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Objective function estimation
for solving optimization problems
in gate-model quantum computers

Laszlo Gyongyosi

Quantum computers provide a valuable resource to solve computational problems. The maximization
of the objective function of a computational problem is a crucial problem in gate-model quantum
computers. The objective function estimation is a high-cost procedure that requires several rounds

of quantum computations and measurements. Here, we define a method for objective function
estimation of arbitrary computational problems in gate-model quantum computers. The proposed
solution significantly reduces the costs of the objective function estimation and provides an optimized
estimate of the state of the quantum computer for solving optimization problems.

Quantum computers exploit the fundamentals of quantum mechanics to solve computational problems more
efficiently than traditional computers'~2°. Quantum computers can solve computational problems by exploit-
ing the phenomena of quantum superposition and quantum entanglement>’~>!%->’. In a quantum computer,
computations are performed on quantum states that carry the information. Gate-model>!*-!#21254 quantum
computations provide a flexible framework for the realization of quantum computations in the practice. In a gate-
model quantum computer, computations are realized by quantum gates (unitary operators); and the quantum-
gate architecture integrates a different number of levels and application rounds® to realize gate-model quantum
computations>!8:21:2536-3943.58-61 "The gutput quantum state of the quantum computer is practically measured by
a physical measurement apparatus®*-%® that produces a classical string. In gate-model quantum computers, the
quantum states are represented by qubits, the unitaries are realized by qubit gates, and the measurement appa-
ratus is designed for the measurement of qubit systems'*~171%¢-74_ Another fundamental application scenario of
gate-model quantum computations is the small and medium-scale near-term quantum devices of the quantum
Internet®-'2%,

An important application scenario of gate-model quantum computers is the maximization of the objective
function of computational problems>!#21?>43 The quantum computer produces a quantum state that yields a
high value of the objective function (The objective function subject of a maximization refers to an objective func-
tion of an arbitrary computational problem fed into the quantum computer. Objective function examples can
be found in®?%.). The output state of the quantum computer is measured in a computational basis, and from the
measurement result, a classical objective function is evaluated. To get a high-precision estimate of the objective
function of the quantum computer, the measurements have to be repeated several times in the physical layer. In
each measurement round, a given number of measurement units are applied to measure the output state of the
quantum computer. This state represents an objective function value via the quantum-gate attributes in the gate
structure of the quantum computer. The objective function values obtained in the measurement rounds are aver-
aged to estimate the objective function of the quantum computer. Since each round requires the preparation of a
new quantum state and the application of a high number of measurement units, a high-precision approximation
of the objective function value of the quantum computer is a costly procedure. The high-resource assumptions
include not just the preparation of the initial and final states of the quantum computer, the application of the
unitaries in several rounds, but also the physical apparatus required to measure the output state of the quantum
computer. The procedure of the objective function estimation in gate-model quantum computers is therefore a
subject of optimization.

Here, we propose a method for the optimized objective function estimation of the quantum computer and for
the optimized preparation of the new quantum state of the quantum computer (The terminology “quantum state
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of the quantum computer” refers to the actual gate parameter values of the unitaries of the quantum computer®.
Preparation of the target quantum state of the quantum computer refers to the determination of the target gate
parameters of the unitaries of the quantum computer.). The framework integrates an objective function exten-
sion procedure, a quantum-gate structure segmentation stage, and a machine-learning!"'>1%%129-135 ypit called
quantum-gate parameter randomization machine learning (QGPR-ML), which outputs the prediction of the new
quantum computer state. The aim of the objective function extension is to increase the precision the objective
function estimation procedure. An imaginary measurement round refers to a logical measurement round yielded
by the post-processing. An imaginary measurement round requires no physical-layer measurement round, since
it is resulted by logical-layer procedures and methods in the post-processing stage. The imaginary measurement
round also characterizes the performance of the framework. At a particular number of imaginary rounds, the
post-processed objective function becomes equal to an objective function yielded from the same number of “real”
(e.g., physically implemented) measurement rounds. An initial objective function is calculated from an arbitrary
low number of physical measurement rounds, which is then fed into the objective function extension algorithm
of the framework. The extended objective function is then fed into a segmentation procedure that decomposes
the quantum-gate structure of the quantum computer with respect to the properties of the quantum gates in
the quantum circuit. The gate-based segmentation is rooted in the fact that the gate structure unitaries of the
quantum computer determine the objective function and therefore the particular output state of the quantum
computer. The results are then forwarded into the QGPR-ML block, which achieves a randomization and rule-
learning stage. The aim of the randomization is to construct an optimal set for the learning set and test set selec-
tions in rule learning. The rule-learning method outputs a set of optimal rules learned from the input. Finally, a
prediction stage is applied to the results to determine a new state of the quantum computer for the next iterations.
The novel contributions of our manuscript are as follows:

1. We define a method for objective function estimation for arbitrary computational problems in gate-model
quantum computers.

2. 'The method reduces the costs of quantum state preparations, quantum computational steps and measure-
ments. The proposed algorithms utilize the measurement results and increase the precision of objective
function estimation and maximization via computational steps.

3. The results are convenient for solving optimization problems in experimental gate-model quantum comput-
ers and for the near-term quantum devices of the quantum Internet.

This paper is organized as follows. In "Related works” section, the related works are discussed. In “System model
and problem statement” section, the machine-learning-based objective function optimization framework is
proposed. In “Objective function extension and gate structure decomposition” section, the procedures of the
framework are discussed. In Section 5, we study the learning model and the quantum computer state prediction
method. A performance evaluation is given in “Performance evaluation” section. Finally, “Conclusion” section
concludes the results. Supplemental material is included in the Appendix.

Related works
The related works are summarized as follows.

On the utilized gate-model quantum computer environment, see>'$, and**,

In®, the authors studied the problem of objective function estimation of computational problems fed into the
quantum computer. The authors focused on a qubit system with a fixed hardware structure in the physical layer.
The input quantum system of the quantum circuit is transformed via a sequence of unitaries, and the qubits of
the output quantum system are measured by a measurement array. The result of the measurement produces a
classical bitstring that is processed further to estimate the objective function of the quantum computer.

Examples of objective functions for quantum computers can be found in’.

A quantum circuit design method for gate-model quantum computers has been defined in*. In*’, a method
has been defined for the stabilization of the optimal quantum state of the quantum computer.

A method for the evaluation of objective function connectivity in gate-model quantum computers has been
proposed in*. An unsupervised machine learning method for quantum gate control in gate-model quantum
computers has been defined in*. In**, a framework has been defined for the circuit depth reduction of gate-
model quantum computers.

The technique of dense quantum measurement has been defined in*. As it has been proven, the method
significantly can reduce the number of physical measurement rounds in a gate-model quantum computer envi-
ronment. In*, a training optimization method has been defined for gate-model quantum neural networks.

For some related works on quantum machine learning, see!>!4346:136-143 For 3 detailed summary on these
references, we suggest also®.

Optimization algorithms are also proved to be useful in various applications. In'**, the authors proposed a
neural network ensemble procedure. The aim of the optimization process is to improve the quality of the neural-
network based prediction intervals. The prediction intervals are used to quantify uncertainties and disturbances
in neural network-based forecasting. The optimization model utilizes the fundaments of simulated annealing
and genetic algorithms.

An overview on experimental optimization approaches was proposed in'*. In this work, the authors provide
an overview on recent developments of fault diagnosis and nature-inspired optimal control of industrial process
applications. The fields of fault detection and optimal control have proven various successful theoretical results
and industrial applications. This work also contains a review on the recent results in machine learning, data
mining, and soft computing techniques connected to the particular research fields.

SCIENTIFIC REPORTS |

(2020) 10:14220 | https://doi.org/10.1038/s41598-020-71007-9



www.nature.com/scientificreports/

In', the authors studied the problem of training echo state networks (ESN) that are a special form of recur-
rent neural networks (RNNs). As an important attribute, the ESN structures can be used for a black box modeling
of nonlinear dynamical systems. The authors defined a training method that uses a harmony search algorithm,
and analyzed the performance of their approach.

In'¥, the authors defined a model-free sliding mode and fuzzy controllers for a particular problem and sub-
ject, called reverse osmosis desalination plants. The paper defines an optimization problem in terms of process
controlling and fuzzy method. The authors also studied the performance of their solution.

On genetic algorithms for digital quantum simulations, see'*®. In'*’, a method for the learning of an unknown
transformation via a genetic approach was defined. In'*’, the authors proposed an overview of existing approaches
on quantum computation.

System model and problem statement

System model. In the modeled scenario, the goal is the maximization of an objective function C via the
quantum computer. The aim of the quantum computer run is to produce a quantum state|6) dominated by com-
putational basis states with a high value of an objective function C*'® of a computational problem. The quantum
computer has N, total number of the quantum gates (unitaries) that formulates a QG (quantum gate) structure.
Using the Ny, unitaries Uy, . . ., Uy,,,» the QG structure of the quantum computer produces an output quantum
state|0) as®

10) = UNyoy (ONior) UNiot—1 (ONios—1) - - - U1 (0D [ %), (1)

where |1) is an initial state and 0 is the gate-parameter vector

0= (01,...,0n,)" )

The aim is to select the 6 parameter vector such that the expected value of C is maximized; thus, the value of
quantum objective function

f(0) =(01C16) (3)
is high®.
A unitary Uj (6;) can be written as®
Uj(6)) = U(By» ;) = exp (—ig;B;), ©)

where Bj is a set of Pauli operators associated with the jth unitary U; of the quantum computer, j = 1,.. ., Nyo,
while @; is a continuous parameter, ; > 0, referred to as the gate parameter of unitary U;.

Let Ng (Uj) refer to the qubit number associated to gate U;. Then, the ¢; parameter of an Ng (U )-qubit unitary
Uj can be classified with respect to Ng (UJ) as

aj,if NG (Uj) =1
Bj»if NG (Uj) =2

=9 . (5)
Q;,ifNg(Uj) =N
where N (Uj) = lidentifies an 1-qubsit gate Uj while N (Uj) = N refers to an N-qubit gate Uj.
Without loss of generality, at a given Bj, a particular Uj is approachable via 6;, where
0 = ¢ (6)

Therefore, the |0) state of the quantum computer depends on the gate parameters of the unitaries of the quantum
computer, and (4) can also be referred as

Ui(9) = Uj(#). )

where @; is determined as in (5).
Let N ((pj) refer to the total number of occurrences of gate parameter value ¢; in the quantum computer (i.e.,
the number of quantum gates with a particular N qubit number). Then the state|60) of QG (see (1)) is evaluated as

10) =|Q1,..N©@)» - - -5 BL...N(B)» X1,..N(¢)> C)
=(U(ane)U(Bvp) - U(@v@)) ®)
- (Ue)UBY ... UCu))Is),
where|s) = ﬁ >~ |2), where n is the length of string z resulted from the physical measurement procedure M>.
Using (4), the function of (3) can be rewritten as
FO) =(Q1,..N@» - - - BL..NB)» ¥1,..N(¢)> C|C

)
|Ql,...,N(Q)>---»131 ..... N(B)»1,...N(g)» C).
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Figure 1. Framework Z of objective function optimization for gate-model quantum computers. The output
|0) of the quantum computer is measured by the M measurement that consists of n measurement units and
yields string z and the initial estimate f(©) (9). At R* measurement rounds, the total number of measurements
is R*n. From the measured op(jective function C(z), algorithm ./ achieves an objective function extension
and estimation and outputs f ) (9), followed by a feature extraction via algorithm .7 p. The QGPR-ML block
is decomposed into a randomizing method .o7f applied L times (depicted by .o/ 1) and the # rule-generation
method. The output of the QGPR-ML block is the 2 (0) prediction of the new'value 6* of .

The schematic model of the objective function optimization framework  is depicted in Fig. 1. The notations
of the system model are summarized in Table A.1 of the Supplemental Information.

Problem statement. To get an estimate (¥ (9) of function f(#), a measurement M is required that yields
the n-length string z, from which C(z) is calculated. Since R measurement rounds required with # measurements
in each round to get an average objective function C(z)

R-1
C@=%> C), (10)
=0

i

where C?(z),i = 0,...,R — 1is an objective function determined in the ith round and z is the n-length string
resulted from the measurement of state |0) of the quantum computer, it follows that the |M| total number of
required measurements to get the estimate f(%)(@) at R rounds is

|[M| = Rn. (11)

The problem connected to the objective function estimation is summarized in Problem 1.

Problem 1 High-cost quantum state production and measurement

At R measurement rounds, the following steps have to be repeated for R times:
Sub-problem 1.1. The quantum computer has to produce the state |6).
Sub-problem 1.2. The output of the quantum computer has to be measured via n measurement units in each round.

Since each step of Problem 1 is a high-cost procedure, at a given R, the cost of the determination of the
estimate f(©(0) is significantly high. Here, we show that by setting an arbitrary low number R for the num-
ber of physical-layer measurement rounds, an arbitrary high-precision estimate £ (8) can be produced by a
well-constructed post-processing stage. Setting R = 1 represents the situation if only one measurement round
is required. The post-processing is referred to as optimization framework .7 . The results clearly indicate that
the number of physical-layer measurements and the number of rounds required by the quantum computer to
produce the output quantum state can be significantly decreased by a well-defined post-processing. However,
after the R measurement rounds are completed, another problem exists, connected to the determination of the
new output quantum state|6*) and summarized in Problem 2.
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Problem 2 Finding a new quantum state for the quantum computer

Sub-problem 2.1. Using the 6 and f(©) (0) values determined previously, set a new value 6* of 6.
Sub-problem 2.2. Produce the quantum state |6*) with the quantum computer.

For the solution of Problem 1, we propose algorithm .o/ in the objective function optimization framework
Z . For the solution of Problem 2, we propose the QGPR-ML procedure in 7, which yields the 2 (0) prediction
for the selection of the new value of 6 for the quantum computer. Since the solution of Problem 1 also eliminates
the relevance of Sub-problem 2 of Problem 2, only Sub-problem 1 of Problem 2 remains a challenge.

Optimization problems and problem resolutions. 'The optimization problems connected to the problem resolu-
tion are as follows.

1. Define a post-processing framework # to determine the new optimal state of quantum computer from the
measurement results and the parameters of the gate structure of the quantum computer. The problem is

resolved via the framework %, % : { o/, A p, A fL, R,P }, that integrates data extension ./, data analyt-

ics .o/ p, feature extraction and classification ./}, learning rule generation % and predictive analytics 2.

2. Ata given number of R* physical measurement rounds, determine the C(z) objective function that can be
estimated after x 2R* physical measurement rounds if no post-processing is applied, where ¥ > 1is a scaling
coefficient. The number R* of physical measurement rounds cannot be increased, only the measurement
results and the available system parameterization of the quantum computer can be used. This optimization
problem is resolved via algorithm .o/ g within .

3. Determine the 0* novel gate-parameter vector via predictive analytics to set the|6*) new state of the quantum
computer. This optimization problem is resolved via algorithms .«/p, o/ fL, R and 2 within 7.

Objective function optimization framework. Proposition 1 7 is a machine-learning-based objective
function optimization framework that determines f(0) and a new state|0*) of the quantum computer.

Proof The input and output and the steps of the proposed machine-learning-based objective function optimi-
zation framework . are described in Procedure 1. The related algorithms and procedures are detailed in the
next sections.

The optimization framework therefore yields Output 1 via Step 1 and Output 2 via Step 4 as follows.

Procedure 1 Optimization framework %

Input: Let R* refer to the number of physical measurement rounds, and let CV (z) be the averaged objective function from the physical
layer measurement M with R* rounds as

)=+ ) c(z), (12)

where i =0,...,R* — 1. Determine estimate of f (0) at R* physical measurement rounds as
FO8)=(01C°(2)|6).- (13)

Step 1. Evaluate the extended objective function via Algorithm 1 (<7).

Step 2. Evaluate the segmentation of the quantum-gate structure via Algorithm 2 (.o/p) for feature extraction.
Step 3. Apply the proposed QGPR-ML via Algorithm 3 (42//4) and Algorithm 4 (%).

Step 4. Output the &7 (0) prediction for the selection of the new value of 6 for the quantum computer.
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Output 1 is the estimate f(’( )(0) of f(0)as
F90) = 61C@)16), (14)
where C(z) is the averaged objective function

R 1

C2) = o Z c(z), (15)

i=0
where R*) is the “imaginary” measurement rounds of the post-processing

RO = 4 2R*, (16)

=V &

while R* is the total number of physical measurements, R*) > R*, and C?)(z) refers to the objective function of
the ith round,i = 0,...,R®) — 1,

Output 2 is the 2 (0) prediction for the selection of the new value of 6 to produce new state|6) via the quan-
tum computer.

In the .2/ p segmentation stage, the QG quantum circuit of the quantum computer is simplified by preserving
the important characteristic of the state of the quantum computer. The segmented values are fed into the QGPR-
ML block. The features, like the objective function values, are computed from the segmented gate parameters.
The classification of the |0) state of the quantum computer is based on the segmented quantum-gate structure.
The output of the QGPR-ML block is a new value of 6.

The algorithms (g, ./ p, o/ L, 2) defined within & are convergent and operate in an iterative manner
such that the outputs converge to specific values. The output of # at a given initial 6 gate-parameter vector (see
(2)) converges to the 0* global optimum gate-parameter vector that maximizes the objective function of the
quantum computer. O

where « is a scaling coeflicient, defined as

Objective function extension and gate structure decomposition

The post-processing framework 7 is applied to the results of the M measurement procedure that measures the
|0) state produced by the quantum computer. First, the .o/ objective function extension algorithm is applied,
followed by the .7 p decomposition algorithm. The results are then forwarded to the QGPR-ML machine-learning
unit to predict the new state of the quantum computer.

Objective function extension. Theorem 1 The objective function of the quantum computer can be
extended by the .o/ objective function extension algorithm of 7.

Proof Let C°(z) refer to the cumulative objective function resulted from the physical measurement M at R*
rounds and n measurements in each rounds as

R*—1n-1

Cz) = Z ZCO(x,y), (18)

x=0 y=0

where C? (x, y) identifies a component of C © (z) obtainable by the measurement of the yth qubit,y =0,...,n — 1,
in the xth measurement round, x = 0,...,R* — L.

The do ) dimension (The dx dimension of X refers to the product of the measurement rounds and the meas-
ured quantum states per measurement rounds required for the evaluation of X.) of C°(z) is

dCO(Z) = (R* X 7’[). (19)

For the particular R* physical measurement rounds, set R*) as given in (16) with the « scaling coefficient.
Since the physical measurement M consists of the measurements of # qubits, C(z) from (15) can be rewritten as

1

C@ = 2w

CE(2), (20)
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where CF (z) is the extended objective function defined as

R®) 1 ' R® —1 n—1
CE(Z) — Z C(l)(z) = Z Z C(x,y), (21)
i=0 x=0 y=0

where C(x, y) identifies a component of C”)(z) obtainable by the measurement of the yth qubit, y = 0,...,n — 1,
in the xth measurement round, x = 0,...,R®) — 1, dc<f>(z) = (1 x n).
The dimension of CE(2) is
ch(z) = (KZR* X Vl) . (22)

In our model, the number of “real” physical measurement rounds R* is also referred to as the Oth level of “imagi-
nary” measurement R(®) of the post-processing procedure; thus,

R*=RY. (23)
Therefore, at a particular «, the R®) values of C are averaged to yield the estimate function ) (9) via (14) using

C(z)as given in (20), which yields f(’() (0)as

RO = 01z C5 @) | ), (24)

where CE(2) is given in (21).

The discrete wavelet transform is a useful tool in image processing for noise reduction and to enhance the
resolution of low-resolution images to obtain high-resolution images'*'*°. Motivated by these features, we show
that we can utilize the wavelet transform for the extension of the objective function of the quantum computer.
However, in our application framework, both the environment and the aims of the procedure are completely
different.

Let "/V(C @ (z)) be the discrete wavelet transform function of the (R* x 1) dimensional function C? (z) as

7 (cP@) =

C(x.2)fp (x.y)
x=0 y=0

wh—1

= > wi),
j=0

where f4(-) are wavelet basis functions, W0 (2)is the transformed objective function, j = 0,...,w® — 1, where
w(® is the number of transformed objective function values at a given level [, > 1, w) = 4 + 3(I — 1), which
follows from the execution of % in (25). The dimension of %" (C? (z))is d,- (Ch @) = (R* x n).

Applying the inverse function % ~!(-) on (25) at a particular fo(),agivenC @ (2) can be expressed as

C(z) = w1 (W (c“) (z)>>

wh—1
=1 w®
; @) 06)
]_
R*—1n-1
(i)
- g 5 5 (@@t

The proposed method for the objective function extension is given in Algorithm 1 (.o/g). Algorithm 1 integrates
Sub-procedure 1 (Pg) for the objective function extension.

The description of Sub-Procedure 1 (Pg) is as follows.

These results conclude the proof. d
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Algorithm 1 Objective function extension

Step 1. Set the number n of physical measurements in M, and the R* = R number of measurement rounds.
Step 2. Evaluate the C(%) (z) objective function as given in (18).
Step 3. Evaluate the % -transform of C(%) (z) as

(e0) - i

as follows. Set /. For [ = 1, determine the dyo () = (R* x n) dimensional transformed initial objective function W0 (z) via (25) and

0) (2), as

() fp (%) @n

/(D1 R*—1n—1

Wo(z):MZ =Yy ZWOxy (28)

Jj=0 x=0 y=

where w(!) = 4.
Step 4. For [ > 1, evaluate # (z) via (25) and #~!(z),i=1,...,] — 1, as a recursion

Q= (1), 29)

of dimension dyi(;) = (R* X n).
Step 5. Set scale parameter k, and set R®) = k2R* (16). Apply Sub-procedure 1, Pg, to evaluate the extended transformed objective
function WE (z),

R¥)—1n—1 K2R —1n—1

Z Zny Z Zny (30)

of dimension dyr ;) = (KZR* x n), where W (x,y) is the transformed value of C (x,y).

Step 6. Apply the inverse function #~! (-) from (26) on WZ (z) to evaluate the extended objective function CF (z),
dee(,) = (KZR* X n) as
CE(2)

@) = o (WE )
— -l (Z ): W (x, ))
= I 'L ‘WE (2) fp (x,9) (31)
= \/R(Tzﬁ 0 12;1 0 (CE(2)) fo (x,3).
Step 7. Compute the averaged objective function value C (z) from the extended set CF (z) via (20) and (31)
R®—1n-1
o= \/7 Z ZW(CE )) fo ). (32)
Step 8. Evaluate f(¥) () of f(8) via (24) and (32) as
7 (6)=(8IC(2)l6)
N (33)

= (6l(g 7 2 L7 (@ sn)le)

X=

Step 9. Output (%) (6).
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Sub-procedure 1 Extension of transformed objective function

Step 1. Define a maximized #* (z) as
W (@) = max# (2),
1

where i =0,...,l—1,and dyy-(;y = dyyi(;y = (R* x n) that identifies a given /.

Step 2. Construct the extended transformed set WE (z) as subsets Sk, Sy, S3 and Sy, as follows.
Sub-step 2.1. Define set S| as

where dg, = (%R* X n), and compute S1 K with dimension
ds,x = (KTZR* X n) .
Sub-step 2.2. Define subsets S, and S3 of dimension

ds, = % ((KZR* X n) fdsl,()

(34)

(35)

(36)

(37

from sets W (" =39) () and W (*"=29) (2), with relation

1

dW(W(Z)—lU) @ = dW(W(/)—Z‘D) @ = (ZR X n) ) (38)

such that in S, (and S3) the elements of w(v=30) (z) (and w(»-2.0) (z)) are uniformly distributed, and set the remaining
dp (S2) =ds, — dw(w(mm)( ,and dp (S3) =ds, — dw(‘”(l)’z'”) elements of S, and (and S3) to zero.

2) (2)

Sub-step 2.3. Define subset S4 from the elements of w(w!=10) (z) in a similar way to S and S3, with dimension

ds, = dg, = ds,. 39)

Step 3. Output the extended transformed objective function WF (z).

Lemma 1 The precision of the estimation of the objective function yielded from a physical-layer measurement M
can be improved via the o/ g objective function extension algorithm of 7.

Proof In algorithm .«/g, function % ~!(-) applied on WE(2) yields the extended objective function CE (z),
from which estimate f®)(6) of f(#) can be determined at R* physical measurement rounds. The produced
estimate f®)(0) is equivalent to the estimate f®(6) obtainable at R®) = x2R* physical measurement
rounds, with |[M| = nk?R* total measurements. The details are as follows. Since the dimension of WE(z) is
dweg) = (k2R* x n), the CE(2) extended objective function values contains R = ,2R* (16) objective func-
tions evaluated for each measurement round. The estimate f(6) yielded by the application of # ~!(-) on WE (z)

is analogous to the estimate f(?)() that can be extracted by | M| number of measurements in the physical-layer
measurement apparatus M via R*) measurement rounds as

IM| = k*|M*| = k*nR*, (40)

where |[M*| = nR* is the total number of physical-layer measurements. The proof is concluded here. O

Objective function extension factor. LetCP(z)be the objective function resulting from the R* measurement rounds
with dimension dco(,y) = (R* x n), where C°(2) is given in (18), #"(C%(z)) and WE(z) = w1 (#"(C°(2)))

be the transformed and extended transformed objective function with dimensions dyyo,) = (R* x n) and
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dweg) = (KZR* X n) as given in (28) and (30), and CF(2) be the extended objective function (see (31)) with
dimension dce(,) = (kK*R* x n).
Then let Ag(-) be the objective function extension factor, defined as
R®6)

n—1 2
i WE , E — x*:O Zy:O (C(x,y)—W(x,y)) .
E(WH@.C'0) = S S (OO ()W ()

The quantity in (41) therefore identifies the ratio of the difference of the extended objective function and the
extended transformed objective function and the difference of the initial objective function and the initial
extended objective function.

Quantum-gate structure decomposition. Theorem 2 The|6) state of the quantum computer is decom-
posable by the ¢ gate parameters of the quantum computer.

(41)

Proof The proposed scheme can be applied for an arbitrary d-dimensional quantum-gate structure; however, for
simplicity, we assume the use of qubit gates. Thus, in the QG structure of the quantum computer, we setd = 2 for
the dimension of the quantum gates. Since the ¢ gate parameters determine the state|6) of the quantum computer
(8), the segmentation of the quantum-gate structure is based on the ¢ gate parameters.

Let NG (Uj) refer to the qubit number associated with gate Uj, and let ¢; be a gate parameter of an Ng (Uj)

-qubit gate unitary Uj (¢;j) as given in (5).

Let 1, be the number of classes selected for the segmentation of the ¢ gate parameters of the QG structure of
the quantum computer. Let Hy be the entropy function associated with the kth class,k = 1, ..., n;, and f(¢) be
the objective function of the segmentation of the QG structure as

ny
f@) => Hy (42)
k=1
where q3 isand; = (n; — 1)-dimensional vect0r<5 = [¢1 s d),,z,l}, where ¢, is the gate segmentation parameter

to classify the ¢ gate parameters into /th and (I 4 1)-th classes, such that
0=<¢r=x (43)
where x is an upper bound on the ¢; gate parameters of the quantum computer,
e =X (44)
Let ¢* be the optimal vector that maximizes the overall entropy in (42),
¢* = (o7, 1), (45)
with (n; — 1) optimal parameters, 0 < ¢;" < x;I = 1,...,n; — 1 subject to be determined as
¢* = argmng((f)), (46)
¢

which yields the maximization of the f ((Z*) objective function (42).
The Hy entropies in (42) are defined as

o=y PrON) <Pr(€)ffwf>>), ifk=1

_ % Pr (N(¢)) PrN@)) ) irp —
H, = Zi:¢f+l P In o Jifk=2
Hy=1 , (47)

H, — S Pr(N(@)) |, (Pr (g<¢i))),ifk =mn

ik
¢ i=¢, 1+l oy nt

SCIENTIFIC REPORTS |

(2020) 10:14220 | https://doi.org/10.1038/s41598-020-71007-9



www.nature.com/scientificreports/

where N (¢;) is the number of occurrences of gate parameter ¢; in the QG structure, with probability distribu-
tion Pr (N (¢;)) as

Pr (N(g) = &2, (48)

where Ny is the total number of quantum gates in the quantum computer,

Niot

> Pr(N@) =1, (49)

i=1

while w;s are sum-of-probability distributions, as

w1 =20, Pr (N (@)
02 = Y2 e PN (@)
®WQG = 4 . . (50)
Wp, = ;(=¢Z,-1+1 Pr (N(¢i))
Using (48) and (50), the QG structure can be segmented into n; classes, 4 g : {(6 ooy b ny } as

@ = PWen 7 ((es;))

1

%sz@@wnwwﬁw@ﬁ

w2 w2

% qc = . > (51)

3 _ (i) Pr(N(p,)

ny — Oy e e won

t
with class mean values pqg : {,u,l, e Moy } as

¢F iPr(N(p;
=30 r(wlw» )
_ % iPr (N(g))
M2 = Zii¢;‘+1 w2
HQG =9 . . (52)

e iPr (N (1)
M"r—zi=¢;t,1+1 o

As the objective function and the related quantities are determined by Algorithm 2 (/p), a particular gate
parameter ¢j is therefore classified as
€ 1€ 9, if0<g <¢f,
€ 2 € g if T < ¢ < B3,
b QceEP =1 - (53)

€ w€p ity <9 <x.
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Algorithm 2 Quantum-gate parameter decomposition

Step 1. Determine (48), (50), and (52). Compute the objective function (42).
Step 2. Select iteration level D, and for i = 1,...,D, generate an (n; — 1)-dimensional vector

6 =001, 0l 1| (54)

where ¢,{ j is the jth element of the ith vector 6{ , such that q)l{ j refers to the classification parameter ¢; associated with the classification

of j-qubit and (j+ 1)-qubit gates at a given i.
Step 3. Set numbers X and Y from the range of [0, 1], X,Y € [0, 1], and select the uniform random numbers g, w, p € U [0, 1].
Step 4. Set ¢i’_j with respect to ¢ and w as follows:
o if g <X, set¢/;as
(PI,j = ¢//&]
where A=1,...,D.
e if w <Y, then set ¢ﬁj as
q)l/J = q)i,.j :l:pé-,
where & is a control parameter.

e if ¢ > X, then Set@{j as

‘Pi/,_,' =S()+(SU)—S3)) u

!

Step 5. Let S(j) and S () refer to the lower and upper bounds on the search space §3-57 associated with ¢/ ;» while u is a uniform

random number u € U [0, 1]. Compare ¢;j with S () and S(j), as:
o if ¢i/’j < 8(j), then set q)l-’J- as ¢i/’j =S())-
o if ¢/; > S(j), thenset ¢/ ; as ¢/ ; = S(j).
Step 6. Let $W be the worst solution vector among the D vectors. If f (‘51'/ ) > f ((ﬁw), then set
b=l

Step 7. Repeat steps 3-6 foralli, i =1,...,D.
Step 8. If N; iteration number is met or a stop criteria is satisfied, output the (n, — 1)-dimensional optimal vector

q‘)‘i/ — 5* = [q)l* eees (]);t 71] from the D vectors, which yields the maximized objective function (46).

Motivated by the multilevel segmentation procedures'*"*2, the steps of .o/ p are given in Algorithm 2.
According to Algorithm 2, the ¢ j gate classification parameter is evaluated via events E; as

Er:¢jpA=1,...,D

g, = § B2180) + (S0) = S())u

Es: ¢, % pk (55)
E4 N 1{,1'
with the related probabilities'*?
Pr(E;) = X
N\ ) PrE)=1-X
Pe(dh) =\ peEy =y - (56)
Pr(Ey)=1-Y
The proof is concluded here. O

Error of gate-parameter decomposition. 'The &5, error associated with the gate-parameter segmentation algo-
rithm o/ at a given ¢*, ¢ 3 is defined as
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65 = \/ S 5 (vace (1) 0o (i) (57)

Dqgn >

where D is the depth of the quantum circuit QG of the quantum computer, 7 is the number of measurement
blocks at the QG circuit output, gqc; (i,]) is the ¢ gate parameter associated with the (i, j)-th gate of a reference
quantum circuit QGg,i = 0,...,Do6 — 1,j=0,...,n—1, (<pSG (i,j) = 0if there is no gate at (i,j) in QG), and

(pg;; (i,j) is the ¢ gate parameter associated with the (i,)-th gate of the segmented QG circuit (gag*c (i,j) = 0if
there is no gate at (i,j) in QG).

Gate parameter randomization machine learning

The QGPL-ML block splits further the results of .2/ p to achieve a randomized data partitioning and to generate
rules. The QGPL-ML method integrates algorithms .o * and . Algorithm .o/ * is defined for the data randomi-
zation and selection for the learning, while algorithm 2 is defined for the rule learning.

Motivated by granulated computing'*»'*, the data randomization of .7} in the QGPL-ML block is based
on the gate parameters of the quantum gates. The algorithm selects the best training and test instances for the
rule-learning block via a ratio parameter r € [0, 1]in a multilevel structure As a corollary, .o/ } avoids class imbal-
ance and sample representativeness issues'>>'*, Using the results of .« }, the rule-generation procedure 2 uses
rule-quality metrics (leverage!**-'%) to identify the best rules in each iferation step. The result of Z is L optimal
rules, where L is the application number (level) of .o/ f.

Randomization and probability distribution. The benefits of the proposed randomization in QifL are
as follows. The randomization applied .o/ fL in allows us to create an optimal .#’; learning set and optimal .7; test

set in the Z rule learning stage. The optimality means that the input data is partitioned into a learning set and
test set in a semi-randomized (granulated'**!3413-152) way (i.e., not fully randomized) to avoid the issues of class
imbalance and sample representativeness. These problems are connected to a fully randomization!"1>2,

The problem of class imbalance means that the ratio of classes of the constructed learning set and test set do
not represent the ratio of classes of the input data. This problem could occur at a non-optimal random partition-
ing of the input data, and could bring up in both the training and the test set, respectively!>134151152,

The problem of sample representativeness is an integrity problem, and it refers to the problem if the train-
ing and test instances have no any connection, which could lead to inconsistency in the learning process'*>'>2.

'The procedure of .7 F applies a semi- randomlzatlon on the input data, to avoid these issues. The effect of
probability dlstrlbutlon of the randomization in .7 } determines the precision of the construction of the training
and test sets. The .o/ F procedure allows us to keep the class consistency of the input data in the training and test
sets, and also to keep the integrity of the instances of the training and test sets. To measure the precision of .« F,

we utilized the % leverage metric'*®, % & [0, 1]in the Z rule learning stage. The probability distribution in .7 * i
has effect on the rule precision generated by  since it uses the outputs of ./ fL At a full randomization in .o/ fL,

the & value in Z low, ¥ — 0, while for a semi-randomization in szfL, & picks up high values, ¥ — 1,in Z.

Procedures. The procedure .o/ fL of the QGPL-ML block is detailed in Algorithm 3.

Algorithm 3 The </} procedure
Step 1. Set n;, and L application number of algorithm 7.

Step 2. At L = 1, apply algorithm o7 for the (n, — 1)-dimensional vector 6{ (1),i=1,...,D. Compute the € ¢ () classification
and set input of sszz as & (527 fz) =% (53{/)’ where ¢, (szf), t=1,...,n, is the classification (51) of the gate parameters (53) of the
QG structure of the quantum computer via .7y such that the objective function (42) is maximized.

Step 3. For | < g <L, generate D random (n; — 1)-dimensional vectors 6[ (¢) and evaluate Qf;’ via 6[’ (¢9),i=1,...,D. For

2 < j < L—1, compute the € pg (%f) classification and set J(tzzifjﬂ) =% (Jzifj) for the input of MJZH.

Step 4. Apply %Jﬁ’ for all . (J/q) =% (&%f‘Fl) input classes.

Step 5. Output u(ﬂ&{L C: <xz% ) v=1,....Lit=1,...,n, L}/’WL| =Y., n/,and ﬂﬁ,L ((])Z) of optimal (n, — 1)-dimensional
vectors ¢ <£{}>’ z=1,...,n0 " forall v, |5ﬂML( ) =YL m~
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The procedure Z of the QGPL-ML block is detailed in Algorithm 4.

Algorithm 4 The % block

Step 1. For a given v, generate a random learning set .} of size r|.7, o} |, where r € [0, 1] is a ratio parameter and \Yﬂ/ﬂ is the

cardinality of the total classes generated by zz%f‘

Step 2. Define a random test set ;" of size (1 —r)|.7, Q//L| for the testing of the learned model.

Step 3. Repeat steps 1-2 forallv,v=1,...,L.

Step 4. Define .7 = Z‘L,Zl S and S = Z‘L,Zl I

Step 5. Using .7}, generate the rule set Z, = {Ry,...,Ry.}. For arule R;, let A (R;) refer to the rule antecedent>®-%0, and let C (R;)
refer to the consequence of rule R;. Define leverage . (R;) for a given R; as

ZL(Ri)=a(S(Ri))—a(AR))x(C(Ry)), (58)

where & (A (R;)) and o (C(R;)) are the coverages of rule antecedent and rule consequent, while o (S (R;)) refers to the total coverage
of a single rule S (R;) = {A(R;),C(R;)}.

Step 6. For each v, determine the optimal rule R, with the highest value of (58).

Step 7. Use the optimal rule set %7, = {R},...,R}} and determine f (6) and prediction & (8) of the new state [6*) of the quantum
computer.

State of the quantum computer. Theorem 3 The state |0*) of the quantum computer can be made by the
output P () of the QGPL-ML procedure.

Proof The 6* new gate parameter vector is determined via a 2 predictive analytics. The  unit utilizes the outputs
generated by the units ./, </ p, .o/  and % of # . The input of ./ } is provided by .o/p (Algorithm 2), such that
the input of .o p is the extended set of gate parameters determined by the extension algorithm .o/ (Algorithm 1).
The prediction of the 6* can be made at an initial 6 as

0* =6+ p, (59)

where p is the gate parameter modification vector

P = ((Xl,...,aNtO,)T, (60)

where «; calibrates the gate parameter 6; of the ith unitary,i = 1,.. ., Nyy. The actual value of ; depends on the
error £, (57) associated with .o7p.

The precision of the prediction is also controlled by a T parameter, which quantifies the minimum of number
of classes (n;) selected for the classification of the quantum-gate parameters in the .&/ fL procedure.

As the new gate parameter vector

T

6% = (61 + 1), (O + i) (61)
is determined, the quantum computer can set up the state |0*).
The prediction of the |0*) new state of the quantum computer are given in Procedure 2.
Procedure 2 New quantum computer state
Step 1. Using £ () from (33), compute the o7 segmentation of the QG quantum circuit of the quantum computer via Algorithm
@/p with respect to (46), (51), and (53).
Step 2. Apply de and Z of the QGPL-ML procedure and determine the &7 (0) prediction via a calibration as
| *=0+p,ifn,>7

where 7 is a lower bound on the number of classes selected for the classification of the quantum-gate parameters.
Step 3. Output the new value of 6* and produce state |0*) by the quantum computer.

These results conclude the proof. d
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Performance evaluation

This section proposes a performance evaluation for the method validation and comparison. We study the preci-
sion of the objective function estimation, the estimation error, and the cost reduction in the objective function
estimation process.

Objective function estimation. et C” (z) be the % reference objective function that can be estimated at
R%, reference physical measurement rounds,

R =R, (63)
as
R —1
AR N 1 ) 1
C” (z) = A ZO i (z) = @Cr(z)’ (64)
i

where C® is the reference objective function evaluated in the ith physical measurement round,
i=0,...,R% —1,dc.o =1 x n,and C'(2) is the sum of the k2R* reference objective functions, with dimen-
sion dcr(z) = dcg(z), where dce ;) is as given in (22).

The R}, number of measurement round serves also as reference to a comparison in the performance evaluation
with the scheme of’, that utilizes only physical layer measurement (i.e., refers to the case if no post-processing
is applied).

Let C(z) be the observed output objective function (see (20)) estimated via the Cg(z) extended objective

~ () _ .
function (see (21)) at R®), as C(z) = R}K) f:o Lc® (z) = R(IK) CE(z).

Then, let O () be the standard deviation of CZ (2), defined as

R, —1 172
_ 1 " o) _ g 2
%t = | B, -1 Z ( - (Z)) , (65)
i=0
and let O¢ ) be the standard deviation of C(z), defined as
« 1/2
X RW _q o ) 5
¢ = | RO_1 Z <C (2) — C(Z)) > (66)
i=0
while o () o1 defined'™ as
R, —1
1 (i R - ~
et e = 1 2 (€0 -7 @) (V@ - C@). (67)
i=0

Using (65), (66) and (67), we define the quantity ®( C? (2), C(z)) to measure the precision of estimation C(z)at
a particular reference objective function CZ (z), as

(26% (Z)C(z)) (2‘75” (z)C(z))
N 2L (&) ’ -
(€ @)+(C@)?) (”?%’ (z)+gé(2)>
where ®(C” (2), C(2)) € [0, 1]such that at ®(C¥ (2), C(2)) = 0, C(2) is completely uncorrelated from the ref-
erence objective function C” (z), while at ®(C” (z), C(z)) = 1the observed C(z) coincidences with C” (z).

Note, that from ®(CZ (z), C(z)) (see (68)) and C(z) (see (20)), the value of CZ (z) can be evaluated as fol-

lows. Let

d(C” (2),C(2)) =

T
(&7 (2) = (c”w),...,cf’(@/ ‘1)> (69)
be a vector formulated from the elements of CZ (z), and let
W@ = (cV@),...,.cH @) (70)
be a vector formulated form the elements of C(z).

Then, at a particular @ (C? (2), C(2)), the reference v(CZ (z)) can be evaluated from v(C(z)) in a convergent
and iterative manner, as
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Figure 2. Cost reduction of objective function estimation. (a) The f(k, &) cost function at & = 0. The
resulting cost is f (k,0) = 712; The initial objective function fy = 1associated with the evaluation of the
reference objective function C”7 (z) from R}, = R 'physical measurement rounds is depicted by a red dot. (b)
The f(k, &) cost function at £ > 0 scenarios at /4] (C? (z),C(z)) = 100 and %E,( = {10, 25, 50, 75, 100}. The
resulting cost is f(k, &) = fon(k, &c).

v(C(2)) =v(C(2)) £ x2 ((C” (2)),v(C(2)))

y . 71
Ve (P(C” (2),C2)), 7n

where y is a coefficient!*, Ve (@ (C? (2), C(2)))is the derivative of @ (CZ (z), C(z)),and 2 (v(CZ (2)), v(C(z2)))
is a projection

2 (v(C” (2)),v(C(2))) = I — V((C” (2)), (C)) VT ((C” (2)),v(C(2))), (72)
where I is the identity operator, while
V(v @) rCen) = e S (73)

Estimation error.  Let assume that the physical reference measurement rounds is set to R, = R to evalu-
ate C? (z), such that R* is the actually performed physical layer measurement rounds to evaluate C(z).
To measure the impacts of measurement rounds on the precision of the objective function estimation, we

introduce the term p, (CZ (2), C(z)) that quantifies the mean squared error (MSE) at a particular scaling factor
K as

KZR*—1

> (e -cv)’

i=l

1 (8 2.0@)) = s (74)
As the value of the « sggling factor increases, the information about the reference objective function C” (2)
increases, and the , (CZ (z), C(2)) value decreases.

Then, let 41 (CZ (z), C(z)) be the MSE value obtainable at R* measurement rounds, i.e., k = 1, evaluated via
as (74)

R*—1

y . . N2
m (e @.0@) =& Y (¢ -c?) (75)
i=0
Fork > 1, let
K2R*—1 ) N2
f= (CW ~c?) (76)
i=R*

be a quantity that measures the squared difference of the objective function values. Assuming an optimal situa-
tion, the value of &, is close to zero, & ~ 0. For £, = 0, it can be concluded that
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e (€7 @.C@) = B (E* @.C)

R*_l . N2 (77)
= L& c“‘”-d”) i

while for & > 0,

e (CR@,C@) = (RZl (e —co) 4 a)

i=0

R*—1
. S\ 2
(X (0= co)) + de)

i=0 (78)

=L (,“ <CR(z),C(z)) + R%EK)

R*—1 4 L, KR . .2
:ﬁ Z <CV,(1) _ C(l)) + Z (ny(l) _ C(l)>
i=0 i=R*

that is, for & > 0, (78) coincidences with (74). Additional results are included in the Appendix.

Cost reduction.  The cost reduction is evaluated as follows. Let fj be the cost function of the evaluation of
the reference objective function CZ (z) via R¥, = R® physical measurement rounds (i.e., no post-processing is
applied), defined as a reference cost with a un1t value

fo=1. (79)
Atagiven fy, the f(«) be the cost function associated to the evaluation of C(z)at a particular k and &, is defined as
fUe &) = fon(ic, &). (80)

where n(k, &) identifies the ratio of

e (C” (2),C(2)
n(k, &) = ¥
11 (C7 (2).C(@)
o2 (1 (7 @.0@ )+ et
11(C” (2),C(2))

1 1 1
(Kﬁ + 4(’(2#1(@% (z),C(z))) (WSK))

As follows, at &, = 0, the proposed post-processing method reduces the cost of objective function estimation
by a factor

(81)

n(e,0) = &, (82)
and for any &, > 0, the Af («, &) increment in the f(«, 0) cost function is
— _ — 1 1
Af(’“SK) - n(K"‘;:K) ’7(’(, 0) - (KZMI(C% (Z),C(Z))) (R* SK) (83)

In Fig. 2. the f(«x, &) cost function values are depicted for a given k, k = {1,..., 10}, with fo = 1. In Fig. 2(a),
the & = 0 scenario is depicted. In this case, the objective function estimation cost is reduced to f(x,0) = =
In Fig. 2(b), the & > 0 scenario is illustrated for p; (C? (z), C(z)) = 100 and R—l*é,( = {10, 25, 50, 75, 100}. The
resulting cost is reduced to f(k,&c) = fon(k, &), where n(x, &) is as given in (81).

Conclusion

Gate-model quantum computers provide an implementable architecture for experimental quantum computa-
tions. Here we studied the problem of objective function estimation in gate-model quantum computers. The
proposed framework utilizes the measurement results and increases the precision of objective function estimation
and maximization via computational steps. The method reduces the costs connected to the physical layer such
as quantum state preparation, quantum computation rounds, and measurement rounds. We defined an objec-
tive function extension procedure, a segmentation algorithm that utilizes the gate parameters of the unitaries of
the quantum computer, and a machine-learning unit for the system state prediction. The results are particularly
convenient for the performance optimization of experimental gate-model quantum computers and near-term
quantum devices of the quantum Internet.

Ethics statement. This work did not involve any active collection of human data.
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