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Coherent Structure Formation 
through nonlinear interactions 
in 2D Magnetohydrodynamic 
Turbulence
Elisa De Giorgio, Sergio Servidio & Pierluigi Veltri

Using high resolution 2D magnetohydrodynamic (MHD) simulations we analyze the formation of 
coherent structures induced by nonlinear interactions in turbulent flows. The properties of these 
coherent structures, which at the smallest scales are identified through a spatial intermittent 
behavior, turn out to be guided by the conservation of ideal quadratic (rugged) invariants of the 2D 
incompressible MHD equations. Different spatial regions can be identified, where the correlations 
predicted using the variational principles associated to the rugged invariants are locally displayed. 
These local correlated structures are produced rapidly, as soon as the turbulence is fully developed. It 
is worth speculating that the small scale structures under our investigation could give rise to singular 
weak solutions when letting the dissipative coefficients go to zero. In this case their properties could 
furnish a key to understand which mathematical conditions characterize singularity emergency in weak 
solutions of the MHD ideal case.

Fluid turbulence is characterized by the phenomenon of local emergency of Beltrami flows, i.e. structures where 
velocity and vorticity field are strongly correlated, as long as nonlinear interactions take place, producing smaller 
and smaller scales1–3. This property of nonlinear interactions has been used as a basic ingredient in the formal 
proof of Onsager conjecture4,5, about the existence of weak solutions of Euler equations which do not conserve 
kinetic energy of the flow6–8. It is then worth investigating if a similar behaviour is found inside magnetohydro-
dynamic (MHD) incompressible turbulent flows, in the perspective to derive which mathematical properties 
characterize ideal turbulent flows, i,e. turbulent flows where dissipative terms tend to zero.

The formation of large scale correlated structures (self-organization), as the result of the relaxation processes 
occurring on very long times in MHD incompressible turbulent flows, has been the object of a lot of theoretical 
and numerical studies, which have shown that the properties of these structures could be predicted assuming that 
dissipative terms minimize the total energy of the turbulent flow, holding constant some ideal quadratic (rugged) 
invariants. In particular in 3D these invariants are cross helicity and magnetic helicity9–16, while in 2D they are 
cross helicity and magnetic potential13,15,17–20.

The properties of the coherent structures predicted by these studies have also been observed in solar wind 
data10,18,21,22.

Matthaeus et al.23 have shown that in both 2D and 3D incompressible MHD simulations dynamical alignment 
of velocity and magnetic field occurs on rapid times (of the order of some eddy turnover time)24.

The occurrence of coherent structures inside turbulence15 has also been discussed in relation to the phenom-
enon of spatial intermittency2. In particular, nonlinear interactions give rise to a cascade towards smaller lengths 
which is not self similar in that the Probability Distribution Functions of fluctuations at a given length display 
larger ad larger tails with respect to a Gaussian Distribution as the lengths become smaller and smaller. This 
behavior, which has been described as multifractal25, is now interpreted in terms of the occurrence at small scales 
of coherent structures, which are superposed on a background of random fluctuations26.

In this work we study in a systematic way, if and how phenomena similar to the local emergency of Beltrami 
flows in fluids occur on rapid ideal times in 2D MHD incompressible turbulent flows and how this eventual 
occurrence is related to the development of intermittency. In particular we want to assess if and how the ideal 
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quadratic invariants play a role in determining the nature of the structures produced by nonlinear interactions 
by shaping these coherent structures in the very beginning of a decaying turbulence when dissipative terms have 
not yet developed their effects. To try to assess the general validity of the results obtained, our analysis has been 
performed for some different simulations, varying resolution, kinetic viscosity, which has always been put equal 
to magnetic diffusivity, and initial conditions.

The dynamical evolution of 2D incompressible MHD is described by the following set of equations
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where v and B are the fluid velocity and magnetic field which both have zero z component, a, j and ω are the z 
components of respectively the vector potential, the electric current density and the fluid vorticity and φ is the 
stream function such that ω φ= − ∇2 , while ν is the kinematic viscosity and η is the magnetic diffusivity27,28. 
Equations (1) are written in familiar Alfvén units29, with lengths scaled to l0, a typical large scale length. Velocity 
and magnetic field are scaled to the root-mean-square of the Alfvén speed CA and time is scaled to l C/ A0 .

In their ideal form. i.e. when 0ν η= = , these equations conserve three global quadratic invariants (rugged 
invariants i.e. invariants which survive to any Galerkin truncation): the energy E v B d r( )1

2
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2  and the mean square potential vector ∫=A a d r2 2 2 .
In order to study the behavior of turbulent flows associated to these equations, numerical simulations with 

very low values of ν and η and periodic boundary conditions are usually performed. In such case, the long time 
evolution of these equations has been shown to give rise to the so-called self-organization of turbulent flows, in 
that large scale very correlated structures are finally obtained, whose properties can be derived from the idea that 
energy is minimized while holding constant cross-helicity and mean square magnetic potential20.

Let λ and φ be Lagrangian multipliers and Ω an open regular and limited domain of 2, imposing that

∫ ∫ ∫δ λ φ






+ − ⋅ −






=
Ω Ω Ω

v B d r d r a d rv B1
2

( )
2

0
(2)

2 2 2 2 2 2

and using the variational calculation analysis, we obtain the two relations
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where the presence of a correlation between ω, j and j, a is emphasized. In the present work we will explore the 
possibility that the above equilibria, which are intended to be long time solutions of equations (1), have an influ-
ence on the cascade processes, manifesting on time-scales comparable to an eddy turnover time.

Results
Simulations. System of equations (1) are solved in double periodic box, in a Cartesian geometry where each 
side is set to l2 0π . We compute the nonlinear terms using a pseudo-spectral technique, applying a 2/3 dealiasing 
rule30,31. The code conserves energy with high precision, and has been tested in absence of viscous/resistive terms 
(the spectral Galerking representations retain high accuracy and robustness, even in ideal MHD). A standard 
Laplacian dissipation with constant dissipation coefficients has been employed. The latter have been chosen high 
enough to guarantee the smoothness of the solutions, but also to achieve high Reynolds numbers. The values of 
the viscosity and the resistivity are reported in Table 1 together with a description of the runs performed. Time 
integration is achieved through a classical second-order Runge-Kutta method, which has been tested to be stable 
and robust, for each simulation. The number of used mesh points N2 goes from 20482 to 40962, and results have 
been found to be independent of this choice.

Considering the representation of the magnetic and velocity fields in Fourier space, the energy is initially 
concentrated in the shell ≤ ≤k1 2 (k is the modulus of the wavenumber in units of l1/ 0). The initial energy has 
been normalized such that E v b 11

2
2 2= 〈 + 〉 = , where the brackets denote a spatial average. Random phases are 

Runs N ν η= M

RUN1 2048 3 × 10−4 M = 11

RUN2 2048 2 × 10−3 M = 11

RUN3 4096 5 × 10−4 M = 12

Table 1. Parameters for runs: N represents the number of grid points in each direction, ν and η are the viscosity 
and the magnetic diffusivity respectively, M is related to N through =M log N( )2 .
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employed for the initial Fourier coefficients and uncorrelated, equipartitioned velocity and magnetic field fluctu-
ations are imposed. This gives a negligible initial net cross helicity in the system. This choice of initial conditions 
corresponds in the physical space to a collection of energy containing magnetic island and vortical flows. The 
fields are therefore a superposition of large scale fluctuations, which suddenly undergo a state of fully developed 
turbulence. As we have just outlined, using the normalization described above, kinetic and magnetic Reynolds 
numbers of our simulations are respectively nothing but the inverse of the kinematic viscosity and magnetic dif-
fusivity. We have finally considered an homogeneous spatial grid x y( , )i k , such that x i xi δ=  and δ=y k yk , with 

≤ ≤i j1 , 2M and δ δ δ= = = −x y l 2 M
0  the mesh spacing.

Analysis. In order to identify the intermittent pattern formed at small scale in turbulent flow, we used a wave-
let decomposition analysis, through an Haar wavelet base in two dimensions26,32–38. In accordance with the wave-
let decomposition, for ≤ ≤m M1 , we define the scale l l2 2m

m M m
0 δ= =−  (see section Methods). The wavelet 

decomposition has been performed on both the two components of velocity and magnetic field, choosing the 
fields at a simulation time where the turbulence was fully developed, a time t⁎ which we have identified with the 
ideal time corresponding to the maximum value of the dissipated power (i.e. at this time the conditions of station-
ary state are valid since at the smallest scale the nonlinear effects are comparable with respect to the dissipative 
ones). For RUN3, for example, ⁎ = .t 1 8 (Figure 1). It is worth noting that at this time the field structure of the 
solution is completely different from that one found at the the starting time, thus showing that the solution of the 
MHD equations at this time has no particular relation with the imposed initial condition (Figure 2).

As in an usual intermittent analysis32, we have then built up the PDFs of the velocity and magnetic wavelet 
coefficients at different scales. In Figure 3 we have represented the PDFs of the smallest scale (l1) and of the largest 
statistically significant scale (l8). Let us notice that, at the biggest considered scale (l8), the PDF is almost Gaussian, 
while, descending at smaller scales, important non-Gaussian tails are displayed. The standard deviation at each 
scale can now be used as a threshold for selecting the intermittent structures32. Actually we selected the wavelet 
coefficients of both the two components of the velocity and the magnetic field, whose module is greater than four 
times the corresponding field standard deviation. This operation allows the identification of the grid points, at 
fixed scale, where coherent intermittent structures are localised (Figure 4).

Figure 1. Dissipative power as a function of time, for RUN3. P t j t t( ) ( ) ( )2 2η ν ω= < > + < >

Figure 2. Contour plots of the vorticity field at times (a) = .t 0 0 and (b) t 1 8= .  for RUN3.
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In order to study the properties of the correlation among the dynamical variables in the neighbor of each 
intermittent grid point x y( , )i k  and for each scale lm, we have considered such grid point as the center of a spatial 
window − ∆ + ∆ × − ∆ + ∆x x y y[ , ] [ , ]i m i m k m k m , with ∆ = l2m m, we have then restricted the vorticity field, 
the current density field and the magnetic potential to each selected spatial window and we have hence calculated 
the correlation coefficient between the current density field and the vorticity field c x y( , )j

m
i k,ω  and correlation coef-

ficient between the current density field and the magnetic potential c x y( , )j a
m

i k,  inside the above defined spatial 
windows.

In Figure 5 we present the PDF of ωc x y( , )j
m

i k,  and c x y( , )j a
m

i k,  calculated at = .t 1 8 in the neighbor of the inter-
mittent structures, compared with the distribution of their initial values calculated on the whole simulation 
domain. Looking at these distributions, we find out that, in the simulation we are analyzing, the correlations 
between the current density field and the vorticity field and the current density field and the magnetic potential, 
which were almost null everywhere in the simulation domain at the initial time, are displaying after some ideal 
time well defined values in the neighbor of the small scale intermittent structures, thus showing that nonlinear 
interactions are extremely efficient in building up, rapidly in time and locally in the neighbor of the intermittent 
grid points, the correlations (4) predicted by the variational principle (2).

This result, very intriguing, has led us to repeat the same windowing analysis all over the simulation domain, 
i.e. for all grid points, and using the same previously used window of dimensions (2 1) (2 1)1 1∆ + × ∆ + . 
Figure 6 displays the same pattern observed in Figure 4, clearly identifying large scale and intermittent structures, 
both characterized by strong correlations between ω and j (Fig. 6(a)) and between j and a (Fig. 6(b)). Remarkably 
the sign of the correlations are opposite in the large scale regions with respect to that one of intermittent struc-
tures. Intermediate values of the correlations are present only in the very tiny regions where correlations change 
in sign, i.e. there is a passage from 1−  to +1 or vice versa.

Figure 3. PDFs of vx wavelet coefficients at scales l1 , l7  and l8  at simulation time = .t 1 8 for RUN3, 
Gaussian Distribution −.

Figure 4. Grid points above-threshold at scale l1 and time = .t 1 8 for RUN3.
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It is worth noting that looking at the contour plots of the λ-values and ϕ-values given by relations (4) 
(Figure 7) the pattern obtained is practically superposed to that obtained in Figure 6. Large regions of space where 
the former values are almost constant can be identified, while in the intermittent regions the values of the ratios 
remain almost constant on the pattern identified by the previous intermittent analysis.

These results are particularly significant since they allow us to understand what kind of role the rugged invar-
iant conservations play during the nonlinear evolution of the 2D MHD equations. In the initial condition the 
correlations between velocity and magnetic field and between current density and magnetic potential were pres-
ent nowhere. Due to the effects of nonlinear interactions the correlations calculated over the whole simulation 
domain remain null, but now in the flow there are regions of maximum positive correlations and regions of 
maximum negative correlations and the separation between these regions correspond to a separation between 
large scale coherent structures and small scale intermittent structures. This means that the nonlinear interactions 
tend to segregate the structures with opposite sign of the correlations, not only in the physical space but also in 
the spectral space.

Starting from equations (1) for each grid point x y( , )i k , we can define two typical evolution times for the vari-
ables ω and a. The first type is the time measured by an observer located in a fixed point of the space, it is defined 
for the vorticity field and the magnetic potential as
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The other one is the time measured by an observer moving on a flux line, hence following the motion. In this 
case the characteristic times associated to the dynamical evolution of the vorticity field and the magnetic potential 
are

ω
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Figure 5. PDFs at scale l1 of ∙ ωc x y( , )j
m

i k, , ◼ c x y( , )j a
m

i k,  at time t 1 8= .  calculated for the intermittent points and 
of + ωc x y( , )j

m
i k, , × c x y( , )j a

m
i k,  at time = .t 0 0, calculated for the whole simulation domain, for RUN3.

Figure 6. Contour plots of the correlation coefficients c x y( , )j
m

i k,ω  (a) and c x y( , )j a
m

i k,  (b) at scale l1 and time 
= .t 1 8 for RUN3.
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where = + ⋅ ∇∂
∂

⁎⁎ ⁎ vD
Dt t

 is the material derivative. It is worth noting that in order to identify a typical life-time of 
the turbulent structures under our investigation, the latter time is much well suited that the former. In Figure 8 we 
have reported the contour plots of the life-times (5). The same pattern observed also in Figure 6, is displayed in 
Figure 8: large scale structures are characterized by long evolution time therefore they can be seen as quasi-steady 
structures, on the contrary, the intermittent structures have rapid evolution in time, associated to their dissipa-
tion. This result together with the localization of opposite values of the correlations in the intermittent and in the 
quasi-steady structures can furnish a key to understand why in decaying turbulence, on very long time, i.e. when 
small scale intermittent structures are finally dissipated, only one sign of the correlation at last survives on large 
scale structures (self-organization).

Discussion
Using high resolution 2D MHD simulations we have analyzed and identified the rapid time formation of coher-
ent structures induced by nonlinear interaction in MHD incompressible turbulent flows. These structures are 
characterized by the occurrence at small scales of regions where the correlations predicted by the hypothesis of 
quadratic rugged invariant conservations are locally present, a property which is the equivalent to the well known 
“Beltramization” of the fluid flows. Moreover large scale structures and intermittent structures present a clear 
separation also from the point of view of the calculated correlations, in that the two different types of structures 
are characterized by opposite signs of the correlations.

Also if a limited number of simulations have been performed, we think that the peculiar initial conditions we 
have chosen and the high resolution we have used, allow us to be sufficiently confident about the fact that the 
behavior observed and discussed represents a generic property of the 2D MHD turbulence. We have also tested 
other correlations derived from the variation principle where quantities which do not represent quadratic rugged 
invariants for the system were kept constant (for example the vorticity field and =f a a( ) n with n 2> ). The 
obtained results have shown that these correlations are not locally present in the flow.

Analyzing the characteristic Lagrangian evolution times, other interesting properties of the coherent struc-
tures have emerged. Specifically, on very fast dynamic nonlinear time, local organization is observed; this is the 
case of intermittent structures, which are formed when the small scales are produced by the nonlinear interac-
tions and are then dissipated. Conversely, on long evolution time, global self-organization is observed. In fact 

Figure 7. Contour plots of the ratios (4) at time = .t 1 8 for RUN3.

Figure 8. Contour plots of the characteristic times (5) at time t 1 8= .  for RUN3.
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the large structures present really long evolution time, such that they can be considered quasi-steady structures. 
Consequently, leaving the simulation free to evolve, the rapid evolution finally destroys the intermittent struc-
tures, leaving only the large scale structures which are quasi-stable in time.

In ideal hydrodynamics the formation of singularities, i.e. the breakdown from smooth solutions, has neces-
sary conditions given by the maximum norm of the vorticity (Beale-Kato-Majda theorem)4,39. A similar behav-
ior is also observed for incompressible MHD equations: ideal MHD equations can be seen as the limit of the 
incompressible ones taking in consideration energy dissipation and magnetic helicity conservation (existence of 
a generalized Beale-Kato-Majda theorem)40,28. Therefore it is worth speculating that the intermittent small scale 
structures, observed in our simulations as consequence of the rapid time evolution produced by nonlinear inter-
actions, could give rise to singular weak solutions when letting the dissipative coefficients go to zero. In this case 
the properties of these structures, identified by our analysis, could furnish a key to understand which mathemat-
ical conditions characterize singularity emergency in weak solutions of the MHD ideal case.

Methods
For our analysis we have used a wavelet decomposition with an Haar basis. In the following we will furnish a brief 
description of this decomposition.

Let consider a two-dimensional 2π-periodic function f  defined on a homogeneous spatial grid i i( , )1 2  with 
≤ ≤i i1 , 2M

1 2 . Let also define for each ≤ ≤m M1  the scale l 2m
mδ= , with δ the mesh spacing, such that fixed 

the scale lm we have −2M m grid points.
The two-dimensional orthonormal wavelet transform unfolds f  into scale, positions, and three directions 

using a function Ψq
m, which is called two-dimensional mother wavelet
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φ i( )mk  is the one-dimensional scaling function. In our 
case these functions are defined as
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The field f , having a mean value f , can be decomposed into an orthogonal wavelet series

f i i f w k k i k i k( , ) ( , ) ( 2 , 2 )
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wq
m are the wavelet coefficients given by w f ,q

m
q
m= < Ψ >, where <∗ ∗>,  denotes the L2-inner product defined by 

∫< > =
Ω

h g h g d, (x) (x) x. The coefficients measure fluctuations of f  around the scale lm and around positions k, 
along one of three directions q.

Data availability. The datasets generated and analyzed during the current study are available from the cor-
responding author on reasonable request.
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