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Significance low oscillating 
magnetic field and Hall current 
in the nano‑ferrofluid flow 
past a rotating stretchable disk
Muhammad Ramzan1,2*, Saima Riasat1, Yan Zhang2,3, Kottakkaran Sooppy Nisar4, 
Irfan Anjum Badruddin5,6, N. Ameer Ahammad7 & Hassan Ali S. Ghazwani8

The present investigation involves the Hall current effects past a low oscillating stretchable rotating 
disk with Joule heating and the viscous dissipation impacts on a Ferro‑nanofluid flow. The entropy 
generation analysis is carried out to study the impact of rotational viscosity by applying a low 
oscillating magnetic field. The model gives the continuity, momentum, temperature, magnetization, 
and rotational partial differential equations. These equations are transformed into the ODEs and 
solved by using bvp4c MATLAB. The graphical representation of arising parameters such as effective 
magnetization and nanoparticle concentration on thermal profile, velocity profile, and rate of 
disorder along with Bejan number is presented. Drag force and the heat transfer rate are given in the 
tabular form. It is comprehended that for increasing nanoparticle volume fraction and magnetization 
parameter, the radial, and tangential velocity reduce while thermal profile surges. The comparison of 
present results for radial and axial velocity profiles with the existing literature shows approximately 
the same results.

Nomenclature
r  Radial coordinate
θ  Tangential coordinate
z  z-Coordinate
�V∗ = (u, v,w)  Velocity
�v  Angular velocity
α  Dimensional constant
�p∗  Pressure
ρnf   The density of the nanofluid
ρs  The density of solid single particles
φ  Total volume fraction
φint  Volume fraction in a cluster
φa  Volume fraction in aggregate
φnc  The volume fraction of dead-end particles
φc  The volume fraction of backbone particles
g  Effective magnetization parameter
ξ̃0  The amplitude of the real magnetic field
ξ̃e  The effective magnetic field parameter
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ω̃0  Frequency of the real magnetic field
τ̃B  Brownian relaxation time
T∞  Ambient temperature
(Cp)nf   Specific heat of nanofluid
(Cp)s  Specific heat of solid single particles
(Cp)f   Specific heat of the fluid
(Cp)a  Specific heat of aggregate of particles
σnf   Electrical conductivity of nanofluid
σf   Electrical conductivity of the fluid
σa  Electrical conductivity of aggregate of particles
σs  Electrical conductivity of solid particles
ρnf   The density of the nanofluid
ρs  The density of the solid particles
ρa  The density for aggregation of the particle
Ec  Eckert number
knf   Thermal conductivity of the nanofluid
kf   Thermal conductivity of the fluid
ks  Thermal conductivity of the solid particles
k∗a  Thermal conductivity of the particles in aggregate
t̃  Time coordinate
L∗(ξ̃e)  Effective Langevin function�̃J∗  Magnetic field density�̃B∗  Magnetic field
Bo  The magnitude of the magnetic field
T̃  The temperature of the fluid
�  The vorticity of the flow�̃E  Induced electric field
β  Hall’s factor�̃M∗  Magnetization of the fluid�̃H∗  Magnetic field strength
n  Electron’s concentration per unit volume
q  Electronic charge
Tf   Reference temperature of the fluid
Bi  Local Biot number
M  Hartman number
Pr  Prandtl number
µnf   The viscosity of the nanofluid
µ0  Permeability of the free space
µf   The viscosity of the fluid
Rer  Local Reynolds number
m  Hall’s parameter
Br  Brinkman number
ε1  Non-dimensional temperature difference
ρa  The density for aggregation of the particle
ρs  The density of the solid particles
E1  Electric parameter
S  Unsteadiness parameter

Magnetic particles of ferromagnetic materials are strongly magnetized subject to an external magnetic field. This 
novel property of magnetic particles leads to a new research field known as  ferrohydrodynamic1.  Rosensweig2 
studied the concept of electromagnetism, fluid dynamics, and thermodynamics to understand the dynamics 
of magnetic fluids. Ferroliquid is a colloidal suspension of nanosized particles of iron. Ferroliquid consists of 
nanoparticles with a diameter (3–15 nm) per cubic meter. Vast industrial applications motivated the researcher to 
explore the magnetic properties of Ferro liquid. Verma and  Ram3 investigated magnetic liquids by considering the 
mathematical model in the tensor form. It is concluded here that the flow rate is greatly affected by the curvature. 
Rinaldi et al.4 reviewed the development in the rheology of magnetic fluid. They extended the work by consider-
ing the ferrohydrodynamic equation with viscous stress tensor and magnetization relaxation parameters. The 
magnetic fluid in the presence of magnetic dipole moment to study the impact of various pertinent parameters. 
Moreover, both MHD and FHD effects were simultaneously considered in a numerical  study5–15. A theoretical 
study of nanofluids with EMHD effects is  addressed16–19. The impact of ferromagnetic interaction parameters on 
heat transfer is analyzed by various  researchers20–25. When a magnetic field is applied two situations arise in the 
flow field. If the direction of vorticity and particle’s magnetic moment are collinear then the direction of magnetic 
field aligns in the direction of particle’s magnetic moment and hence no change occurs in viscosity. As a result, 
resistance increases, and the liquid gets the finer viscosity with additional dissipation appears as the rotational 
 viscosity26–29. Vaidyanathan et al.30 investigated Ferro convective instability with the impact of magneto-viscous 
effect for a rotating system. Hence this magnetic field-dependent viscosity induces convection. Linear stability 
analysis of magneto-viscous fluid with rotation also become part of a study by various  researchers31,32. Ram et al.33 
give a theoretical examination of the magneto-viscous effect on a nanoferrofluid for rotating disk. Moreover, 
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they found that in the case of non-collinear vorticity vector and applied magnetic field, the velocity components 
exhibit additional resistive forces due to effective magnetization parameters.

Heat exchangers, convective heat transmission by solar radiation, heat transfer around fins, as well as other 
practical applications are governed by the Newtonian heating process. Viscous dissipative nanofluid flow with 
Newtonian heating was examined by  Makinde34. He concluded with the result that increasing Newtonian heating 
causes the thermal boundary layer thickness to increase. Sarif et al.35 reported Newtonian heating on unsteady 
MHD flow past a stretching sheet. The Newtonian heating effect was explored by Ramzan et al.36.

Entropy generation with Newtonian heating in Hydromagnetic flow due to radial stretching sheet was exam-
ined by Das et al.37. It is concluded that the strongest source of entropy is the surface of the sheet. Entropy gen-
eration investigation along with the impact of magnetic interaction parameters over rotating disk has been the 
key of interest for various  researchers38–41.

The studies mentioned above unveiled that there are studies that discuss the flow of the nano ferrofluid 
flow in various geometries. However, this channel is narrowed down if the flow of the nano ferrofluid flow 
over a stretching rotating disk with the Hall current and low oscillating magnetic field. Impact of Joule heating, 
viscous dissipation, with entropy generation analysis and convective boundary condition enhance the novelty 
of the problem. Here, the effects of rotational viscosity on temperature and velocity profile are elaborated. The 
envisioned mathematical model is solved numerically.

Problem formulation
The axially symmetric, non-conducting, incompressible nano-ferrofluid flow with velocity �V∗ past a rotating 
stretchable disk with applied magnetic field �̃B∗ with a magnitude Bo as shown in Fig. 1. The disk is stretching 
with a stretching rate �vr

1−αt . Angular velocity of the disk is α1�vr
1−αt  . The magnetization of the fluid is represented by 

the vector �̃M∗ with the strength of the magnetic field is �̃H∗ . The basic continuity, momentum, magnetization, 
and rotational equations are given  as20:

The generalized form of Ohm law including electromagnetic effects are given  as18:

(1)�∇ · �V∗ = 0,

(2)ρnf
d �V∗

dt
= −∇�p+ µnf∇2 �V∗ + µ0(

�̃M∗ · ∇)
�̃H∗ + 1

2
∇ × (

�̃M∗ × �̃H∗)+ �̃J∗ × �̃B∗.

(3)�̃J∗ + ωete

Bo
×

(�̃J∗ × �̃B∗
)

− σnf (
�̃E + �V∗ × �̃B∗)− σnf Pe

ene
= 0.

Figure 1.  Geometrical sketch of the flow pattern.
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With σnf  is the electrical conductivity of the ferrofluid. Assume that thermoelectric pressure is negligible.ne 
is the number density and Pe is the pressure of electron. ωe is the oscillating frequency of electrons. te is the time 
for oscillatory frequency of electron. Where �̃J∗ represent the magnetic field having  components17,18:

The electric field is �̃E∗ which arises due to an electrically conducting magnetic field generated by charge sepa-
ration. Where σnf = e2nete

me
 is the electrical conductivity of the fluid and m = ωete is the hall parameter. Assuming 

the molecular pressure and ion slip condition is negligible. Consider the electric and magnetic fields 
�̃E∗(r, t) = Eor�v

(1−αt)3/2
,
�̃B∗(t) = Bo

(1−αt)1/2
.

The mean magnetic torque is given by Ellahi et al.20:

By using Eq. (6) and (2) becomes:

Similarly, the temperature equation is given  by10:

So the continuity, momentum, and temperature equation gets the following  form17,18,20:

With boundary conditions are given by:

The mathematical form of thermophysical properties of nanofluid is given  by20:

(4)Jr =
σnfµeBo

1+m2
(u−mv), Jϕ = σnfµeBo

1+m2
(mu+ v).

(5)�̃M∗ × �̃H∗ = −6µf φ�g , g(ξ̃0, ω̃0τ̃B) =
1

2
ξ̃0 cos ω̃0 t̃L

∗(ξ̃e)R∗(ξ̃e),

(6)
1

2
∇ × (

�̃M∗ × �̃H∗) = 1

2
∇ ×−6µf φ�vg = −3

2
µf φg∇(∇ · �V∗) = 3

2
µf φg∇2 �V∗

.

(7)ρnf
d �V∗

dt
= −∇�p+

(

µnf +
3

2
µf φg

)

∇2 �V∗ + µo(
�̃M∗ · ∇)

�̃H∗ + �̃J∗ × �̃B∗.

(8)

(

∂T̃

∂t
+ �V · ∇T̃

)

= knf (∇2T̃).

(9)
∂u

∂r
+ u

r
+ ∂w

∂z
= 0,

(10)
ρnf

(

∂u

∂t
+ u

∂u

∂r
+ w

∂u

∂z
− v2

r

)

=− ∂p∗

∂r
+

(

µnf +
3

2
µf φg

)

×
(

∂2u

∂r2
+ 1

r

∂u

∂r
− u

r2
+ ∂2u

∂z2

)

+ σnf �E.�B
1+m2

− σnf �B.�B
1+m2

(u−mv),

(11)

ρnf

(

∂v

∂t
+ u

∂v

∂r
+ w

∂v

∂z
+ uv

r

)

=
(

µnf +
3

2
µf φg

)

×
(

∂2v

∂r2
+ 1

r

∂v

∂r
− v

r2
+ ∂2v

∂z2

)

+ σnf �E.�B
1+m2

− σnf �B.�B
1+m2

(v +mu),

(12)ρnf

(

∂w

∂t
+ u

∂w

∂r
+ w

∂w

∂z
− v2

r

)

= −∂p∗

∂z
+

(

µnf +
3

2
µf φg

)(

∂2w

∂r2
+ 1

r

∂w

∂r
+ ∂2w

∂z2

)

,

(13)(ρCp)nf

(

∂T̃

∂t
+ u

∂T̃

∂r
+ w

∂T̃

∂z

)

= knf

(

∂2T̃

∂r2
+ 1

r

∂T̃

∂r
+ ∂2T̃

∂z2

)

.

(14)
u = α1�vr

1− αt
, v = �vr

1− αt
,w = 0,−kf

∂T̃

∂z
= hf (Tf − T̃), at z = 0

u = 0, v = 0,w = 0, T̃(r, θ , z) = T∞.

(15)A = µnf

µf
= 1

(

1− φa
φmax

)2.5φmax
,
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The density and specific heat for aggregation of the particle are given  as20:

Here, Nc and Nint are the number of particles in aggregation and belong to backbone particle. The contribu-
tion to thermal conduction is therefore given  as20:

Interfacial resistance is given by:

A∗
k is the Kapitza radius, a1 is the radius of primary particles, and the average radius of gyration is Rg . Using 

the following transformation into Eqs. (8)–(14)

To obtain the dimensionless form of Ec , we assume that Tf = T∞ + Tor
2 . Where To is a constant having 

dimension 
[

L−2K
]

 . The dimensionless nonlinear partial differential equation along with boundary condition 
takes the following form:

(16)B = ρnf

ρf
= (1− φa)+

ρa

ρf
φa,

(17)C = (ρCp)nf

(ρCp)f
= (1− φa)+

(ρCp)a

(ρCp)f
φa,

(18)D = knf

kf
= ka + 2kf + 2φa(ka − kf )

ka + 2kf − φa(ka − kf )
,

(19)A1 =
σnf

σf
= 1+

3φa

(

σa
σf

− 1

)

(

σa
σf

+ 2

)

−
(

σa
σf

− 1

) .

(20)
ρa

ρf
= (1− φint)+

ρs

ρf
φint,

(21)
(Cp)a

(Cp)f
= (1− φint)+

(Cp)s

(Cp)f
φint,

(22)φint = φc + φnc ,

(23)φc =
(

Rg

a1

)dl−3

, φnc =
(

Rg

a1

)df−3

,

(24)Nc =
(

Rg

a1

)dl

, Nint =
(

Rg

a1

)df

.

(25)(1− φnc)(kf − k∗nc)/(kf + 2k∗nc)+ φnc(ks − k∗nc)/(kf + 2k∗nc) = 0,

(26)k∗a = k∗nc
3+ φc

[

2α∗
11(1− β11)+ α∗

33(1− β33)
]

3− φc
[

2α∗
11β11 + α∗

33β33
] ,

(27)β11 = 0.5p2/(p2 − 1)− 0.5pCosh−1p/(p2 − 1)1.5,

(28)β33 = 1− 2β11,

(29)α∗
ii = (k∗cii − k∗nc)/

[

k∗nc − βii(k
∗c
ii − k∗nc)

]

.

(30)k∗cii = ks

1+ γβii

(

ks
kf

) , γ =
(

2+ 1

p

)

β , β = A∗
k

a1
, p = Rga1.

(31)

η =
√

�v

υf

z√
1− αt

, u(r, θ , z) = �vrF̃(η)

1− αt
, v(r, θ , z) = �vrG̃(η)

1− αt
,

w =
√

�vυf

1− αt
Ẽ(η), θ̃ (η) = T̃ − T∞

Tf − T∞
,
p∗

ρf
= −�vvf

1− αt
P̃(η).
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where

Surface drag force and heat transfer rate. Mathematically drag force and rate of heat transfer is:

where τwr and τwφ are the shear stresses in the radial and transverse directions respectively, which are given by.

Inserting Eq. (38) into Eq. (37), we obtain

Entropy generation analysis
Entropy is a thermophysical property that describes the rate of disorder or a measure of the chaos of a system 
and is given by

The entropy generation number is obtained by applying the transformation.

where

The Bejan number is the ratio of entropy created by thermal irreversibility to the total rate of disorder.

(32)2F̃(η)+ Ẽ′(η) = 0,

(33)

ρnf

ρf

[

F̃2 − G̃2 + ẼF̃ ′ + S
(

F̃ + η

2
F̃ ′
)]

=
(

µnf +
3

2
µf φg

)

F̃ ′′ − A1M

[

1

1+m2

(

F̃ −mG̃
)

− E1

]

,

(34)
ρnf

ρf

[

ẼG̃′ + 2F̃G̃ + S
(

G̃ + η

2
G̃′
)]

=
(

µnf +
3

2
µf φg

)

G̃′′ − A1M

[

1

1+m2

(

G̃ +mF̃
)

− E1

]

,

(35)
ρnf

ρf

[

ẼẼ′ + S

2

(

Ẽ + η

2
Ẽ′
)

]

=
(

µnf +
3

2
µf φg

)

Ẽ′′,

(36)C

(

Sη

2
+ Ẽ

)

θ̃ ′ +MEc Pr
(

E21 − 2E1f
′ + f

′2
)

= D

Pr
θ̃ ′′,

(37)F̃(0) = α, F̃(∞) = 0, G̃(0) = 1, G̃(∞) = 0, Ẽ(0) = 0, θ̃ ′(0) = Bi(θ̃ (0)− 1), θ̃ (∞) = 0,

(38)Bi = hf

kf

√

υf (1− αt)

�v
, M = σf B

2
o(1− αt)

ρf
(

1+m2
) , Pr = υf (ρCp)f

kf
,E1 =

Eo

Bo
, Ec = �2

v

CpTo
, S = α

�v
.

(39)Cf =

√

τ 2wr + τ 2wφ

ρf

(

α1�vr
1−αt

)2
,Nu = rqw

kf (Tf − T∞)
,

(40)τwr = µf

(

A+ 3

2
φg

)(

∂u

∂z
+ ∂w

∂θ

)

z=0
qw=−knf (Tz )z=0

, τwφ = µf

(

A+ 3

2
φg

)(

∂v

∂z
+ 1

r

∂w

∂θ

)

z=0

.

(41)Re1/2Cf

(

µnf +
3

2
µf φg

)

(

F̃ ′(0)2 + G̃′(0)2
)1/2

, Re
−1/2Nu = −knf

kf
θ̃ ′(0).

(42)

SG =knf

Tw

[

∂T̃

∂z

]2

+ µnf + 3
2
µf φg

Tw

× 2

[

(

∂u

∂r

)2

+ u2

r2
+

(

∂w

∂z

)2
]

+
(

∂v

∂z

)2

+
(

∂u

∂z

)2

+
[

r
∂

∂r

(v

r

)

]2

+ σnf B
2
0

Tw
(u2 + v2).

(43)
SG

S0
= NG = Dε1θ̃

′2 + Br
(

A+ 3
2
φg

)

Re
[4F̃2 + 2Ẽ′2 + Re(G̃′2 + F̃ ′2)] + A1MBr(F̃2 + G̃2),

(44)S0 =
kf�v�T̃

υf Tf (1− αt)
,Br = µf�

2
v

kf (Tf − T∞)
, ε1 =

�T

T∞
, Rer =

�vr
2

υf
.
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Analysis of results
The present section delineates the thermal and velocity profile through Figs. 2, 3, 4, 5, 6, 7, 8 and 9. We 
have considered the low oscillating magnetic field with Ferro liquid containing Iron as a nanoparticle. The 
nanoscale particles have a radius of 10 nm and the radius of gyration is 200 nm. Out of 200 particles in sin-
gle aggregation, 50 particles are the backbone. To see the impact of nanoparticle volume fraction and effec-
tive magnetization parameter we fix the numerical value of α = 0.5 and S = 0.5 . The ranges of parameters are 
0 ≤ φ ≤ 0.15, 0.1 ≤ E1 ≤ 0.4, 0 ≤ g ≤ 0.9, 0.3 ≤ M ≤ 3.0, 0.1 ≤ Bi ≤ 0.3, 0.5≤ Br ≤ 2, 0.1 ≤ Re ≤ 0.4. Fig-
ure 2a–c represent radial, tangential, and axial velocity profiles by varying volume fraction. It is seen that radial 
and tangential velocity profiles are decreasing for escalating values of particle fraction this occurs because the 
resistive forces arise in the adjacent fluid layers. It shows that base liquid has more velocity than Ferro liquid. 
Figure 2d reveals that the cumulative nanoparticle concentration causes enhancement in the thermal field. The 
temperature of the Ferro liquid improves thermal conduction for increasing φ . Figure 3 gives the graphical trend 
of radial velocity distribution for electric parameter (E1). The velocity boundary layer gets thicker by increas-
ing the electric parameter. It causes the escalation of the radial velocity profile. Figure 4a,b depict the impact of 
effective magnetization parameters on the flow field. No significant enhancement in the behavior of radial and 
tangential velocity. As in the presence of a low oscillating magnetic field the ratio of the angular velocity of the 
particle to the angular velocity of the liquid declines which makes the magnetization parameter less dominant. 

(45)Be = ε1θ̃
′2

ε1θ̃
′2 +

Br
(

A+ 3
2
φg

)

Re

[

4F̃2 + 2Ẽ
′2 + Re(G̃

′2 + F̃
′2)

]

+ A1MBr(F̃2 + G̃2)

.

Figure 2.  Radial, Tangential, axial profile of velocity, and thermal profile for increasing φ.
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Figure 3.  Variation of a radial velocity profile for electric parameter.

Figure 4.  Radial, Tangential, axial profile of velocity, and thermal profile for increasing g.
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Figure 5.  Radial profile of velocity and thermal profile for M.

Figure 6.  Thermal profile for Bi.

Figure 7.  Profile of NG and Be for M.
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Figure 4c depicts an opposite behavior. Figure 4d characterizes temperature profile for variation in g . The increas-
ing thermal field behavior is due to enhancement in rotational viscosity. Figure 5a emphasizes the impact of M 
on the radial velocity profile. Upon the escalating value of the Hall current parameter radial velocity increases. 
As the increasing value of the Hall parameter, the magnetic damping decreases along with propelling of the 
magnetic field causes the flow field to be enhanced. Figure 5b reveals that increasing Hartmann number causes 
temperature profile amplification. As the Lorentz force produces the resistance in particle’s motion which results 
in the enhancement in the thermal field. Figure 6 delineates the impact of the conjugate Newtonian heating 
parameter on the thermal field. The increasing temperature profile depicts that thermal boundary layer thickness 
is the function of the conjugate Newtonian heating parameter.

Figures 7, 8 and 9 portray the trend of rate of disorder and dimensionless pressure drop for various values 
of arising parameters such as Br , Ec, and Re . Figure 7a,b show that upon the escalating values of the magnetic 
moment parameter, the entropy generation and Bejan number increase. Entropy is physically sensitive to mag-
netic moment parameters. As M increases, the strength of interaction between fluid and applied magnetic field 
increases. The rotational viscosity decays, which causes the enhancement rate of chaos. Figure 8a,b represent 
the impact of the Brinkman number on the entropy generation and Bejan number. As the Brinkman number 
increase, it causes a rise in Joule heating, and heat generation intensifies. As a result, it causes an enhancement 
in the rate of disorder and Be decrease. The impact of Reynolds number on NG and Be is expressed in Fig. 9a,b. 
Increasing Reynolds number causes the enhancement of frictional forces in fluid flow to create the retarding 
force. And hence NG decrease. Moreover, heat transfer effects dominate over frictional forces causes an increase 
in Bejan’s number.

Table 1 enumerates surface drag force and heat transfer rate for varying the nanoparticle concentration 
and g . It is observed that an increase in φ and g causes the enhancement in the velocity gradient and dynamic 

Figure 8.  Profile of NG and Be for Br.

Figure 9.  Profile of NG and Be for Re.
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viscosity, which ultimately causes an increase in the drag force coefficient and heat transfer rate. Table 2 gives 
the comparison values of radial and tangential velocity at η = 0.

Concluding remarks
Unsteady nano ferrofluid flow for low oscillating magneto-viscous flow over a rotating stretchable disk has been 
explored in the present study. Velocity and thermal profiles are analyzed graphically for various values of aris-
ing parameters. Entropy generation rate is also evaluated for magnetic moment parameter, Brinkman number, 
Eckert number, and Reynolds number. The main findings of our observations are

• For increasing nanoparticle volume fraction and effective magnetization parameter radial and tangential 
velocity decrease while thermal profile increases.

• The radial velocity profile is an increasing function of electric and magnetic moment parameters.
• For increasing values Reynolds number and magnetic moment parameter, Be amplifies and declines for Br.
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