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Published online: 05 November 2018 . The equation of magneto-hydrodynamic Jeffery-Hamel flow of non-Newtonian Casson fluid in a
. stretching/shrinking convergent/divergent channel is derived and solved using a new modified Adomian
decomposition method (ADM). So far in all problems where semi-analytical methods are used the
: boundary conditions are not satisfied completely. In the present research, a hybrid of the Fourier
. transform and the Adomian decomposition method (FTADM), is presented in order to incorporate all
boundary conditions into our solution of magneto-hydrodynamic Jeffery-Hamel flow of non-Newtonian
Casson fluid in a stretching/shrinking convergent/divergent channel flow. The effects of various
emerging parameters such as channel angle, stretching/shrinking parameter, Casson fluid parameter,
Reynolds number and Hartmann number on velocity profile are considered. The results using the
FTADM are compared with the results of ADM and numerical Range-Kutta fourth-order method. The
comparison reveals that, for the same number of components of the recursive sequences over a wide
. range of spatial domain, the relative errors associated with the new method, FTADM, are much less
. than the ADM. The results of the new method show that the method is an accurate and expedient
. approximate analytic method in solving the third-order nonlinear equation of Jeffery-Hamel flow of
non-Newtonian Casson fluid.

Jeftery-Hamel flow is commonly used as an important model problem for investigating various aspects of engi-
neering applications such as mechanical, aerospace, chemical, civil, environmental and biomechanical science.
. Flow through rivers, channels and blood flow where arteries and capillaries are linked to each other are some
© examples of these applications. The applications of the Jeffery-Hamel equations, particularly in fluid mechanics,
: chemical and aerospace engineering received more elaborations recently. A few precise applications are chemical
- vapor deposition reactors, high-current arc in plasma generators, expanding or contracting regions in industrial
. machines, gas compressors and pipe sections. The problem of investigating the thermal radiation on classical
. Jeffery-Hamel flow problem, where the convergent/divergent channels are subjected to stretching or shrinking,
. which has important influence in the application to aerospace science and industry.
: Jeffery' and Hamel® flows, describe the two dimensional, viscous, incompressible confined fluid flows
. between two planes at a specific diverging or converging angle. Rosenhead? presented a general solution in terms
. of elliptic functions for this problem. Exact solutions for the thermal distributions of this flow when Millsaps
and Pohlhausen* found non-parallel plane walls held at a constant temperature. The importance of the study
of Jeffery-Hamel problems comes from the fact that the fluid flow may be controlled by varying the intensity of
the external magnetic field. The behavior of conducting fluids flowing in the presence of an external magnetic
field is quite different than those when there is no magnetic field affecting the fluid flow™®. The classical view of
Jeffery-Hamel problems with an external magnetic field on a conducting fluid is studied by using the intensity of
the magnetic field as a control parameter>®. The study of stretching or shrinking sheets is an important area of
interest because of its applications in many industries such as extrusion of polymer sheets from a die, the manu-
facturing of rubber sheets, glass fiber and paper production, etc. Crane’ did the first research on this subject. The
steady two dimensional stagnation point flow towards a nonlinearly stretching surface was investigated by Zhu et
al®. Turkyilmazoglu’ considered the Jeffery—-Hamel flow in stretchable convergent/divergent channels. His results
indicate that stretching of the convergent and divergent channel amplifies the velocity profiles and an opposite
effect in the case of shrinking resulting in back flow regions.
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Figure 1. Geometry of the MHD Jeffery-Hamel flow.

Casson fluid is one of the most popular non-Newtonian fluid models!®-'>. Some examples of the Casson
fluid include chocolate, concentration juices, honey, jelly, and tomato sauce. Also blood through narrow
arteries at low shear rate treated as Casson fluid'®. Based on these applications, many authors studied various
research problems with the case of Casson fluid. For example, Hayat et al.'* analyzed Soret and Dufour effects on
magneto-hydrodynamic (MHD) flow of Casson fluid using homotopy analysis method (HAM).

The analytical and numerical solutions of Jeffery-Hamel problems are frequently reported using the numer-
ical fourth-order Runge-Kutta method and the Adomian decomposition method (ADM)*!°-?’. In all previous
researches, the semi-analytical methods are used to solve the MHD Jeffery-Hamel problems without satisfying
all boundary conditions in the entire domain of calculations. In the present study, it is intended to use a modified
ADM that allows one to incorporate all boundary conditions into the solution. Then we would like to investigate
and find out the effect of satisfying all boundary conditions on the results of the solution.

The main goal of the present study is to present an accurate and expedient approximate analytic solution of
the third-order nonlinear equation of MHD Jeffery-Hamel flow of non-Newtonian Casson fluid. The Fourier
transform is applied to the Adomian decomposition method, namely the FTADM?® in order to satisfy all bound-
ary conditions in a wide range of spatial domain while this is not possible when applying the ordinary ADM. The
FTADM, where all the boundary conditions are satisfied over the entire spatial domain is used in our calculations.
The results using the FTADM are compared with those obtained by the ordinary ADM in order to investigate
the effect of the incorporation of all boundary conditions on the results. The results using the FTADM are also
compared with the results of numerical fourth-order Runge-Kutta method. Our comparison shows that, for the
same number of components of the recursive equations, the results using the FTADM are much more accurate
than the results of ordinary ADM. Moreover, to our knowledge no attempt is made so far to investigate the com-
bined effect of Hartmann number and stretching/shrinking channel on non-Newtonian Casson fluid flow in
the Jeffrey-Hamel (wedge) geometry. To this purpose, the mathematical formulation of the strongly nonlinear
third-order MHD Jeftery-Hamel type equation of the non-Newtonian Casson fluid is derived and is solved by the
FTADM. In non-Newtonian Casson fluid, we consider the interaction of conducting fluids and electromagnetic
fluids. When a conducting fluid moves through a magnetic field consequently current may be induced and, in
turn the current interacts with the magnetic field to produce a body force. When the conductor is either a liquid
or gas, the electromagnetic force is then generated.

Mathematical Formulation
We consider the two dimensional MHD flow of an incompressible non-Newtonian Casson fluid from a source or
sink between two stretching or shrinking walls. Angle between the walls is 2. Where a < 0, a > 0 represent the
convergent walls and divergent walls, respectively. Figure (1) shows the geometry of the MHD Jeffery-Hamel flow.
The walls stretch/shrink at a rate s with radial distance of r and the velocity at the walls is:
s
u=u,=-=-

r (1)

The constitutive equation describing an incompressible non-Newtonian Casson fluid is written as follow?*:
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0 —2.25194858 | —2.251948602981818 | —2.25194851
200 —1.98460616 | —1.984606164603458 | —1.98460618
400 —1.75409306 | —1.754093033347798 | —1.75409301
600 —1.55460600 | —1.554605992057426 | —1.55460620
800 —1.38137005 | —1.381369953213575 | —1.38137040
1000 —1.23043721 | —1.230437181792459 | —1.23043729

Table 1. Comparison between the present results of f”(0) with the exact and numerical results of Abbasbandy®
for different values of Hartmann numbers of a=+5°, =00, Re=10and C=0.

0 —1.78454677 | —1.784546840578866 | —1.78454677
200 —1.57612994 | —1.576129888848735 | —1.57612997
400 —1.39631757 | —1.396317528806288 | —1.39631749
600 —1.24053452 | —1.240534453880220 | —1.24053448
800 —1.10504860 | —1.105048380482003 | —1.10504980
1000 —0.98679397 | —0.986793975627043 | —0.98679393

Table 2. Comparison between the present results of f”(0) with the exact and numerical results of Abbasbandy®
for different values of Hartmann numbers of o = —5°, 3=00, Re=10 and C=0.

0 1.0000000000 | 1.0000000000 | 0.00E+00 1.000000000 1.000000000 0.00E + 00
0.1 | 0.9938558387 | 0.9938558390 | 3.02E—10 0.9943517131 | 0.9943517129 | 2.01E—10
0.2 [0.9754451486 | 0.9754451488 | 2.05E—10 0.9773615295 | 0.9773615301 | 6.14E— 10
0.3 | 0.9448319217 | 0.9448319218 | 1.06E—10 0.9488942412 | 0.9488942416 | 4.22E—10
0.4 |0.9021182040 |0.9021182039 | 1.11E—10 0.9087270814 | 0.9087270811 | 3.3E—10
0.5 | 0.8474372786 | 0.8474372782 | 4.72E—10 0.8565537726 | 0.8565537728 | 2.33E—10
0.6 | 0.7809442987 | 0.7809442992 | 6.4E—10 0.7919905477 | 0.7919905480 | 3.79E — 10
0.7 |0.7028045214 | 0.7028045213 | 1.42E—10 0.7145844935 | 0.7145844930 | 7E—10
0.8 | 0.6131793066 | 0.6131793063 | 4.89E—10 0.6238246612 | 0.6238246616 | 6.41E—10
0.9 |0.5122100270 | 0.5122100269 | 1.95E—10 0.5191564703 | 0.5191564695 | 1.54E — 09
1.0 | 0.4000000000 | 0.4000000000 | 0.00E + 00 0.4000000000 | 0.4000000000 | 0.00E + 00

Table 3. Comparison between the numerical and the FTADM results for velocity of 5= 0.5, Re=10, H=100,
C=04and a==+5°.

In Eq. (2), where 5 denotes the plastic dynamic viscosity of the non-Newtonian fluid, P, is the yield stress of the
fluid,  is the product of the component of deformation rate with itself, namely, 7= e;e; where e; is the (i, j) th
component of the deformation rate and 7. is a critical value of this product based on the non-Newtonian model.
We assume that the flow is purely radial and there is no magnetic field in the z-direction.
The conservation laws of mass and momentum for this problem are:

V.-V=0 (3)

p[a—v+(V~V)V]=fvp+V~7}j+]%

ot (4)
Consider the previously mentioned assumptions, Eqs (2-4) reduce to:
1 o(ru) 0
r Or (%)
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Figure 2. Comparison of numerical and FTADM results for the velocity profile of Re=10, a=5° 3=0.5,
H=800and C=0.

0.1 | 0.9898008784 | 0.9897996972 | 0.9897996987 | 0.9897996987 | 1.19E — 06 0.00E + 00

0.2 | 0.9592394570 | 0.9592347299 | 0.9592347358 | 0.9592347355 | 4.92E— 06 3.13E—10
0.3 | 0.9084197532 | 0.9084091756 | 0.9084091889 | 0.9084091885 | 1.16E— 05 4.40E—10
0.4 |0.8375024975 | 0.8374840878 | 0.8374841095 | 0.8374841089 | 2.20E—05 7.16E—10
0.5 | 0.7466864463 | 0.7466591195 | 0.7466591497 | 0.7466591496 | 3.66E — 05 1.34E—-10
0.6 |0.6361827532 | 0.6361472572 | 0.6361472936 | 0.6361472936 | 5.57E—05 0.00E + 00
0.7 | 0.5061829202 | 0.5061429849 | 0.5061430222 | 0.5061430211 | 7.88E—05 2.17E—09
0.8 |0.3568210138 | 0.3567841843 | 0.3567842205 | 0.3567842141 | 1.03E—04 1.79E - 08
0.9 |0.1881309742 | 0.1881079232 | 0.1881079620 | 0.1881079402 | 1.22E—04 1.16E—07

Table 4. Comparison between the numerical and the FTADM results for velocity at different recursive
components, N, with Re=10, a=5°, =0.5, H=100 and C=0.

0.1 0.9834997373 0.9835024682 0.9835024694 2.78E-06 1.22E-09
0.2 0.9352862085 0.9352969198 0.9352969242 1.15E-05 4.70E-09
0.3 0.8589889554 0.8590123298 0.8590123364 2.72E-05 7.68E-09
0.4 0.7599496556 0.7599896058 0.7599896153 5.26E-05 1.25E-08
0.5 0.6443653263 0.6444250034 0.6444250209 9.26E-05 2.72E-08
0.6 0.5184118824 0.5184938988 0.5184939138 1.58E-04 2.89E-08
0.7 0.3875188487 0.3876252333 0.3876252462 2.74E-04 3.33E-08
0.8 0.2558885925 0.2560173787 0.2560173664 5.03E-04 4.80E-08
0.9 0.1262774635 0.1264016134 0.1264016241 9.82E-04 8.47E-08

Table 5. Comparison between the ADM and the FTADM results for velocity of a=5°, 3= 00, Re=50,
H=100, C=0 and 6 number of different recursive components, N.

2 2 2
Jou _ 19p [IJFL]au 10u 10w ul| oB;

—_— e —— + —_— —_— —_—
or p Or v Bl\or2  ror 09 #? pr? (6)
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+5 105 |10 0 -2 —6.043227584 —6.043227630 —18.129682890
+5 105 |10 0 —1.6 | —5.197412525 —5.197412555 —15.592237665
+5 105 |10 0 —1.2 | —4.363747577 —4.363747596 —13.091242788
+5 105 |10 0 —0.8 | —3.542325292 —3.542325301 —10.626975903
+5 105 |10 0 —0.4 | —2.733239988 —2.733239989 —8.199719967
+5 105 |10 0 0 —1.936587792 —1.936587793 —5.809763379
+5 105 |10 0 0.4 —1.152466701 —1.152466702 —3.457400106
+5 05 |10 0 0.8 —0.3809767939 —0.3809766346 —1.142929904
+5 105 |10 0 12 0.3777802578 0.3777805083 1.133341525
+5 105 |10 0 1.6 1123700786 1.123700786 3.371102358
+5 105 |10 0 2 1.856678155 1.856678154 5.570034462
-5 |05 |10 0 —1.5 | —4.987645201 —4.987645225 —14.962935675
=5 |05 |10 0 —0.5 | —3.050736481 —3.050736488 —9.152209464
-5 |05 |10 0 0 —2.053021018 —2.053021019 —6.159063057
=5 |05 |10 0 0.5 —1.036048173 —1.036048173 —3.108144519
-5 |05 |10 0 1.5 1.054945633 1.054945633 3.164836899
=5 |05 |10 0 2 2.128614899 2.128614902 6.385844706
+5 105 |10 400 0 —2.104564342 —2.104564345 —6.313693035
+5 105 |10 800 0 —2.267147185 —2.267147197 —6.801441591
+5 105 |10 1000 |0 —2.346529243 —2.346529269 —7.039587807
-5 |05 |10 400 0 —2.218230920 —2.218230920 —6.654692760
=5 |05 |10 1000 |0 —2.456229991 —2.456229999 —7.368689997
-5 |05 |10 2000 |0 —2.829543755 —2.829545358 —8.488636074
+5 105 |25 0 0 —1.848698106 —1.848698117 —5.546094351
+5 105 |50 0 0 —1.701360965 —1.701346693 —5.104040079
-5 |05 |25 0 0 —2.139695966 —2.139695971 —6.419087913
-5 |05 |50 0 0 —2.282747697 —2.282747117 —6.848241351
+5 1 10 0 0 —1.907340664 —1.907340671 —3.814681342
+5 1.5 |10 0 0 —1.889768046 —1.889768052 —3.149613420
+5 |2 10 0 0 —1.878043187 —1.878043192 —2.817064788
+5 0 10 0 0 —1.819308257 —1.819311691 —1.819311691
-5 103 |10 0 0 —2.035169802 —2.035169804 —8.819069151
=5 |05 |10 0 0 —2.053021018 —2.053021019 —6.159063057
-5 0 10 0 0 —2.168452125 —2.168452170 —2.168452170
+1 0.3 | 100 0 0 —1.919026569 —1.919030265 —8.315797815
+3 103 |100 0 0 —1.754690644 —1.754592253 —7.603233096
+5 103 |100 0 0 —1.587507172 —1.587506417 —6.879194474
-1 0.3 | 100 0 0 —2.080121413 —2.080121377 —9.013859300
-3 |03 |100 0 0 —2.237674926 —2.237674787 —9.696590744
-5 |03 |100 0 0 —2.391472070 —2.391464344 —10.363012157

Table 6. Comparison between the numerical and the FTADM values of skin friction coeflicient for different
values of parameters.

10p  2v 1|(0u
[ E =0
pr 00 * rz[ * B][@G] (7)

. . . . . . . c 1 P . 2T,
where, u is the velocity component in radial direction, p is the pressure, v is kinematic viscosity, 3 = “BP_ is the

Casson fluid parameter, B, is the electromagnetic induction, ¢ is the conductivity of the fluid and p is ‘the fluid
density.
Associated boundary conditions for the present problem are:

u:uwzi ==«

Ou, U,
a0 r ' 9)
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Figure 3. Comparison of errors for the results of velocity using ADM and FTADM at different recursive
components of Re=50, a=5° $=0.5, H=100 and C=0.

5
o
— =0
N — =04
fn) — =1
—cC=2
c=3
2 —C=5
1
N
0 0.2 0.4 0.6 0.8 1

Figure 4. Effect of variations of C on the velocity profile in divergent channel of Re =100, a=5° =0.5 and
H=100.

where, u, is the centerline rate of movement, u,, is the velocity at the channel walls and s represent the stretching/

shrinking rate.
From Eq. (5):
f0) =ru (10)
Using dimensionless parameters,
0 0
oy =19 -8
u, a (1)

By eliminating the pressure terms from Eqs (6) and (7) and then using Eqs (10) and (11), we obtain the follow-
ing third-order nonlinear differential equation:

[1 + %]f’”(n) + 2aRef ()f'(n) + 4[1 + %J - H] a’f'(n) =0,

(12)
Subject to the boundary conditions,
f(0) =1, f'(0) =0, f(1) = C. (13)
where « is the angle between the two planes, 3 is the Casson fluid parameter and H = oBy’ is the Hartmann
pu
number.
The Reynolds number is:
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Figure 5. Effect of variations of C on the velocity profile in convergent channel of Re=100, « = —5°, f=0.5

and H=100.
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Figure 6. Effect of variations of C on the velocity profile in divergent channel of Re =100, o =5° 3=0.5 and
H=100.

au,

Re =

a >0, U> 0: divergent channel ]

v a <0, U<O0: convergent channel

(14)

Values for skin friction coefficient, defined as:

7'r.9| e=1 1 1
= =—|14+—=|f'1
AT Re[ ﬁJ[( ) (15)

The Adomian Decomposition Method
The Adomian decomposition method (ADM) was created by Adomian?*-*2. The basic idea of the ADM for solv-
ing ordinary and partial differential equations is as follows. Assume a differential equation in the following form:

G(u) = g(t), (16)

where G is an arbitrary operator. The operator G may generally be partitioned into two separate operators, the
linear and the nonlinear operators as,

G(u) = L(u) + N(u) = g(1) 17)
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Figure 7. Effect of variations of C on the velocity profile in convergent channel of Re=100, « = —5°, §=0.5

and H=100.
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Figure 8. Effect of variations of v on the velocity profile in stretching divergent/convergent channel of
Re=100, 3=0.5,H=100and C=0.4.

The unknown function u(x, t) of the linear operator can be decomposed by a series of solutions®*:

00
u= Zun.
n=0

Where the solution components u,, n > 0, is calculated by the recursive equations. The linear operator, in light of
Eq. (18), should be written as:

(18)

L(u) =L

(19)

However, the nonlinear term, in Eq. (17), may be expressed as an infinite series using the Adomian polynomials
a834—40:

, n=0,1, 2, ..
A=0 (20)

With the aid of some algebraic manipulations, Eq. (20) can be rewritten as:

o0 o0 1 dn oo .
N(u) = A = — N Nu.
=34, n_omdvl [z ]

n=
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Figure 9. Effect of variations of v on the velocity profile in shrinking divergent/convergent channel of Re =100,
$=0.5, H=100 and C=—0.4.

N@u) = N(uy) + [Zu ]N (ug) + — [Eu ] N"(uy) + — [Zu ] N"(uy) + .

n=0

N(ug) + (v — ug)N'(uy) + E(u _ MO)ZN”(“()) 4 g(u _ u0)3N’”(u0) + ... (1)

It is worth mentioning that Eq. (21) is obtained using the Taylor series expansion of the function  in vicinity of
a function u, and not in vicinity of a point as is commonly used. Substituting Eq. (20) and Eq. (19) into Eq. (17)
one may obtain the following,

L[gu J + ZA =g(t).

n=0 (22)

The components of u can be easily obtained by solving the recursive equations obtained from Eq. (22).

Basic idea of the FTADM
Taking the Fourier transform of both sides of Eq. (22), we obtain?:

% 0
" Zou] + 28 =) (23)
where the Adomian polynomials, A, are:
Ay = N(upy),
A = uN'(uy),
Ay = N wy) + N ),
A; = u3N'(ug) + wu,N"(ug) + %uﬁN’”(uo),
A, = uN'(ug) + %uzz + uyu5 [N"(ug) + %ulzuzN”’(uo) + %u#N(W)(uO). (24)
Using Eq. (23), we introduce the recursive relations as:
L(uy) = g,
> . S
;L(ui) + gA,. = 05)

The recursive relations, Eq. (25), may easily be solved:
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Figure 10. Effect of variations of J on the velocity profile in divergent channel of Re=100, o =5°, H=100 and
C=04.

L(ﬁo) - g;
L(uy) + Ay = 0,
L, + A, = 0,
L(iiy) + A, = 0,
L) + A, =0. = 0, (26)

Using the Maple software package the recursive equations, Eq. (26), may easily be solved alternatively.

Case Study of the Jeffery-Hamel problem

We solve the one-dimensional third-order nonlinear differential equation of the Jeffery-Hamel flow of
non-Newtonian Casson fluid to demonstrate the effectiveness and the validity of the FTADM method, over the
entire domain. The aforesaid equation in the one-dimensional case is written as:

[1 + %y”(n) + 2a Re f(n)f'(n) +

4[1 + l] - H] *f'(n) = 0.
B 27)

Equation (27) is solved subject to the mixed set of Dirichlet and Neumann boundary conditions as:
f(0) =1, f/(0) =0, f(1) =C. (28)
Where, C is the stretching or shrinking parameter.

The FTADM as an accurate approximate analytic method. Taking the Fourier transform of Eq. (27),
we obtain the following:

[1 + l]F(f”’(n)) + 20 Re F(Ff'(n)) + 2F(f'(n)) = 0,

B

Where F stands for the Fourier transform. Using the method of integration by parts, the Fourier transform of each
individual part in Eq. (29) takes the following form:

F(f"(m) = —f"(0) — iwf"(0) + wf(0) — iw’F(f(w)),
L1 1,
E(f(n)f' () = —Efz(n)lnzo + Ele(fz),
E(f'(m) —f(0) + iwF(f(w)). (30)
Upon substitution of Eq. (30) into Eq. (29), we have:

1
4|1 —| - H
[W]

(29)
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Figure 11. Effect of variations of 3 on the velocity profile in convergent channel of Re =100, « = —5°, H=100
and C=04.

P+%ﬁ4%w¢f®+w%®—wﬂmw
2R 20|, + i)

+ 4[1 + %] - H]az(—f(O) + iwF(f(w))) = 0.

(31)

Although the Neumann and Dirichlet boundary conditions are incorporated into Eq. (31), however we still
need to obtain the value of f(0) in order to solve Eq. (31). We take the triple integral from the left side of Eq. (27)
and taking into account the boundary condition f{0) = 1, one obtains'®'*:

[1 + %]folfonfonf”’(n)dndndn + 2a Refolfonfonf(n)f’(n)dndndn
4[1 + %] - H]azfolfoﬁfonf’(n)dndndn =0. (32)

Using integration by parts, Eq. (32) may be rewritten as:
1 / 1 "
p+ﬂ@nﬁm—ﬂm—#m>
3 2 o

1 2[ Lopn 1
41+ —| - H|o f(m)dndn — —f(O)] =0.
[ J ]Lﬁ 2 (33)
Upon using the boundary conditions given in Eq. (28) and rearranging terms, we obtain the relation for f”(0) as:
1 n 1
[ 1 pndn - =
o Jo 2 -

) ol [ o
+[4 ﬁ—i—l]a [Zfoj;f(n)dndn 1]. 34)

By substituting Eq. (34) into Eq. (31) and making use of boundary conditions defined by Eq. (28), we deduce the
following:

J’_

+ 2a Re

1, 1,
>SS ondnan - 27

J’_

" _ B 2a5Re
£10) = 2Ac ”+[5+J
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Figure 12. Effect of variations of Re on the velocity profile in stretching channel of a ==+5°, §=0.5, H=100
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Figure 13. Effect of variations of Re on the velocity profile in shrinking divergent/convergent channel of
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§

21— ¢) — [zﬁaf_Rf]fff dndn——f

1
+w? — iW’F(f(n))

+2a Re[—%fz ()] =0 + %in(f2 (77))]

+

4[1 + l] - H]az( —1 + iwF(f(n))) = 0.
3 (35)

By making use of Egs (33) and (27), Eq. (35) may be rewritten as follow:
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21 — o) [ZaﬂRe]
B+1

fr- b B

+w? — i’ Zf?n (w)

1 o0
_E ZA,,(U)

n=0

f f ZA (n)dndn — —ZA

n=0

1+ —

—_—
|-
—_

+2aRe

1 >
+ —inAn(w)
2 n=0

=0

4[1 + l] _ H]az[—l T iwifn(w)] —0.
ﬂ n=0

+

(36)

Where the hat symbol denotes the Fourier transform. Using Eq. (36), we construct the following recursive
equations:

—iw3]?0(w) +wr=0,

—iwgf;(w) +2(1—¢)=0,

2a6Re L rn 1
[ 1][5+1]j;j;Ao(n)dnd77 2Aon0]
115

+[4 ﬁﬁflJaz[Zj:J;nfo(n)dndn - 1] + i f (W)

Al + —ron(w)]

— Hla*(— 1 + iwf) () = 0,

f f A, (mdndn — —A1

] f f £, (nydndn — 1] + i, (@)

—_——

203 Re]
B

n=0

R TN

+2aRe[—EA1(77)| n=o t ziwx1(w)]

+

4[1 + %] - H]az( =1+ iwf, (W) =0,

[ZaﬁRe]
_[1+1] B +1 —0
B

H L .
+[4 - %JQZ[ZJ; j(; f (mdndn — 1] + zws_};_z (w)

1 1, —
+2a Re [_EAk(nNn:O + EzwAk(w)]

j:j;nAk(n)dndn - %Ak

+

4[1 4 l] — H]az( -1+ iwfk(W)) =0,
3 (37)

where Ay, A}, Ay, A, ..., A are the Fourier transforms of the respective Adomian polynomials. The recursive
equation, Eq. (37), is solved alternatively by making use of the Maple software package. The procedures of the
solution process are as follows: from the first recursive equation of Eq. (37) we obtain f then by taking the
inverse Fourier transform we obtain f;. From the second recursive equation of Eq. (37) we obtam f,» then by tak-
ing the inverse Fourier transform we obtain f;. Having the values of f, and f, and using the third recursive equation
of Eq. (37) we obtain f2 then by taking the inverse Fourier transform we obtain f, and so on. The solution may be
written as follows:
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f=
fi = (C - l)xz)

1 {alc—1)(HaB — 2Rel — 4af — 4a) | 4
L=% B+1 *

1 alc — 1)(HafB — 2 Ref — 4af — 4a) 2

12 8+1 ’
(2H*a*8* — 8H Rea?? — 16HA5?

f = 1 1 |—16Ha’8 + 8 R®a3* + 32 Rea’ > + 320° 3>
3

720 (B + 1)*| 432 Rea®l — 24 Refc + 6403
+24 Ref? — 24 Refic + 320° + 24 Ref)av(c — 1)
( —5H**6* 4+ 20H Rea’3*
1 1 +40Ho’3? + 40HA8 — 20 Re’a3? A
720 (8 + 1)*| —80 Rea’3* — 800> ’
—80 Rea?3 — 160a°8 — 80a’)a(c — 1)
(3H*a*3* — 12H Rea*3?
—24Ho*B% — 24Ho?B
1 1 +12 Re*a8* + 48 Rea’3*
2 372 B 2 B 2 :
720 (B + 1)7|+48a°3° + 48 Rea’ + 24 Ref°c
+960°3 — 24 Re3”
+24 Refc + 480 — 24 ReB)a(c — 1) (38)

Results and Discussion

The objective of the present study is to incorporate all boundary conditions into our solution by apply the Fourier
transform and Adomian decomposition method to obtain an explicit analytical solution of the Jeffery-Hamel
flow of Casson fluid. The results of the solution are compared with the Adomian decomposition method and the
numerical method using the Runge-Kutta fourth-order method.

In order to show the validity and accuracy of the results of our method, we compare the results of Abbasbandy®
obtained via the exact solution and the numerical Runge-Kutta fourth-order method. Tables (1) and (2) show the
comparison between the present results of f/(0) with the exact solutions and numerical results of Abbasbandy®
for six different Hartmann numbers when Re =10, §= 00, C=0 and a ==+5°, respectively, (C=0 corresponds
to the stationary rigid walls condition and 3= oo relates to the simple Newtonian fluid model.) where the angle
o is converted from the unit of degrees to the unit of radians. The Hartmann number is dependent only on the
strength of the applied magnetic field and on the properties of the fluid, thereby the increase in the Hartmann
number with increase in the strength of magnetic field may be increased the stability of MHD flows. From Tables
(1) and (2) it is clear that there is an excellent agreement between the present results (FTADM), the exact solu-
tions and numerical results of Abbasbandy®. Table 3 shows comparison of the present results of velocity obtained
from the FTADM with the numerical Runge-Kutta fourth-order results for convergent and divergent channels.

In addition, Fig. 2 displays comparison of the FTADM results and the numerical Runge-Kutta fourth-order
results for Re=10, « =5°, 3=0.5, H= 800, C=0 graphically. Our comparison shows excellent agreement with
the numerical Runge-Kutta results. Table 4 gives a comparison of the convergence rate of the FTADM at different
number of truncated terms (N) against the numerical approximations. The relative errors given in Table 4, is
evaluated as follow:

f(n)Numericul _ f(n)FTADM
f(n)Numerical

Error =

A reasonable trend of approach and excellent agreement of our solution with the numerical solution are evi-
dent. Table 5 shows a comparison between relative errors of analytical solutions obtained by the ADM and the
FTADM methods. It is evident from Table 5 that for the same number of truncated terms (N = 6), the maximum
relative error associated with the ADM is in the order of 10~*, while the maximum relative error associated with
the FTADM is in the order of 10~%.

Figure 3 depicts the comparison of the errors of ADM with FTADM results of velocity for different recursive
components. According to this figure, the errors associated with the FTADM are much less than the ordinary
ADM.

Table 6 displays the comparison between the numerical and the FTADM values of f(1) and skin friction
coefficient versus different values of Hartmann number, Reynolds number, angle «, stretching/shrinking param-
eter and Casson fluid parameter. The comparison shows an excellent agreement between our results using the
FTADM and the ones obtained from the numerical Runge-Kutta fourth-order method.
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Figures 4, 5, 6 and 7 demonstrate the effect of stretching/shrinking parameter on the fluid velocity profile in
the convergent and divergent channel, respectively. It is clear that for stretching channel, velocity profile increases
with the increasing of stretching parameter. In the shrinking channel, the velocity profile decreases due to an
increase in the absolute value of shrinking parameter. In the case of stretching divergent channel, with increasing
stretching parameter or increasing Reynolds number the velocity increases. This nonlinear increment in velocity
is probably due to more drag force acting on the plate at large values of stretching parameter. Figures 8 and 9
depict the variations of the fluid velocity with an opening angle for stretching/shrinking divergent/convergent
channels. According to these figures, the velocity profiles act as a decreasing function of opening angle for stretch-
ing/shrinking divergent channel. In the stretching/shrinking convergent channel, velocity profile increases with
the increase of absolute value of opening angle. Figures 10 and 11 illustrate the effect of Casson fluid parameter
on the fluid velocity profiles in the divergent and convergent channels, respectively. In the divergent channel,
as the Casson fluid parameter increases the velocity profiles decrease significantly. On the other word, Fig. 10
shows that higher values of Casson fluid parameter have the tendency to decelerate the velocity of fluid flow. It
is expected that an increase in Casson fluid parameter is used to decrease the stress that increases the value of
dynamic viscosity, thereby produce a resistance in the fluid flow. It is interesting to mention that when the Casson
fluid parameter increases indefinitely, the problem reduces to a Newtonian fluid case. In the convergent channel,
an opposite behavior is observed. The effect of Reynolds number on the fluid velocity is shown in Figs 12 and 13.
The graphs show that in stretching/ shrinking divergent channels, as the Reynolds number increases the fluid
velocity decreases. An opposite trend is seen for stretching/shrinking convergent channels, where the velocity is
an increasing function of Reynolds number.

Conclusions

o In the present work, a new modification of the ADM, the FTADM, is proposed in order to incorporate the
boundary conditions into our solution of MHD Jeffery-Hamel flow of non-Newtonian Casson fluid. Where
the boundary conditions may not be incorporated into solution when the ADM is used.

« The comparison between our velocity results and f”(0) at different Hartmann numbers obtained by using the
FTADM with the exact and numerical results of Abbasbandy® for the MHD Jeffery-Hamel flow of Newtonian
fluid shows excellent agreement.

o The results obtained by the FTADM of divergent and convergent channels for the same number of compo-
nents of the recursive sequence are compared with those obtained by the ADM. The comparison shows that
the relative errors associated with the FTADM are much less than the ADM.

o We conclude that FTADM is more accurate than ADM and therefore the FTADM is an effective and expedi-
ent approximate semi-analytical method for solving the nonlinear equation of MHD Jeffery-Hamel flow of
non-Newtonian Casson fluid.

o Our results show that in the case of stretching divergent channel, with increasing stretching parameter or
increasing Reynolds number the velocity increases. This nonlinear increment in velocity is probably due to
more drag force acting on the plate at large values of stretching parameter.

References
1. Jeffery, G. B. The two-dimensional steady motion of a viscous fluid. The London, Edinburgh and Dublin Philosophical Magazine and
Journal of Science 29, 455-465 (1915).
2. Hamel, G. Spiralformige bewegungen zaher flussigkeiten. Jahresbericht der deutschen mathematiker-vereinigung 25, 34-60 (1917).
3. Rosenhead, L. The Steady Two-Dimensional Radial Flow of Viscous Fluid between Two Inclined Plane Walls. Proceedings of the
Royal Society of London A 175, 436-467 (1940).
4. Millsaps, K. & Pohlhausen, K. Thermal Distributions in Jeffery-Hamel Flows Between Nonparallel Plane Walls. J. Aeronaut Sci. 20,
187-196 (1953).
5. Abbasbandy, S. & Shivanian, E. Exact analytical solution of the MHD Jeffery-Hamel flow problem. Meccanica 47, 1379-1389 (2012).
6. Dib, A., Haiahem, A. & Bou-Said, B. An analytical solution of the MHD Jeffery-Hamel flow by the modified Adomian
decomposition method. Computers ¢ Fluids 102, 111-115 (2014).
7. Crane, L. ]. Flow Past a Stretching Plate. Zeitschrift fiir angewandte Mathematik und Physik (ZAMP) 21, 645-647 (1970).
8. Zhu, J., Zheng, L.-C. & Zhang, X. X. Analytical solution to stagnation-point flow and heat transfer over a stretching sheet based on
homotopy analysis. Applied Mathematics and Mechanics 30, 463-474 (2009).
9. Turkyilmazoglu, M. Extending the traditional Jeffery-Hamel flow to stretchable convergent/divergent channels. Computers & Fluids
100, 196-203 (2014).
10. Dogonchi, A. S. & Ganji, D. D. Effect of Cattaneo-Christov heat flux on buoyancy MHD nanofluid flow and heat transfer over a
stretching sheet in the presence of Joule heating and thermal radiation impacts. Indian J. Phys. 92, 757-766 (2018).
11. Misra, N., Sarkar, A., Srinivas, A. & Kapusetti, G. Study of blood viscosity at low shear rate and its flow through viscoelastic tubes
and ducts. Indian J. Phys. 86, 89-96 (2012).
12. Tufail, M. N., Butt, A. S. & Ali, A. Heat source/sink effects on non-Newtonian MHD fluid flow and heat transfer over a permeable
stretching surface: Lie group analysis. Indian J. Phys. 88, 75-82 (2014).
13. Sankar, D. Two-fluid flow of blood through asymmetric and axisymmetric stenosed narrow arteries. International Journal of
Nonlinear Sciences and Numerical Simulation 10, 1425-1442 (2009).
14. Hayat, T., Shehzad, S. A. & Alsaedi, A. Soret and Dufour effects on magnetohydrodynamic (MHD) flow of Casson fluid. Applied
Mathematics and Mechanics 33, 1301-1312 (2012).
15. Sheikholeslami, M., Ganji, D. D., Ashorynejad, H. & Rokni, H. B. Analytical investigation of Jeffery-Hamel flow with high magnetic
field and nanoparticle by Adomian decomposition method. Applied Mathematics and Mechanics 33, 25-36 (2012).
16. Adomian, G. Frontier Problems of Physics. (Kluwer, Boston, MA, 1994).
17. Duan, J. S. & Rach, R. A new modification of the Adomian decomposition method for solving boundary value problems for higher
order nonlinear differential equations. Applied Mathematics and Computation 218, 4090-4118 (2011).

SCIENTIFIC REPORTS |

(2018) 8:16358 | DOI:10.1038/s41598-018-34778-w 15



www.nature.com/scientificreports/

18. Duan, J. S., Rach, R., Wazwaz, A. M., Chaolu, T. & Wang, Z. A new modified Adomian decomposition method and its multistage
form for solving nonlinear boundary value problems with Robin boundary conditions. Applied Mathematical Modelling 37,
8687-8708 (2013).

19. Duan, J. S., Rach, R. & Wazwaz, A. M. A reliable algorithm for positive solutions of nonlinear boundary value problems by the
multistage Adomian decomposition method. Open Engineering 5, 59-74 (2015).

20. Bougoffa, L., Mziou, S. & Rach, R. C. Exact and approximate analytic solutions of the Jeffery-Hamel flow problem by the Duan-Rach
modified Adomian decomposition method. Mathematical Modelling and Analysis 21, 174-187 (2016).

21. Mahmoudi, Y. A new modified Adomian decomposition method for solving a class of hypersingular integral equations of second
kind. Journal of Computational and Applied Mathematics 255, 737-742 (2014).

22. Hasseine, A. & Bart, H. . Adomian decomposition method solution of population balance equations for aggregation, nucleation,
growth and breakup processes. Applied Mathematical Modelling 39, 1975-1984 (2015).

23. Ara, A,, Khan, N. A, Naz, F, Raja, M. A. Z. & Rubbab, Q. Numerical simulation for Jeffery-Hamel flow and heat transfer of
micropolar fluid based on differential evolution algorithm. AIP Advances 8, 015201 (2018).

24. Khan, N. A,, Sultan, E, Shaikh, A., Ara, A. & Rubbab, Q. Haar wavelet solution of the MHD Jeffery-Hamel flow and heat transfer in
Eyring-Powell fluid. AIP Advances 6, 115102 (2016).

25. Egashira, R., Fujikawa, T., Yaguchi, H. & Fujikawa, S. Microscopic and low Reynolds number flows between two intersecting
permeable walls. Fluid Dyn. Res. 50, 035502 (2018).

26. Nagler, J. Jeffery-Hamel flow of non-Newtonian fluid with nonlinear viscosity and wall friction. Appl. Math. Mech. -Engl. Ed. 38,
815-830 (2017).

27. Kobayashi, T. Jeftery-Hamel’s Flows in the Plane. J. Math. Sci. Univ. Tokyo 21, 61-77 (2014).

28. Nourazar, S. S., Nazari-Golshan, A., Yildirim, A. & Nourazar, M. On the hybrid of Fourier transform and Adomian decomposition
method for the solution of nonlinear Cauchy problems of the reaction-diffusion equation. Zeitschrift fiir Naturforschung 67a,
355-362 (2012).

29. Alharbi, A. & Fahmy, E. S. ADM-Padé solutions for generalized Burgers and Burgers—Huxley systems with two coupled equations.
Journal of Computational and Applied Mathematics 233, 2071-2080 (2010).

30. Adomian, G. Nonlinear stochastic systems theory and applications to physics (Springer Science & Business Media, 1988).

31. Adomian, G. Modification of the decomposition approach to the heat equation. Journal of mathematical analysis and applications
124, 290 (1987).

32. Adomian, G. & Rach, R. Analytic solution of nonlinear boundary-value problems in several dimensions by decomposition. Journal
of Mathematical Analysis and Applications 174, 118-137 (1993).

33. Adomian, G. & Rach, R. A new algorithm for matching boundary conditions in decomposition solutions. Applied mathematics and
computation 57, 61-68 (1993).

34. Wazwaz, A. M. Partial differential equations and solitary waves theory (Springer Science & Business Media, 2010).

35. Duan, J. S., Rach, R. & Wazwaz, A. M. Solution of the model of beam-type micro- and nano-scale electrostatic actuators by a new
modified Adomian decomposition method for nonlinear boundary value problems. International Journal of Non-Linear Mechanics
49, 159-169 (2013).

36. Duan, J. S. Recurrence triangle for Adomian polynomials. Applied Mathematics and Computation 216, 1235-1241 (2010).

37. Ebaid, A. A new analytical and numerical treatment for singular two-point boundary value problems via the Adomian
decomposition method. Journal of Computational and Applied Mathematics 235,1914-1924 (2011).

38. Duan, J. S. Convenient analytic recurrence algorithms for the Adomian polynomials. Applied Mathematics and Computation 217,
6337-6348 (2011).

39. Wazwaz, A. M., Rach, R., Bougoffa, L. & Duan, J. S. Solving the Lane-Emden-Fowler type equations of higher orders by the
Adomian decomposition method. Comput Model Eng Sci. (CMES) 100, 507-529 (2014).

40. Bougoffa, L., Rach, R., Wazwaz, A. M. & Duan, J. S. On the Adomian decomposition method for solving the Stefan problem.
International Journal of Numerical Methods for Heat & Fluid Flow 25, 912-928 (2015).

Author Contributions

S.S. Nourazar and A. Nazari-Golshan wrote main manuscript texts and solved the Jeffery-Hamel problem by
a modified Adomian decomposition method. E Soleymanpour prepared figures and tables and wrote abstract
section.

Additional Information
Supplementary information accompanies this paper at https://doi.org/10.1038/s41598-018-34778-w.

Competing Interests: The authors declare no competing interests.

Publisher’s note: Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International

License, which permits use, sharing, adaptation, distribution and reproduction in any medium or
format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the Cre-
ative Commons license, and indicate if changes were made. The images or other third party material in this
article are included in the article’s Creative Commons license, unless indicated otherwise in a credit line to the
material. If material is not included in the article’s Creative Commons license and your intended use is not per-
mitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this license, visit http://creativecommons.org/licenses/by/4.0/.

© The Author(s) 2018

SCIENTIFIC REPORTS |

(2018) 8:16358 | DOI:10.1038/s41598-018-34778-w 16


http://dx.doi.org/10.1038/s41598-018-34778-w
http://creativecommons.org/licenses/by/4.0/

	On the expedient solution of the magneto-hydrodynamic Jeffery-Hamel flow of Casson fluid

	Mathematical Formulation

	The Adomian Decomposition Method

	Basic idea of the FTADM

	Case Study of the Jeffery-Hamel problem

	The FTADM as an accurate approximate analytic method. 

	Results and Discussion

	Conclusions

	Figure 1 Geometry of the MHD Jeffery-Hamel flow.
	Figure 2 Comparison of numerical and FTADM results for the velocity profile of Re = 10, α = 5° β = 0.
	Figure 3 Comparison of errors for the results of velocity using ADM and FTADM at different recursive components of Re = 50, α = 5°, β = 0.
	Figure 4 Effect of variations of C on the velocity profile in divergent channel of Re = 100, α = 5°, β = 0.
	Figure 5 Effect of variations of C on the velocity profile in convergent channel of Re = 100, α = −5°, β = 0.
	Figure 6 Effect of variations of C on the velocity profile in divergent channel of Re = 100, α = 5°, β = 0.
	Figure 7 Effect of variations of C on the velocity profile in convergent channel of Re = 100, α = −5°, β = 0.
	Figure 8 Effect of variations of α on the velocity profile in stretching divergent/convergent channel of Re = 100, β = 0.
	Figure 9 Effect of variations of α on the velocity profile in shrinking divergent/convergent channel of Re = 100, β = 0.
	Figure 10 Effect of variations of β on the velocity profile in divergent channel of Re = 100, α = 5°, H = 100 and C = 0.
	Figure 11 Effect of variations of β on the velocity profile in convergent channel of Re = 100, α = −5°, H = 100 and C = 0.
	Figure 12 Effect of variations of Re on the velocity profile in stretching channel of α = ±5°, β = 0.
	Figure 13 Effect of variations of Re on the velocity profile in shrinking divergent/convergent channel of α = ±5°, β = 0.
	Table 1 Comparison between the present results of f ″(0) with the exact and numerical results of Abbasbandy5 for different values of Hartmann numbers of α = +5°, β = ∞, Re = 10 and C = 0.
	Table 2 Comparison between the present results of f ″(0) with the exact and numerical results of Abbasbandy5 for different values of Hartmann numbers of α = −5°, β = ∞, Re = 10 and C = 0.
	Table 3 Comparison between the numerical and the FTADM results for velocity of β = 0.
	Table 4 Comparison between the numerical and the FTADM results for velocity at different recursive components, N, with Re = 10, α = 5°, β = 0.
	Table 5 Comparison between the ADM and the FTADM results for velocity of α = 5°, β = ∞, Re = 50, H = 100, C = 0 and 6 number of different recursive components, N.
	Table 6 Comparison between the numerical and the FTADM values of skin friction coefficient for different values of parameters.




