becomes 
the same, leading to the same decay rate. We have also looked at what happens with β(t)  = 0 . Having seen how 
the filter function is influenced by such driving fields in Fig. 2a, we illustrate what happens to the corresponding 
decay rate in Fig. 3b for the same β(t) as used in Fig. 2a, where β(t) is a damped function for the dashed blue 
curve, and it is a linear function of t for the dot-dashed orange curve. Since a linear function of t in the presence of 
non-zero ε0 leads to a reduction in the peak value of the filter function (see Fig. 2a), the overlap between Q(ω, τ) 
and J(ω) reduces for ωc = 10 , leading to a reduction in the effective decay rate as compared to the solid black 
curve. On the other hand, if β(t) is a damped function, effects of the oscillating fields are suppressed, meaning 
that the effective decay rate is increased for the dashed blue curve as compared to dot-dashed orange curve. 
Once again, it is clear that the driving fields greatly influence the decay rate both quantitatively and qualitatively.

We next discuss the effect of the non-rotating terms of the system–environment interaction on the dynamics 
of the central system in the presence of a driving field. The total Hamiltonian is now given by

Notice the different form of the system–environment coupling as compared to before—the sys-
tem–environment Hamiltonian now contains the ‘non-rotating’ terms σ+b†k and σ−bk . To cal-
culate f i lter function Q(ω, t) now, we f irst evaluate the environment correlation func-
t i on .  Wit h  F = σx  ,  we  f i n d  G(t) = −e−i(α(t)−γ (t)) sin2[β(t)/2] + ei(α(t)+γ (t)) cos2[β(t)/2] an d 
Ḡ(t − t ′) = −ei(α(t−t′)−γ (t−t′)) sin2[β(t − t ′)/2] + e−i(α(t−t′)+γ (t−t′)) cos2[β(t − t ′)/2] . Also, f (ω, t) = e−iωt 
at zero temperature. Putting all this together,

where

Compared with Eq. (10), we can see that the two filter functions agree for β(t) = 0 . This means that in the 
absence of driving fields (where α(t) = ε0t and β(t) = 0 ), the counter-rotating terms do not affect the decay 
rate. However, in the presence of driving fields with β(t)  = 0 , the counter-rotating terms become important, 
even in the weak system–environment coupling regime we are dealing with. The influence of the non-rotating 
terms is shown in Fig. 4, where the behavior of the filter function as a function of the frequency ω is shown in 
Fig. 4a and the behavior of the effective decay rate as a function of measurement interval is illustrated in Fig. 4b. 
Comparing Figs. 2a and 4a, it is clear that when there are no driving fields, the filter function does not change 
since the solid, black curve is the same in both figures. However, as shown by the dashed blue and dot-dashed 
orange curves, in the presence of driving fields with β(t)  = 0 , the filter function does change. This correspond-
ingly changes the effective decay rate by modifying the overlap of J(ω) with Q(ω, t) as can be seen by comparing 
Figs. 3b and 4b. The counter-rotating terms help to enhance the peak value of the filter function, leading to an 
increase in the effective decay rate.

(12)H(t) = ε0

2
σz +Hc(t)+

∑

k

ωkb
†
kbk + σx

∑

k

(g∗k bk + gkb
†
k).

(13)Q(ω, τ) = 2

τ

∫ τ

0

dt

∫ t

0

dt′
(
D1(t, t

′)+ D2(t, t
′)+ D3(t, t

′)+ D4(t, t
′)
)
,

(14)D1(t, t
′) = cos[γ (t)− γ (t − t ′)− ωt′] cos[α(t)] cos[β(t)] cos[α(t − t ′)] cos[β(t − t ′)],

(15)D2(t, t
′) = − sin[γ (t)− γ (t − t ′)− ωt′] cos[α(t − t ′)] cos[β(t − t ′)] sin[α(t)],

(16)D3(t, t
′) = sin[γ (t)− γ (t − t ′)− ωt′] cos[α(t)] cos[β(t)] sin[α(t − t ′)],

(17)D4(t, t
′) = cos[γ (t)− γ (t − t ′)− ωt′] sin[α(t)] sin[α(t − t ′)].



7

Vol.:(0123456789)

Scientific Reports |         (2021) 11:1836  | https://doi.org/10.1038/s41598-021-81424-z

www.nature.com/scientificreports/

Application to the driven dephasing model in weak coupling regime. We now consider the pure 
dephasing model given by the system–environment Hamiltonian

Notice the different form of the system–environment interaction. With this model, the populations of the system 
energy eigenstates cannot change—only the off-diagonal coherences can change, which is why this is referred to 
as a pure dephasing  model30. The initial state usually considered in this model is |ψ� = 1√

2
(|e� +

∣∣g
〉
) , with 

�e|g� = 0 . However, with the formalism we have developed, the initial state we considered was |e� . To use our 
formalism, we consequently perform a unitary operation UR = eiπσy/4 . The initial state then again becomes |e� , 
while the Hamiltonian is transformed to

To find the filter function now, we look at Eq. (5) and find that α(t) = π/2 , β(t) = ε0t and γ (t) = −π/2 gives 
the same Hamiltonian as Eq. (19). Then, using our developed formalism, we find that G(t) = 1 and Ḡ(t − t ′) = 1 . 
Consequently, assuming that the environment is at zero temperature, we get Q(ω, τ) = 2

τ
1−cos(ωτ)

ω2  , which agrees 
with the filter function obtained using the exact  solution46. Next, we add in the effect of the driving fields. To this 
end, we look at more complicated time-dependent functions α(t) , β(t) , and γ (t) . We write the corresponding 
system–environment Hamiltonian as

To take into account the additional control fields given by Hc(t) , we write α(t) = π/2+ α̃(t) and 
γ (t) = −π/2+ γ̃ (t) , while β(t) remains ε0t . Simple calculations then lead to the filter function

where now

Using these expressions, we have plotted the filter function (for τ = 1 ) in Fig. 5a for different control fields. 
Once again, it is clear that the driving fields greatly influence the filter function in general. For instance, with a 

(18)H = ε0

2
σz +

∑

k

ωkb
†
kbk + σz

∑

k

(g∗k bk + gkb
†
k).

(19)H(R) = U (R)HU (R)† = −ε0

2
σx +

∑

k

ωkb
†
kbk − σx

∑

k

(g∗k bk ++gkb
†
k).

(20)H(t) = −ε0

2
σx +Hc(t)+

∑

k

ωkb
†
kbk − σx

∑

k

(g∗k bk ++gkb
†
k).

(21)Q(ω, τ) = 2

τ

∫ τ

0

dt

∫ t

0

dt′
(
D1(t, t

′)+ D2(t, t
′)+ D3(t, t

′)+ D4(t, t
′)
)
,

(22)D1(t, t
′) = cos[γ̃ (t)− γ̃ (t − t ′)− ωt′] sin[α̃(t)] cos[β(t)] sin[α̃(t − t ′)] cos[β(t − t ′)],

(23)D2(t, t
′) = sin[γ̃ (t)− γ̃ (t − t ′)− ωt′] sin[α̃(t − t ′)] cos[β(t − t ′)] cos[α̃(t)],

(24)D3(t, t
′) = − sin[γ̃ (t)− γ̃ (t − t′)− ωt′] sin[α̃(t)] cos[β(t)] cos[α̃(t − t ′)],

(25)D4(t, t
′) = cos[γ̃ (t)− γ̃ (t − t ′)− ωt′] cos[α̃(t)] cos[α̃(t − t ′)].

Figure 4.  Filter function and effective decay rate for the driven population decay model without the RWA. (a) 
Graph of Q(ω, τ) versus ω in the presence of time-dependent driving fields: α(t) = ε0t , β(t) = −(e−χ t − 1)/χ 
and γ (t) = 0 with χ = 0.2 (small-dashed, blue curve); α(t) = ε0t , β(t) = υt and γ (t) = 0 with υ = 5 (dot-
dashed-dashed, orange curve); α(t) = ε0t , β(t) = 0 and γ (t) = 0 (solid, black curve). Here we have used τ = 1 . 
(b) Similar to (a), except that now we have plotted Ŵ(τ) versus τ with G = 0.01 and ωc = 10.
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sinusoidal driving field ( ̃α(t) = (V0/�) sin(�t) , β(t) = ε0t , and γ̃ (t) = 0 ), the filter function is very different 
as compared with the undriven case (compare the solid black curve with the dot-dashed green and long-dashed 
magenta curves), with the difference becoming smaller as the driving field strength is reduced (see the dashed 
red curve). Consequently, the behavior of effective decay rate and the corresponding quantum Zeno and anti-
Zeno phenomena is expected to be greatly modified due to the different overlap of the filter function with the 
spectrum of the environment. That this is indeed the case can be seen in Fig. 5b. We see that there is a single 
peak in the case of the undriven pure dephasing model. On the other hand, due to the application of external 
fields, the effective decay rate increases with increasing V0 and the effective decay rate shows multiple Zeno and 
anti-Zeno regimes for fast oscillating external fields.

Application to the driven large spin‑boson model in weak coupling regime. We now briefly 
show how we can extend our formalism to more general systems in which a large spin greater than spin-1/2 is 
coupled to a harmonic oscillator environment. Such a model can describe, for instance, a collection of NS two-
level systems coupled to a common  environment30,63,79. We first define Jk =

1

2

∑
i σ

(i)
k  , where Jk ( k = x, y, z ) are 

the large spin operators. As a concrete example, we consider the driven population decay model given by the 
system–environment Hamiltonian

where ε0 is the energy level spacing for each spin-1/2 particle, and Hc(t) is the control field Hamiltonian. Analo-
gous to what we did for the single spin-1/2 case, we consider the free system unitary time evolution operator to 
be US(t) = e−iα(t)Jz e−iβ(t)Jy e−iγ (t)Jz . We take the initial state to be 

∣∣j
〉
 with Jz

∣∣j
〉
= j

∣∣j
〉
 and j = NS/2 . Performing 

the calculation for the filter function using our formalism, we find that the filter function is exactly the same as 
for the single spin-1/2 case [see Eq. (13)] except for an additional multiplicative factor of NS (see the Methods 
section for details). That is, the effective decay rate is now enhanced by a factor of NS , reminiscent of the super-
radiance  effect80. A similar calculation shows that if the pure dephasing model is extended to the large spin case 
in an analogous manner, the effective rate is again enhanced by a factor of NS.

Application to the driven spin‑boson model in the strong system–environment coupling 
regime. Finally, let us extend our treatment of the driven population decay model to the strong system–envi-
ronment case. We start from the system–environment Hamiltonian H(t) = HS(t)+HB +HSB with 
HS(t) =

ε(t)

2
σz +

�

2
σx , HB =

∑
k ωkb

†
kbk , and HSB = σz

∑
k(g

∗
k bk + gkb

†
k) . The driving fields are contained in 

ε(t) . Now, if the system and the environment are interacting strongly, we cannot treat the interaction term 
between system and its environment perturbatively. Instead, we can consider performing a polaron 
 transformation47,65,66,69,70, which transforms our Hamiltonian to (see the supplementary Information)

where P denotes the so-called polaron frame, χ =
∑

k[
2gk

ωk
b†k −

2g∗k
ωk

bk] , and Y = eχ.

(26)H(t) = ε0Jz +Hc(t)+
∑

k

ωkb
†
kbk + 2Jx

∑

k

(g∗k bk + gkb
†
k),

(27)H(P)(t) = eχσz/2H(t)e−χσz/2 = ε(t)

2
σz +

∑

k

ωkb
†
kbk +

�

2
(σ+Y + σ−Y

†),

Figure 5.  Filter function and effective decay rate for the driven dephasing model. (a) Graph of Q(ω, τ) versus 
ω in the presence of time-dependent driving fields: α̃(t) = (V0/�) sin(�t) , β(t) = ε0t and γ̃ (t) = 0 with 
V0 = 1 and � = 5 (dashed, red curve), V0 = 5 and � = 1 (large-dashed, magenta curve), and V0 = 5 and � = 5 
(dot-dashed, green curve). The solid black curve is with α̃(t) = 0 , β(t) = ε0t , and γ̃ (t) = 0 . Again, we are using 
dimensionless units with � = 1 and we have set ε0 = 1 . Here we are have used τ = 1 . (b) Similar to (a), except 
that now we have plotted Ŵ(τ) versus τ with G = 0.01 and ωc = 10.
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We see that in the polaron frame, the form of the system–environment interaction is different. Now, if the tun-
neling parameter � is small, we can apply time-dependent perturbation theory, treating the system–environment 
coupling in the polaron frame perturbatively. As before, at the initial time, we prepare our system in the excited 
state |e� , and then perform projective measurements on the system with time interval τ to check whether the 
system is still present in excited state |e� or not. It is also important to note that initial state of system and environ-
ment in the untransformed frame cannot be written in the simple usual product form ρ(0) = |e��e| ⊗ e−βHB/ZB , 
with ρB = e−βHB/ZB and ZB = TrB[e−βHB ] , since the system and the environment are strongly interacting in 
that frame and consequently, the initial system–environment correlations are  significant81–85. However, since 
the system and its environment are effectively weakly interacting in the polaron frame, the initial state in the 
polaron frame can be taken as a simple product state. The rest of the calculation, performed in the polaron frame, 
proceeds in a similar way as the weak coupling case using perturbation theory. We eventually arrive at (see the 
supplementary Information)

where �I(t) =
∫∞
0

dωJ(ω)
sin(ωt)

ω2
 , �R(t) =

∫∞
0

dωJ(ω)
1− cos(ωt)

ω2
coth(

βω

2
) , and ζ(t) =

∫ t
0
ε(t ′) dt′ . Assum-

ing, as before, an Ohmic spectral density of the form J(ω) = Gωe−ω/ωc , �I(t) and �R(t) are found to be (at zero 
temperature) �I(t) = G tan−1(ωct) and �R(t) = G

2
ln(1+ ω2

c t
2).

We now have everything we need to calculate the effective decay rate. It should be obvious from our expres-
sions above that for the strong system–environment coupling regime that we are considering here, the effective 
decay rate Ŵ(τ) no longer depends on an overlap integral of the generalized filter function with the spectral den-
sity of environment. Rather, there is now a non-linear dependence on the spectral density, leading to very differ-
ent qualitative behavior as compared with the usual weak system–environment coupling regime. For instance, as 
the system–environment coupling strength increases, e−�R(t) decreases, and thus we anticipate Ŵ(τ) to decrease. 
Most importantly for us, we expect that the driving fields have a drastic, non-trivial effect not only the value of 
the effective decay rate, but also quantum Zeno and anti-Zeno behavior since the integrand in Eq. (28) obviously 
depends on the driving fields. To make these claims concrete, let us show the quantitative behavior of effective 
decay rate Ŵ(τ) . It is clear from Fig. 6 that not only the driving fields affect the decay rate very significantly, but 
also that increasing the system–environment coupling strength G reduces the effective decay rate (compare 
Fig. 6a,b), in contrast with the weak coupling regime. Here again, we observe multiple oscillations in quantum 
Zeno to anti-Zeno regimes, as we increase � . Interestingly, Fig. 3a looks very similar with Fig. 6b despite having 
coupling strength G in different regimes. This similarity can be understood noting that in both cases, the pointer 
states are the eigenstates of the operator σz , and that in the strong coupling regime, we have a population decay 
model in the polaron frame (see Eq. (27)). In both cases, the driving fields modulate the energy-level splitting. 
These similarities leads to the same qualitative form of Figs. 3a and 6b.

Discussion
In this paper, we started off by introducing a general formalism to calculate the effective decay rate of a quantum 
system subjected to both periodic projective measurements and driving fields, valid for weak system–environ-
ment coupling strength. We then applied this formalism to derive a general expression for the decay rate of a 
driven two-level system. The decay rate is an overlap integral of the spectral density of environment and a filter 
function expressed using time-dependent Euler angles. These results were illustrated using the population decay 
model as well as the pure dephasing model. In both cases, the application of the driving fields very significantly 
changes the form of filter function of the central system, which then modifies (either enhances or minimizes) 

(28)Ŵ(τ) = �2

2τ

∫ τ

0

dt

∫ t

0

dt′e−�R(t
′) cos[ζ(t)− ζ(t − t ′)−�I (t

′)],

Figure 6.  Effective decay rate for the strongly coupled driven spin-boson model. (a) Graph of Ŵ(τ) versus τ in 
the presence of the time-dependent driving fields: α(t) = ε0t + (V0/�) sin(�t) , β(t) = 0 and γ (t) = 0 with 
V0 = 1 and � = 5 (dashed, red curve), V0 = 5 and � = 1 (large-dashed, magenta curve), and V0 = 5 and � = 5 
(dot-dashed, green curve). The solid black curve shows α(t) = ε0t , β(t) = 0 and γ (t) = 0 . Here we have used 
� = 0.05 , ωc = 10 and G = 1 . (b) Same as (a), except that now G = 2.
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the effective decay rate and, consequently, the quantum Zeno and anti-Zeno regimes are altered. Interestingly, 
for the population decay model, the driving fields can lay bare the effect of the counter-rotating terms, even for 
the weak system–environment coupling regime that we are dealing with. These results were then generalized to 
large spin systems to show a possible amplification of the decay rate. Finally, we also looked at driven two-level 
systems strongly coupled to an environment of harmonic oscillators, where the effective decay rate shows a non-
linear dependence on the spectral density of the environment. We showed once again that the effective decay 
rate is modified by the application of driving fields. Our general expressions and insights should of interest in 
the broad areas of quantum control and quantum state engineering, such as quantum noise sensing, as well as 
in fundamental studies of the quantum Zeno and anti-Zeno effects. For example, a quantum system can be put 
into the Zeno regime, thereby protecting it from decoherence, by applying suitable control fields. On the other 
hand, the decay rate can be enhanced in the anti-Zeno regime via the applied control fields, and this can be 
useful for cooling the quantum  system86.

Methods
Effective decay rate using perturbation theory. We first discuss how to obtain effective decay rate of 
system under frequent measurements, extending the treatment in Ref.46 to time-dependent Hamiltonians. We 
first write the system–environment Hamiltonian as H(t) = HF(t)+HSB , where HF(t) = HS(t)+HB is the sum 
of the free system and environment Hamiltonians and HSB describes the system–environment interaction. Using 
the standard perturbation approach, we set U(t) = UF(t)UI (t) , where UF(t) describes the free time evolution 
of driven system and environment (this may be non-trivial and involve time-ordering due to the possible time 
dependence of HS ), and UI (t) is the leftover part that can be expanded perturbatively (assuming the system–
environment interaction to be weak). Expanding up to second order in system–environment coupling, we can 
write UI (t) = 1+ G1 + G2 , where G1 and G2 are the first, and second order corrections respectively. Using this 
expansion, the density matrix at time τ can be written as

Perturbation theory tells us that G1 = −i
∫ τ

0
dt1H̃SB(t1) , and G2 = −

∫ τ

0
dt1

∫ t1
0
dt2H̃SB(t1)H̃SB(t2) , where 

H̃SB(t) = U†
F (t)HSBUF(t) =

∑
µ U†

S (t)FµUS(t)⊗ U†
B(t)BµUB(t) = F̃µ(t)B̃µ(t) . Each term can then be sim-

plified to eventually arrive at

where Cµν(t
′) = TrB[ e

−βHB

ZB
B̃µ(t

′)B̃ν(0)] are the environment correlation functions, and h.c. denotes hermitian 
conjugate.

Once we have the expression for the system density matrix at time τ , we can evaluate the survival probability 
of the system in the initial state. Since we are interested to investigate the system evolution due to system–envi-
ronment interaction only, we first apply the free driven system unitary operator on both sides of Eq. (29) to 
remove the system evolution due to free driven system Hamiltonian itself. Note that this may not be necessary if 
US(τ ) commutes with ρS(0) . We thereafter find the probability that the system is still in the initial state |ψ� after 
a projective measurement given by the projector |ψ��ψ | to be given by

where P⊥ is the projector onto the subspace orthogonal to |ψ��ψ | . After performing a sequence of M repeated 
projective measurements, we find the survival probability that the system state is still present in the initial state 
is S(Mτ) = [s(τ )]M if the system–environment correlations are ignored during the evolution. We can then 
find the effective decay rate Ŵ(τ) by S(Mτ) = e−Ŵ(τ)Mτ allowing us to write Ŵ(τ) = − ln s(τ )/τ . In the weak 
system–environment coupling regime, we can further write

This can be cast into the form

with Q(ω, τ) given in Eq. (3).

Finding the filter function for the driven large‑spin population decay model. In this case, using 
the standard angular momentum relations [Ji , Jj] = iεijkJk , we evaluate

where

ρS(τ ) ≈ TrB
[
UF(τ )

(
ρ(0)+ ρ(0)G†

1 + G1ρ(0)+ ρ(0)G†
2 + G2ρ(0)+ G1ρ(0)G

†
1

)
U†
F (τ )

]
.

(29)ρS(τ ) = US(τ )

(
ρS(0)+

∑

µν

∫ τ

0

dt1

∫ t1

0

dt′Cµν(t
′)[F̃ν(t1 − t ′)ρS(0), F̃µ(t1)] + h.c.

)
U†
S (τ ).

(30)s(τ ) = 1− 2Re
(∑

µν

∫ τ

0

dt

∫ t

0

dt′Cµν(t
′)TrS

[
P⊥F̃ν(t − t ′)ρS(0)F̃µ(t)

])
,

Ŵ(τ) = 2

τ
Re

(∑

µν

∫ τ

0

dt

∫ t

0

dt′Cµν(t
′)TrS

[
P⊥F̃ν(t − t ′)ρS(0)F̃µ(t)

])
.

Ŵ(τ) =
∫ ∞

0

dωQ(ω, τ)J(ω),

F̃(t) = 2
(
Jxcx(t)+ Jycy(t)+ Jzcz(t)

)
,
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For ρS(0) =
∣∣j, j

〉〈
j, j
∣∣ and P⊥ =

∑j−1

m=1

∣∣j,m
〉〈
j,m

∣∣ with Jz
∣∣j,m

〉
= m

∣∣j,m
〉
 , we have

We next note that 
〈
j, j
∣∣F̃(t)

∣∣j,m
〉
= √

2jδj−1,m

(
cx(t)− icy(t)

)
 . This leads to the generalized filter function

where expressions of D1(t, t
′) , D2(t, t

′) , D3(t, t
′) and D4(t, t

′) are defined in Eqs. (14)-(17).
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