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In this paper, a family of the weighted polymer networks is introduced depending on the number of
copies fand a weight factor r. The topological properties of weighted polymer networks can be
completely analytically characterized in terms of the involved parameters and/or of the fractal
dimension. Moreover, assuming that the walker, at each step, starting from its current node, moves to
any of its neighbors with probability proportional to the weight of edge linking them, namely weight-
: dependent walk. Then, we calculate the average receiving time (ART) with weighted-dependent walks,
: which is the sum of mean first-passage times (MFPTs) for all nodes absorpt at the trap located at the
central node as a recursive relation. The obtained remarkable results display that when fi—l <r<a,the

. ART grows sublinearly with the network size; when r = _*_, ART grows with increasing size Ny as InzNg;
: +1

: wheno < r < =, ART grows with increasing size N, as In N,. In the treelike polymer networks, ART

. +1

grows with linearly with the network size Ny when r=1. Thus, the weighted polymer networks are more
efficient than treelike polymer networks in receiving information.

Complex networks, as a powerful tool to describe and characterize the natural and man-made systems, have
attracted considerable attention in many fields, such as mathematics, biology, life science and engineering dis-
. ciplines'—. Besides, as rapid developing discipline, polymer science has attracted much attention in the past few
© years, since it provides a powerful tool to study the macromolecules with various structures®. Flexible polymer
. structures are various, such as dendrimers®, mesh-like polymers®7, fractals®?, dendritic!® !}, regular hyper-
: branched structures'> '3, scale-free and small-world networks'* !>, and so on.
Weighted networks represent the natural framework to describe natural, social, and technological systems,
* in which the intensity of a relation or the traffic between elements is an important parameters'® . In general
. terms, weighted networks are extension of networks or graphs'® ", in which each edge between nodes i and j is
. associated with a variable w;; called the weight. Much attention has been paid to the study of weighted networks
© because most real networks, which include airport networks?, ecosystems?!, the Internet networks?* and so on,
often show weighted properties, so it is also meaningful to investigate the behavior on the weighted networks?.
Motivated by complex networks and polymer structures, Zhang et al. defined a category of treelike polymer net-
. works controlled by a parameter, which is built in an iterative way** 2°. Combining the weighted networks?® and
: polymer structures, a family of the weighted polymer networks is introduced depending on the number of copies
. fand a weight factor r.
: In 2015, Dai et al. introduced comprehensively three kinds of walks: random walk, weigh-dependent walk
and strength-dependent walk on the weighted networks?”. On weighted networks, the walker will choose an
: edge according to its weight of the node connected by it, i.e. weight-dependent walk. A key quantity related to
. weighted networks is the mean first-passage time(MFPT), that is, the expected first time for the walker starting
: from a source node to a given target node. The average receiving time (ART) is the sum of mean first-passage
© times (MFPTs) for all nodes absorpt at the trap located at a given target node®-3!.
: In this paper, we define a family of weighted polymer networks controlled by two parameters, which is built
in an iterative way. According to the construction, we study some structural properties of the weighted polymer
networks, showing that (1) in the limit of large network order g, the average degree of weighted polymer networks
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tends to 2; (2) when 0 < r <1, their average node strength goes to zero as g increases; (3) their node strength
distribution follows a power-law distribution; (4) the weighted polymer networks networks have small-world
property: in the infinite network, the average weighted shortest path (AWSP) tends to be a constant value which
depends on two parameters f, r. However, the average shortest path (ASP) increases logarithmically with the net-
work size. Then, by applying recursive relations of weighted polymer networks, we calculate the average receiving
time (ART) with weighted-dependent walks, which is the sum of mean first-passage times (MFPTs) for all nodes
absorpt at the trap located at the central node. So we derive exactly the ART formula, which displays that in large
networks, the leading behaviors of ART for the weighted polymer networks follow distinct scalings, with the trap-
ping efficiency associated with the network size N,, the number of copies fand a weight factor r.

This paper is organized as follow. Based on weighted networks?® and polymer structures, a family of the
weighted polymer networks is introduced depending on the number of copies fand a weight factor r in the
next section. In Section 3, some a priori prescribed topology is described in terms of average degree, average
node strength, node strength distribution, and the average weighted shortest path, depending on the two main
parameters: the number of copies fand the weight factor r. In Section 4, the average receiving time (ART) with
weighted-dependent walk is obtained by recursive formulas for F,(g) and T,,(g). In the last section, we draw some
conclusions that (1) the topology of weighted polymer networks can be completely analytically characterized in
terms of the involved parameters and/or of the fractal dimension; (2) the weighted polymer networks are more
efficient than treelike polymer networks in term of receiving information.

Weighted treelike networks
In this section, a family of weighted polymer networks are introduced. Intuited by polymer networks?* > and
Weighted Fractal Networks (WEN for short)?, a family of weighted polymer networks are constructed in a deter-
ministically iterative way.

Let r(0 <r < 1) be a positive real numbers, and f(f > 1) be a positive integer. Denote by G, the weighted poly-
mer networks after g iterations, and the following is the iterative algorithm to create weighted polymer networks:

(1) For g=0, G, consists of an isolated node, called the central node. For g= 1, fnew nodes are generated
connecting the central node to form G,. Let G, be our base graph, composed by f+ 1 nodes and fedges
with unit weight. The f+ 1 nodes in G, are all the attaching nodes, labeled by 0, 1, 2, ---, f.

(2) Forg=2, G, is obtained from G,: LetG\*, G, ---, Gl(f) be f+ 1 replicas of G, whose weighted edges have
been scaled by the weight factor r. Fori = 0, 1, 2, ---, f, let us denote by i’ the central node in Gl(i). Then
merge the central node i in G and Node i in G, into a single new node, still labelled by i(i = 0, 1, ---, f).
Figure 1 illustrates the iterative construction processes of a particular network from g=1to g=3 for the
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Figure 2. Construction method of weighted polymer networks. The open circles and triangles represent Node
il ofGé’ll andiofG,(i = 0, 1, 2, -, f), respectively.

case of f=3.

(3) Forg>1,G,is obtained from G,_, (see Fig. 2): Let GE’_’P Gé?l, e Gg_) , be f+ 1 replicas of G,_, whose
weighted edges have been scaled by the weight factor r. Fori = 0, 1, 2, --+, f, let us denote by i’ the central
node in G(’Zl. Then merge the central node i’ in GS(,’ZI and Node i in G, into a single new node, still labelled
byi(i = 0, 1, ---, f). The weighted polymer networks is set up.

The weighted polymer networks is one of type of WEN. According to Carletti and Righi®®, WFN are scale-free,
the exponent being the fractal dimension. WFN exhibit the “small-world” property (i.e. slow (logarithmic)
increase of the average shortest path with the network size) and large average clustering coeflicient. Thus, the
fractal dimension of weighted polymer networks is completely characterized by two main parameters: the num-
ber of copies f> 1 and the weight factor 0 < r < 1. We have that the fractal dimension of the weighted polymer
networksisd ., = — %.

According to the construction approach, it is easy to derive that at each iterative step gi(g; > 1), the number of
newly generated nodes is L(g)) = f(f + 1)%~%. Then the total number of nodes at each generation g is

&g
N, =1+ YOLg) = (f+ 1S,
g=1 (1)

and the total number of edges in G, is E,=N,— 1 = (f+1)¢— 1.

Topological properties of weighted polymer networks

The aim of this section is to characterize the topology of weighted polymer networks, by analytically studying
their properties such as the average degree, the average node strength, the node strength distribution, and the
average weighted shortest path.

Average degree and average node strength.  The degree of a node i in a network, that is, the number of
connections or edges the node 7 has to other nodes, is denoted by deg(i). The average degree of the weighted pol-

ymer networks G,, denoted by ad(G,), is defined as ad(G,) = %32 Hence in the limit of large g, the average

Ny

degree ad(G,) is finite and it is asymptotically given by

SNETAS VT

N, (f+ 12

ad(G,) =

2, g— 0.

In the weighted polymer networks G,, a weight w; is assigned to the edge connecting the nodes i and j, and the
strength of node i can be defined as

Si= D Wy
jen(i) (2)
where the sum index j runs over the set (i) of neighbors of i. The strength of a node integrates the information
concerning its connectivity and the weights of its links***%. Then using the recursive construction, we can explic-
itly compute the total node strength S = Vie 65 and, provided r = ﬁ, easily show that
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Because r < 1, we trivially find that the average node strength goes to zero as g increases:
N o
Sg/z\’g_fr+r—1 (fr+r—D(+1)% _)O(g_)oo)

1
f+1

Especially, let us observe that the same is true if r = ; in this case, in fact S, = 2fg grows linearly with g, thus

slower than N,

Node strength distribution. Let n(s) denote the number of nodes in the weighted polymer networks G,
that have strength s. Let s,(g;) be the strength of any one of newly generated nodes i at each iterative step g;(g; > 0).
Assume that node i entered the networks at generation g(g > 0), then s,(g) =¢~!. By construction, the strength of
node i entered the networks at generation g;(0 < g; < g) is si(gl.) =&ty f(rg71 +r8 4 r$). For g;=0,
the strength of the initial central node labeled by 0, equals to s,(0) = f(rg_1 82t 1). Using the
property of iterative construction method, we can conclude:

n(s(g) = f(f+ D5, and n(s,(0) = 1.

For g=100, n(s) versus s in the weighted polymer networks is on a log-log scale in Fig. 3. The slope of the

weighted polymer networks Gy, with 8'° nodes, f=7 and r=1/4 is —1.4992, which differs by 0.0008 from its the
negative of the fractal dimension —d, = log8 " _ _1.5000. The slope of the weighted polymer networks G,

ac

log1/4
with 9'% nodes, f=8 and r=1/8 is —1.0565, which differs by 0.0001 from its the negative of the fractal dimension
— %89 _ 1 .0566. The slope of the weighted polymer networks G,q, with 31 nodes, f=30 and r=1/2

—d, =
frac log1/8
is —4.9339, which differs by 0.0203 from its the negative of the fractal dimension —d frac = 10831 _ _ 4 9542, The

log1/2
slope of the weighted polymer networks G, with 4!%° nodes, f=3 and r=1/30 is —0.4077, which differs by
—0.0001 from its the negative of the fractal dimension —d . = ; 1°1g/‘;0 = —0.4076. The results show that for
(o}
different weight factor r and different copy number f, every line slopegof log n(s) versus log s is nearly equal to the
7 logf 1)

negative of the fractal dimension —d fract = (0 < r < 1). This implies that n(s) are distributed according
ogr

to a power law with exponent d ot = — bgl(f;”. And therefore, for large g, n(s) can be obtained as
ogr

7’!(5) ~ Cs_dfmct)

where ¢ is constant. Thus, n(s) also follows a power-law distribution.

Average weighted shortest path. By definition the average weighted shortest path(AWSP) of the
weighted networks G, is given by

- 2
dg - A{g(l\{g _ I)Stot(g)’ (3)

where

Sir(g) = Z dij(g)»

1,JEGyrizj (4)

SCIENTIFICREPORTS|7:2128 | DOI:10.1038/541598-017-02036-0 4



www.nature.com/scientificreports/

d;(g) being the weighted shortest path linking nodes i and j in G,.

The modular recursive construction of G, allows us to calculate the exact value of S,,(g). At step g+ 1, we
incise G, into f+ 1 branches, which we label as G =01, -, ). Each branch G(’)(l =0,1, -, f)isacopy of
G, and has the same structure as G,, while their edge welghts have been scaled by a weight factor r. The central
nodes i/ of G(i = 1, ---, f)are all connected to central node 0’ of G(O) by fedges with unit weight. Thus, the total
of shortest dg stances Sm ) satisfies the following recursion:

Sig + 1) = (f+ DrS,,(g) + (5)
where Q) is the sum over all weighted shortest paths whose nodes are not in the same copy of GNi=0,1, -, f).
Note that the welghted paths that contribute to Q, must all go through central node 0’ of G at which the dlfferent
G(’)(l =0, 1, -+, f) branches are connected. ThlS recursive relation can be elaborated as follows

The first term on the rhs of (5) describes the sum of the weighted shortest path linking nodes i and j in
G;)(l =0, 1, ---, f), respectively, i.e.,

)OIRED DERTEE )

ijec?  ijeG i,jeGP
Using the scaling mechanism for the edges, the above sum can be easily identified with

rz +TZ ++r2 :(f+1)rZ:(f+1)rStot(g)

i,j€G, i,j€G, i,j€ Gy i,j€G,

One can prove (see Method) that

2 2
0 rf r8(f + D% 4+ L_ln(f—i_ 1%, if 0<r<l,
A "=
f (g+1)(f+ 1)23) lf r=1. (6)

Considering S,,,(1) =2, we can solve Eq. (4) recursively to yield

fr-2) (f+1)2g‘1+7f(ﬁ_1) PN+ 1)8

f+1—-nr(r-1) f+ D -1
- 2
Sirl8) = . fr=2) rENf 1) if 0<r<l,
r—1 (f+1—-nr@r-1)
(g — D+ %'+ (f+ DY, if r=1 @)
We find that if r=1 then S,,(g) = (fg— 1)(f+ 1)%~' + (f+ 1)¢~!, which coincides with the S,,(g) in ref. 24.
Therefore

2f2(r — 2) (f+ 1! L Y- r&1
f+1-nr-DF+D* -1 (F+Dr-DF+1D*~1
N S A il Gt N G VA Vi

r—1 (f+1-nr-1) F+1DE -
2~ DY+ VF +2 oot
F+ D" =+ 1) (8)

which provides the following asymptotic behavior in the limit of large g (see Fig. 4). When g — oo,

=
[

if 0<r<l,

2
Eg — M) lf 0<r<1
F+1—-n0-1 9)
Thus the network grows unbounded but with the logarithm of the network size, while the weighted shortest
distances stay bounded.
Recalling N, = (f+ 1) as given in Eq. (1), we have ¢ = InN,/In(f + 1). We can also compute the average short-
est path (ASP), d formally obtained by setting r= 1. Hence, when the network size is large enough, we have

— 2f .
d~— — _InN, =1.
¢ (f+ 1 In(f+1) 10 if or=1 (10)

1

Average receiving time on weighted polymer networks

The purpose of this section is to determine explicitly the average receiving time (T), and show how it scales with
network order. We aim at a particular case on G, with the perfect trap being located at the central node, labelled
by 0. The process of biased walks is that the particle (walker), at each time step, starting from its current Node i,
jumps to its neighbor Node j with probability pi”ij (see Eq. (11)).
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Figure 4. The average weighted shortest path. Plot of the renormalized average weighted shortest path d

- d
versus the iteration g, where dg = mm{ g}

For weight-dependent walk, a walker chooses one of its nearest neighbors with probability proportional to the
weight of edge linking them®® *”. The transition probability from node i to its neighbor j is
piu;j =GN »

Si Ejeu(i)wij (11)
where s; denotes the strength of node i (see Eq. (2)).

For convenience of description, let us denote by 0, 1, 2, ---, f the f+ 1 attaching nodes in G,, and by
4,5, — 2and N, — 1 all other nodes except for the f+1 attachmg nodes. Let Fy(g) be the mean ﬁrst -passage
time MFPgT) fora walker starting from Node i to Node j. Let F,(g) be the MFPT from Node i to the trap. (T), is
the average receiving time (ART), which is defined as the average of F;(g) over all starting nodes other than the
trap. (T), is the key question considered in this section.

By definition, (T), is given by

-1

(T)y = F,(g)~

T M"“

R
N, ;

Here we denote by T,,,(g) the sum of MFPTs for all nodes to absorption at the trap located the central Node
0,i.e.,

Np—1
T(e) = D E(g)-
i=0
Thus, the problem of determining (T), is reduced to finding T,,,(g). We will compute T,,(g) by segmenting G,.
From the iterative construction method of G,, G, can be regarded as merging f+ 1 groups, sequentlally
denoted by G(’) (i=0,1, -, f). The f41 groups are obtalned as follows: G(O) G(l)l, . G(f) are f+1 rephcas
of G,y whose weighted edges have been scaled by the weight factor r. Fori = 0 1, 2 f let us denote by 7’ the
central node in fo,‘) Then merge the central node i’ in G(’) ,and Node i in G, into a smgle new node, still labelled
byi(i = 0, 1, ---, f). The process is described in Fig. 2.
Through this division we could rewrite the sum T,(g) as follows:

f
Tule) = (+ DTiolg = 1) + Ny Y E(e):
i=1 (12)
We now elaborate Eq. (12). The first term on the rhs of Eq. (12) describes the sum of MFPTs for all nodes in
G | to reach its attaching nodes i(i = 0, 1, ---, f). Recalling G\, linked to Node i(i = 0, 1, ---, f) is a copy of
o1 and the scallng mechanism for edges the first term in the rhs of Eq. (12) can be identified with
(f+ 1)T,,(g— 1); the second term describes the sum of MFPTs for all nodes in G(’) from Node j(j = 1, 2, -+, f)
to Central Node 0.
Because of the symmetry of nodes1, 2, -+, f, F(g) = F(g) = -+ = Fy(g)- Eq. (12) can be simplified as

T,(g) = (f+ DT, (g — ) + fN,_ F(g)- (13)

Thus, the problem of determining T,,(g) is reduced to finding F,(g). Using the construction of the weighted
polymer networks G, and the scaling mechanism for edges, we obtain
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F(g) = (L+fr+fi* + -+ frf ) + fIrf'RQ) + rfF(2)
+ + r°Fg — 2) + rF(g — D), (14)

and
Flg—1) = (1 +fr+fi* + - + &2 + flrE2EQ)
+r8 K@) + o+ rPR(g - 3) + rR(g — 2)]. 1s)
From Egs (14) and (15), we can further have
Fg —(fr+NFg—1) =1+ fr—r. 6

Considering the initial condition F,(1) = 1, we can solve recursively Eq. (16) to obtain

2fr(fr+r)g_1_fr+1—r i 1
F(g) = fr+r—1 fr+r—1 f—i—l
Q+fr—rg—(fr—rn), ifr:ﬁ. )

Considering T',,(1) =fand inserting Eq. (17), we can solve Eq. (13) inductively to yield

B 2f2rg+1 251 f(fr+ 1-1) o
Tiu(g) = —(fr+r_1)2(f+1) T g(f+ 1)
_ 2f27' g—1 . 1
—(fr+r—1)2(f+1) . if r¢—f+1,
T.(g) = Wgz(f—k 1)g*1 _ Wg(f+ l)gfl
B IR S
+HA+fr—n)(f+ 1D, if r f_+ N as)

Hence, (T),, which we are concerned about, could be expressed as follows:

2f2r fifr+1—1)
T = ( g _
(T (fr+r—1)2(f+1)‘ﬁ+r) (fr+r—D(F+1)
B 2f*r iore
(fr+r—1D¢+ 1) f+r
fA+fr—1 5, fA+3fr—3r) fA+fr—71) . 1
Ty, = - , =—
(T N WD ST o= (19)
We find that if r=1 then
T —2 1g71_(fg+2)’
(N =20+ f+1 (20)
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which coincides with the (T), in ref. 24.
Recalling N, = (f+ 1)¥and g=In N,/In(f+ 1), we have

2N, /1N, 2N,
(T) g & — ~ , if r=1,
f+1 (+DIn(f+1) f+1 (21)
which coincides with that in ref. 24.
For systems with large order, i.e. N, — oo,

N,
(T)y ~ T if r=1,
2f2r 1+log, .r
T f+1
(T (fr+r— 12+ e
2 1--1
= i r2 N, df’““, if L <r<l,
(fr+r— 1XF+ 1) ft1
Ty, o~ — N, ore L
¢ F+ 12 W¢f+1) ¢ f+1
(T)g% Jr+1-1) lnI\/:g, if O<r<;.
(1 —fr=nr(f+1Inf+ 1) f+1 (22)

According to Eqs (19) and (20), ART (T, versus g for the range of g < 50 on a semilogarithmic scale is shown
in Figs 5, 6 and 7. From Eq. (22), we can have draw the conclusions as follows:

Case 1:(T), ~ %.

Whenr=1, R"lf' grows linearly with the network size N,. Figure 5 shows that ART increases with the increase
of the values of f. That is to say, the smaller the value of fis, the more efficient the trapping process is.

1
Case2:(T), ~ S S — . Nglﬂogf“r SN S S— 5 ;7%.
| g (fr+r—D(f+1) (fr+r—1D*(f+1)
When << 1, in large network, the ART grows as a power-law function of the network size N, with the

exponent, represented by 4(f, r) = 1 + logf+1r =1

L as follows:

fract

(1) When fis kept fixed, the exponent O(f, r) is an increasing function of (0 < r < 1) in Fig. 5. When r grows
from 0 to 1, the exponent increases from 0 and approaches 1, indicating that ART grows sublinearly with
the network size N,. This also means that the efficiency of the trapping process depends on the parameter r:
the smaller the value of , the more efficient the trapping process is.

(2) When r(r = 1) is kept fixed, ART grows sublinearly with the network size N, and the exponent 6(f, r) is an
increasing function of the values of fin Fig. 5. That is to say, the smaller the value of fis, the more efficient
the trapping process is.

(3) The fractal dimension dj,,, of the weighted polymer networks play a relevant role in calculating the ART.

The exponent] — ! is an increasing function of the values of dfy4c Which means that the smaller the

fract
value of dj,, is, the more efficient the trapping process is.

. o fUtf-n 2
Case 3.(T)g N DD In N,
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Figure 7. Average receiving time (T), versus g is on a semilogarithmic scale for the range of 0 < r <

When r = -1, ART grows with increasing size Njas In® N, according to Eq. (22). Figure 6 shows the smaller
+1

the value of fis, the more efficient the trapping process is.

. ~ ffr+1-1)
Case 4:(T), ~ A= fr= )+ DG+ D nN;-
Wheno < r < _t ART grows with increasing size N, as In N, in Fig. 7. When fis kept fixed, the smaller the
value of r, the more efficient the trapping process is. When r(r = 1) is kept fixed, the smaller the value of fis, the
more efficient the trapping process is.

Method

The analytical expression for (), is not difficult to find, we denote as Qz,b the sum of all shortest paths with nodes

in Qfg,“) andeg,b)(a, b=0,1,2, -, f). Then the sum Q,is

_ Qlo 20 fo 12 13 1f 23 4 25 (F-1f
Q=0Q, +Q, + - +Qy + Q7+ Q7+ + Q) + Q7+ Q7+ + Q7 + -+ Q7

By symmetry,
10 _ 02 _ . _ f0
Q =0, = =0,
and
2_ s g B0 0¥ = ... =
Ay =0, ==Q) =0, =0 = =0 =--=Q,77,
so that

o0, = Df o1z
Q= fa + L= Wqr,

2 (23)
In order to find Q;O and Q?, we define
Ag = dj
i€Gy,i=0
We have
f
A1 = Zdio :f .
i=1

Considering the self-similar network structure, we can easily know that at step g, the quantity A, evolves
recursively as

Ay =rAg  + frAg y + Ny = (fr + A + N,y
Using A, =f, we have
Ag=(fr+ A+ fF+ 1D 2+ o+ r 4 1),

If0<r<1,then
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_ fr g1 f g—1
Ag —r_l(fr—i-r) _r—l(f+1) .

Ifr=1, then

Ay =R+ 1
On the other hand, we have
10
Qp = Z d
ieGé‘)jeG;}”
= > (dy+dyg+dyp
i€GLjeG
2
= N X it NN D d
ieGV i€GY

_ 2 _ 2
= NrDg + Ny + NjrAg = 2N;r&g + N, (24)

i

12
Q= > dj
i€GLjeG?
= Z (dy +dy, + djz)
i€GjeGy
2
= ]\Ig Z di1+2Ng+‘Ng Z dJ'Z
icGY icGY

= Ny, + 2N + NyrA, = 2NrA, + 2N}, (25)

where d,,=1, d;, =2 have been used.
Substituting Eqs (24) and (25) into Eq. (23), we have

0, = foNga, + N + L= Dona + vy

g
2
2 72
frlf + DNA, + f2N;

If0<r<1,then

2 2
Q, = S r8(f+ 1% + fir=2 2)(f+ 1)%.
r—1 r—1

Ifr=1, then

Q=g+ DF+ 1*.

Conclusions

In this paper, we have introduced a family of weighted polymer networks, and studied its topological structure:(1)
in the limit of large g, the average degree of weighted polymer networks tends to 2; (2) when 0 < r < 1, their aver-
age node strength goes to zero as g increases; (3) their node strength distribution follows a power-law distribu-
tion; (4) the weighted polymer networks networks have small-world property: in the infinite network, the AWSP
tends to be a constant value which depends on two parameters f, r. However, the ASP increases logarithmically
with the network size. Finally, we calculate the average receiving time (ART) with weighted-dependent walks on
weighted polymer networks. Our analysis has indicated that (1) when % < r < 1,in large network, the ART

grows as a power-law function of the network size N, with the exponent, represented by
0(f, r) =1 + log = 1— L ART grows sublinearly with the network size N, and the exponent] — LT

fract

fract
an increasing function of the values of dlfmc,, which means that the smaller the value of d;,, is, the more efficient
the trapping process is; (2) when r = , ART grows with increasing size Ng as In? Ng; (3) wheno < r < L,

+1 +
ART grows with increasing size N, as ﬂl N,. In the treelike polymer networks, ART grows with linearly with the
network size N, when r= 1. Thus, the weighted polymer networks are more efficient than treelike polymer net-
works in receiving information.
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