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. We establish a characterization of multi-qubit entanglement constraints in terms of non-negative

. power of entanglement measures based on unified-(g, s) entropy. Using the Hamming weight of the
binary vector related with the distribution of subsystems, we establish a class of tight monogamy
inequalities of multi-qubit entanglement based on the aith-power of unified-(qg, s) entanglement for
a>1.For0< 3<1, we establish a class of tight polygamy inequalities of multi-qubit entanglement

. in terms of the Bth-power of unified-(g, s) entanglement of assistance. Thus our results characterize

. the monogamy and polygamy of multi-qubit entanglement for the full range of non-negative power of
unified entanglement.

Quantum entanglement is a quintessential feature of quantum mechanics revealing the fundamental insights
into the nature of quantum correlations. One distinct property of quantum entanglement without any classical
counterpart is its limited shareability in multi-party quantum systems, known as the monogamy of entanglement
(MoE)". MoE is the fundamental ingredient in many quantum information processing tasks such as quantum
cryptography>*, and even in condensed-matter physics such as the N-representability problem for fermions®.
Mathematically, MoE is characterized in forms of an inequality, namely monogamy inequality. The first
monogamy inequality was established in three-qubit systems by Coffman-Kundu-Wootters (CKW) as

(euisc) = 7(os) + 7(o0c)

. for a three-qubit quantum state p, g with its two-qubit reduced density matrices p 3 =1trcpspc and pac=trgpapc
. where 7(p,5c) is the bipartite entanglement between subsystems A and BC, quantified by tangle and 7(p,5) and
- 7(pajc) are the tangle between A and B and between A and C, respectively®. The tangle of a bipartite pure state|t), 5)
is defined as 7(|¢)) ) = 2(1 — trpj) where p, = ti|1)) 45 (1| is the reduced density matrix of|1)) , onto the sub-
system A. For a bipartite mixed state p,p, its tangle is defined as T( pA|B) = minY, PiT(|7r/)i) A‘B) where the mini-

mum is taken over all possible pure-state decompositions of p, , = Zipi|¢i)AB<wi‘6' Later, three-qubit CKW
inequality was generalized for arbitrary multi-qubit systems’ and some cases of multi-party, higher-dimensional
quantum systems more than qubits in terms of various bipartite entanglement measures®!1.
: Using the assisted entanglement that is a dual amount to bipartite entanglement measures, a dually monoga-
. mous (thus polygamous) property of multi-party entanglement was also established; for a three-qubit state p g,
. a polygamy inequality was proposed as

7ﬂ(!%sc) < Tu(pA\B) + Ta(pA\c)’

. where T“(pAlB) = maXZiPiT(Wi)A\B) is the tangle of assistance whose maximum is taken over all possible

. pure-state decompositions of p 5 = il |¥i)ap (1" Later, this tangle-based polygamy inequality of entangle-
 ment was generalized into multi-qubit systems as well as some class of higher-dimensional quantum systems
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using various entropic entanglement measures'®!*15. General polygamy inequalities of entanglement were also
established in arbitrary dimensional multi-party quantum systems'®!”.

Entanglement is an intrinsic nature of quantum states in composite systems that cannot be realized by local
operations and classical communications (LOCC). Thus it is natural to classify entangled states by means of their
interconvertibility under LOCC with non-zero probability, that is, stochastic LOCC (SLOCC). Unlike bipar-
tite entanglement, multi-party quantum entanglement is known to have several inequivalent classes by means
of SLOCC interconvertibility'®. For example, it is known that genuine three-qubit pure entanglement has two
inequivalent classes, Greenberger-Horne-Zeilinger (GHZ) class'® and W class'®.

Although GHZ and W classes are both considered as the genuine three-qubit entanglement, these inequiva-
lent classes reveal different characters; W-class states assume the maximum expected amount of two-qubit entan-
glement when one qubit is traced out, while GHZ-class states loose most two-qubit entanglement. This different
characteristics can also be investigated in terms of entanglement monogamy and polygamy, as CKW and its dual
inequalities for three-qubit systems are saturated by the W-class states, while each inequality can assume the larg-
est differences between both sides for the GHZ-class states.

The saturation of CKW and its dual inequalities for the W-class states can be physically interpreted as a com-
plete characterization genuine three-qubit (multi-party) entanglement in terms of two-qubit (bipartite) ones
within it, whereas GHZ class has too fragile two-qubit ones to have such interpretation. Thus, not only a distinct
phenomena in multi-party quantum systems, entanglement monogamy and polygamy can be used as an efficient
tool to characterize multi-party quantum entanglement among different classes. However, three-qubit CKW ine-
quality based on tangle is no more valid in higher-dimensional systems due to the existence of counterexamples
in3® 3 ® 3andevenin3 ® 2 ® 2 quantum systems®?. Thus it is an important task to have proper bipartite
entanglement quantifications, besides tangle, showing tight monogamy and polygamy inequalities for efficient
characterization of multi-party entanglements from different classes in multi-party and even in high-dimensional
quantum systems.

Recently, a new class of monogamy inequalities using the ath-power of entanglement measures were pro-
posed; for o > A2, the ath-power of entanglement of formation was shown to be used to establish a class of
monogamy inequality of multi-qubit entanglement?!, and a similar result was proposed using the ath-power of
concurrence for o > 2%!. Later, tighter monogamy and polygamy inequalities of entanglement using non-negative
power of concurrence and square of convex-roof extended negativity were also proposed for multi-qubit
systems?>?3,

Here, we provide a full characterization of multi-qubit entanglement monogamy and polygamy constraints in
terms of non-negative power of entanglement measures based on unified entropy***. Using the Hamming weight
of the binary vector related with the distribution of subsystems, we establish a class of monogamy inequalities of
multi-qubit entanglement based on the ath-power of unified-(g, s) entanglement! for &« >1. For 0< <1, we
establish a class of polygamy inequalities of multi-qubit entanglement in terms of the Sth-power of unified-(g,
s) entanglement of assistance'®. Our results of monogamy and polygamy inequalities established here hold in a
tighter way than other multi-qubit entanglement inequalities provided so far. Moreover, our new class of monog-
amy inequalities are also valid for the counterexamples of CKW monogamy inequality in higher-dimensional
systems more than qubits.

This paper is organized as follows: First, we review the definitions of unified entropy, unified-(q, s) entangle-
ment and unified-(g, s) entanglement of assistance as well as multi-qubit monogamy and polygamy inequalities
in terms of unified entanglements. After providing notations and definitions about binary vectors and Hamming
weight, we establish a class of tight monogamy inequalities in multi-qubit system based on the ath-power of
unified-(g, s) entanglement for oo > 1. We further establish a class of tight polygamy inequalities of multi-qubit
entanglement in terms of the Sth-power of unified-(g, s) entanglement of assistance for 0 < 3 < 1. Finally, we
summarize our results.

Results
Unified entropy and multi-qubit entanglement constraints. For g, s> 0 with g== 1 and s=0, uni-
fied-(g, s) entropy of a quantum state p is defined as**?,

1
S = ——[(trp?)° — 1].
a.5(0) (1—q)s[( p%) ] "

Although unified-(g, s) entropy has a singularity at s =0, it converges to Rényi-q entropy as s tends to 0?%*. We
also note that unified-(g, s) entropy converges to Tsallis-g entropy?® when s tends to 1, and for any nonnegative s,
unified-(g, s) entropy converges to von Neumann entropy as g tends to 1,

lim S = —trpl =:S8(p).
qiml a.5(P) rplogp (p) 2

Using unified-(g, s) entropy in Eq. (1), a two-parameter class of bipartite entanglement measures was intro-
duced; for a bipartite pure state 1)) , p, its unified-(q, s) entanglement (UE)'! is

Eq,s(‘w)A\B) = Sq,s(PA): 3)

for each q, s> 0 where p, = tr|1)), (%] is the reduced density matrix of |¢),; onto subsystem A. For a bipartite
mixed state p,, its UE is
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E%S(PA‘B) = minZPI‘Eq,s“wi)A\B)’ (4)

where the minimum is taken over all possible pure state decompositions of p, , = 3=, p.[4;) 45(%;} As a dual con-
cept to UE, unified-(q, s) entanglement of assistance (UE0A) was also introduced as

E;,s(pA‘B) = maXZPiEq,s(|wi)A|B)’ (5)
1
for g, s > 0 where the maximum is taken over all possible pure state decompositions of p,5'.
Due to the continuity of UE in Eq. (4) with respect to the parameters g and s, UE reduces to Rényi-q entangle-
ment (RE)® as s tends to 0, and it also reduces to Tsallis-q entanglement (TE)'? as s tends to 1. For any nonnegative
s, UE converges to entanglement of formation (EoF) as q tends to 1,

it )~ )

therefore UE is one of the most general classes of bipartite entanglement measures including the classes of Rényi
and Tsallis entanglements and EoF as special cases'!. Similarly, the continuity of UEoA in Eq. (5) with respect to
the parameters g and s assures that UE0A reduces to Rényi-q entanglement of assistance (REoA)® and Tsallis-q
entanglement of assistance (TEoA)'® when s tends to 0 or 1 respectively. For any nonnegative s, UEoA reduces to
entanglement of assistance (EoA)

limE? =E* ,
Jim a5(Pup) = EX(pyp) @
when g tends to 1%°.

Using UE as the bipartite entanglement measure, a two-parameter class of monogamy inequalities of
multi-qubit entanglement was established!’; for g >2, 0 <s< 1 and gs < 3, we have

N
Eq>5(pAl\A2~-AN) . EEq,S(pA1|A,.)
i—2 (8)

for any multi-qubit state p, , where E )isthe UEof p, ,  with respect to the bipartition
L AyAy

(p
a:s\P A A, A
between A; and A,..-Ay, and E as(P Al A,-) is the unliﬁzed-(b(]i, s) entanglement of the reduced density matrix p 44, for
eachi=2,..,N.

Later, it was shown that unified entropy can also be used to establish a class of polygamy inequalities of
multi-qubit entanglement'; for 1 <q<2and —g*+4q — 3 <s<1, we have

N
Ep(Pajany) € SEalpa)
P )

for any multi-qubit state p, , where Ej is the UEoA of p, , , with respect to the bipartition
Ay Ay Ay

’S(pA1|Az"'AN)
between A, and A,... Ay, and E‘Zs(pAllAi) is the UEoA oprlAi fori=2,...,N.

Tight monogamy constraints of multi-qubit entanglement in terms of unified entanglement.
In this section, we establish a class of tight monogamy inequalities of multi-qubit entanglement using the o’th
power of UE. Before we present our main results, we first provide some notations, definitions and a lemma, which
are useful throughout this paper.

For any nonnegative integer j whose binary expansion is

n—1 .
j= Zjizl
i—0 (10)

wherelog,j < nandj;€{0, 1} fori=0, ..., n— 1, we can always define a unique binary vector associated with j,
which is defined as

- . .
Jo= gy ooy y) (11)

For the binary vector 7 in Eq. (11), its Hamming weight, w H(T ), is the number of 1’s in its coordinates®. We
also provide the following lemma whose proof is easily obtained by some straightforward calculus.

Lemma 1. For x € [0, 1]and nonnegative real numbers «, [3, we have
1T+x)">1+ ax® (12)

fora>1, and

(14 x)" <1+ px” (13)
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for0<p<1.
Now we provide our first result, which states that a class of tight monogamy inequalities of multi-qubit entangle-

ment can be established using the a-powered UE and the Hamming weight of the binary vector related with the
distribution of subsystems.

Theorem 2. For a>1,q>2 and 0<s <1, gs <3, we have

o N-1 (*4,) a
w
(E‘I,S(pA|BoBl4.'BN71)) EDI [Eq,s(Pij)] ;

j=0 (14)

for any multi-qubit state p, ., where ]_> = (Jp> > J,_,) is the vector from the binary representation of j and
0By, .

wH(]_'>) is the Hamming weight of j .
Proof. Without loss of generality, we may assume that the ordering of the qubit subsystems By, ..., By_, satisfies

Fuo( ) 2 Bl ) 2 03

for each j=0, ..., N— 2 by reordering and relabeling them, if necessary. From the monotonicity of the function
flix) =x“for a > 1 and the UE-based monogamy inequality of multi-qubit entanglement in (8), we have

a
(Eq’s(pA\BgBleN,l)) 2

N—1 N
> Eq,S(pA\Bj) »
=0

(16)
which makes it feasible to prove the theorem by showing
N-1 ¢ N-1 ) a
)] = S )]
j=0 j=0 (17)

We first prove Inequality (17) for the case that N=2", a power of 2, by using mathematical induction on #n, and
extend the result for any positive integer N.

For n=1and a three-qubit state p, , , with two-qubit rduced density matrices p, , and p, . , we have
071 0 1

«

(Eus(n) + Easlian) = (B |1 + By

Eq,s(PAwo) (18)
where Inequalities (12) and (15) implies
Ers{oun) Eus{oun)
1+ _P\AIB ) >14a _Ts\"AIB) )
Eq.o\ Pajs, E%S(pA\BO) (19)
From Eq. (18) and Inequality (19), we have
(Bas(n) + Fas(un)) = (Bas(an) + o(Bas(oun)) - 20

which recovers Inequality (17) for n=1.

Now let us assume Inequality (17) is true for N=2""! with n>2, and consider the case that N=2". For an
(N+1)-qubit state p, BB, By, with its two-qubit reduced density matrices p, 5, with j=0, ..., N—1, we have
«

| E ()

1+ - .
Yo 'E
j=0 q’S(pA|Bj) (21)

NZIEIJ,S(pABj)]a = [Zn;JlEq,x<PAB}.)

j=0

Because the ordering of subsystems in Inequality (15) implies
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Ezn i1 qs(pA|Bj)

0< - <1,
g
T s an) 22)
Inequality (12) and Eq. (21) lead us to
N-1 C (g “ 21 @
ZEqs(pij) = Z Eq,S(pA\Bj) ta ZﬁlEq,S(pA\B/) :
j=0 j=0 j=2" (23)
From the induction hypothesis, we have
g “ ! ) a
w
> Eq,s(pA‘Bj) z Z as [EqS(pA\B)] :
j=0 (24)

Moreover, the last summation in Inequality (23) is also a summation of 2"~! terms starting from j=2""! to
j=2"—1. Thus, (after possible indexing and reindexing subsystems, if necessary) the induction hypothesis also
leads us to

21 “ g Ty @
w

zlEq,s(Pij) z Z anl [Eq,s(PA\Bj)] :

j

~:2n— ]72" 1 (25)
Inequalities (23), (24) and (25) recover Inequality (17) for N=2".
Now let us consider an arbitrary positive integer N and a (N + 1)-qubit state PaB,p, By . We first note that we can

always consider a power of 2, which is an upper bound of N, that is, 0 <N < "for 'some n. We also consider a
(2"+ 1)-qubit state

FABOBY-»BZnﬂ = PaByB,--By_, & OBy---By_p (26)
which is a product of p B BB and an arbitrary (2” — N)-qubit state OB-.-Byn
0P1 " PN-1

,1.

Because FABoBl"‘Bz'L] is a (2" + 1)-qubit state, we have

a 2"—1 N a
G)
(Eq,S(FA|BoBl“‘Bz"71)) > Zoawﬂf (Eq,S(FMBj)) s
j=

where r, B is the two-qubit reduced density matric of T, BBy, for eachj=0, ..., 2" — 1. On the other hand, the

@7)

separablllty of Iy p BBy with respect to the blpartltlon between AB,...By_,and By---B,n_, assures
a2 ) = Bas( ) Fas(Tu) = © o)
forj=N,...,2"—1,and
Fas, = Papy (29)
for each j=0, ..., N— 1. Thus, Inequality (27) together with Eqs (28) and (29) leads us to

«
(Eq’s(pMBoBl“‘BN—l)) - (Eq’S(FAlBOBI"'BZ”*I))a

2"—1

Zaww )( q,S(FMBJ_))a
= Nzloﬂﬂ(f )[Eqs(pA‘B)]a,

(A%

j=0 (30)

and this completes the proof. O

We also note that, for any a > 1 and the Hamming weight wH( j ) of the binary vector ] = (o oy
wH(} )5

is greater than or equal to 1, therefore
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«

o N-1 N
()
(Eq,s(pA\BOBlmBN,I)) > > ot [Eq,s(pA‘Bj)]
j=0

for any multi-qubit state Pan 5. B and o> 1.

For the validity of Inequ%lit).f (14) in multi-party higher-dimensional quantum systems more than qubits, let
us consider the counterexample of CKW inequality in three-qutrit systems?®

N-1 a
> 2}) [Eq,s(PA\B].)] ,
j=

(31

L
76

Here we would like to remark that, for a selective choice of g and s as well as «, Inequality (14) still holds for
the counterexample of CKW inequality in Eq. (32); we first note that the two-qutrit reduced density matrix p 5 of
|1} 4pc in Eq. (32) has a spectral decomposition,

[V apc = (|123) — |132) + |231) — |213) + |312) — [321)),pc-

(32)

Pun = 3l + s + |2dap e -
where
1 1 1
[X)ap = ﬁ(|23> = 132)), [y)as = ﬁ(|31> = [13)), |2)ap = ﬁ(“z) - [21)). (34)

By the Hughston-Jozsa-Wootters (HJW) theorem™, any pure state ensemble of p,j can be realized as a super-
position of |x) . [¥) 45 and |z) , 5. Moreover, it is also straightforward to check that for arbitrary pure states
|#)a= c1lx)ap+ caly)ap + cs|2) ap With [c1]* + |6, + |e5] = 1, its reduced density matrix o, = trg|$) 45 (¢ has the
same spectrum {%, %, 0}. Thus we have

E%‘(”A\B) - Eq»s(w)A\B) = Sp.s(o)- (35)
For the choice of s=0 and q =3, the unified-(g, s) entropy in Eq. (1) is reduced to §; ((p) = —%logtr p’ thus
we have Es () = félogtraj = 1, where the symmetry of |¢)), 5 under the permutation of subsystems,

regardless of the global phase, also guarantees E; o(p4/c) = 1. (For calculation simplicity, we used the logarithmic
function based on 2 throughout this paper, which does not affect on the validity of monogamy and polygamy
inequalities). Now, we have

«

(Baoll¥)ainc)) = (og3)" = 1+ a = (Eg,o(pA‘B))a + a(Es,o(PA\C)) (36)

for any a >4, which shows that Inequality (14) still holds for the counterexample of CKW inequality in Eq. (32)
for a selective choice of g and s as well as a.

We also note that an analogous argument can be made to show the validity of Inequality (14) for the other
counterexample of CKW inequality in 3 ® 2 ® 2 quantum systems®. Thus Theorem 2 provides us with a new
class of tight monogamy inequalities of multi-qubit entanglement even without any concrete counterexample in
higher-dimensional quantum systems more that qubits.

The following theorem shows that Inequality (14) of Theorem 2 can be even improved to be a tighter inequal-
ity with some condition on two-qubit entanglement;

Theorem 3. For a>1,q>2,0<s<1, gs <3 and any multi-qubit state Papp. 2V have
o By

«

« N-1
j
(E‘i’s(pA‘BO"'BN—l)) = Z%a [Eq’s(pA‘Bf)] ’
=

(37)
conditioned that
N-1
a.s\Pajs,) = j;iH s\ Pals; (38)
fori=0,...,N—2.
Proof. Due to Inequality (16), it is enough to show
N-1 CoN-1 a
ZEq,s(pA\Bj) =z Za][Eq,S(pA\Bj)] >
j=0 j=0 (39)

and we use mathematical induction on N. We further note that Inequality (20) in the proof of Theorem 2 assures
that Inequality (39) is true for N=2.
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Now let us assume the validity of Inequality (39) for any positive integer less than N. For a multi-qubit state

Pagypy o Ve have

«
N-1
Z]’:] Eqﬁ(pA\Bj)

Ijg:Eq,s<pABj)] - (E‘i’s(pA\Bo))a b Eq,s(pAlBo) (40)

where Inequality (12) and the condition in Inequality (38) lead Inequality (40) to

« 63

N-1 N-1
2= Eq’s(pA‘Bf) L=y S(p”"Bf)
—_ ! > 1+ o] .
E‘M(‘OA\BU) Eq,S(pAwo) (1)

Thus Eq. (40) and Inequality (41) imply

N-1 “
> Eq,S(pA\Bj)
=0

1+

NX_:lEq,S(pABj)Ja

j=1

(Evs(n,) )a—l—a
Eoledon)]

where the second inequality is due to the induction hypothesis, and thls complete the theorem. O

Y

(42)

For any nonnegative integer j and its corresponding binary vector ] the Hamming weight wH( j )isbounded
above by log, j. Thus we have
wi(j ) <log,j <j, (43)
which implies
« N-1 « N-1 (_,) «
s ) = Bl = S o)
( q ( AlB, BN,I) = 0.5\ FalB; = 0.5\ Fa |5, (44)

for any > 1. In other words, Inequality (14) in Theorem 2 can be made to be even tighter as Inequality (37) of
Theorem 3 for any multi-qubit state p, , ., satisfying the condition in Inequality (38).
0P1 " PN-1

Tight polygamy constraints of multi-qubit entanglement in terms of unified entanglement of
assistance. Asa dual property to the Inequality (14) of Theorem 2, we provide a class of polygamy inequali-
ties of multi-qubit entanglement in terms of powered UEoA.

Theorem 4. For 0< <1, —g*+4q— 3 <s<1on 1 < q<2 and any multi-qubit state Pyp ... »We have
0 "PN-1

g N1 ) &
a w a
(Eq’s(pA‘BUBl"'BN—I)) < Zﬂ " [Eq’s(pMBf)} '

=0 (45)

Proof. Without loss of generality, we assume the ordering of the qubit subsystems By, ..., By_, satisfying

a a
quS(pA\Bj) = Eq’S(”AIB,»H) =0 (46)

for each j=0, ..., N— 2. Moreover, due to the monotonicity of the function f(x) =x"for 0 <3< 1 and the
UEoA-based multi-qubit polygamy inequality in (9), we have

( e[S f)|
Eonno ) =[S ()|
4-s\FA|ByB, - By_, = 0.5\ Fa|B; 47)

thus it is enough to show that

N-1 s
a
Z Eq,s (pA|Bj)

j=0

NZ wu( )[ qs(PA\Bj)]ﬁ'

=0 (48)

The proof method is similar to that of Theorem 2; we first prove Inequality (48) for the case that N=2" by using
mathematical induction on n, and generalize the result to any positive integer N. For n =1 and a three-qubit state

Pab,p, with two-qubit rduced density matrices Pas, and Pyg e have
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3
s s Ezs(pA|Bl)
(el #olon) = (lenn)) |+ 52
q’s(”AlBo) (49)

which, together with Inequalities (13) and (46) leads us to
8 B B
(Bi-(eun) + Bis(ewn) = (Ei(on) -+ 0(E0 (o)) (50
Inequality (50) recovers Inequality (48) for n=1.

Now we assume the validity of Inequality (48) for N=2""! with n > 2, and consider the case that N=2". For an
(N+1)-qubit state p, BB, By, and its two-qubit reduced density matrices p A, with j=0, ..., N—1, we have

B
8 y2'-1 E° (p )
_yn-1q,s\ FA|B.
IR A S LA
2" —1pa
im0 Eq,s(pij) (51)

where the ordering of subsystems in Inequality (46) and Inequality (13) together with Eq. (51) lead us to

N-1 7
a _
Z E%S(pA\Bj) =

j=0

g
a
> E‘l’s(pA\B/)
=0

2"—1

2n—l_l ﬂ /3
a a

< ;) Eq,s(pA\B/-) +8 > lEq,s(pA\Bj)

j= ="

N-1 7
a

> Eq,s(pA\Bj)

=0

j (52)

Because each summation on the right-hand side of Inequality (52) is 2 summation of 2"~! terms, the induction

hypothesis assures that
2o Iy N 8
a w a
> Eq,s(Pij) < o pend )[Eq,s(pA\B/)] ,
=0 =0 (53)
and
2"—1 s 2"—1 Fr-1 &
a w - a
E IE‘Zv-‘(pA\B]-) < Z 1ﬁ i [Eq»s(pA|Bj)] :
= = (54)

(Possibly, we may index and reindex subsystems to get Inequality (54), if necessary). Thus, Inequalities (52), (53)
and (54) recover Inequality (48) when N=2".

For an arbitrary positive integer N and a (N4 1)-qubit state p, , ., we consider the (2" + 1)-qubit state
021" " PN-1

FABOB1"'Bz'L| in Eq. (26). Because 1“‘“3031,”32”71 is a (2" + 1)-qubit state, we have

g 2=l e, 8
a w a
(EgdTujppyonye ) < 30 810 (Eq,s(Fij)) :
=

(55)
where T, B is the two-qubit reduced density matric of LuBoB,Byr foreachj=0,...,2"—1.
Moreover, FABOBl_N By, is a product state of Papop, By, and OByrByr which implies
E;,s(FA|BoBI~-BZn71) = E;,S(PA‘BOBI..‘BNA) E,;,S(PA\BJ.) =0, (56)
forj=N,...,2"—1,and
FAB,» = Pany (57)

for each j=0, ..., N— 1. Thus Inequality (55) together with Eqs (56) and (57) recovers Inequality (45), and this
completes the proof.

To illustrate the tightness of Inequality (45) in Theorem 4, let us first recall the general polygamy inequality of
entanglement in arbitrary-dimensional multi-party quantum systems'®;

n
Ea(pA1|Az“‘An) < ZEa(pAﬂAi)’
i=2

for any multi-party quantum state p, ., where E“(p,p) is EoA of p,p in Eq. (7).
127 Ay

(58)
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Now let us consider the three-qubit W-state

1
Wase = —5([100) +[010) + |001)sc (59)

where E“(\ W)a Bc) = S(p,) = log3 — % and the EoA of the two-qubit reduced density matrices are E“( Py ‘B):
E “( X C) = %31. Thus, the marginal EoA from Inequality (58) is

E(pyp) + E*(py1c) = E(pync) = 2 — log3 ~ 0.415. (60)

For g tends to 1, the unified-(g, s) entanglement is reduced to EoA as in Eq. (7), therefore the marginal UEoA

from Inequality (45) for three-qubit, W-state when g=1and 3 = % ori are

1/3
0.196,

Q

. IE T . 173
E(l,s)(pA\B) + gE(l,S)(pA\c) - E(l»S)(pA\BC)
0.154.

. vy 1/4 . 1/4
E(l,s)(pA|B) +ZE(l,s)(pA\c) 7E(1,S)(pA\BC) ~ (61)

Thus Inequality (45) is generally tighter than Inequality (58), which also delivers better bounds to characterize
the W-class type three-party entanglement by means of bipartite ones.

We further note that an analogous argument for the improvement of monogamy inequalities from Theorem 2
to Theorem 3 can also be applied to Inequality (45) of Theorem 4 for a tighter class of polygamy inequalities with
some condition on two-qubit entanglement of assistance.

2

Theorem 5. For 0 < <1, —g*+4q— 3 <s<1on 1 <q<2 and any multi-qubit state PagyBy ) we have
5 N-1 3
(E’;"(pA‘Bo'“BN—I)) = ]z;:, ﬂ][E;’S(pA‘BJ‘)] ' (62)
conditioned that
N-1
E;S(pA\Bi) = j;lE;s(pA\B}.)’ 63)

fori=0,...,N—2.

From Inequality (43), we have WH(?) < j for any nonnegative integer j and its corresponding binary vector
N
j » therefore

B N-1 6 N-1 T s
a J| g2 wy(j a
(Eq’s(pA‘Bo“‘BN—l)) <20 [Eq’s(pA‘Bf)] < 28 [Eq,s(pij)} ’
j=0 j=0

for 0 <3< 1. Thus, Inequality (62) of Theorem 5 is tighter than Inequality (45) of Theorem 4 for 0 <3< 1 and any
multi-qubit state p, . , satisfying the condition in Inequality (63).
0”1 1

(64)

By_

Discussion

Since its inception, understanding the nature of quantum entanglement is at the heart of quantum information
theory. Although entanglement in bipartite quantum systems has been well studied with rich understanding, the
situation becomes far more difficult for the case of multi-partite quantum entanglement, and only few are known
for its characterization as well as its quantification. On the other hand, the saturation of monogamy and polygamy
inequalities of multi-party entanglement provide us with an efficient way of characterizing multi-party quantum
entanglements among different classes, because the genuine multi-party entanglement of this type can be com-
pletely characterized by means of the two-way (bipartite) entanglement within it. Thus it is an important task to
have proper bipartite entanglement quantifications showing tight monogamy and polygamy inequalities for an
efficient characterization of entanglements from different classes in multi-party and even in high-dimensional
quantum systems.

Here we have provided a characterization of multi-qubit entanglement monogamy and polygamy constraints
in terms of non-negative power of entanglement measures based on unified entropy. Using the Hamming weight
of the binary vector related with the distribution of subsystems, we have established a class of monogamy ine-
qualities of multi-qubit entanglement based on the ath-power of UE for a > 1. We have also established a class of
polygamy inequalities of multi-qubit entanglement in terms of the Sth-power of UEoA for 0 < 5<1.

Our results deal with the full range of non-negative power of the most general class of bipartite entan-
glement measures based on unified-(g, s) entropy to establish monogamy and polygamy inequalities of
multi-qubit entanglement, therefore our results encapsulate the results of various entropy-based monogamy
and polygamy inequalities as special cases. For a selective choice of parameters ¢, s and «, our class of monog-
amy inequalities are also valid for the counterexamples of CKW monogamy inequality in higher-dimensional
systems more than qubits.
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We also remark that the class of monogamy and polygamy inequalities established here hold in a tighter way
than other multi-qubit entanglement inequalities provided so far. Thus our results can provide an efficient way of
characterizing entanglement shareability and distribution among the multi-party quantum systems without any
known counterexample even in higher-dimensional systems more than qubits.
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