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Controllable symmetry breaking
solutions for a nonlocal Boussinesq
system

Jinxi Feil, Zhengyi Ma? & Weiping Cao'*

The generalized Boussinesq equation is a useful model to describe the water wave. In this paper, with
the coupled Alice-Bob (AB) systems, the nonlocal Boussinesq system can be obtained via the parity
and time reversal symmetry reduction. By introducing an extended Backlund transformation, the
symmetry breaking rogue wave, symmetry breaking soliton and symmetry breaking breather solutions
for a nonlocal Boussinesq system are obtained through the derived Hirota bilinear form. The residual
symmetry and finite symmetry transformation of the nonlocal AB-Boussinesq system are also studied.

Recently, Lou proposed various intrinsic models named the Alice-Bob systems (ABSs) to describe two-place
physical problems2. The technical assumption was so-called P-T-C principle with P (the parity), T (time reversal)
and C (charge conjugation). These ABSs mainly involved the following integrable systems, such as the
Korteweg-de Vries (KdV), the nonlinear Schrodinger (NLS) and the Ablowitz-Kaup-Newell-Segur (AKNS), the
modified KdV (MKdV), the sine-Gordon (sG), the Kadomtsev-Petviashvili (KP) and the Toda lattice systems. As
aresult, the P-T-C invariant multiple soliton solutions were explicitly presented for the above ABSs. In fact, vari-
ous physically important models possess P- T-C invariance and these symmetries are important in many mathe-
matical and physical fields. Up to now, researchers at least have studied the following works through the P- T-C
principle: for a nonlocal AB-KdV system, its exact solutions including P T} invariant and P, T, symmetric breaking
solutions were given through different methods®. These solutions possess rich structures, such as single soliton,
infinitely many singular soliton, cnoidal wave and the interaction of the different coherent structures. Nonlocal
integrable peakon equations were also constructed and shown to have peakon solutions through this principle*.
A new elegant form of the N-soliton solutions of the AB-KdV system which derived from the nonlinear inviscid
dissipative and barotropic vorticity equation in a 3-plane channel was obtained®. This system was applied to the
two correlated monopole blocking events which was responsible for the snow disaster in the winter of 2007/2008
happened in Southern China. On the basis of the Lie point symmetry, the nonlocal symmetry of the AB-mKdV
system was gained and the explicit solution of the system was presented®. By using the Darboux transformation,
some types of shifted parity and time reversal symmetry breaking solutions, including such localized structures
as one-soliton, two-soliton, and rogue wave solutions were explicitly depicted for the AB-mKdV system’. This
methodology also induced a large number of nonlinear systems, including some integrable ones, such as the NLS,
(potential) KdV, (potential) KP and sG systems from nothing (trivial 0 = 0 equation) by introducing the new
idea: consistent correlated bang and other suitable “Dao” which were implied by some symmetric or antisymmet-
ric operators®. From a two-vortex interaction model established from the nonlinear inviscid dissipative and baro-
tropic vorticity equation in a S-plane channel, a general nonlocal variable coefficient KdV (VCKdV) equation
with shifted parity and delayed time reversal was derived through the multi-scale expansion method®. A special
approximate analytical solution of the original two-vortex interaction model was given to describe two correlated
dipole blocking events with a lifetime. Exact solutions of a new general nonlocal modified KdV equation were
obtained including periodic waves, kink waves, solitary waves, kink- and/or anti-kink-cnoidal periodic wave
interaction solutions, which can be utilized to describe various two-place and time-delayed correlated events'.
The two-place nonlocal integrable models were systematically extended to multi-place nonlocal integrable (and
nonintegrable) nonlinear models by means of the discrete symmetry reductions of the coupled local systems!!.
Especially, various two-place and four-place nonlocal NLS systems and KP equations were obtained. An integra-
ble two-place nonlocal real system with three different nonlocal properties was derived which one nonlocality
was related to a special nonlocal KdV system, while the other two were associated with the nonlocal Boussinesq
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systems!2. The multisoliton solutions for the nonlocal KdV and Boussinesq systems were investigated and the
possible prohibitions on multisoliton solutions were also discussed.
Now, we focus our attention on the following generalized Boussinesq equation

u, + au, + 8D, + Y, =0, (1)

which was first introduced by Boussinesq in 1871 to describe the propagation of long waves in shallow water"’.
This Boussinesq Eq. (1) is a soliton equation solvable by inverse scattering which arises in several other physical
applications including one-dimensional nonlinear lattice-waves, vibrations in a nonlinear string and ion sound
waves in a plasma'*'”7. Also, the soliton-cnoidal wave interaction solutions of the Boussinesq Eq. (1) was
described wheno = v = —1, 3 = —3'. The above Boussinesq equation with minus fourth-order term had mul-
tiple soliton solutions, whereas the model with the plus fourth-order term had multiple complex soliton solutions
when the second-order derivative u, was deleted and 3 = +1". Rational solutions of this equation and applica-
tions to rogue waves was shown when v = —3 = 1, v = — 1%, The bilinear transformation method was pro-
posed to find the rogue wave solutions for the above generalized Eq. (1)2!. Two exponential-type integrators were
proposed and analyzed for the “good” Boussinesq equation, i.e.cc = 3 = —1, v = 1 with rough initial data*’. The
Lie symmetry analysis was applied and some special solitons such as dark, singular and periodic solitons was
devoted®.

The next several sections, we focus on the AB-Boussinesq system of the generalized Eq. (1). In Section 2, a
nonlocal AB-Boussinesq system is constructed and its bilinear form is written through an extended Béacklund
transformation. In Section 3, the symmetry breaking rogue wave, symmetry breaking soliton and symmetry
breaking breather solutions are presented through the derived Hirota bilinear form. Starting from a modified
Backlund transformation, the residual symmetry of the system is studied by introducing two auxiliary variables
in Section 4. Therefore, the finite symmetry transformation is obtained through solving the initial value problem.
Some conclusions are given in the final section.

Methods

A nonlocal AB-Boussinesq system and its bilinear form. In this section, the model of AB system is
applied into the Boussinesq equation. Based on the principle of the AB system referred in'?, when substituting
u= %(A + B)into (1), the nonlocal AB-Boussinesq system is

A, + B, + a(A,, +B,) + B(A, + B) + B(A+B)A, +B,)+ A, +B,) =0 )

which can be split into two equatuions

1
A, + oA, + A+ BA, + Eﬁ(Ax +B)* + YA, + G(A, B) =0 (32)

1
B, + aB, + B(A + B)B,, + —ﬁ(Ax + BX) YBr — G(A, B) =0, (3b)
where B is related to Aby B = PT A =A(—x 4+ x5 —t + 1) (P];, expresses parity with a shift and time reversal
with a delay). G(A, B)isan arbltrary function of A and B, but should be P];l invariant. Although there are infinite
formulas satisfying this G(A, B) in Eq. (3), we take G(A, B) = 0 for simplicity, and Eq. (3) are reduced to the fol-
lowing AB-Boussinesq system

1
Ay + A, + B(A + BA,, + EB(AX + Bx)z + YAper = 0,

(42)
1 2 .
By + aBy + B(A + BBy + Z0(A, + B + 1B = 0. (4b)
Now, we introduce an extended Backlund transformation
6y 6y
A = —(Inf),, + b(nf),, B = —(nf),, — b(nf),,
B I (5)

with b being an arbitrary constant and f = f(x, t) is an undetermined function of x and t. When b = 0, Eq. (5)
becomes one normal Backlund transformation. Substituting Eq. (5) into Eq. (4), the bilinear form can be derived
as follows

(D} + oD} + D) - f) = 0, (6)

where D2, D and D? are the bilinear derivative operators defined by?*?*

DL“D?(f-g)z[i 8] [8 i] X £ D8y )y yes

ox  ox') \ar o )

According to the properties of bilinear operator D, Eq. (6) is equal to
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ﬁctt _ft2 +Oé(]?;cx _fj)—i_ry(ﬁcxxxx _4fxf;cxx +3fjx):0’ (8)
which happens to be a bilinear form of Eq. (1).

Symmetry breaking rogue wave, soliton and breather solutions of the AB-Boussinesq
system

In this section, we turn our attention to the Hirota bilinear form (6) of the nonlocal AB-Boussinesq system (4) to
derive the symmetry breaking rogue wave, symmetry breaking soliton and symmetry breaking breather solutions.

Symmetry breaking rogue wave solutions. In nonlinear science, especially for some nonlinear integra-
ble systems which as one of the essential topics, the theoretical study of rogue waves has gotten more and more
attention in recent years. Rogue waves, also known as freak waves, monster waves, extreme waves, or hundred
year waves, are relatively large and spontaneous ocean surface waves, which are a serious threat even to large ships
and ocean liners?®?. These phenomena are ubiquitous in nature and can appear in a variety of different contexts
such as reported in liquid Helium, nonlinear optics and microwave cavities.

For describing the symmetry breaking rogue wave solutions, we seek solutions of Eq. (4) in the form

A, = %(m];)xx + b(nf),, B, = %(mfn)xx —bnf), n> 1, o

where f = f (x, t)is a polynomial of degree %n(n + 1)in X? and T2 described by

2j 2(m—j)
X, t
2 2

n(n+1)/2 m

fn: Z Zaj,m
m=0 j=0

(10

n(n+1)

with total degree %n(n + 1) and the constants aGu(i=0,1,...,mm=0,1,.., are determined by

equating powers of X and T%. Utilizing the Hirota bilinear form (6), we derive the following polynomials

f=1- Sx2_ O‘_ZTZ
! 3y 3y (11a)

a’x® PAXY  anX? a®T*® 17a*T* B 190°T?

=17 18757 18757 | 18757 18757 18757 759 (11b)
Fo1+ 9a°X"  182°AX" 270A X8
3 8788260257°  8788260257°  175765205+°
120°AsX° 302AX* 600, X*
1757652057 1757652057°  878826025+°
90127 5220070 N 78030°T*®

8788260257° 8788260257 = 1757652057
 684840°T®  40143'T*  8700°T°
251093159 7174092 847~y (11c)

where

A, = 25y — 3a°T?,

A, = 1259% 4+ 90a’7T? — 30°T*,

A, = 49y — 3°T?,

A, = 499* — 460°4T?, (122)

P
Il

3773y — 27930°y*T* + 231a*yT* — 3a°TS,
Ag = 1037575y" 4 13230007°T? — 22470a*y*T*
+ 876059T% — 9a°T8, (12b)

A, = 79893275y — 84892507y T2
— 22050a*°T* — 53130a%4%T®
+ 855089T8 — 910710, (12¢)
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Figure 1. Plots of the symmetry breaking rogue wave solutions A,, forn = 1, 2, 3, of the AB-Boussinesq
system.

system.

Figure 3. The contour plots of the symmetry breaking rogue wave solutions A,, forn = 1, 2, 3, with
b=0,b=1,b=4andb = 10at the timet = 1.

(13)

The following four sets of figures (Figs. 1, 2, 3 and 4) are presented for the purposes of illustration the solutions
uy, 4, and u;. Figure 1 shows three ranks of the symmetry breaking rogue wave solutions A ,(n = 1, 2, 3)in Eq. (9)
of the AB-Boussinesq system when the constantsareb = 1, « = 1, § = v = —land x, = t, = 2!>%. Figure 2
depicts the reversal structures of Fig. 1 by another sets of solutions B,(n = 1, 2, 3) (which are éfj symmetries of
the solutions A, (n = 1, 2, 3) in Eq. (9). These structures all possess two types of the rogue waves, namely, the
bright and dark ones at the same time. This corresponds to the phenomenon that the shifted parity and delayed
time reversal are applied to describe two-place events. We should mention that all the anti-symmetric solutions of
Eq. (9) lead to the PT, symmetry breaking solutions of Eq. (4).
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Figure 4. The contour plots of the symmetry breaking rogue wave solutions B,, forn = 1, 2, 3, with
b=0,b=1,b=4andb = 10at the timet = 1.

When selecting different parameter values b, the different structures of the above rogue waves can be
described. Figures 3 and 4 show the contour plots of the symmetry breaking rogue waves in the (x, A/B)-plane,
takingb = 0, b = 1, b = 4 and b = 10 at the time t = 1, respectively. This parameter b can impact the wave
shape. With the increase of b from 0 to 10, the amplitude is amplified, while the distance between the peaks is
elongated. The parameter b plays an important role of stretching the rogue waves along with the x axis.

Symmetry breaking soliton solutions. Based on the bilinear form (6) of the AB-Boussinesq system, the

symmetry breaking multisoliton solutions of Eq. (4) can be written as a summation of some special functions">'2
For example, after choosinga = 0, § = v = —1, we can take

n
f}1 — ZK{V}cosh Zl/,-fi],
{v} i=1

£ = k,-[x - ﬁ] + 26,.ki2[t - t—°],
1 2 2

v = 6i2 =1, (14)

where the summation of {v} = {1}, 1, ..., y},and k;(i = 1, 2, ..., n), X, t, are arbitrary constants, while

n
2 2 2
Ky, = H @y, a; = 2k + 2kj — kikj(éiéj + 3Vil/j).
i<j (15)

Example 3.1 Symmetry breaking line soliton solution

We take

4
f = cosh(¢), & = kl[x - %] + 261k12[t - ?]’ 6

withn = 1. By substituting Eq. (16) into Eq. (5), one can get the symmetry breaking line soliton solution of Eq. (4)

A, = 6k} + bk tanh(¢) — 6k tanh*(¢), (17a)

B, = 6k{ — bk,tanh(¢)) — 6k tanh’(¢). (17b)

Because of the existence of tanh term which makes B, = ﬁsf BAjor A = éi:in the line soliton solution (17) of
the AB-Boussinesq system (4) is f;fd symmetric breaking solution.

Figure 5(a,b) are two corresponding symmetric breaking structures when the constants taken as
b=k =1,6 = -1, x, = t, = 2. Figure 5(c,d) are the contour plots of these structures in the (x, A/B)-plane,
takingb = 0, b = 1, b = 4 and b = 10 at the time t = 1, respectively. As the parameter b increases, the line
soliton pairs trend to two symmetry breaking kinks.

Example 3.2 Interaction of the symmetry breaking line solitons

The interaction of the symmetry breaking line soliton solution of Eq. (4) can be expressed as
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(c)

1118

Figure 5. Plots of the symmetry breaking line solitons of A, and B, of the solution (17).

A, = 6(Inf,),, + b(inf),, B, = BTA,,

with
f, = 62k} + 2k? — kiky(88, + 3) cosh(€, + &)
+ 6.\ 2k7 + 2k2 — kiky(6,6, — 3) cosh(€, — &),
& = 82=1,
and

¢ = ki[x - ﬁ] ¥ 26,-ki2[t - t—O], i=1,2.
! 2 2
Whenk, = k,, 6, = —6,, Eq. (19) is simplified in the form
f, = 6,4k + k(6 — 3) cosh
+ 6 4k} + k(6% + 3) cosh

2k1[x — ﬁ]
2

t,
461k12[t - 30]

>

<4

(d)

(18)

19)

(20)

This is the parity and time reversal invariant form of Eq. (16). For example, taking the constants
b=k =06 =06=06=06_=1,k, =—1, x, = t, = 2,two corresponding interactions of the symmetry breaking
line solitons are presented (Fig. 6). Figures 7 and 8 are the contour plots of these structures in the (x, A/B)-plane,
takingb = 0, b = 1, b = 4and b = 10at different timest = —2, 1and 3, respectively. As the parameter b and time
t increases, the interactions of the symmetry breaking line soliton solutions of Eq. (4) also trend to two symmetry

breaking kinks.

Example 3.3 Interaction of the triple symmetry breaking solitons
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Figure 7. The contour plots of the interaction of the symmetry breaking line solitons A, with
b=0,b=1,b=4andb = 10at different timest = —2, 1and 3, respectively.

=2
(S
=3

Forn = 3, the solution (14) possesses the following form

f = f, = Kycosh(, +§, + &)
+ Kjjycosh(§, — &, — &)
+ K{Z}cosh(gl &+ 53)
+ Kizcosh(§, + &, — &,)s

(21)
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Figure 8. The contour plots of the interaction of the symmetry breaking line solitons B, with
b=0,b=1,b=4andb = 10at different timest = —2, 1and 3, respectively.

where

_ o+ o+ + I = 4 - 4 -
Ky = apagzay;, Ky = apa;say; Koy = a1,a150,3, Kz = 415013053, (22a)

af = 2k} + 2k — k(65 £ 3),

_k[x——]+26k[—t—0],
2 2
6 =1, (i=1,2,3). (22b)

Therefore, the interaction of the triple symmetry breaking soliton solution of Eq. (4) can be expressed as

A
|

Ay = Dinf) + b(nf), By = Ay(—x + xp —t + ).
B (23)
Figure 9 is two corresponding interactions of the triple symmetry breaking solitons when taking the constants
b=k =6=06=06=1,k;=—1,ky=—1.1,x,=1t,=2, and the parameters « =0, f=v= —1.
Figures 10 and 11 are the contour plots of these structures in the (x, A/B)-plane, takingb = 0, b = 1, b = 4 and
b = 10 at different timest = —2, 1and 3, respectively.
From these presented results of Examples 3.1-3.3, we have a different conclusion from the previous, that is
“the multisoliton solutions with odd numbers and the multisoliton solutions with even numbers but with pursu-
ant interactions are prohibited”!2.

Symmetry breaking breather solution. Based on the bilinear form (6) of the AB-Boussinesq system, the
symmetry breaking breather solution of Eq. (4) can also be expressed as

6
= %(mf)xx + b(nf),, B=A(—x+ x4 —t + 1), .
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Figure 9. The interactions of the triple symmetry breaking solitons of A; and B; of the solution (23).
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Figure 10. The contour plots of the interaction of the triple symmetry breaking solitons A; with
b=0,b=1,b=4andb = 10at different timest = —2, 1and 3, respectively.

when the bilinear function
f= zw/b_ICOSh{bs “1[x - %] + az[t - %‘)]H

a3[x - %] * a4[t - %0] } (25)

+0b, cos{b4
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Figure 11. The contour plots of the interaction of the triple symmetry breaking solitons B; with
b=0,b=1,b=4andb = 10 at different timest = —2, 1and 3, respectively.

and the coeflicients

~2aa3b,(a + 29R,)

R;
2R,
a = —2,
20,
b — byRJ[RS — 2a5bj(4a5biy — o))
= 8a2b2[R2 252 2,2 21°
a; by [Ry (o + 4a;byy) + 2a3b;(a + 29R,)°] (26)
and
R, = albj + a3ty
R, = ajbi — ajb},
Ry = |Rya + (R? — daa2b2})y + Rpf(@® + 2R,0n + REYD) . 27)

Residual symmetry of the AB-Boussinesq system
Recently, it was found that the residue in Painlevé truncated expansion corresponds to a nonlocal symmetry for
the Painlevé integrable system and then such type of symmetry was referred to residual symmetry. This residual
symmetry was localized to Lie point symmetry by introducing suitable prolonged system®.

From the leading term analysis of the AB-Boussinesq system (4), the Backlund transformation is extended as

follows
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A= %(mf)xx 4 b(nf), + A, B— %(mf)xx — b(Inf), + B,

(28)
with
Afhfi_ﬁfm_ftz s,
2070 B, 28 28 7
§:3’yf)fx_2fyf;cxx_ ftz _i_p
2010 B, 28 2 7 (29)
and p = p(x, t) is a constraint function to be determined later. The Schwarzian structure has two consistent
conditions
C,+ CC,+ 1S, =0, (30)
b bf>
P = _iccx — &5 - f_X; — Esx,
6y 2f, 4, 3 (1)
where the variable quantities
CE£ Szfﬂ——3f’fx.
A Lo (32)
In other words, the coupled equations with the nonlocal symmetry functions fand p are
ff | Mt 3L
ftt = Zt + - 2 me’
£ f; £ (33)

Sbf o free  Blowe  Wfu | WL B
by = 7 - >+ 3 o3
6f, 3f, 6,  6f,  2f] (34)

After introducing two auxiliary functions g = g(x, t)and h = h(x, t), which should obey the rules

§=f> h=g, (35)
The enlarged AB-Boussinesq system of Eq. (4) according to Egs. (4), (29), (33) and (34) given by

1
Att + anx + B(A + B)Axx + Eﬁ(Ax + Bx)z + ’yAxxxx = 0’

(36a)
1 2 .

By + aBy + HA + BBy + ~6(A; + B + 1B = 0, (36b)
of? = 28(p — AfF +@&f.f — 32+ =0, (36¢)
af2 +28(p + Bf? +U4ff. —3f)+f =0, (36d)
FofP = Rl 960 + e — St =0, (36e)

b (fo = fuf) + GBS S — 26F o — Of)D, — 30) =0, (36f)
Under the transformations
A = A+ GO'A,
B = B+ €O'B,
f = f+ eo’,
§ = gteod,
h = h+ eoh,
p = p+edt, (37)
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with the infinitesimal parameter ¢, the linearized system of the enlarged AB-Boussinesq Eq. (36) reads

o + ach + Blo + o)A, + B) + (0 + oD)A, + (A + B)of] + 1000 = 0, (38a)
o + aol + Bl(o + oP)(A, + B) + (0" + o®)B,, + (A + B)ol] + rol.,. =0, (38b)
ftcftf + Ozfxcrxf — @‘x(cr""]()C + 2pcrxf — 2Acrxf — O’Afx) + ’y(ZfXUX{Cx + 2xxxaxf — 3fxxaxf;) =0, (38¢)
fo! +of .ol + 6o, + 2p0] + 2Ba] + %) + vCf. 0l + 2f, 0l —3f, ol) =0, (38d)

fjaﬂf + 2]; ttoxf _ftzaxé - thfxxotf
A — 4 fo ol + @f f, — YS!
+ [ e = 40 = 0, (38¢)

al(ff, = 26 f)0f + f (.ol — fol+ f,0D)]
+A(6f? b, + 2bf ol — 5bf oS,
+ (bff .~ 5bf f.. +18f7p o
+ Obf2 — 5bf.f, )od] =0, (381)

of —of=0, of —o"=0. (38g)

Thus, the derived residual symmetry {O’A, oP } has the local solution

ot = bg + %,

B

6vh
o'B = 7bg+ l’

B
of = ffz,
of = —2fg,
o = —2(fh + gY),
of = bg. (39)

Meanwhile, by solving the following initial value problem

0A(e) _ 6y, ¢
— 5 H(e) + bG(e),
O _ S 4
86 = ﬁH(G) bG(G))
() 2
7 — P, (40a)
9GO _ 06,
Oe
OH(©) _  516%e) + RoA©)],
Oe
oP(e) A
29 _ bG(O), (40b)
A(0) = A, BO) =B, K0)=f, G0)=g HO) =h PO)=p, o

one can achieve the finite transformation theorem.

TAheoreIn If {Au, v, [, I8 Ah, P Z’l} is a solution of the extended system (4), (29), (33) and (34), so is
{A(e), B(e), F(e), G(e), H(e), P(e)}with
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Al = A beg 6yeh 6ve’g?
L+ef  BA+ef)  BA+ef)
Ble) = B— beg 6yech 6'y62g2
L+o  BA+ef)  BU+ o) (41a)
fo = - +f -
A _ g
G(e) = T ef)z’
A o h B 25g2
H(e) = Grg7 U= ef)3’
A _ beg
Ko = 1+ ¢f P (41b)

where € is an arbitrary group parameter.

Summary and Conclusion

It is believed that there are some really novel phenomena in two-place nonlocal systems compared with local one.
In this article, we studied the nonlocal Boussinesq equation coupled with AB systems. Furthermore, After intro-
ducing the bilinear variable transformation, the different expressions of function in the Bicklund transformation
are obtained. By choosing special parameters, the abundant solutions, including symmetry breaking rogue wave,
soliton and breather solutions of the AB-Boussinesq system, are discussed in detail. At last, with the derived
modified Backlund transformation, the residual symmetry of the nonlocal Boussinesq system is researched by
introducing two auxiliary variables, and the finite symmetry transformation is obtained through solving the ini-
tial value problem. In brief, the variable coefficient with shifted parity and delayed time reversal in nonlocal AB-
Boussinesq system is discussed, from which abundant of controllable symmetry breaking solutions are illustrated
by changing parameters of events A and B. It is valuable to the nonlocal AB symmetric system analysis and the
associated applications with mathematical models into more real physical systems for further study.
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