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Published online: 25 April 2017 . Weinvestigate the entanglement distribution in multi-particle systems in terms of unified (q, s)-
. entropy. We find that for any tripartite mixed state, the unified (g, s)-entropy entanglement of
assistance follows a polygamy relation. This polygamy relation also holds in multi-particle systems.
Furthermore, a generalized monogamy relation is provided for unified (g, s)-entropy entanglementin

. the multi-qubit system.

Quantum entanglement is an important resource in quantum information theory. Different from classical cor-
relations, this restricted shareability of entanglement in multi-particle systems is known as monogamy prop-
. erty. The more entanglement shared between two parties implies the less entanglement shared with the rest of
. the system. Monogamy property plays a crucial role in quantum cryptography: which restricts the quantity of
© information captured by an eavesdropper about the secret key to be extracted!=>. Monogamy property has also
: been discussed in the device-independent quantum information processing?, condensed matter physics® and
. black-hole physics®”.
: The study of monogamy property has a long history. The first monogamy relation was found by Coffman et
. al., who considered a three-qubit system ABC?, and showed that the amount of entanglement (which is quantified
. by the squared concurrence) between A and B, plus the amount of entanglement between A and C, cannot be
. greater than the amount of entanglement between A and the pair BC. Further, Osborne et al. proved the squared
concurrence follows a general monogamy inequality for the N-qubit system'. Monogamy inequalities for different
entanglement measures have been noted, such as concurrence’'?, entanglement of formation'* !4, negativity'>-'?,
Rényi entropy entanglement®”?!, and Tsallis entropy entanglement?*->%. For the other physical resources, such as
discord and steering, the monogamy property of them has also been discussed*-%.

As dual to monogamy property, polygamy property in multi-particle systems has arised many interests by
© researchers'> 1222930 Polygamy property was first provided by using the concurrence of assistance to quantify
. the distributed bipartite entanglement in multi-qubit systems® *. Polygamy property has also considered in
© many entanglement measures, such as Rényi entropy?’, Tsallis entropy®**! and convex-roof extended negativity".
: Unified (g, s)-entropy is an important entropic measure, which can be used in many areas of quantum infor-
. mation theory. In this paper, we investigate the entanglement distribution in multi-particle systems in terms
. of unified (g, s)-entropy. We find that for any tripartite mixed state, the unified (g, s)-entropy entanglement of

assistance follows a polygamy relation. This polygamy relation also holds in multi-particle systems. Furthermore,
a generalized monogamy relation is provided for unified (g, s)-entropy entanglement in the multi-qubit system.

Results
. This paper is organized as follows. In the first subsection, we recall the definition of unified (g, s)-entropy and
. discuss the properties of unified (g, s)-entropy entanglement. In the second subsection, we give our main results.
© We summarize our results in the third subsection.

. Unified (g, s)-entropy entanglement and unified (g, s)-entropy entanglement of assis-
: tance. Given a quantum state p in the Hilbert space H. The unified (g, s)-entropy is defined as*
Sq,:(p) =

(Tr(p)" — 1]
N
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for any g, s >0 such thatg = lands = 0.
When s tends to 1, the unified (g, s)-entropy converges to Tsallis entropy T,(p)**

lims, (p) = ——[Tr(p") — 1].
ot 4 @
When s tends to 0, the unified (g, s)-entropy converges to Rényi entropy R,(p)**
limS, (p) = InTr(p?).
=0 F 1—q (3)
When q tends to 1, the unified (g, s)-entropy converges to von Neumann entropy S(p)**
lim § = —Trplnp.
qiml a.5(P) rplnp )

Because the limits exist in the case of g— 1 and s — 0, we will use g=1 and s =1 to represent the limits in this
paper. Now, let’s consider the entanglement in terms of the unified (g, s)-entropy. For any pure state 1), in the
Hilbert space H, ® Hjy (it's does not matter for the sizes of subsystem A and B), the unified (g, s)-entropy entan-
glement is defined as*

Eq,s(W»AB) = Sq,s(pA) (5)

for any g, s > 0.
For a mixed state p,;, the unified (g, s)-entropy entanglement can be defined via the convex-roof extension

Eydpp) = mianiE’i’SU’wl)AB)’ 6)
where the minimum is taken over all possible ensembles {pi , W")AB} of pypwith " p. = 1and p;> 0. It is straight-
forward to verify that E, (p, ,)=0if and only if p, . is a separable state for g, s > 0.

When s tends to 1, the unified (q, s)-entropy entanglement becomes Tsallis entanglement®'. When s tends to 0,
the unified (g, s)-entropy entanglement becomes Rényi entanglement®. Especially, The unified (g, s)-entropy

entanglement becomes the entanglement of formation when g tends to 1. The entanglement of formation is
defined as®”3*

Efp,y) = mianiEf(Wﬂ)AB), -
where E; |¢A B) = Trp In pA - Trpl; In pr is the von Neumann entropy, the minimum is taken over all pos-
sible ensembles {p [¢! ) of pypwith}>;p. = 1and p;>0.

As a dual quantity to the unified (g, s)-entropy entanglement, the unified (g, s)-entropy entanglement of assis-
tance ((g, s)-EOA) can be defined as

E;,S(PAB) = mapriEq,s(Wi)AB)’ (8)

where the maximum is taken over all possible ensembles {pi, \1/)i)AB} of pyp with 3" ;p. = 1and p;> 0. To under-

stand (g, s)-EOA better, consider a tripartite pure state 1)) , 5~ shared among three parties referred to as Alice,
Bob, and Charlie*. The entanglement supplier, Charlie, performs a measurement on his share of the tripartite
state, which yields a known bipartite entangled state for Alice and Bob. Tracing over Charlie’s system yields the
bipartite mixed state p, , = TrC [¥) x5 {¥]) shared by Alice and Bob. Charlie’s aim is to maximize entanglement
for Alice and Bob, andA Iile maximum average entanglement he can create is the (¢, s)-EOA.

Concurrence and concurrence of assistance.  For any pure state|t)) ,; in the Hilbert space H, ® Hp, the

concurrence is defined as*
C(pAB) = J2(1 — Trp:), )
where oy = Trglp, p)-
For a mixed state p, 5, the concurrence can be defined via the convex-roof extension

Clp,p) = mianiC(Wi)AB))

(10
where the minimum is taken over all possible ensembles ipi, \wi)AB} of pagwith}>,p, = 1and p;>0.
As a dual quantity to concurrence, the concurrence of assistance (COA) can be defined as
Ca(pAB) = maXEPiCUwi)AB)’ (11)
i

where the maximum is taken over all possible ensembles {pi, |¢,i>AB} of papwith3°p. = 1and p;>0.
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Analytical formula for two-qubit states. For a two-qubit mixed state p,, concurrence and COA are
known to have analytic formula®® 4

Clpp) = max {0, A — Ay — A3 — A, (12)

Cu(pAB) = )\1 + A2 + )\3 + )\4’ (13)

where )\, being the eigenvalues, in decreasing order, of matrix J 2450, @ 0,)pi(0, ® 0,).
In ref. 40, Wootters derived an analytical formula of entanglement of formation for a two-qubit mixed state

PAB
1 + \'1 - CZ(pAB)
Ef(pAB) =h - 5
(14)
where h(x) = — xInx — (1 — x)In(1 — x)is the binary entropy.

In ref. 36, Kim found E_ (p, ,) has an analytical formula for a two-qubit mixed state, which can be expressed
as a function of concurrence C,z forg>1,0<s<landgs<3

Eqlopy) = sz)s[c(pAB)]’ (15)
where the function f, (x) has the form

[+ 1=+ —1— 21 — 2%

(1 — g)s2% (16)

£ =
where 0 <x<1.

Main Results. In this section, we will provide our main results. First, we have following result:
Theorem 1. For any tripartite mixed state p,pc in the Hilbert space H; ® Hyz ® H, we have

a

a
Egs(pyjp0) = Eqlppac) + E;:-‘(pC\AB)’ 17)
whereg>1and gs> 1.
Proof: Let p, , . = max 3" p, W;’)A'BC (¢'|be an optimal decomposition OfE«;,s(pA\Bc)‘ That is

E,;,S(PA‘BC) = maxzi:PiEq,s(wi)ch)' (18)

For any bipartite pure state W;‘)A 5 the unified (g, s)-entropy entanglement Eq)s( ")

| asc) = 8,.5(pyc)- Inref.
41, Rastegin proved that for any ¢ > 1 and gs > 1, the unified (g, s)-entropy is subadditive, that is

Sg.s(Psc) < Sq.lpg) + Syu(p0)- (19)
Combining Eq. (18) with Eq. (19), we have
E‘;>3(pA\BC) = Zpisq,s(plslc)

Zpisq,s(pBi) + Zpisq>s(pci)

i

IN

A

= E;,S(PBMC) + E;,s(quB)' (20)

Thus, the proof is completed.

Theorem 1. Shows a simple but interesting polygamy relation of (g, s)-EOA in a tripartite quantum system.
The upper bound of (g, s)-EOA of A|BC can't be greater than the sum of (g, s)-EOA of B|AC and (g, s)-EOA of
C|AB. In particular, for a tripartite pure state W))A‘BC, the unified (g, s)-entropy entanglement
Eq,x<|¢)A|Bc) < Eq,sgw)B\AC> + Eq,s(‘w)c\AB)'

We also have the following corollary:

Corollary 1. For any mixed state p Ay, in the Hilbert space H 4, R H 4, QR H 4, We have

n
Eq’s(pAl\Az“‘An) = izz:qu’s(pAilAl"‘Ai—IAHl"‘An)’ (21)
where g>1and gs> 1.
Corollary 1. Shows a constrained relationship of (g, s)-EOA in the multi-particle system, and gives an upper
bound of (g, 5)-EOA of A||A,---A,. In particular, for any pure state [¢)) A4y Ay the unified (g, s)-entropy entan-

glement Eq,s(llp)Al \A2-~~An) < ZLZECM(|w)Ai|A1"'Ai—1Ai+l"'An)'
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Example 1: Let’s consider the general GHZ state|GHZ) = «|0)*" + f|1 ) , Where |af*+|8*=1and n>3.
, 2 2
It’s easy to showthatZ;‘:ZE;S(pAi‘AlmAHAiH“_An) _E° (\GHZ)A " ) (1_q)s [(laf? + |8 ‘1) —1]>0.
Example 2: Consider a four-qubit cluster state|C,) = —(|0000) + [0011) + [1100) — [1111)), which is a type
of highly entangled state of four-qubit*> *. The reduced states of |C,) are p, = py = p. = pp = 5> thus

1
i:2 q’s(pAi‘Al'“Ai—lAiH'“An) qs(|c4> (1,(1)5

(g —1s
We note that for any n-qubit mixed state p, . ., the polygamy relation holds:
1 n

1] which is nonnegative for g > 1 and gs > > 1.

n

E;,S(pA\crNc,,) < ZE;)S(’OAC)

i=1 ' (22)

for 1 <q<2and —¢*+4q— 3 <s<1*. Combining Eq. (17) with Eq. (22), we have
Corollary 2. For any multi-qubit mixed state p, . . ., the following inequality holds
1 n

a
Eq’f(pAB\Clen)

E;»S(pA|BCI-~C,,) + S(pB|AC1 )
n

282 o) + Y1) + SoE )
i=1 i1

where 1 <q <2, s=1.In this case, (g, s)-EOA becomes Tsallis entropy entanglement of assistance which has dis-
cussed in ref. 22.

Before our second main result, we have following lemma:

Lemma 1. For g=2 and% < s < 1, the function f, (x) in Eq. (16) satisfies

];)s («\/xz + yz) =];,S (x) +fq,s ). (24)

Proof: For ¢>2,0<s5<1, and gs < 3, we have f qlx + 2 > fq’s (x) +fq’s (y)*. On the other hand, for
1 <q<2and 0<s<1, we have f («[x +y° ) < fq’s (x) +fq’s (»)*. The equality holds if and only if g=2 and
5 < s < 1. This completes the proofs

Next, the following result will provide a lower bound of unified (g, s)-entropy entanglement of |¢)) , BlCy-Cy
with respect to the bipartition between ABand C,---C,:

Theorem 2. For any multi-qubit pure state 1)) , BC,C, in the Hilbert space, we have

Eq,s(W)AB\clmcn)

n n
> max{Z{Eq,s(pAci) — E,;S(PBQ) \
i=1 !

ggq,gpgq) - Eé‘,s%c)]} (25)

IN

(23)

where g=2 and; <s< 1L
Proof: Given a multi-qubit pure state 1)) ,p¢ ... , the unified (g, s)-entropy is subadditive for any g > 1 and
gs > 1. Thus, the following equality holds !

Sq,s (pclmcn) = Sq,s(pAB)

< Sps(p) + Sg5(pp)

Sq,s(pA) + Sl]>5(pAC1»--C") (26)
which implies S, (pc C) (pA) < qu(pAC C) and similarly, Sq)s(pA) — sq,s(pcl-ucn) < Sq,S(pAC1~~~Cn)'
Combine with the two equalities above, one obtain

‘Sq,s(pA) - Sq,S(pC1-<-Cn)| S Sq»S(pACIWC,,)' (27)

From the definition of unified (g, s)-entropy entanglement of 1)) AB|Cy-Cy with respect to the bipartition
between ABand C;---C,, we have

Eq’s(‘w>AB|Cl"'Cn) = Sq,s(pAB)
> 8,00 — S,.(0y)

- Eq>5(pA\Bc1~-cn) - Eq>5(pB|Acl»--c")' (28)

45, 46

\Y

Note that for any pure state|¢)),z-ina2 ® 2 ® d system, the following equality holds

C(l¥)ane) = [Co)F + Copy0), (29)
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where p,5and p,¢ are the reduced matrices of state 1)) , 5~ respectively.
Forgq=2 and% < s < 1, we have

Eq,s(|1/’)AB\cl~-~cn) = J;s(c W’ AB|C,-+ )
(Vie P + o)
S(C o) + 1, (Cloye)), (30)

&
4
where we have used Eq. (29) in the second equality, the third equality holds is due to lemma 1. Therefore,
Eq,s<|1/’)AB|cl~~»cn) = JZ,S(C(W)AB|CIM-C,,))
< fos [ \/ [Cpyp)T + 2-CHpye) J

i=1

4 ZCZ(pAC,-) ]
i=1 (31)
Compare Eq. (30) with Eq. (31), it’s easy to see that

Eq,s(|¢)A|BCI~~C,,) - Eq,s(‘w)BMClu-Cn) 2 J;,S (C(PACIH.CW))

IN

N (ACE S

(32)
We also note that
£ (c(pAcl,‘_Cn)) > qu[ /;::ICZ(,JAC)
B ;f%s (C(pACi))
= ;Eq»S(pAci)’ (33)

where the first equality holds is due to the monogamy of concurrence' and f, (x) is an increasing function for
q>2,0<s<1,and gs<3%.
On the other hand, we have

] - Elete)

i=1

< Y El(r
2 i) (34)
Combine Eqs (32) and (33) with Eq. (34), we have
Eq,s(|¢)A|BC1-~-C,,> q S(W) B|AC-- Z[Eq s pAC E;,x(pBCi) ) (35)
Putting Eq. (35) into Eq. (32), we obtain our result. Similarly, we have
0 s(W’ AB|C,--- HEq s PBc 4 S(pAC) (36)

Thus, the proof is completed.

Theorem 2 shows a monogamy relation for a multi-qubit pure state|¢)) , GGy The lower bound of the unified
(g, s)-entropy entanglement for AB|C,---C, can’t be less than the sum of the two-qubit entanglement between
bipartitions of the system. In particular, 1f V) asc,-c, = [V)ac,.c, ® [V)p the entanglement of AB|C,---C,, is
equal to the entanglement ofA|Cl -C,,. In this case, E (ch) =0fori=1,2, ..., n. Theorem 2 becomes
Eq,x(|¢)A|Clan) > LB, S(pAC) which is a CKW- type monogamy relation®®

Example 3: Consider a pure state ) ,pc ¢ |0000) + [1001)) in the four-qubit system. for the range

_ 1
q=2and 5 <s<1, we have Eq,s<pAcz> Eq S(pAC) =0, and Eq,s(pAcz) EQ»S(pAC) 5(1 - ?)
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1
qu(pBC) Ej, pBC) = Owherei=1,2and E, s(\qﬁ)ABCCZ) 5(1 - ?) Therefore, we can see|¢) s c, satu-
rates the inequality Eq. (25).
Example 4: Fmally,letscon51derageneraletate|W)AA A, = 3/00---01) + a,[00---10) + -+ + a,[10---00)

in the n-qubit system, where $°7|a,* = 1. The reduced state of subsystem A A, is
1 - |anfl‘2 - ‘an‘z 0 0 0
2 ES
P = 0 ‘anfl‘ a, 19y 0
AA, B 2 >
0 Ay 19y ‘an‘ 0
0 0 0 0 (37)

which implies E_ s(\ W)aa JAga,) = O It’s also easy to show that the reduced state p, , is separable, where
i,j=1{L,2, .., nk. Tl"lusEqs(pAA =E; (pA A) = qu(pA A) = Eqs(pAA) =0. Weﬁndthattherlght51de0f
244 ? 244, > i

1%
the inequality Eq. (25) is maszz 2[ q 5(pA1Ai) B E;’S(pAzAi) ’ Z?:Z[Eq,s(pAzA;) B E';S(pAlAi) }: 0. Which
mean the inequality Eq. (25) hol

s for the general W state.

Conclusion

Unified (g, s)-entropy is an important generalized entropy in quantum information theory. Many entropies such
as Tsallis entropy, Rényi entropy, and von Neumann entropy can be seen as a special case for unified (g, s)-entropy.
In this paper, we have investigated the entanglement distribution in multi-particle systems in terms of unified (g,
s)-entropy. We find that for any tripartite mixed state, the (g, s)-EOA follows a polygamy relation for ¢ > 1 and
gs > 1. This polygamy relation provides an upper bound for the bipartition A|BC, which also holds in
multi-particle systems. Furthermore, for g=2 and - < s < 1, a generalized monogamy relation is provided for
unified (g, s)-entropy entanglement. This monogamy relation provides a lower bound for the bipartition
AB|C}---C, in the multi-qubit system. In particular, if|¢) , BCC, = |¥ac,c, ® [¥)p the generalized monog-
amy relation becomes a CKW- type monogamy relation.

Both monogamy property and polygamy property are fundamental properties of multipartite entangled states.
We have studied the properties above in detail, and provided a two-parameters entropy function to study the
entanglement distribution. We believe our result provides a useful methodology to understand the entanglement
distribution of multi-particle entanglement.
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