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integrative models explain the 
relationships between species 
richness and productivity in plant 
communities
Zhenhong Wang  1,2, Alessandro chiarucci  3 & Juan f. Arratia4

the relationship between plant productivity and species richness is one of the most debated and 
important issues in ecology. ecologists have found numerous forms of this relationship and its 
underlying processes. However, theories and proposed drivers have been insufficient to completely 
explain the observed variation in the forms of this relationship. Here, we developed and validated 
integration models capable of combining twenty positive or negative processes affecting the 
relationship. The integration models generated the classic humped, asymptotic, positive, negative 
and irregular forms and other intermediate forms of the relationship between plant richness and 
productivity. these forms were linked to one another and varied according to which was considered 
the dependent variable. The total strengths of the different positive and negative processes are the 
determinants of the forms of the relationship. Positive processes, such as resource availability and 
species pool effects, can offset the negative effects of disturbance and competition and change the 
relationship. This combination method clarifies the reasons for the diverse forms of the relationship and 
deepens our understanding of the interactions among processes.

Plant productivity and species richness are two fundamental properties of plant community structure and func-
tioning. The relationships between plant productivity and species richness at different spatial scales have been 
the subject of numerous studies and continue to be a controversial ecological topic1–5. Much of the controversy is 
historically focused on interpretations of the relationship between species richness and community productivity 
as well as in the interpretation of the underlying mechanisms. Basically, there are two potential relationships: (1) 
the plant productivity-species richness relationship (PSRR), in which plant productivity is considered to be an 
independent variable and species richness as a dependent variable, which elucidates how patterns of plant diver-
sity are affected by plant productivity, and (2) the species richness-plant productivity relationship (SRPR), i.e., the 
feedback relationship to PSRR, in which species richness is conversely considered to be an independent variable 
and plant productivity as a dependent variable, which clarifies the effects of plant diversity on plant productivity 
related to ecosystem functioning, stability, and services4–6.

The most typical form of the PSRR is a humped (or unimodal) curve, with richness first increasing and then 
decreasing with increasing productivity3,7,8. The most typical form of the SRPR is an asymptotic or positive 
form, i.e., plant productivity is positively affected by species richness until a certain value of the latter is reached, 
above which productivity maintains a constant value9,10. The mechanisms proposed to explain the PSRR and 
SRPR include many processes, theories, and hypotheses, such as the species-energy theory4,11,12; the metabolic 
rate of ecosystems13,14; the interspecific competitive exclusion hypothesis15–18; the assemblage-level thinning 
hypothesis19–21; the resource ratio theory4; the species pool effect22; dispersal limitation23,24; disturbance25,26; 
resource availability4,27; environmental heterogeneity28,29; and the selection effect, the complementary effect, 
density effects, and the biodiversity and ecosystem functioning theory9.
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However, the typical forms of the PSRR and SRPR have often been challenged because results from assem-
bly experiments, field investigations, and mathematical modelling have indicated other forms, including neg-
ative monotonic, irregular, unpredictable, unrelated, level, or even U-shaped patterns5,8. Over the past several 
decades, ecologists have been intensely debating the most general pattern among these forms and underlying 
mechanisms7,19,21,22,30–34. Although ecologists have adopted standardized and consistent approaches to reconcile 
the differences in the forms and to clarify the underlying causes, various forms of the PSRR and SRPR still arise, 
leading to debates8,35–39. Some authors suggest that ecologists should focus on conducting integrative analyses 
of the causes of the mechanisms controlling the PSRR and SRPR since they are variable and complex, being 
governed by many abiotic and biotic factors and affected by scale dependence39,40. Ecological processes affect-
ing plant productivity, species richness, and their relationship often have either a positive or negative effect, 
and some even have the two effects simultaneously4,7,27. Therefore, completely understanding the PSRR and 
SRPR and their underlying mechanisms necessitates (1) the clarification of the respective effects of the different 
processes; (2) the use of suitable theoretical methods to combine the respective effects of these processes into a 
logical comprehensive effect on the PSRR and SRPR; and (3) the use of observed data to verify the derived forms 
by using integration models and to identify the underlying mechanisms.

Some previous studies have been concerned with the use of integrative models to predict the PSRR and 
SRPR forms, such as the non-equilibrium interaction model41, multispecies patch-occupancy models42, 
the resource-ratio model16, the habitat template model43, and the modified neutral model44. However, the 
methods used in these studies do not adhere to the three criteria discussed at the end of the preceding par-
agraph. Specifically, these studies were often based on elegant models with few variables (in contrast to the 
large number of variables in the real world) to derive the dominant forms of the PSRR and SRPR. Once the 
dominant form is challenged, theoretical studies need new models to explain other forms of the PSRR and 
SRPR. Therefore, in the field, there are many models that cannot completely explain all forms of the PSRR and 
SRPR. For example, a mechanistic model that identifies plants that are able to use limited soil nutrients with 
increasing diversity in ecosystems generates a positive form of the SRPR45, whereas a modified multispecies 
patch-occupancy model reveals negative, positive, and humped forms of the PSRR along disturbance and pro-
ductivity gradients46. Recently, Grace et al.39 structured a causal network of the humped form of the PSRR, in 
which the humped form was determined to be a dominant form affected by multiple processes, and the causes 
and patterns of the PSRR were evaluated using structural equation modelling. Dramatically, this formal anal-
ysis rejected the humped form of the PSRR and revealed the effects of additional active processes. Trait-based 
models described by Bayes’ Theorem were also used to explain ecosystem restoration with some derived forms 
of the PSRR and SRPR47.

In this study, we did not a priori assume any documented forms of the PSRR or SRPR from previous studies 
as dominant forms to be derived by models. Conversely, we combined all crucial positive and/or negative pro-
cesses widely found by ecologists in their studies to affect the PSRR and SRPR into a set of integration models 
based on theories of differential equations and ecological dynamical systems. We changed the values of the model 
parameters to regulate the strengths of these crucial processes to derive the forms of the PSRR and SRPR and 
identify underlying mechanisms. To prevent the causes from being confused with consequences, we explicitly 
defined plant species richness (s) as a dependent variable and plant productivity (P) as an independent variable 
to establish the PSRR models for the quantification of the effects of plant productivity on species richness. Next, 
by using the PSRR models, we derived models of the SRPR, i.e., the feedback relationships to the PSRR, in which 
plant productivity (P) was conversely considered as a dependent variable and species richness as an independent 
variable. We suggested that (1) ecological processes that have a positive or negative effect on the PSRR and SRPR 
vary temporally or spatially; (2) the processes that have a strongly positive effect at one productivity or richness 
level might have a weakly positive or negative effect at a different productivity or richness level; and (3) the com-
bination of all positive and/or negative process effects radically determines the forms of the PSRR and SRPR. 
First, we assessed the positive and/or negative effects of crucial processes that have been widely considered in the 
literature to regulate plant productivity, species richness, and the relationships between them. Second, we noted 
how the models might combine the effects of these crucial processes and other processes or factors. Third, we 
used the integration models to derive the forms of the PSRR and SRPR at local and regional scales and verified the 
forms at the local scale using observed data.

Results
the pSRR and SRpR at the local scale. The PSRR. When the first value in each cell in the data col-
umns marked with # in Supplemental Table 1 was substituted into Eqs 10 and 11, the five typical forms of the 
PSRR with the dynamics of the potential species-pool effect (Sp) and intra-and interspecific competition effects 
(IICE, b) were derived (Fig. 1). The first is a humped form (Fig. 1A1), with species richness (s) first increasing 
along with increasing plant productivity (P) and then decreasing. The dynamics of Sp show the sunken form 
(Fig. 1A2). The reason for the sunken Sp is that when s gradually increases, the actual contribution of the species 
pool to the target community is increased, but the size (aA) of the species pool is invariable; therefore, Sp becomes 
small (Eq. 2). Conversely, when s declines at the right side of the humped form (Fig. 1A1), the corresponding Sp 
increases (Fig. 1A2). However, b presents a form similar to a capital S in association with P and s. Overall, the 
combined positive processes regulating the PSRR are dominant at the rising section of the humped PSRR, but 
combined negative processes act after the intermediate P level, forming the humped pattern. The second is an 
asymptotic form (Fig. 1B1), with s continually increasing along with P and reaching its maximum value at the 
highest P level. Sp gradually declines, and b increases with increasing P (Fig. 1B2). The process parameters m1 and 
m2 are greater for the asymptotic form than for the humped form (Supplemental Table 1). The relatively higher 
strength of the combined positive processes than the combined negative ones generates the asymptotic form. 
Third is a positive form (Fig. 1C1), which is similar to the asymptotic form, but the end of the curve is different. 
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The corresponding Sp and b are also similar (Fig. 1C2). However, the process parameters m1 and m2 are greater 
for the positive form than for the asymptotic form (Supplemental Table 1). For this form, combined positive pro-
cesses are always dominant. Fourth is a negative form (Fig. 1D1), in which s continually decreases. Both Sp and b 

Figure 1. Typical forms of the PSRR. (A1–E1) represent the humped, asymptotic, positive, negative, and 
irregular forms, respectively. (A2–E2) show the dynamics of IICE (b) and the potential species-pool effect (Sp) 
for the five forms. (A3–E3) show the observed species richness along a productivity gradient at local sites in 
Germany, the Czech Republic, Russia38, the USA57, and Australia58, respectively. Regression curves were fitted 
based on the observed species richness. Fitted curves were drawn using the predicted species richness (obtained 
using the second value in each cell in the data columns marked with # in Supplemental Table 1 being substituted 
into Eq. 10).
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continually increase (Fig. 1D2). Combined negative processes primarily shape this pattern. Fifth is an irregular 
form (Fig. 1E1). This form is irregular or unrelated to P because there are different disturbances to the PSRR along 
the P gradient (Supplemental Table 1). Sp shows a moderate increase along the P gradient, whereas b continuously 
slumps (Fig. 1E2). In Supplemental Table 1, only the parameters from which the five typical forms of the PSRR 
were derived are given. If the values of these parameters differ from those in Supplemental Table 1, other interme-
diate forms will arise (Supplemental Material 1).

Verification of the PSRR forms indicated that there were no significant differences between the observed and 
fitted s according to the t-tests and goodness-of-fit tests for the humped form (t = 0.34, n = 43, p = 0.72; X2 = 5.02, 
n = 43, p > 0.995; Fig. 1A3), the asymptotic form (t = 1.56, n = 153, p = 0.12; X2 = 26.96, n = 154, p > 0.995; 
Fig. 1B3), the positive form (t = 0.26, n = 45, p = 0.20; X2 = 18.83, n = 45, p > 0.995; Fig. 1C3), the negative form 
(t = 0.33, n = 147, p = 0.74; X2 = 82.35, n = 147, p > 0.995; Fig. 1D3), and the irregular form (t = 0.06, n = 235, 
p = 0.85; X2 = 8.24, n = 235, p > 0.995; Fig. 1E3). Thus, the five derived forms of the PSRR can fit the observed 
forms well. The estimated parameter values, i.e., the second value in each cell in the data columns with # in 
Supplemental Table 1, can to some degree represent the process strengths affecting these five observed PSRR 
forms.

SRPR. (1) SRPR with monotonically increasing s. The forms of the SRPR were also derived (Fig. 2A1–E1) after 
a set of the same parameter values as those used to derive the PSRR in Fig. 1 (the first value in each cell in the 
data columns marked with # in Supplemental Table 1) had been substituted into Eq. 21. The SRPR also shows 
five forms, i.e., the humped, asymptotic, positive, negative and irregular forms also observed for the PSRR, but 
they do not look as typical as the shapes of the curves for the PSRR. The SRPR, i.e., the feedback to the humped 
PSRR in Fig. 1A1, is still humped (Fig. 2A1). However, its peak tapers more in comparison to that in Fig. 1A1. 
Both sampling and the complementarity (SC) effects (u(s)) and density effects (m(s)) affecting the SRPR indicate 
a rounded humped form (Fig. 2A2) and become negative at the end of the humped form, suggesting that the 
effects of u(s) and m(s) disappear at high s levels. The SRPR associated with the asymptotic PSRR in Fig. 1B1 can 
be considered to have two forms (Fig. 2B1): a positive form with s on the x-axis ranging from 0 to 50 units (in 
front of the dotted line) and a similarly asymptotic form with s ranging from 0 to 80 units. Although u(s) and m(s) 
are also the humped forms, their peak values occur at a higher s level (Fig. 2B2). The SRPR related to the positive 
PSRR in Fig. 1C1 is still positive (Fig. 2C1), and u(s) and m(s) are also positive (Fig. 2C2), indicating that the inte-
grated positive processes are dominant. For the SRPR related to the negative PSRR in Fig. 1D1, after a small peak 
in P, P shows a gradual decrease with increasing s beginning from a high primary s (Fig. 2D1). Correspondingly, 
both u(s) and m(s) simultaneously decline (Fig. 2D2), and the high primary s causing strong IICE is key for the 
u(s) and m(s) and corresponding SRPR form. The SRPR related to the irregular PSRR in Fig. 1E1 is also irregular 
because of the different intensities of disturbance (Fig. 2E1). The corresponding u(s) and m(s) in Fig. 2E2 are 
not as regular as those in Fig. 2A2–D2 due to disturbance. Nevertheless, there is still a weak increasing trend for 
u(s) and m(s), with their positive effects on P being offset by disturbance (Fig. 2E2). Overall, these changes in the 
SRPR forms are identical to those for u(s) and m(s).

Verification of the SRPR with monotonically increasing s indicated that no significant differences occurred 
between the observed and fitted P for the asymptotic form (t = 0.23, n = 50, p = 0.82; X2 = 1.97, n = 50, p > 0.995; 
Fig. 2B3)and the positive form (t = 0.97, n = 57, p = 0.33; X2 = 48.54, n = 57, p > 0.10; Fig. 2C3) based on both the 
t-test and goodness-of-fit test. The t-tests also showed no significant difference between the observed and fitted P 
for the humped form (t = 0.87, n = 54, p = 0.38; Fig. 2A3), the negative form (t = 0.53, n = 44, p = 0.62; Fig. 2D3), 
and the irregular form (t = 1.47, n = 164, p = 0.14; Fig. 2E3). However, a significant difference existed between the 
observed and fitted P for the humped form (X2 = 1817.08, p < 0.005; Fig. 2A3), the negative form (X2 = 155.06, 
p < 0.05; Fig. 2D3), and the irregular form (X2 = 345.24, p < 0.01; Fig. 2E3) based on the goodness-of-fit test. 
Although the correspondence of the derived SRPR to the observed SRPR was not as good as that of the derived 
PSRR to the observed PSRR, the derived SRPR and the estimated parameter values, i.e., the third value in each 
cell in the data columns with # in Supplemental Table 1, can to some degree explain the observed forms and the 
process strengths affecting these observed forms. The diverse fitted curves in Fig. 2A3–E3 also indicate the high 
plasticity of the models of the SRPR.

(2) SRPR with non-monotonically increasing s. Five SRPRs with non-monotonically increasing s were derived 
(Fig. 3A–E) when the species richness in Fig. 1A1–E1 was substituted into Eq. 21. In other words, the calcula-
tion results of Eq. 10, i.e., species richness, were used as inputs in Eq. 21 to calculate plant productivity. This 
resulted in the transformation of dependent variables and independent variables, or feedback to the PSRR. In 
Fig. 3A,B,D,C,E, species richness (s) on the x-axis continually shows a non-monotonic increase. Specifically, in 
Fig. 3A, species richness decreases when species richness increases to 16 on the x-axis, but plant productivity on 
the y-axis continually increases with increasing and then decreasing species richness. Species richness begins 
to stabilize when it approaches 50 units in Fig. 3B, but, correspondingly, plant productivity on the y-axis always 
increases. Species richness on the x-axis always increases from 1–80 species in Fig. 3C, and a decrease in species 
richness is not noted. Correspondingly, plant productivity shows a continual increase. Species richness always 
increases from 1 to 50 species on the x-axis in Fig. 3D, and, conversely, plant productivity continually decreases 
with increasing species richness. With increasing species richness on the x-axis in Fig. 3E, plant productivity 
along the y-axis fluctuates due to different intensities of disturbance. In fact, species richness along the x-axis 
also fluctuates in Fig. 3E, as shown in Fig. 1E1, but the fluctuation in species richness is hidden by mapping. A 
comparison of Fig. 3A–E with Figs 1A1–E1 indicates that Fig. 3A–E are simply products of coordinate rotation of 
Fig. 1A1–E1 at 90°. The dynamics of IICE and Sp corresponding to Fig. 3A–E are the same as those for Fig. 1A2–E2  
even if the coordinates are rotated.
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the pSRR and SRpR at the regional scale. The local derivation in Fig. 1 indicates that the five forms 
of the PSRR might arise in a plant community with different strengths of ecological processes. Thus, the five 
PSRR forms were used as the initial forms in deciduous coniferous forests (DCF) to determine the changes in the 

Figure 2. Forms of the SRPR. (A1–E1) represent the humped, asymptotic, positive, negative, and irregular 
forms, respectively. (A2–E2) show the dynamics of the SC effects (u(s)) and density effect (m(s)) for the five 
forms. (A3–E3) show the observed productivity along a species richness gradient in the grasslands of Texas67, 
forest plots around the world56, the floodplain of the Saale River in Germany10, and the plant community in 
Gloucestershire of the UK59,68, respectively. The regression curve was fitted based on the observed productivity. 
Fitted curves were drawn using the predicted productivity (obtained using the third value in each cell in the 
data columns marked with # in Supplemental Table 1 being substituted into Eq. 21).
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shapes of the PSRR with increases in the intrinsic rate of species richness (IRSR, m1), resource availability (m2), 
and the effect coefficient (a) (Supplemental Table 1) along the assumed transect across evergreen needle-leaf 
forests (ENF), temperate deciduous broad-leaved forests (TDBF), evergreen coniferous and broad-leaved mixed 
forests (ECBF), evergreen broad-leaved forests (EBF), and tropical rainforests (TRF) in Russia, Japan and the 
Philippines48. The results indicate that the combined positive processes were strengthened. All five initial forms 
of the PSRR in the DCF changed into other forms except for the positive form (Fig. 4C1). The highest s in each of 
the initial forms was low; however, with different increases in m1, m2, Eh, and a, the highest s showed significant 
changes (Fig. 4A1–E1). Notably, the initial irregular form of the PSRR was observed owing to the remarkably 
different disturbances (Fig. 4E1). However, after different increments had been added to m1, m2, Eh, and a across 
these forests, the initial irregular form became a positive form (Fig. 4E1). This suggests that positive ecological 
processes weaken or offset the negative effects of disturbance on s and the PSRR.

Figure 3. The SRPR with s continually presenting non-monotonic increases. These figures were created based 
on the calculation results of Eq. 10, i.e., species richness as inputs to Eq. 21 to calculate plant productivity for 
a transformation of dependent variables and independent variables. (A1–E1) show the humped, positive, 
asymptotic, negative and irregular forms, respectively, generated by substituting the derived species richness in 
Fig. 1A1–E1 into Eq. 21.
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Figure 4. Changes in the forms of the PSRR and SRPR with the intrinsic rate of species richness (m1), resource 
availability (m2), and effect coefficient (a) related to the species pool and environmental heterogeneity (Eh) 
across different zonal forests. The addition of increments to m1, m2, a, and Eh leads to the formation of gradients 
in m1, m2, a, and Eh, respectively, starting from DCF across ENF, TDBF, ECBF, EBF, and TRF from the north to 
south in Russia, Japan and the Philippines48. These gradients are created by assigning increments of 0.05, 0.05, 
0.02, and 0.06 to m1, m2, a, and Eh, respectively, spanning over one productivity unit on the x-axis for the s2 
curve from (A1–E1) and 0.1, 0.1, 0.03, and 1 for the s3 curve. Other parameters that are substituted into Eqs 10, 
11, and 21 are equal to the first value in each cell in the data columns marked with # in Supplemental Table 1. 
P0 and S0 in a southern forest are assumed to be greater than those in a northern forest. The s1 curve is a control, 
and the values of the parameters used to derive it are the same as those used to derive the five PSRR and SPRP 
forms in Figs 1A1–E1 and 2A1–E1. (A1) the humped shape in DCF changes into a humped shape with a high 
s peak (s2 and s3). (B1) the asymptotic shape is maintained with a high s peak (s2) and changes into a shape that 
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The SRPR forms with increments added to m1, m2, Eh, and a were also diverse (Fig. 4A2–E2), including the 
humped, level, positive, negative, and irregular forms, which are not as typical as those shown in Fig. 4A1–E1. The 
humped form occurs with small values of m1, m2, Eh and a, but the humped form changes into a level line when 
large increments are added to the four parameters (Fig. 4A2). Similarly, the positive SRPR forms (the feedbacks to 
the asymptotic and positive PSRR) change into level forms when greater increments are added to m1, m2, Eh, and 
a (Fig. 4B2,C2). For the SRPR forms corresponding to the negative and irregular PSRR, a transition from both the 
similarly negative form and irregular form to level forms is noted with increments being added to m1, m2, Eh, and 
a (Fig. 4D2,E2). These results indicate that the strengthened effects of these positive processes significantly act on 
P (different levels of curves), but P does not obviously remain sensitive to increasing s (each curve corresponds to 
increasing s on the x-axis). These forms are different from those of the PSRR, in which changes in s with increas-
ing P on the x-axis are very significant (Fig. 4A1–E1).

The sampling method also affects the identification of the forms of the PSRR at the regional scale. The 
local-scale derivation in Fig. 1 indicates that the five typical forms of the PSRR might be present at the local scale 
in zonal forests, DCF, ENF, TDBF, ECBF, EBF, and TRF in Russia, Japan and the Philippines because of the dif-
ferent strengths of the processes48. Moreover, the intrinsic rate of species richness, environmental heterogeneity, 
resource availability, and species pool size are higher in the southern forests than in the northern ones. Thus, 
when m1, m2, Eh, and a in Eqs 10 and 11 are assigned greater parameter values in southern forests compared 
with those in northern forests, the five typical forms of the PSRR in each of the six forest types are derived. 
Furthermore, the same forms of the PSRR in the six forests are shown in Fig. 5A1–E1. For the humped forms of 
the PSRR (Fig. 5A1), if the major quadrats were set up across these zonal forests as described by L1 (i.e., span-
ning different regions) to gain data on P and s (i.e., low richness in northern forests corresponding to low plant 
productivity and high richness in southern forests corresponding to high plant productivity), the form of the 
PSRR would be the positive form. If the quadrats were set up as described by L2 (i.e., low and high richness versus 
similar plant productivity), the form of the PSRR would be the irregular form, and if the quadrats were set up as 
described by L3 (i.e., low richness versus high plant productivity and high richness versus low plant productivity), 
the form of the PSRR would be the negative form.

As shown in Fig. 5B1–E1, similar results can also be obtained by using a similar set of quadrats. In particular, 
if the quadrats were set up first as described by L1 and then as described by L2, the form of the PSRR would be 
the asymptotic form; however, if the quadrats were set up first as described by L1 and then as described by L3, the 
form of the PSRR would be the humped form. Thus, the forms of the PSRR across these forests (north to south 
at the regional scale) are diverse and correspond to the various sampling methods. For the SRPR, the application 
of the L1, L2, and L3 sampling methods allows for the graphical testing of the five SRPR forms (Fig. 5A2–E2) 
because the different strengths of the processes have also shaped the different SRPRs in these zonal forests.

Discussion
The forms of the PSRR and SRPR (i.e., the feedback relationships to the PSRR) and the underlying mechanisms 
are complex and have been intensely debated for several decades1,3,5,39. Since ecological processes govern these 
two relationships through their respective positive and/or negative effects, combining the processes that affect 
plant species richness and productivity and quantifying their integrative effects is necessary to understand these 
relationships39,40. In this study, we established a set of integration models capable of combining these positive and/
or negative processes through differential equations and the dynamic analysis of ecological processes and derived 
and revealed the various forms of the PSRR and SRPR with variation in the strengths of key processes. The 
combined processes included the intrinsic rate of species richness (IRSR), resource availability, the species-pool 
effect, IICE, disturbance, environmental heterogeneity, the SC effect, and density effects. Some of these processes 
also involve sub-processes48. In the real world, these processes regulate the PSRR and SRPR through complex 
interactions and are not independent factors39,40,49. Here, we actually separate them from the complex interaction 
through specific models before combining them to quantify their roles in the regulation of the PSRR and SRPR 
and realize a better combination (Methods).

The IRSR is an important process that results in a positive effect of plant productivity on species richness 
because the speciation rate increases with increasing metabolic rates of plants as well as plant productivity based 
on the metabolic theory of ecology (MTE)13. Moreover, a more productive plant community will possess a high 
plant density and thus can potentially maintain rare species and high species diversity per species energy theory 
(SET)11,12,30. The integrative models developed here combine the IRSR with the term m1s in Eq. 1a. Another 
important term with a positive effect on species richness is m2Sp, which indicates the contribution of immi-
grant species to species richness; comparatively, the IRSR indicates the contribution of established species to 
species richness49,50. However, with increasing species richness and productivity, IICE increase, which results in 
a decrease in species richness21. We used –gb to describe the decrease in Eq. 1a and to establish Eq. 1b to describe 
the increase in IICE. Here, Eq. 1b is a competing model, and different processes, including the negative effects 
of increasing productivity, species richness and Sp on species richness and the negative effects of disturbance on 
IICE, were combined to derive the different forms of the PSRR and SRPR. Equation 1b produces similar results 
in terms of shaping the different forms of the PSRR and SRPR due to the combination of processes based on 

is close to humped (s3). (C1) a positive shape is maintained (s2 and s3). (D1) the negative shape changes into 
positive shapes (s2 and s3). (E) the irregular shape changes into positive shapes (s2 and s3). (A2-E2) show the 
SRPR forms, i.e., the feedbacks to (A1–E1), which change from non-typical humped, positive, negative, and 
irregular forms to level forms. s1, s2, and s3 represent different curves of species richness, and P1, P2 and P3 
represent different productivity curves. The P1, P2, and P3 curves represent the feedbacks to the s1, s2, and s3 
curves, respectively.
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Figure 5. Relationships between the sampling methods and the forms of PSRR and SRPR. L1, L2, and L3 are 
the three types of sampling methods. Figs A1–E1 and A2–E2 show the five typical forms of PSRR and SRPR 
arising in the six zonal forests from north to south. Six of the PSRR and SRPR curves in each figure correspond 
to six sets of the different parameters m1, m2, a, Eh, g, and k. In particular, derivation of the five types of PSRR 
and SRPR starts from DCF, with all parameters assigned the first value in each cell in the data columns marked 
with # in Supplemental Table 1. Next, successive increments of 0.03, 0.03, 0.1, 5, −0.01, and −0.025 are applied 
to the values of m1, m2, a, Eh, g, and k, respectively, for the next southern forest ENF, TDBF, ECBF, EBF, and 
TRF. The values of the other parameters remain unchanged. After all the calculations for the forms of PSRR and 
SRPR using Eqs 10, 11 and 21 in each of the forests were performed, data on the same forms in the six forests 
were used to produce Figs A1–E1 and A2–E2. Similarly, P0 and S0 in a southern forest are considered to be 
greater than those in a northern forest.
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the addition principle in differential calculus. Environmental heterogeneity (Eh) was originally investigated as 
a classic driver of plant species diversity20,29. However, at the local scale, species richness is more dependent on 
resource availability than on environmental heterogeneity51,52. Therefore, we considered the effect of Eh only at the 
regional scale in the integration models. Disturbance is a significant factor affecting species richness, productivity 
and the PSRR, with positive or negative effects53. Therefore, in both Eqs 1a and 1b, we introduced a disturbance 
terms described by the impulse function. All these processes integrated in the models of the PSRR also affect plant 
productivity; thus, we established models of the SRPR to integrate the effects of these processes and SC effects and 
density effects on the SRPR.

When ecological processes were assigned different values (Supplemental Table 1), we derived five typical forms 
of the PSRR at the local scale and indicated the dynamics of IICE and Sp affecting these forms (Fig. 1). The SRPR, 
i.e., feedbacks to the PSRR, also has five forms (Figs 2 and 3). The SRPR actually includes two types of SRPRs: (1) 
The SRPR with s continually presenting monotonic increases, which has long attracted numerous ecologists to 
clarify the effects of species richness on plant productivity by conducting manipulative experiments, field inves-
tigations, theoretical research and meta-analyses9,54,55. The SRRP clearly showed five forms with increasing spe-
cies richness (s) (Fig. 2) when resource availability (m1 and m2) were assigned constants (Supplemental Table 1). 
However, when m1 and m2 were assigned increasing values, the five typical forms of the SRRP were not derived 
(Fig. 4A2–E2), indicating low sensitivity to increasing species richness (s) under great variation in resource avail-
ability. We suggest that the effect of species richness on productivity is screened by resource availability under a 
strong condition of resource availability. Similar results have been abundantly observed in the field4,39,55,56. (2) The 
SRPR with s continually presenting non-monotonic increases. The derived forms of the SRPR based on complex 
Eqs 20 and 21 are simply products of coordinate rotation by 90° in Fig. 1A1–E1. The following Figs 4A1–E1 and 
5A1–E1 can also be transformed into the SRPR with non-monotonically increasing s after coordinate rotation by 
90°. Thus, the SRPR with non-monotonically increasing s can be replaced by the PSRR in this paper. Readers can 
look at these figures of the forms of the PSRR following coordinate rotation by 90° to understand the forms of the 
SRPR. For the two SRPR types, the ones with s continually presenting non-monotonic increases are more typical 
in form than those with s continually presenting monotonic increases. Several previous studies have conducted 
qualitative analyses of some types of possible transformation between the PSRR and SRPR2,7. In the present study, 
the transformation is directly quantified based on integrated models, and the SRPR is classified into the SRPR 
with s continually presenting monotonic and non-monotonic increases.

Abundant empirical data that were compiled over several decades have shown that all of these PSRR and SRPR 
forms occur in various terrestrial, freshwater, and marine taxa in different regions of the world1,3,5,39,55. Ecologists 
have suggested many theories to explain the underlying mechanisms, but they have been intensely debated39,40. 
The present derivation and model verification performed using observed data clearly indicate that if different 
strengths of ecological processes are integrated to regulate species richness and productivity (Supplemental 
Table 1), these five PSRR and SRPR forms will arise (Figs 1 and 2). In particular, when integrated positive pro-
cesses are dominant, the form of the PSRR and SRPR shows a positively linear or asymptotic pattern; when 
integrated negative processes are dominant, the form of the PSRR and SRPR shows a negative pattern; and when 
integrated positive and negative processes are successively dominant, the form of the PSRR and SRPR is humped. 
The integration models and derived forms of the PSRR and SRPR can almost perfectly explain the observed 
patterns of the PSRR and SRPR from a dynamical mechanism perspective. The model verification also, to some 
extent, quantifies the strengths of the processes affecting the observed forms of the PSRR and SRPR10,38,57–59. 
In several reviews of more than 1,000 observational studies conducted in different locations around the world, 
ecologists have calculated the different ratios of the observed results for each of the five typical forms of the 
PSRR and SRPR by meta-analysis1–9,36,39,55. These studies were conducted in different zonal forests, grasslands and 
eco-location stations in fields. Ecologists have generally adopted consistent methods for research. Therefore, the 
observed data are representative and can reflect the observed shapes, and the five typical forms of the PSRR and 
SRPR are widely accepted by ecologists1–9,36,39,55. The present modelling results are also identical to these observed 
results by comparison of the different forms of the PSRR and SRPR.

Furthermore, intermediate forms of the PSRR and SRPR can also occur (Figs 6 and 7 in Supplemental 
Material 1) when a community recovers from primary succession with variation in the strengths of key pro-
cesses. These results suggest that the forms of the PSRR and SRPR can be more diverse than the few typical forms 
observed in previous studies5,39, with the strengths of ecological processes controlling the shape of the PSRR. This 
is because an increase in the strength of some processes often offsets the strength of other processes and results 
in the transition to a different form of the PSRR and SRPR. For example, as shown in Fig. 2A1,A2, increasing SC 
effects and density effects were gradually offset by negative processes (such as IICE and the stress of disturbance) 
with transitions in u(s) and m(s) from a rise to a decrease, which consequently shape the peaks of the humped 
SRPR. Thus, the offset effects of the negative processes on the positive processes can be considered as a mecha-
nism explaining the humped forms of the SRPR. Conversely, in Fig. 4D1,E1, the integration of the different posi-
tive processes gradually offset the negative processes, which shape the asymptotic and positive forms of the PSRR. 
The offset effects of positive processes on negative processes have been investigated in previous empirical studies, 
in which resource availability offset the negative effects of grazing disturbance in aquatic ecosystems as well as 
the negative effects of windthrow, logging, or fire in tropical forests on plant diversity53,60. These results are very 
beneficial to the management of ecosystems in terms of coping with climate change and biodiversity decreases in 
the areas of conservation, forestry and agriculture. Specifically, to maintain high plant diversity and productivity 
for carbon sequestration and other ecosystem services, the positive processes in Supplemental Table 1 can be 
considered to be contributory factors to use in the management of ecosystems. When the forms of the PSRR and 
SRPR are positive and asymptotic, as shown in in Supplemental Table 1, high plant diversity and productivity in 
communities are able to be well maintained. Correspondingly, the values of the parameters for different processes 
in the cells corresponding to the positive and asymptotic forms of the PSRR and SRPR can be referred to as a 
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potential standard for the quantitative management of ecosystems. Among these positive processes, the intrinsic 
rate of species richness, resource availability, the effects of productivity and species richness on intra- and inter-
specific competition effects and the potential effects of species pools are more important than other processes. 
Moreover, the values of these processes at moderate levels determine the formation of the positive and asymptotic 
forms of the PSRR and SRPR. Therefore, ecosystem managers can focus on these key processes.

At the regional scale, we used forests distributed from circumpolar latitudes to the equator as examples and 
derived the forms of the PSRR and SRPR. Across these zonal forests from north to south, the IRSR, resource avail-
ability, the species pool size, and environmental heterogeneity continually increase61. Therefore, in the models, the 
parameters of these processes are assigned greater values for southern forests than for northern forests. Thus, the 
different forms of the PSRR across these zonal forests change into dominantly positive or close to positive linear 
forms. However, the SRPR forms often change into a level line, indicating that the sensitivity of productivity to 
species richness decreases. These results emphasize the importance of the IRSR, resource availability, the species 
pool, and environmental heterogeneity in the maintenance of plant diversity and productivity from a theoretical 
perspective, which supports the findings of previous empirical studies28,52,62,63. These results indicate that the 
forms of the PSRR at the regional scale are dictated by dominant positive processes, as observed on different 
continents, where many positive PSRR gradients in various terrestrial, freshwater, and marine taxa span different 
latitudes13. Notably, different sampling methods also affect the identification of the forms of the PSRR and SRPR 
at the regional scale, but these sampling methods are only used to reveal the existing PSRRs and SRPRs that are 
dictated by the strengths of the ecological processes in the real world. These results indicate that both identical 
and different forms of the PSRR and SRPR occur in plant communities at the regional and local scale. In terms 
of identical forms, local processes primarily shape the different forms of the PSRR and SRPR at the local scale. 
The different sampling methods combine the relationships between species richness and productivity occurring 
at local sampling sites and affected by local processes to create the large-scale forms of PSRR and SRPR spanning 
different regions. However, in appearance, these large-scale forms of the PSRR and SRPR are identical to the 
forms occurring at small local scales (Fig. 5). In terms of the different forms, the processes affecting the forms of 
the PSRR and SRPR across different regions and their strengths differ from those occurring at the local scale. The 
negative processes, such as intra- and interspecific competition effects, affecting the forms of the PSRR and SRPR 
and primarily occurring at the local scale are much weaker than the positive processes, such as resource availabil-
ity and environmental heterogeneity, occurring at the regional scale, which shape the dominantly and regionally 
positive or asymptotic forms of the PSRR and SRPR12,57.

From the perspectives of differential equations and ecological dynamical systems, the integration of these 
positive or negative processes to derive the different forms of the PSRR and SRPR first suggests that the effects 
of these processes are identical in nature and, accordingly, that these effects may be accumulated and offset (i.e., 
there are additive effects and offset effects among ecological processes). When these processes stochastically occur 
and accumulate or offset the effects of different processes on the PSRR and SRPR, all these processes can create 
a fluctuant total effect on the forms of the PSRR and SRPR along a gradient of plant productivity or species rich-
ness. Thus, the fluctuant total effect may result in the different PSRR and SRPR. Hence, the integration models 
and derived results are able to explain the recent study results that productivity is a poor predictor of plant species 
richness36. Second, the asymptotic and positive PSRR may change into the humped form if the highest productiv-
ity level along a productivity gradient on the x-axis is set to a great value and the PSRR is further modelled. This 
change occurs because the total effects of the negative processes gradually dominate with increasing productivity 
or species richness. Fraser et al.8 published similar findings, in which plant productivity ranged from a low level to 
a particularly high level and, at the high productivity level, species richness was low because of strong competitive 
exclusion and resource limitation for some plant species. Thus, the changes in the process strengths described 
by the integration models may also explain the worldwide (six continents) evidence of a unimodal relationship 
between productivity and plant species richness8.

conclusions
The integration methods presented here provide a new theory for interpreting and predicting the results of species 
richness-plant productivity relationships. The different forms of the PSRR and SRPR are linked to one another 
under the effects of different processes. The addition of resource availability is known to increase species richness 
and productivity, and this effect is great at a regional scale in changing the PSRR and SRPR. The ecosystem seems 
to be unordered because of the actions of different ecological processes; however, when these processes are care-
fully assessed and combined into a model system that quantifies the integrative roles of these processes, including 
offset and additive effects, clarifying the PSRR and SRPR in the ecosystem becomes easy. Deriving the forms of 
the PSRR and SRPR when the mechanisms (i.e., the strengths of the integrated ecological processes determine the 
PSRR and SRPR forms) operate on different spatial scales would be interesting.

Methods
Assessment of combined processes. The combined processes include (1) the intrinsic rate of species 
richness with increases in plant productivity (IRSR), (2) intra-and interspecific competition effects (IICE), (3) 
the species-pool effect, (4) disturbance, (5) resource availability, (6) environmental heterogeneity, (7) selection 
and complementarity effects, and (8) density effects (Supplemental Table 2). Some processes also contained the 
sub-processes simultaneously combined in the models. The positive or negative effects of all processes and corre-
sponding parameters are given in Supplemental Table 1.

the models of the pSRR. Theoretically, plant species richness (s) continually changes with increases or 
decreases in plant productivity (P) temporally or spatially in communities. This is because s is a complex function 
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of various ecological processes (including P) that may continually vary in numerical value. Additionally, s can be 
defined in real observations as a positive integer (e.g., 1, 2, and 364). Therefore, we established the following sys-
tems to quantify the PSRR, regulated by the aforementioned crucial processes and other processes that structure 
these crucial processes.

ds
dP

m s m S gb D E (1a)p h1 2 ϕ ρ= + − − +

μ= + + −
db
dP

hb ks oS D (1b)p

In Eq. 1a, the term m1s denotes the change in s with P temporally and spatially in a natural plant community, 
and m1 is the intrinsic rate of species richness that increases with P (Supplemental Tables 1 and 2). m1 may also 
represent the total availability of resources because, according to the MTE and SET, available resources may lead 
to high metabolic rates, productivity, and gene mutation rates, rapid speciation and more individuals in a plant 
community, which actually correspond to a high intrinsic rate of species richness4,11,12,14,19,21,37. The term m2Sp 
reflects increases in s when a potential species-pool effect (Sp; s is the actual effect of the species pool) continues to 
act on the target community. m2 represents the total availability of resources, and a high availability may increase 
the establishment rates of species that immigrated from the species pool. Here, m2 represents direct availability 
(e.g., the quantity of soil nutrients), contrasting with indirect availability (m1), such as plant productivity. Sp is 
quantified using Eq. 2:

ς= − − − − −S aA s lb E aA aA l aA( ) ( ) ( ) (2)p 1

The first term, aA, is the size of the species pool capable of coexisting in the target community, which is closely 
related to land area (A). a is the effect coefficient correlated with geography and climate. The value of a is greater 
when the species pool is located in a relatively humid and hot climatic zone and a complex physiographical 
region (e.g., a region near the equator), contrasting with species pools located in northern regions. The second 
term in Eq. 2 is s, and with increasing s in the target community, the probability of the occurrence of new species 
immigrating from the species pool decreases; therefore, Sp will present a decreasing trend with increasing s. The 
term lb denotes biotic filtering effects of species in the target community on immigrant species from the species 
pool through IICE. E is the filtering effect coefficient representing the effect of unsuitable abiotic environments 
on immigrant species in regard to establishment in the target community, and it is also defined as environmental 
limitations to immigrant species. ς is the filtering effect coefficient of several combined factors associated with 
the limitations of propagation: isolation, dispersal distance, seed fecundity, seed quality and germinability, and 
dispersal capacity. The filtering effects of various disturbances are characterized by l1 (aA), where l1 is the effect 
coefficient. In Eq. 2, Sp ≤ aA.

In Equation 1a, m1s and m2Sp describe a continuous positive increase in s with P, resource availability, and Sp. 
However, when P and s reach high levels, IICE occurs. IICE will weaken the positive increases controlled by m1s 
and m2Sp and even cause a decrease in s16,19,21. Therefore, we used -gb to describe the effect of IICE. b represents 
the effect of IICE given by Eq. 1b, and g is the effect coefficient. Disturbance, D, which can weaken the positive 
increases in s controlled by m1s and m2Sp, does not appear at any time. We used an impulse function to describe 
that it might or might not appear. Eh represents environmental heterogeneity, which may be assigned different 
values, even zero, owing to its scale dependence. When Eh is assigned large values, this indicates high environ-
mental heterogeneity, and consequently ds/dP and species richness increase.

In Eq. 1b, b monotonically increases with P, s, and Sp. The effects of P, s, and Sp on b may, to a great extent, be 
independent of one another. The coefficients h, k, and o all are effect coefficients, and their magnitudes determine 
the contributions of P, s, and Sp to b (Supplemental Table 1). Conversely, D in Eq. 1b is able to suppress the domi-
nant species and decrease IICE, which reduces b to some extent60. Therefore, μD is negative, where μ is the effect 
coefficient. In Eqs 1a and 1b, coefficients m1, m2, h, k, and g are related to P.

After Eq. 2 is substituted into Eqs 1a and 1b, 3 is generated:

ds
d

m m m l g b m aA E aA aA l aA D E
P

( )s ( ) [ ( ) ( ) ( )] (3a)h1 2 2 2 1ς ϕ ρ= − − + + − − − − +

ς μ= − + − + − − − −
db
dP

k h ol b o aA E aA aA l aA D( o)s ( ) [ ( ) ( ) ( )] (3b)1

The solutions of Eq. 3 exist solely on the basis of the relative judging conditions. After the characteristic roots 
of the homogeneous form and the particular solutions of Eq. 3 are solved, the general solutions in matrix form 
are as follows:
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b
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Where θ = −m aA E aA[ ( )2  − ς(aA) − l1(aA)] − ϕ D ρ+ Eh; ω = o −aA E aA[ ( ) − ς(aA) − l1(aA)] − μD; and C1 
and C2 are any constants.

– –
⁎

λ λ

=
− + ± − + − ∗ ∗ − − + − +m m h ol m m h ol h ol m m k o m l g

and

[( ) ( )] [( ) ( )] 4 1 [( )( ) ( )( )]
2 1 (5)

1 2

1 2 1 2
2

1 2 2

r h ol m l g{[( ) ] ( )} (6)11 1 2λ= − − +–

λ= − − − + −r m m k o{[( ) ] [( )]} (7)12 1 2 1

– λ= − − +r h ol m l g{[( ) ] ( )} (8)21 2 2

λ= − − − + −r m m k o[( ) ( )] (9)22 1 2 2

Equation 4 (i.e., the solutions to Eq. 3) is very complex, causing the use of this equation to analyse the effects 
of various ecological processes on the PSRR to be complicated. In addition, the value ranges of the parameters 
in Eq. 4 that represent the strengths of the ecological processes are highly variable, which results in difficulties in 
precisely determining their value ranges. Thus, the approximate solutions to Eq. 3 (i.e., Eqs 10 and 11) are given 
using a fourth-order Runge–Kutta method, a finite difference method. The interception errors of Eqs 10 and 
11 are o(h5)65. Equations 10 and 11 can directly reflect the change in species richness at any time with various 
ecological processes. The ecological significance of Eqs 10 and 11 is that the change in current species richness 
(si) and intra- and interspecific competition effects (bi) is a product of the comprehensive effects of all ecological 
processes. When si=0, the dynamics of s, b, Sp, and P from primary succession can be described by Eqs 10 and 
11; however, conversely, when si≠0, the dynamics of s, b, Sp and P from secondary succession can be evaluated.

δ= + + + ++s s k k k k( 2 2 )/6 (10)i i s s s s1 1 2 3 4

δ= + + + ++b b k k k k( 2 2 )/6 (11)i i b b b b1 1 2 3 4

In Eq. 10,

θ= − − + +k m m m l g b( )s ( ) (12)s i1 1 2 i 2

k m m k m l g b k( )(s /2) ( )( /2) (13)s s i b2 1 2 i 1 2 1δ δ θ= − + − + + +

k m m k m l g b k( )(s /2) ( )( /2) (14)s s i b3 1 2 i 2 2 2δ δ θ= − + − + + +

δ δ θ= − + − + + +k m m k m l g b k( )(s ) ( )( ) (15)s s i b4 1 2 i 3 2 3

In Eq. 11,

ω= − + − +k k h ol b( o)s ( ) (16)b i1 i

δ δ ω= − + + − + +k k k h ol b k( o)(s /2) ( )( /2) (17)b s i b2 i 1 1

δ δ ω= − + + − + +k k k h ol b k( o)(s /2) ( )( /2) (18)b s i b3 i 2 2

δ δ ω= − + + − + +k k k h ol b k( o)(s ) ( )( ) (19)b s i b4 i 3 3

In Eqs 12–19, si, si+1, bi, and bi+1 represent s and b at the Pi and Pi+1 levels, respectively.δ is a step value.

the models of the SRpR. Main equation. When the formulae at the left and right sides of Eq. 3a are 
written in the reciprocal form, the model of the SRPR to describe the feedback relationship to the PSRR is given 
(Eq. 20). Equation 20 reflects the rate of change in plant productivity with species richness. Equation 20 can be 
used to test the effects of species richness on plant productivity with the same parameter values, i.e., process 
strengths, in the derivation of the PSRR by using Eqs 1–19.

ς ϕ ρ
=

− − + + − − − − +
dP
ds m m m l g b m aA E aA aA l aA D E

1
( )s ( ) [ ( ) ( ) ( ) ] (20)h1 2 2 2 1

Similarly, the approximate solutions, i.e., Eq. 21, are given to test the feedback effects of species richness on 
plant productivity and the forms of the SRPR. In the calculation, a set of the same parameter values as those 
substituted into Eqs 10 and 11 to test the effects of species richness on plant productivity was applied to Eq. 21.
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δ= + + + ++P P k k k k( 2 2 )/6 (21)i i P P P P1 1 2 3 4

In Eq. 21,

k m m m l g b1/[( )s ( ) ] (22)P i1 1 2 i 2 θ= − − + +

k m m k m l g b k1/[( )(s /2) ( )( /2) ] (23)P i b2 1 2 i 1s 2 1δ δ θ= − + − + + +

δ δ θ= − + − + + +k m m k m l g b k1/[( )(s /2) ( )( /2) ] (24)P s i b3 1 2 i 2 2 2

k m m k m l g b k1/[( )(s ) ( )( ) ] (25)P s i b4 1 2 i 3 2 3δ δ θ= − + − + + +

Equations of SC effects and density effects. Furthermore, Eqs 26 and 27 were used to determine the changes in 
SC effects (u(s)) and density effects (m(s)) on plant productivity (P) with increasing species richness (s). At low 
s, in a plant community, increases in temporal or spatial species richness (s) result in an increased likelihood of 
the presence of highly productive species (i.e., selection effects) and the co-occurrence of species through niche 
partitioning and facilitation (i.e., complementarity effects), which yield positive SC effects on P, i.e., an increase 
in P in Eqs 20 or 21 9,54. Therefore, a1s in Eq. 26 is applied to reflect the positive effects of species richness (s) on P. 
The coefficient a1 represents the intensity of the positive effect with increasing s. However, when s increases to a 
higher level, b begins to increase because plant species with similar niches continually establish and compete for 
resources27. The gradually strengthened b weakens increasing a1s, leading to a decrease in u(s). k1b in Eq. 26 rep-
resents the decreased section of the u(s), and k1 is an effect coefficient of b. Disturbance also weakens increasing 
a1s, and we use ë1D to represent this weakening39. ë1 is the effect coefficient of disturbance. Thus, the effect of u(s) 
on P is dictated by the balance among a1s, k1b and ë1D in Eq. 26. In Eq. 26, a1 is far greater than k1 at a low level of 
species richness because an increase in the effects of b on P is hysteretic temporally or spatially with increasing s.

̈= − −u s a s k b e D( ) (26)1 1 1

Meanwhile, plant density also increases with increasing s in a plant community based on SET21,30. Similarly, 
no or weak b occurs in the plant community when species richness is very low. Thus, the size and mass of indi-
vidual plants of each plant species are not at all influenced by b, which leads to increasing P simply because of 
accumulation in individual mass, i.e., a positive section of the density effect (m(s)) on P, which can be represented 
using a2s in Eq. 27. The coefficient a2 represents the intensity of the effect. However, although increasing diversity 
results in a greater quantity of individual plants, the average size and mass of individual plants obviously declines 
at high diversity levels because of strengthened b, which decreases P. This is the negative section of the density 
effect (m(s)) on P, which is represented by k2b. The coefficient k2 is the intensity of the effect. Disturbance also 
weakens increasing a2s, and we use ë2D to represent this weakening60. ë2 is the effect coefficient of disturbance. 
m(s) is dictated by the balance among a2s, k2b and ë2D. Similarly, a2 is far greater than k2 at a low level of species 
richness because b is hysteretic in effect.

̈m s a s k b e D( ) (27)2 2 2= − −

Derivation and verification of the PSRR and SRPR forms. In local ecological communities, it is generally known 
that species richness is controlled by regional species pools along with species dispersal and ecologically inter-
active effects, such as competition between species or within species, resource availability, and disturbance21–23. 
Correspondingly, species richness and productivity in the local communities vary32. However, many processes 
occurring at the two scales are different22. Therefore, we expected that the forms of the PSRR and SRPR occurring 
at the local and regional scales would be different. For this comparison, we further developed local and regional 
derivations of the two relationships to test the theoretical expectations and identify why they would be different.

Local scale. The local scale is the spatial extent at which ecological processes occur within the local commu-
nity. A local community is defined as a set of species that occupy a single relatively homogeneous habitat within 
a landscape49,66. However, if the scale within the local community is further reduced, there also exist different 
micro-habitats, such as sunny and shady slopes and steep and gentle slopes in a river valley or hills. Therefore, 
when a series of quadrats or plots are placed in the local community, the productivity levels and availability levels 
of resources differ among these quadrats or plots29,51. Thus, m1 and m2 in Eqs 10–25 are considered to be variable 
values (Supplemental Table 1). At the local scale, environmental heterogeneity (Eh) is actually the level of var-
iation and configuration across various resource types, with diverse configurations and considerable variation 
resulting in high Eh. A high Eh likely causes an imbalance in the resource supply for plant species and leads to 
some plant species being excluded if their critical resource needs are not met4,27. Moreover, previous studies have 
indicated that species diversity is dictated by resource availability rather than environmental heterogeneity at the 
local scale27,28. Therefore, the Eh among these quadrats or plots at the local scale is assigned to be zero in Eqs 10–
19. With respect to coefficients g, h, and k, they increase with increasing P and s, and they consequently also take 
different values (Supplemental Table 1). O, a, A, ς, E, l1, a1, a2, k1, and k2 might be constants because the PSRR and 
SRPR at the local scale are derived assuming a deterministic target community affected by a deterministic species 
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pool. Specifically, the least-squares method and the stochastic approximation method were used to estimate the 
values of the parameters of Eqs 10, 11 and 21 (i.e., the solutions of Eqs 1 or 3 and 20) by substituting different 
parameter values into Eqs 10, 11 and 21 to test the forms for the PSRR and SRPR. Finally, five sets of the parame-
ter values that can be used to derive the five typical forms of the PSRR and SRPR were determined (the first value 
in each cell in the data columns with # in Supplemental Table 1). For these parameters, the greater the value, the 
stronger the ecological process that is represented, and we used dimensionless units.

To verify the derived forms of the PSRR and SRPR, we used the observed data of ten classic PSRRs and SRPRs 
to estimate the parameter values of Eqs 10, 11 and 21, i.e., the second and third values in each cell in the data col-
umns with # in Supplemental Table 110,38,56–59,67,68. Next, these parameter values were substituted into Eqs 10, 11 
and 21 to derive the PSRR and SRPR forms. The differences between the derived and observed PSRR and SRPR 
forms were tested using t-tests and goodness-of-fit tests. The details are shown in Supplemental Table 1.

We also assessed the responsive changes of the PSRR and SRPR forms to different strengths of two key pro-
cesses, resource availability and intensity of IICE, when ecosystem restoration temporally and spatially begins 
from primary succession (Supplemental Material 1). In such cases, si = 0 in Eqs 10, 11 and 21, and there are no 
propagules in the ecosystem. Accordingly, Sp has a particular significance because the potential species-pool effect 
and availability levels of resources, which affect the rates of species establishment, are crucial positive processes 
that increase s as well as P50.

Regional scale. The PSRR at the regional scale was defined as the relationship between P and s across different 
local communities within a metacommunity or in different biogeographical provinces66. A metacommunity is a 
set of local communities linked by the dispersal of multiple interacting plant species within a landscape or region, 
and these local communities often occur in different habitats, such as valleys, hills, river beaches, wetlands, and 
deltas. Habitat heterogeneity (i.e., environmental heterogeneity at the local scale) is known to differ among local 
communities and strongly drives the variation in s and P according to the heterogeneity-diversity hypothesis20,66. 
Therefore, variable values are required for Eh in Eqs 1–27. The availability levels of rsources are also variable 
among these local communities; therefore, m1 and m2 in these equations also need to be assigned different values. 
For local communities in various biogeographical provinces, they are distributed across various latitude belts, 
such as tropical or temperate zones, with different climatic types and geographical characteristics. The variation 
in Eh, m1, and m2 is high.

We assumed that a long transect is located in the Northern Hemisphere across deciduous coniferous forests 
(DCF), evergreen needle-leaf forests (ENF), temperate deciduous broad-leaved forests (TDBF), evergreen conif-
erous and broad-leaved mixed forests (ECBF), evergreen broad-leaved forests (EBF), and tropical rainforests 
(TRF) from circumpolar latitudes to the equator. Clearly, along this transect, there is a gradual increase in P and 
resource availability, such as the annual mean temperature and precipitation; thus, mineral nutrients are relatively 
richer in southern forests than in northern forests13,61. Accordingly, m1 and m2 in Eqs 10, 11 and 21 were assigned 
greater values to derive the forms of the PSRR and SRPR in southern forests. For Eh, topographical variability 
and surface roughness are two indices that accurately describe the Eh at the landscape and regional scales. With 
increasing topographical variability and surface roughness, variability in habitat types and their diverse spatial 
configurations, as well as variation in the soil environment, will increase, and this will result in high species 
diversity51,52,62,63. In comparison, topographical variability and surface roughness in northern forests are lower 
because of the relatively gentle topography and small variation in elevation due to historical geological reasons 
and weaker rainfall erosion69,70. Therefore, Eh values are greater for southern forests than for northern forests. In 
addition, the speciation rate increases from the north to south based on MTE; consequently, a high number of 
species accumulate over evolutionary time in southern forests with the same area (A)14. Therefore, the size of the 
species pools (aA) is greater in the south than in the north, and a in these equations gradually increases from 
north to south13,14,60. However, other parameters show small variation; therefore, their values were assumed to be 
invariable like those used to derive Fig. 1A1–E1 by using the values in Supplemental Table 1.

Data Availability
The datasets generated during and/or analysed during the current study are available from the corresponding 
author on reasonable request.

References
 1. Mittelbach, G. G. et al. What is the observed relationship between species richness and productivity? Ecology 82, 2381–2396 (2001).
 2. Schmid, B. The species richness–productivity controversy. Trends Ecol. Evol. 17, 113–114 (2002).
 3. Gillman, L. N. & Wright, S. D. The influence of productivity on the species richness of plants: a critical assessment. Ecology 87, 

1234–1243 (2006).
 4. Cardinale, B. J., Hillebrand, H., Harpole, W. S., Gross, K. & Ptacnik, R. Separating the influence of resource “availability” from 

resource “imbalance” on productivity–diversity relationships. Ecol. Lett. 12, 475–487 (2009).
 5. Whittaker, R. J. Meta-analyses and mega-mistakes: calling time on meta-analysis of the species richness-productivity relationship. 

Ecology 91, 2522–2533 (2010).
 6. Gross, K. & Cardinale, B. J. Does species richness drive community production or vice versa? Reconciling historical and 

contemporary paradigms in competitive communities. Am. Nat. 170, 207–220 (2007).
 7. Abrams, P. A. Monotonic or unimodal diversity-productivity gradients: what does competition theory predict? Ecology 76, 

2019–2027 (1995).
 8. Fraser, L. H. et al. Worldwide evidence of a unimodal relationship between productivity and plant species richness. Science 349, 

302–305 (2015).
 9. Loreau, M. et al. Biodiversity and ecosystem functioning: current knowledge and future challenges. Science 294, 804–808 (2001).
 10. Marquard, E. et al. Positive biodiversity–productivity relationship due to increased plant density. J. Ecol. 97, 696–704 (2009).
 11. Wright, D. H. Species energy theory–an extension of species area theory. Oikos 41, 496–506 (1983).

https://doi.org/10.1038/s41598-019-50016-3


1 6Scientific RepoRtS |         (2019) 9:13730  | https://doi.org/10.1038/s41598-019-50016-3

www.nature.com/scientificreportswww.nature.com/scientificreports/

 12. Wright, D. H., Currie, D. J. & Mauer, B. A. Energy supply and patterns of species richness on local and regional scales, Species 
diversity in ecological communities, (The University of Chicago Press, Chicago,1993).

 13. Allen, A. P., Brown, J. H. & Gillooly, J. F. Global biodiversity, biochemical kinetics, and the energetic-equivalence rule. Science 297, 
1545–1548 (2002).

 14. Stegen, J. C., Enquist, B. J. & Ferriere, R. Advancing the metabolic theory of biodiversity. Ecol. Lett. 12, 1001–1015 (2009).
 15. Newman, E. I. Competition and diversity in herbaceous vegetation. Nature 244, 310 (1973).
 16. Tilman, D. Resource competition and community structure. Princeton University Press, Princeton, New Jersey, USA (1982).
 17. Goldberg, D. E. & Werner, P. Equivalence of competitors in plant communities: a null hypothesis and a field experimental approach. 

Am. J. Bot. 70, 1098–1104 (1983).
 18. Huston, M. A. & DeAngelis, D. L. Competition and coexistence: the effects of resource transport and supply rates. Am. Nat. 144, 

954–977 (1994).
 19. Oksanen, J. Is the humped relationship between species richness and biomass an artefact due to plot size? J. Ecol. 84, 293–295 (1996).
 20. Tilman, D. & Pacala, P. The maintenance of species richness in plant communities, Species diversity in ecological communities, (The 

University of Chicago Press, Chicago, 1993).
 21. Stevens, M. H. & Carson, W. P. Plant density determines species richness along experimental gradients. Ecology 80, 455–465 (1999).
 22. Pärtel, M., Laanisto, L. & Zobel, M. Contrasting plant productivity–diversity relationships across latitude: the role of evolutionary 

history. Ecology 88, 1091–1097 (2007).
 23. Zobel, M. Plant species coexistence: The role of historical, evolutionary and ecological factor. Oikos 65, 314–320 (1992).
 24. Matsinos, Y. G. & Troumbis, A. Y. Modeling competition, dispersal and effects of disturbance in the dynamics of a grassland 

community using a cellular automaton model. Ecol. Mod. 149, 71–83 (2002).
 25. Hughes, A. R., Byrnes, J. E., Kimbro, D. L. & Stachowicz, J. J. Reciprocal relationships and potential feedbacks between biodiversity 

and disturbance. Ecol. Lett. 10, 849–864 (2007).
 26. Nuttle, T., Royo, A. A., Adams, M. B. & Carson, W. P. Historic disturbance regimes promote tree diversity only under low browsing 

regimes in eastern deciduous forest. Ecol. Monogr. 83, 3–17 (2013).
 27. Michalet, R. et al. Do biotic interactions shape both sides of the humped-back model of species richness in plant communities? Ecol. 

Lett. 9, 767–773 (2006).
 28. Baer, S. G., Blair, J. M., Collins, S. L. & Knapp, A. K. Plant community responses to resource availability and heterogeneity during 

restoration. Oecologia 139, 617–629 (2004).
 29. Reynolds, H. L. & Haubensak, K. A. Soil fertility, heterogeneity, and microbes: towards an integrated understanding of grassland 

structure and dynamics. Appl. Veg. Sci. 12, 33–44 (2008).
 30. Srivastava, D. S. & Lawton, J. H. Why more productive sites have more species: an experimental test of theory using tree-hole 

communities. Am. Nat. 152, 510–529 (1998).
 31. Grace, J. B. The roles of community biomass and species pools in the regulation of plant diversity. Oikos 92, 193–207 (2001).
 32. Jerzy, S. & Anna, G. Above-ground standing biomass and tree species diversity in natural stands of Central Europe. J. Veg. Sci. 18, 

555–562 (2007).
 33. Vilá, M. et al. Species richness and wood production: a positive association in Mediterranean forests. Ecol. Lett. 10, 241–250 (2007).
 34. Warren, J., Topping, C. J. & James, P. A unifying evolutionary theory for the biomass–diversity–fertility relationship. Theor. Ecol. 2, 

119–126 (2009).
 35. Xiao, X., Michalet, R., Wang, G. & Chen, S. Y. The interplay between species’ positive and negative interactions shapes the 

community biomass-species richness relationship. Oikos 118, 1343–1348 (2009).
 36. Adler, P. B. et al. Productivity is a poor predictor of plant species richness. Science 333, 1750–1752 (2011).
 37. Brassard, B. W., Chen, H. Y., Bergeron, Y. & Pare, D. Differences in fine root productivity between mixed- and single-species stands. 

Funct. Ecol. 25, 238–246 (2011).
 38. Axmanová, I. et al. The species richness–productivity relationship in the herb layer of European deciduous forests. Glob. Ecol. 

Biogeogr. 21, 657–667 (2012).
 39. Grace, J. B., Adler, P. B., Harpole, W. S., Borer, E. T. & Seabloom, E. W. Causal networks clarify productivity–richness interrelations, 

bivariate plots do not. Funct. Ecol. 28, 787–798 (2014).
 40. Willig, M. R. Biodiversity and Productivity. Science 333, 1709–1710 (2011).
 41. Huston, M. A. A general hypothesis of species diversity. Am. Nat. 113, 81–101 (1979).
 42. Hastings, A. Disturbance, coexistence, history, and competition for space. Theor. Popul. Biol. 18, 363–373 (1980).
 43. Taylor, D. R., Aarssen, L. W. & Loehle, C. On the relationship between r/K selection and environmental carrying capacity: a new 

habitat templet for plant life history strategies. Oikos 58, 239–250 (1990).
 44. Kadmon, R. & Benjamini, Y. Effects of productivity and disturbance on species richness: a neutral model. Am. Nat. 167, 939–946 

(2001).
 45. Loreau, M. Biodiversity and ecosystem functioning: A mechanistic model. Proc. Nat. Acad. Sci. USA 95, 5632–5636 (1998).
 46. Kondoh, M. Unifying the relationship of species richness to productivity and disturbance. Proc. Roy. Soc. B: Biol. Sci. 268, 269–271 

(2001).
 47. Laughlin, D. C. Applying trait-based models to achieve functional targets for theory-driven ecological restoration. Ecol. Lett. 17, 

771–784 (2014).
 48. Collinson, A. S. Introduction to world Vegetation. Spring, Netherlands (1978).
 49. Pärtel, M., Zobel, M., Zobel, K. & Maarel, E. V. D. The species pool and its relation to species richness: evidence from Estonian plant 

communities. Oikos 75, 111–117 (1996).
 50. Zobel, M., Van der Maarel, E. & Dupré, C. Species pool: the concept, its determination and significance for community restoration. 

Appl. Veg. Sci. 1, 55–66 (1998).
 51. Lundholm, J. T. & Larson, D. W. Relationships between spatial environmental heterogeneity and plant species diversity on a 

limestone pavement. Ecography 26, 715–722 (2003).
 52. Dufour, A., Gadallah, F., Wagner, H. H., Guisan, A. & Buttler, A. Plant species richness and environmental heterogeneity in a 

mountain landscape: effects of variability and spatial configuration. Ecography 29, 573–584 (2006).
 53. Huston, M. A. Disturbance, productivity, and species diversity: empiricism vs. logic in ecological theory. Ecology 95, 2382–2396 

(2014).
 54. Balvanera, P. et al. Quantifying the evidence for biodiversity effects on ecosystem functioning and services. Ecol. Lett. 9, 1146–1156 

(2006).
 55. Cardinale, B. J. et al. Impacts of plant diversity on biomass production increase through time because of species complementarity. 

Proc. Nat. Acad. Sci. USA 104, 18123–18128 (2007).
 56. Chisholm, R. A. et al. Scale-dependent relationships between tree species richness and ecosystem function in forests. J. Ecol. 101, 

1214–1224 (2013).
 57. Foster, B. L., Dickson, T. L., Murphy, C. A., Karel, I. S. & Smith, V. H. Propagule pools mediate community assembly and diversity-

ecosystem regulation along a grassland productivity gradient. J. Ecol. 92, 435–449 (2004).
 58. Allcock, K. G. & Hik, D. S. What determines disturbance-productivity-diversity relationships? The effect of scale, species and 

environment on richness patterns in an Australian woodland. Oikos 102, 173–185 (2003).

https://doi.org/10.1038/s41598-019-50016-3


17Scientific RepoRtS |         (2019) 9:13730  | https://doi.org/10.1038/s41598-019-50016-3

www.nature.com/scientificreportswww.nature.com/scientificreports/

 59. Thompson, K., Askew, A. P., Grime, J. P., Dunnett, N. P. & Willis, A. J. Biodiversity, ecosystem function and plant traits in mature and 
immature plant communities. Funct. Ecol. 19, 355–358 (2005).

 60. Bongers, F., Poorter, F., Hawthorne, W. D. & Sheil, D. The intermediate disturbance hypothesis applies to tropical forests, but 
disturbance contributes little to tree diversity. Ecol. Lett. 12, 798–805 (2009).

 61. Francis, A. P. & Currie, D. J. A globally consistent richness–climate relationship for angiosperms. Am. Nat. 161, 523–536 (2003).
 62. Burnett, M. R., August, P. V. Jr., Brown, J. H. & Kilingbeck, K. T. The Influence of geomorphological heterogeneity on biodiversity II. 

A patch-scale perspective. Cons. Biol. 12, 363–370 (1998).
 63. Nichols, W. F., Kilingbeck, K. T. & August, P. V. The influence of geomorphological heterogeneity on biodiversity II. A landscape 

perspective. Cons. Biol. 12, 371–379 (1998).
 64. Whittaker, R. J., Willis, K. J. & Field, R. Scale and species richness: towards a general, hierarchical theory of species diversity. J. 

Biogeogr. 28, 453–470 (2001).
 65. Li, K. D. & Zhou, Y. H. Proof of uniformly convergence of difference format of differential equations with a small parameter. J. 

Shanghai Instit. Electr. Pow. 14, 8–18 (1998).
 66. Amarasekare, P. Competitive coexistence in spatially structured environments: a synthesis. Ecol. Lett. 6, 1109–1122 (2003).
 67. Grace, J. B. et al. Does species diversity limit productivity in natural grassland communities? Ecol. Lett. 10, 680–689 (2007).
 68. Rychtecká, T., Lanta, V., Weiterová, I. & Lepš, J. Sown species richness and realized diversity can influence functioning of plant 

communities differently. Naturwissenschaften 101, 637–644 (2014).
 69. Kim, J. Y. et al. Line width variation due to global topography. Japan. J. Appl. Phys. 39, 6957–6960 (2000).
 70. Sun., R. H. & Zhang, B. P. Effect of regional topographic and climatic factors on limits of altitudinal forest belts. Sci. Geogr. Sin. 33, 

167–173 (2013).

Acknowledgements
This work was supported by the Fundamental Research Funds for the Central Universities (No. 300102298303), 
the National Natural Science Foundation of China (No. 40861015) and the ICP (T2018039). Thank two reviewers 
for their anonymous comments.

Author Contributions
Z.W. conceived the research, established mathematical models and wrote the first draft. A.C. suggested the 
structure of the manuscript and revised the manuscript. J.F.A. checked mathematical models. All authors 
reviewed and edited the manuscript.

Additional Information
Supplementary information accompanies this paper at https://doi.org/10.1038/s41598-019-50016-3.
Competing Interests: The authors declare no competing interests.
Publisher’s note Springer Nature remains neutral with regard to jurisdictional claims in published maps and 
institutional affiliations.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International 
License, which permits use, sharing, adaptation, distribution and reproduction in any medium or 

format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the Cre-
ative Commons license, and indicate if changes were made. The images or other third party material in this 
article are included in the article’s Creative Commons license, unless indicated otherwise in a credit line to the 
material. If material is not included in the article’s Creative Commons license and your intended use is not per-
mitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the 
copyright holder. To view a copy of this license, visit http://creativecommons.org/licenses/by/4.0/.
 
© The Author(s) 2019

https://doi.org/10.1038/s41598-019-50016-3
https://doi.org/10.1038/s41598-019-50016-3
http://creativecommons.org/licenses/by/4.0/

	Integrative models explain the relationships between species richness and productivity in plant communities
	Results
	The PSRR and SRPR at the local scale. 
	The PSRR. 
	SRPR. 

	The PSRR and SRPR at the regional scale. 

	Discussion
	Conclusions
	Methods
	Assessment of combined processes. 
	The models of the PSRR. 
	The models of the SRPR. 
	Main equation. 
	Equations of SC effects and density effects. 
	Derivation and verification of the PSRR and SRPR forms. 
	Local scale. 
	Regional scale. 


	Acknowledgements
	Figure 1 Typical forms of the PSRR.
	Figure 2 Forms of the SRPR.
	Figure 3 The SRPR with s continually presenting non-monotonic increases.
	Figure 4 Changes in the forms of the PSRR and SRPR with the intrinsic rate of species richness (m1), resource availability (m2), and effect coefficient (a) related to the species pool and environmental heterogeneity (Eh) across different zonal forests.
	Figure 5 Relationships between the sampling methods and the forms of PSRR and SRPR.




