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Torunlarge-scale algorithms on a quantum computer, error-correcting codes must
be able to perform afundamental set of operations, called logic gates, while isolating

the encoded information from noise! %, We can complete a universal set of logic gates
by producing special resources called magic states® ™. It is therefore important to
produce high-fidelity magic states to conduct algorithms while introducing a minimal
amount of noise to the computation. Here we propose and implement a scheme to
prepare amagic state on a superconducting qubit array using error correction. We
find that our scheme produces better magic states than those that can be prepared
using the individual qubits of the device. This demonstrates afundamental principle
of fault-tolerant quantum computing®, namely, that we can use error correction to
improve the quality of logic gates with noisy qubits. Moreover, we show that the

yield of magic states can be increased using adaptive circuits, in which the circuit
elements are changed depending on the outcome of mid-circuit measurements. This
demonstrates an essential capability needed for many error-correction subroutines.
We believe that our prototype will be invaluable in the future as it can reduce the
number of physical qubits needed to produce high-fidelity magic states in large-scale
quantum-computing architectures.

We distil magic states to complete a universal set of fault-tolerant
logic gates that is needed for large-scale quantum computing with
low-density parity-check code architectures®™ 8, High-fidelity magic
states are produced® ™ by processing noisy input magic states with
fault-tolerant distillation circuits; experimental progress in prepar-
ing input magic states using trapped-ion architectures is described
inrefs. 3,7.Itisexpected that a considerable number of the qubits of a
quantum computer will be occupied performing magic-state distilla-
tionschemesand, assuch, itis valuable to find ways of reducing its cost.
Onewaytoreduce the cost is toimprove the fidelity of input states™" %,
such that magic states can be distilled with less resource-intensive
circuits.

Here we propose and implement an error-suppressed encoding cir-
cuit to prepare a state that is input to magic-state distillation using a
heavy-hexagonal lattice of superconducting qubits*>%. Our circuit
prepares an input magic state, which we call a CZ state, encoded ona
four-qubit error-detecting code. We explain how our encoded magic
state can be used in large-scale quantum-computing architectures™*
inthesection ‘Using CZ statesin large-scale quantum-computing archi-
tectures’. Our circuit is capable of detecting any single error during
state preparation, as such, the infidelity of the encoded state is sup-
pressed asO(e?), where gis the probability that a circuit element expe-
riences an error. By contrast, astandard encoding circuit prepares an
input state with infidelity O(g). Furthermore, we canimprove the yield

of the prepared magic states with the error-suppressed circuit using
adaptive circuits that are conditioned in real time on the outcomes of
mid-circuit measurements. We propose several tomographical exper-
iments to interrogate the preparation of the magic state, including a
complete set of fault-tolerant projective logical Pauli measurements
that canalso tolerate the occurrence of asingle error during readout.

Magic-state preparation and logical tomography
We prepare the CZ state as follows:

_ 100 + [01) + [10)
|CZ) = 7 ,
encoded onadistance-2 error-detecting code, in which the distinct bit
strings label orthogonal computational basis states over two qubits.
We canachieve the CZstateby, first, preparingthe |++) =3 , ,_o ; |ab)/2
state and, then, projecting it onto the CZ=+1 eigenspace of the
controlled-phase (CZ) operator CZ=diag(l,1,1, -1), that is,
|CZ)y «<IT" |++)withthe projector T = (1+ CZ)/2.We can performboth
these operations with the four-qubit code. Specifically, it has a
fault-tolerant preparation of the |++) state and, as we will show, we can
make afault-tolerant measurement of the logical CZoperator to prepare
anencoded CZ state.
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Fig.1|Afault-tolerant circuit to make parity measurements. a, A circuit
that measures S¥, S?and W using flag qubits on the heavy-hexagonallattice
architecture.b, The four-qubit code isencoded on qubits withevenindices
and the other qubits are used to make the fault-tolerant parity measurement.
The circuit measures S*by setting U=1and S by setting U= H, where His the
Hadamard gate. The circuit measures W ifwe set U= T. The measurement
outcome Mgives thereading of the parity measurement. Essential to the
fault-tolerant procedure are flag fault-tolerant readout circuits*>**' that
identify errors that occur during the parity measurement. Outcomesfandg
areflag qubitreadings thatindicate that the circuit may haveintroduced a
logical error to the data qubits.

Encoded states of the four-qubit code lie in the common +1 eigen-
value eigenspace of its stabilizer operators S¥*=X® X® X ® X,
§4=7Z®7Z®Z® Zand S" = §S*, where X and Z are the standard Pauli
matrices. The four-qubit code encodes two logical qubits that are read-
ily prepared in alogical |+ ) state by initializing four data qubitsin
the superposition state, |+) =« |0) + |1, and measuring §%. We note that
we use bars to indicate we are describing states and operations in the
logical subspace. We prepare the state with $“ = +1 using either post-
selection or, alternatively, an adaptive Pauli-X rotation on a single-qubit
given arandom -1 outcome from the S measurement.

The four-qubit code has a transversal implementation of the CZ
gate on its encoded subspace, CZ ~/Z ® /Z' ® /Z' ® ./Z, where
JZ =diag(l, i) . We can measure this operator as follows. We note
that conjugating S*with the unitary rotation7 = T® TT® T ® T, where
T=diag(1, Ji), gives the Hermitian operator:

W=Ts¥T e Cz5X. o

Given that we prepare the code with $* = +1, measuring W effec-
tively gives a reading of CZ.

Itis essential to our scheme that we reach the $? = +1 eigenspace. This
is because of the non-trivial commutation relations of W with the sta-
bilizer operators of the code®>%;[SX, W1= (1 - $%)S* W. This commuta-
tor shows thatW only commutes with $¥in the §? = +1subspace.If $*=-1,
we can check that W and $¥anti-commute, and are therefore incompat-
ible observables in this subspace.

We can perform all of the aforementioned measurements, S*, W and
§%, on the heavy-hexagon lattice geometry?. Figure 1shows one such
setup. The circuit is fault-tolerant in the sense that a Pauli error intro-
ducedbyacircuitelement, onthe support ofthe circuit element, is always
detected by aflag qubit or astabilizer measurement. The verification of
thisis detailed in the section ‘Analysis in terms of single-gate errors’.

We, therefore, present a sequence of measurements that prepare
the input magic state and, in tandem, identify a single error that may
have occurred during the preparation procedure. Figure 2 shows the
sequence and describes its function. As we can detect a single error,
we expect the infidelity of the output state to be O(¢%). We compare
our error-suppressed magic-state preparation scheme to a standard
scheme for encoding a two-qubit magic state, as well as a circuit that
prepares the magic state on two physical qubits. Both of these schemes
aredescribedin the section ‘Standard magic-state preparation circuits’.

We verify our state-preparation schemes by performing two vari-
ants of quantum-state tomography to reconstruct the logical state.
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Fig.2|Fault-tolerant schemes for magic-state preparation and logical
tomography. a, Preparation of a CZ state on afour-qubitcodein three steps.
Inthe code-preparationstep, the four-qubit code is prepared in the logical |+ ¥)
state by measuring | +)®* with the S?operator. We can use adaptive circuits or
post-selection to correct for S“=-1outcomes. In the magic-state initialization
step, we measure the W operator and post-select on the +1 outcome. In the final
error-detection step, we identify the errors that may have occurred during
preparation. We measure W asecond time toidentify ifameasurement error
occurred during the magic-state initialization step. We finally measure $*

and S?asecond time to identify Pauli errors that may have occurred, and to
determineif theinitial S measurement gave areadout error.b,c, Wereplace
the parity measurementsin the dashed box of awith circuits band c to make
logical tomographic measurementsand, at the same time, infer acomplete set
of stabilizer data for error detection. For example, if we set S2=5"and measure
qubitsinthe R =Zbasis, we infer the value of §%, asina, and we also obtain
readings of the logical Z, Z,and Z Z,. Likewise, we can set S2= S?with either R=X
toinfer S*as well aslogical Pauli operators X, X; and X;X;, or R=Ytoinfer S"as
wellaslogical Paulioperators X, 2, Z X,and ¥; Y,.In¢, weinclude a¥; measurement
for logical qubitj=1,2to measure logical operators of the form¥;, ¥, X, and¥, Z;
withk#jandk=1,2, where we take anappropriate choice of R. TheY; operator
ismeasured twice toidentify the occurrence of measurementerrors. Operators
)71- aresupported onthree of the data qubits and can therefore be read out with
anappropriate modification of the circuitshowninFig.1.

The first method uses fault-tolerant circuits that directly measure the
logical operators; we refer to this tomographical method as ‘logical
tomography’. For the second method, which we refer to as ‘physical
tomography’, we perform standard state tomography on the full state
ofthe four data qubits of the system and then project the reconstructed
state onto the logical subspace. Logical tomography with the four-qubit
codeis shownin Fig. 2b,c. All of our logical tomography circuits can
tolerate asingle error at the readout stage, by repeating the measure-
ment of logical operators and by comparing measurement outcomes
to earlier readings of stabilizer measurements.

Logical tomography is more efficient than physical tomography
because we are directly measuring and reconstructing the encoded
logical state, rather than the physical state. In the case of the four-qubit
code, thisrequires only 7 distinct circuits, whereas physical tomogra-
phy requires 81 different measurement circuits.

Experimental results

We performed our experiments using the first-generation real-time
control system architecture of IBM Quantum deployed onibm_peek-
skill; one of the IBM Quantum Falcon Processors (https://quantum.ibm.
com/). Device characterization can be found in the section ‘Device over-
view’. The control system architectures give access to dynamic circuit
operations, such asreal-time adaptive circuit operations that depend
on the outcomes of mid-circuit measurements, that is, feedforward
(see section ‘Real-time feedforward control of qubits’).
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Fig.3|Infidelities measured in magic-state preparation experiments.
Stateinfidelity for error-suppressed (error supp.) and standard schemes are
showninblue and orange, respectively. On the x-axis, astateis reconstructed
with either logical or physical tomography. The correction for the initial
measurementin Fig. 2aisimplemented using either real-time feedforward
(FF) or post-selection (PS). For the physical data points, the state from physical
tomography is projected onto the logical subspace before computing the
infidelity by fitting toideal projectors. Error bars represent 16 from
bootstrapping. For alltomographic methods, theerror-suppressed scheme
achievesalower state infidelity compared with the standard scheme. The
unencoded magic state prepared directly on two physical qubits gives an
average (avg.) infidelity across 28 qubit pairs as approximately 6.2 x 107
(greendashed line) using 18 repetitions over a 24-h period with 10° shots per
circuit. Of these, the best-performing pair yields aminimum (min.) infidelity
of (2.354 £ 0.271) x10%(red solid line) found over all repetitions for all qubit
pairs.Inall cases, the error-suppressed scheme exceeds the fidelity of the best
two-qubit unencoded magic state.

Our resultsare showninFig. 3, in which we present state infidelities
for various state-preparation schemes calculated using both logical
tomography and physical tomography. For results provided in the
main text, we model the reconstructed state assuming that the read-
out is conducted with projective measurements. We also present an
alternative analysisin the section ‘State tomography with readout error
mitigation using noisy positive-operator-valued measurements’, in
whichwe combine thereadout error characterization withtomographic
reconstruction using noisy positive-operator-valued measurements.

To accommodate drift in device parameters over the data collec-
tion period, a complete set of tomography circuits was interleaved
and submitted in batches of about 10* shots until a total of about 10
shots were collected over several days. The resulting counts database
is uniformly sampled with a replacement for 10 bootstrap trials with
abatchsizelimited to 20% of the total database before post-selection.
The standard deviation, o, of these bootstrapped trials is plotted as
anerror bar in all data figures.

Thetomographicfitting was done using positive semi-definite con-
strained weight-least-squares convex optimization using the Qiskit
Experiments tomography module®. For logical tomography, the fitting
weights were set proportional to theinverse of the standard errors for
eachlogical Pauli expectation value estimate. These weights accommo-
datethe different logical yield rates for eachlogical Pauli measurement.
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Fig.4|Magic-state yield for feedforward versus post-selection. Yield is
calculated for logical tomography circuits shownin Fig. 2b,c for the
error-suppressed (error supp.) scheme with feedforward (blue circles) versus
post-selection (blue squares); astandard schemeis shown for reference
(orangesquares). All ratesuse datasetsreported in Fig.3where error bars
represent1o frombootstrapping. The shaded area of the graph shows the
increaseinyield for theerror-suppressed scheme using feedforward (FF)
compared with the post-selection (PS) scheme or the standard scheme. The
optimal acceptance rate assuming no noise is 75% for the feedforward scheme,
37.5% for the post-selection scheme and 25% for the standard scheme. The
observedacceptancerates are because of the additional detection of errors.
Weestimate theyield inthe presence of noisein the section ‘Estimates for
magic-stateyield’. We observe astark differenceinyields between experiments
conducted withthe logical tomography circuit shownin Fig.2b,c, shownto the
leftand right of the dashed line, respectively. We can attribute this to the depth
ofthelogical tomography circuit, inwhich deeper circuits, such as those shown
inFig.2c,aremorelikely tointroduce detectable errors. Thisis discussed in the
section ‘Estimates for magic-state yield’.

The logical yield for each basis measurement is shown in Fig. 4 and
discussed in more detail below.

We first compare the state-preparation scheme using dynamic
circuits with the same preparation scheme executed with static cir-
cuits and post-selection. This comparison is conducted using logical
tomography. These are the left and middle data points shown in blue
in Fig. 3. We find that the infidelities are commensurate in these two
experiments. Using dynamic circuits with feedforward operations, we
encode a two-qubit error-suppressed input magic state with alogical
infidelity (1.87 + 0.16) x 1072 In the post-selection experiment, we obtain
aninfidelity of (1.23 £ 0.11) x 102 The feedforward operations in our
experiment can introduce idling periods, of the order of hundreds of
nanoseconds, during which additional errors can accumulate. To lead-
ing order we attribute the differencein fidelity between these prepara-
tionschemesto errors that occur while the control systemis occupied
performing the dynamical feedforward operation. In return for this
loss in fidelity, we find that the use of dynamical circuits significantly
increases the yield of magic states (Fig. 4).

We can analyse the commonly occurring errorsin fault-tolerant cir-
cuits using syndrome outcomes to infer the events that are likely to
have caused them?. This is done using the method detailed in the
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section ‘Analysisin terms of single-gate errors’ using the results of the
error-suppressed scheme without any post-selection. Assuming an
uncorrelated error model, we find that the average probability per
single-error eventis 0.19% with astandard deviation of 0.11%. The sin-
gle most-likely error event occurs with probability 1.2%. This event
correspondstoan error occurring during the X stabilizer measurement
that spreads to and is detected by a flag qubit. Similar errors in other
stabilizer measurements show the probability increasing from 0.35%
for the initial Zmeasurement to 0.41% and 0.45% for the two W meas-
urements. This suggests that, rather than being caused by Paulierrors,
these results might be caused by other effects such as an accumulation
of leakage on the flag qubits.

We verify the performance of our logical tomography procedure
by comparing our results with the infidelity obtained using physical
tomography for the magic-state preparation procedure, in which we
obtain the §* = +1 eigenspace with post-selection. The fitter weights
inthis case are the standard Gaussian weights based on the observed
frequencies of each projective measurement outcome of each basis
element. In physical tomography, the yield after post-selection is
constant in all 81 measurement bases. We find an acceptance rate of
14.9 £ 0.1% for the error-suppressed scheme using physical tomog-
raphy, in which the standard deviation represents variation over 81
physical Pauli directions.

To compare the infidelity obtained with physical tomography
even-handedly with that obtained using logical tomography, we recon-
struct the logical subspace from the density matrix obtained from
physical tomography on the data qubits of the code, p,,,,.. The logical
subspace is obtained by projecting p,,, onto the logical subspace®>*.
We obtain the elements of the density matrix of the logical subspace
p using the equation

g =S ol 1 @

: ]
wherek, [, m, n= 0, 1specify orthogonal vectors in the logical subspace
and P,=Y, <k [|p|k ) is the probability that the state we prepare
isin the logical subspace. Using this method, we obtain the pro-
jected logical infidelity for the error-suppressed procedure as
(1.70 + 0.35) x 102 with the probability of finding p,s in the logical
subspace P, = 0.898 + 0.008. An average post-selection acceptance
rate over all physical Pauli directions is found to be 14.9 + 0.1%. This
projected logical infidelity is shown as the rightmost blue data pointin
Fig.3tobe compared with the central blue data point. This comparison
demonstrates the consistency between logical tomography and phys-
ical tomography. For reference, raw state fidelities from physical
tomography before logical projectionare reportedin the section ‘State
tomography with readout error mitigation using noisy positive-
operator-valued measurements’.

We compare our error-suppressed magic-state preparation proce-
dure with a standard static circuit that encodes a physical copy of the
magic stateinto the four-qubit code. We show infidelity data points for
the standard scheme in Fig. 3 with orange markers. Our experiments
consistently demonstrate that our error-suppressed encoding scheme
has aninfidelity at least four times smaller than a standard scheme to
encode magicstates. We show yields using different logical tomography
experiments for the standard preparation scheme with orange markers
inFig.4.Inthe case of physical tomography, the encoded state on the
four data qubits has a post-selection acceptance rate of 20.9 + 0.1%,
and the reconstructed density matrix is found in the code space with
probability P, = 0.789 + 0.004.

Finally, we compare our error-suppressed preparation procedure
with astate-preparation experiment performed using physical qubits.
We mark the lowest infidelity obtained over all of the adjacent pairs
of physical qubits on the 27 qubit device, (2.4 + 0.3) x 102, with a red
line in Fig. 3. Remarkably, all fidelities for all of our error-suppressed
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magic-state preparation schemes exceed the fidelity of a simple experi-
ment to prepare the CZ state with physical qubits.

Discussion

We have presented a scheme that encodes an input magic state witha
fidelity higher than we can achieve with any pair of physical qubits on
the same device using basic entangling operations. Thisimprovement
in fidelity, which is beyond the break-even point set by basic physical
qubit operations, can be attributed to quantum error correction that
suppresses the noise that accumulates during state preparation.

Theyield of magic states benefited from the use of dynamic circuits
in which mid-circuit measurements condition gate operations in real
time. Remarkably, we find that the operation is sufficiently rapid that
its execution came at only a small cost in output state fidelity on the
superconducting device. These dynamic circuits are essential to future
quantum-computing architectures as they will be needed, for exam-
ple, to perform magic-state distillation circuits® " and gate teleporta-
tion®?, as well as many other measurement-based methods™>" 19348
that have been proposed to complete a universal set of logic gates.

We have shown that experimental progress has reached a point at
whichwe can make prototype gadgets that can affect the resource cost
oflarge-scale quantum computers. In the Methods, we explain how our
prototype canbe used together with magic-state distillation. It willbe
interesting to continue to design, develop and test new gadgets with
real hardware that will improve the performance of the key subrou-
tines needed for fault-tolerant quantum computing. Further develop-
mentsin the theory of pieceable fault tolerance** might show us ways
of producing better magic states with small devices. Error-suppressed
magic states could improve the time cost of recent proposals***° for
error-corrected circuits that are supplemented by error-mitigation
techniques to complete non-Clifford operations. Ultimately, experi-
mental progress that we make to this end in the near term can benefit
large-scale quantum-computing architectures.
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Methods

Using CZ states in large-scale quantum-computing
architectures

Magic states are distilled to complete a universal set of fault-tolerant
logic gates (see Extended Data Fig. 1 for an overview of the details
of a generic magic-state distillation protocol). In any such protocol,
input magic states with someinherenterror are encoded on quantum
error-correcting codes. Theencoded magic states are then used in dis-
tillation circuits to produce better magic states with higher fidelity. We
canuse magic states with near-perfect fidelity to perform fault-tolerant
logic gates.

We choose different magic-state distillation protocols depending
onthe magic states we prepare. Inthe next section, we review details
on how we can use CZ states in large-scale fault-tolerant quantum
computing. Specifically, we can convert CZ states into Toffoli states
using Pauli measurements and Clifford operations®, such that we
canadopt well-known magic-state distillation protocols for further
rounds of distillation™. This conversion technique is probabilistic, as
itdepends on obtaining the correct outcome from a Pauli measure-
ment. In addition to these results, we show how we canrecover a CZ
state from the output state, assuming we get the incorrect outcome
of'the Pauli measurement, thereby conserving the available resource
states.

We also provide some examples of how we caninject small codesinto
larger codesin the section ‘Injecting small codes into larger codes’, as it
will be required totake the encoded state we prepared in the main text
and useitinsubsequent rounds of magic-state distillation. Specifically,
we show how to take distance-2 codes and encode their state on the
surface code, the heavy-hex code and the colour code with a higher
distance. Notably, the heavy-hex code is readily implemented on the
heavy-hex lattice geometry on which we conducted the experiment.
For each of these injection schemes, we argue that we can detect any
single error that may occur. This is important to maintain the error
suppression obtained when preparing the CZ state.

Inthe case of the colour-code state-injection protocol, we inject the
error-detecting code described inthe main text directly into the larger
code. Inthe case of the surface code and heavy-hex code, however,
we inject arelated code, that we call the [[4, 1, 2]] code. To complete
these injection protocols, we need to take the CZ state prepared onthe
error-detecting code and copy its logical state onto two copies of the
[[4,1,2]] code. We give afault-tolerant procedure for this transforma-
tioninthesection ‘Encodingthe CZ stateontwo [[4, 1, 2]] codesusing
the heavy-hexlattice geometry’.

Magic-state distillation with the CZ state. Although magic-state
distillation for the CZ state has not been well-studied in theliterature, it
isknown that two copies of the state can be probabilistically converted
into a Toffoli state using Pauli measurements and Clifford operations®.
Given there are known methods for distilling Toffoli states", let us
review how the Toffoli state is produced from the copies of the CZ
state. Inthe following sections, we show how to inject the CZ state into
larger quantum error-correcting codes that are capable of perform-
ing fault-tolerant Clifford operations”#* to complete these circuits.
The Toffoli state is defined as follows:

[TOF) = Y |j)lk)jk)=000)+[010)+ [100) + [111), 3)
J.k

where we sum over the bitwise valuesj, k=0, 1.

Giventwo copiesofthe CZstate, |CZ), , |CZ), , if we project qubits
2and3ontothe Z,Z, = -1eigenspace, then we obtain theintermediate
state

[€) =(]0010) + |1010) + |0100) + |0101))/2. 4)

We then obtain|[1)|TOF) with the following unitary circuit

1) |TOF) = CX, 3CX; 1CX; ,CX, 5 ), (5)

whereindices Cand T of the controlled-not gate CX,. rdenote the control
and target qubit, respectively.

We obtainthe -1outcome by measuring Z,Z; of state |CZ) |CZ) with
probability 4/9. Beyond the workinref. 28, we find that we can recover
asingle copy of the CZ state given the Z,Z, = +1 outcome at this step,
thereby saving magic resource states. In the event that we obtain this
measurement outcome, we produce the state

|x>=10000) +|0001) + [1000) + [1001) + |0110). (6)

Applying the unitary operation CX; ;CX, , |x) and obtaining the
two-qubit parity measurement outcome Z,Z, = -1, we obtain the state
|CZ) |01). We obtain this state with probability 3/5, assuming we
obtained the Z,Z, = +1 outcome previously.

Injecting small codes into larger codes. Magic-state distillation
takes encoded magic states, and then processes these input states to
probabilistically prepare a magic state with better fidelity. As such, it
is necessary to encode magic states into quantum error-correcting
codes. This process iscommonly known as state injection.

Ideally, the injection process will introduce a minimal amount of
noise to the logical state that is encoded, as this will reduce the noise
of the output magic state. To this end, we look for ways to inject the
magic state prepared on the four-qubiterror-detecting codeinlarger
quantum-error-correcting codes in such a way that local errors can
be detected.

In what follows, we show how to inject the state encoded on the
error-detecting code onto the surface code, the heavy-hex code and
the colour code, thereby increasing the distance of the code that sup-
ports the magic state. Furthermore, we argue that we can detect any
single error that may occur during theinjection procedure. This enables
usto maintainthe error suppression we demonstrated experimentally
in the main text.

In the main text, we showed how to prepare the CZ state on a four-
qubiterror-detecting code shown in Extended Data Fig. 2 (left). Aswe
show later, states on this code canbe injected directly onto the colour
code. Two of theinjection schemes, encoding onto the surface code, or
the heavy-hex code, assume that the two logical qubits of the CZ state
are encoded on two copies of the [[4, 1, 2]] code, shown in Extended
DataFig.2 (right).In the following section, we show how to encode the
magic state prepared on the error-detecting code onto two copies of
the[[4,1,2]] code,inafault-tolerant way such that any single error can
be detected. For the remainder of this section, we assume the magic
state has been prepared over two copies of the [[4, 1, 2]] code.

Todistinguish the two small error-detecting codes of interest consist-
ently, throughout the Methods we will refer to the error-detecting code
used in the main text as the [[4, 2, 2]] code to contrast this code with
the[[4, 1, 2]] code. Specifically, we label the codes by their encoding
parameters [[n, k, d]]. Both of these codes have a distance d =2 using
n =4 physical qubits. The two codes differ by the number of logical
qubitstheyeachencode. The[[4, 2, 2]] code encodes k = 2 logical qubits
andthe[[4,1,2]] code encodes k =1logical qubit.

The theory of code deformations. We inject a state into a larger
code? 2452 ysing code deformation'****, Inwhat follows, we describe
the theory of code deformations using the stabilizer formalism. We
remark that more general theories of code deformations can be found
elsewhere in the literature*®>3, The theory we present is sufficient to
describe the state-injection operations of interest.

We describe code deformations using the stabilizer formalism®*.
Quantum error-correcting codes can be described with an Abelian



subgroup of Pauli operators called the stabilizer group S. The encoded
state lies in the common +1 eigenvalue eigenspace of the elements of
the stabilizer group. We call this subspace the code space. Stabilizer
codesalso have associated logical operators £ that canbe generated by
aset of mutually anti-commuting pairs X, Z; € £ with1<j< k. These
Pauli operators commute with the stabilizer group but are not them-
selves stabilizer operators. The distance of the code d is the weight of
the least-weight logical operator. We can detect any single error if the
codehasadistance of atleast d = 2. We give examples of small stabilizer
codes, together with their logical operators in Extended Data Fig. 2.
These examples will be relevant for the following discussion on state
injection.

We measure the stabilizer operators to identify the errors. As the
encoded stateis specified by specific eigenstates of alist of commuting
Pauli operators, finding ameasurement of one or more of these opera-
torsin the incorrect eigenspace indicates that an error has occurred.
By arguingthat we can detect any single error, we must have a distance
ofatleastd=2.

A code deformation is where we perform a measurement that pro-
jects a stabilizer code onto another. Specifically, we assume we have
prepared aninitial code in which, once prepared, we start measuring
the stabilizer operators of a second code that we call the final code.
This projects the initial code onto the final code. Let us denote these
two codes by their stabilizer group S;,,; and Sg;,,, respectively. We assume
errors may have occurred on the qubits of the initial state that mustbe
detected by measuring the stabilizers of the final code. As such, this
operation has an associated code distance, according to the number
oflocal error events that must occur for anundetectable logical error
to affect the encoded space.

We detect the errors by comparing repeated readings of stabilizer
measurements. Specifically, once we measure the stabilizers Sy, we
look to compare their outcomes to stabilizers prepared in the initial
code S;;;;. Variations in the values of these stabilizer measurements
indicate that an error has occurred. As such we are interested in
code-deformation stabilizers

Sdet = Sinit N Seins (7)

that s, stabilizers that are prepared in the initial system and checked
again after the code deformation is made, when we measure the stabi-
lizer group Sg,.

Logicalinformation thatis preserved over the code deformation has
coinciding logical operators associated with both S;;c and Sg,,. Spe-
cifically, the logical operators that are preserved over the code defor-
mation £ are of the form

L=Linie N Lin, (8)

where £;;.and Lg,are thelogical operators for S;,;;and S, respectively.

Ideally, we should maximize the number of stabilizers that coincide
intheinitial and final codes to maximize the number of errors we detect.
In practice, physical constraints imposed by hardware may not allow
us to maximize the intersection between S;,;;and Sy,. Here we concen-
trate on very simple initialization procedures in which the initial sta-
bilizer code is prepared in a product state, or a product state of Bell
pairs, together with the small four-qubit codes that initially maintain
the encoded magic state.

Error correction for state injection. Inwhat follows, we will show state
injectioninto the surface code, the heavy-hex code and the colour code.
We willalso argue that all of these state-injection protocols are tolerant
to asingle error, thereby maintaining the error suppression achieved
inthe experiment presented in the main text.

Weareinterested in the general error model, in which a single error
occursonacircuit elementin the stabilizer readout circuit as we deform

the initial code onto the final code. However, we argue that for each
individual example, we need to study only single-qubit errors that occur
immediately before the code deformation takes place.

Inadditiontotheerrorsthat occur ondata qubits, we are also inter-
ested in errors that occur on the auxiliary measurement qubits we
use to perform parity measurements. In essence, these can lead to
two typesoferror: (1) readout errors, in which we obtain the incorrect
measurement outcome; and (2) hook errors, in which an error during
astabilizer readout circuit is copied to several other qubits, thereby
creating a correlated error. Let us mention how we treat these types
of error in the following discussion.

First of all, we neglect to discuss hook errors, as we assume that meas-
ures can be taken to mitigate their effects, by either flag qubits or an
appropriate choice of stabilizer readout circuit. These measures are
welldeveloped for the codes of interest, see, for example, refs. 27,55-57.
We completed the experiment presented in the main text using adevice
thatistailored torealize the heavy-hex code using additional flag qubits
to mitigate the effects of hook errors.

We candetect ameasurement error using ageneric method, namely,
the repetition of measurements. By repeating the measurements at
least once, we canidentify a single measurement error if the outcomes
of two repetitions of the same measurement do not agree. As this
method is applicable to all of the following injection schemes, we will
notdiscussthis error-detection method case by case. Rather, we argue
now that by measuring the stabilizer generators of S, twice we can
detect any single error. If the measurements of the two rounds of Sg,,
do not agree, we discard the state we have prepared and repeat the
state-preparation procedure. Otherwise, assuming the two rounds of
measurement for S, do agree, we check the outcomes to determine
whether any Pauli errors occurred during the preparation of S;;,, or
immediately before the S, stabilizer generators are measured. Assum-
ing no error is detected, we continue to conduct standard error cor-
rection with the final code.

Surface code

Let usstart by discussing the example of the surface code®® (Extended
Data Fig. 3). The stabilizers of the code are shown by the faces in
Extended Data Fig. 3 (left), in which the light faces mark the support
of Pauli-X-type stabilizers and the dark faces mark the support of
Pauli-Z-type stabilizers. We also show the support of a Pauli-X logical
operator in green and a Pauli-Z logical operator in blue. In the theory
for code deformation given above, this is the stabilizer group for S,

In Extended Data Fig. 3 (right), we show S;;.. The figure shows the
[[4,1, 2]] code outlined in red in the bottom-left corner of the lattice.
The remaining qubits are prepared in a product state, such that the
blue qubits are initialized in the |0) state and the green qubits are
initialized inthe |+) state. These disentangled qubits can be regarded
as beinginthe stabilizer state Z, or X,. The logical operator of the ini-
tial state can be supported entirely on the [[4, 1, 2]] code. However,
the initial code shares the logical operators of the final code if we
multiply the logical operators of the [[4, 1, 2]] code by the product
state stabilizers.

Importantly, all the qubits support at least one stabilizer operator
of Sgepsuch thatasingle error canbe detected. We note that the qubits
that are initialized in a product state need to detect only one type of
error, because the other type of error acts trivially on the initial state.
For example, aPauli-X error acts trivially onagreen qubit and a Pauli-Z
error acts trivially on a blue qubit, whereas, respectively, a Pauli-Z or
Pauli-X error on the same qubit will be detected by a stabilizer of S
Finally, all qubits of the [[4, 1, 2]] code support one of each type of sta-
bilizer of Sy.r and as such can also detect both types of Pauli error. By
inspection then, we see that we can detect any single-qubit error that
occurs at the initialization step.

Heavy-hex code

We can alsoinject the [[4, 1, 2]] code into the heavy-hex code. This
is particularly relevant with respect to the experiment presented in
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the main text, as the experiment is implemented on hardware that is
tailored to realize the heavy-hex code. The heavy-hex code is a sub-
system code closely related to the surface code. However, as the code
is a subsystem code, stabilizers are not measured directly. Rather, we
have a group of check operators, known as the gauge group, that we
measure to infer the values of the stabilizer operators. Nevertheless,
we find the arguments given above are sufficient to show that a state
canbeinjected while detecting a single error.

Toreview, the gauge group of the heavy-hex code includes weight-2
Pauli-Z terms on adjacent pairs of qubits that share arow. We show one
suchtermin Extended DataFig. 4 (left). The code also has Pauli-X-type
checks. These are identical to the Pauli-X-type stabilizer operators of
the surface code (Extended DataFig. 3). These checks are used to infer
Pauli-X-and Pauli-Z-type stabilizer operators. The Pauli-X-type stabilizer
operators are the product of Pauli-X terms on all of the qubits on two
adjacent rows (Extended Data Fig. 4, left). The Pauli-Z stabilizer oper-
atorsare the same asthose of the surface code (Extended Data Fig. 3).
We also show the support of logical Pauli-X and Pauli-Z stabilizer oper-
atorsinExtended DataFig. 4 (left) ingreen and blue, respectively. Once
again, this stabilizer group can be regarded as Sy, with respect to the
simplified code-deformation theory we have presented. Although we
infer their values from measuring the gauge checks, the basic theory
of state injection holds for our discussion on error correction.

We show S, for the heavy-hex code in Extended Data Fig. 4 (right),
inwhich the[[4, 1, 2]] code, highlighted in red, is prepared on qubits
in the bottom-left corner of the lattice, and the green qubits are pre-
paredinthe|+),state and the blue qubits are prepared inthe |0), state.
These qubits have an associated stabilizer X, or Z,. Once again, similar
to the case of surface code, the logical operators that are completely
supported onthe[[4, 1, 2]] code can be multiplied by elements of the
stabilizer group of S,;; such that they are equivalent to those of S,
shownin Extended DataFig. 4 (left). Assuch, the encoded logical infor-
mationis preserved over the state-injection procedure, asthese logical
operators are members of £ .

As with the case of the surface code, we argue that we can tolerate
any single-qubit error during the injection procedure. Every single
green qubit supports at least one Pauli-X-type stabilizer and every
single blue qubit supports at least one Pauli-Z-type stabilizer of Sy¢¢.
As such, we can detect asingle Pauli-Z error on the green qubits and a
single Pauli-X error on the blue qubits that occurs up to the point the
code deformation takes place. We are not concerned with Pauli-X errors
acting on the green qubits and the Pauli-Z errors acting on the blue
qubits as these errors act trivially on the initial state. Finally, all of the
qubits of the [[4, 1, 2]] code support both a Pauli-X- and a Pauli-Z-type
stabilizer of Sy, and as such, they can all detect both types of error.
This accounts for single-qubit errors occurring on all of the qubits of
the system during the state-injection process with the heavy-hex code.

Colour code

Let us finally discuss the colour code®. Thisis a particularly interest-
ingexample as the [[4, 2, 2]] code can be injected directly into the col-
our code. We show the colour-code lattice in Extended Data Fig. 5. For
Siin-€achlattice face supportsboth a Pauli-X- and Pauli-Z-type stabilizer.
The code supports two logical operators, where X, is the product of
Pauli-X terms supported on all the qubits along the bottom boundary
of the lattice and Z,is the product of Pauli-Z terms supported on all the
qubits along the left boundary of the lattice. Likewise X is the product
of Pauli-X terms supported on all the qubits along the left boundary of
the lattice and Z is the product of Pauli-Z terms supported on all the
qubits along the bottom boundary of the lattice. We highlight the sup-
portofthelogical operators onthe left and bottom boundariesin blue
and green, respectively, in Extended Data Fig. 5.

We define the stabilizer group for S;; in the caption of Extended
DataFig.5,inwhichthe[[4, 2, 2]] codeis placed onafour-qubit face of
the lattice, and all of the other qubits are prepared in Bell pairs, with
stabilizer operators X X, and Z,Z,, marked by highlighted edges in the

figure. We colour the edges either blue or green according to the col-
ouring convention foredges used inref. 59. Nevertheless, all highlighted
edges, of both colours, support the same Bell pair.

We can multiply the logical operators of the [[4, 2, 2]] code by ele-
ments of S;,,; such that we obtain the logical operators of Sg,.. Assuch,
the logical qubits encoded on the error-detecting code are preserved
over the state-injection process.

We finally argue that we can detect any single-qubit error during the
stateinjection process. Extended Data Fig. 5 shows the support of the
stabilizer operators of Sy with coloured faces. Specifically, there is
botha Pauli-X- and Pauli-Z-type stabilizer on each of the coloured faces.
By inspection, we see that every qubit supports at least one coloured
face and, therefore, supports both a Pauli-X- and a Pauli-Z-type stabi-
lizer. We note also that the error-detecting code also supports both a
Pauli-X-and a Pauli-Z-type stabilizer onits respective face. As such, we
can detect any single-qubit error over the state-injection process.

Some remarks on state-injection procedures. We have presented
state-injection protocols for several different codes for the error-
suppressed magic state we discussed in the main text. We argued that
we can detect a single error that may occur in any of these protocols,
such that we maintain the error suppression we have demonstrated
in our experiment. The injection protocols we have presented can be
improved by combining them with other methods presented in the
literature toimprove the performance and yield of state injection. For
instance, inrefs. 20,24, two-step preparation procedures are proposed,
in which a magic state is injected onto an intermediate-sized code,
where error detection is used to suppress errors, before injecting the
intermediate-sized code onto alarger code. This method is compatible
with the injection protocols we have presented here. We might also
adopt the method presented in ref. 25, in which the authors propose
estimating the logical error on the injected state in the decoding step
of stateinjection.

It is worth remarking that these error-detection protocols can be
improved by increasing the fraction of error events that can be detected.
We might, for example, consider better choices of S;;;. that can be pre-
pared before the state-injection procedure begins. In the case of sub-
system codes, we might also look for additional error-detection checks
thatcanbe made betweenintermediate gauge measurements we make
to infer the values of the stabilizers, and the stabilizers of the initial
code, during the preparation procedure.

Encoding the CZ state ontwo [[4,1,2]] codes using the heavy-hex
lattice geometry. Two of our state-injection protocols described
above require that the CZ state is encoded on copies of the [[4, 1, 2]]
code. Here we show how to transform the encoded CZ state prepared
onthe [[4,2, 2]] code as we have described in the main text onto two
copiesofthe[[4, 1, 2]] code. This transformation is made using meas-
urements. In this sense, it can be understood as a code deformation
similar to that discussed in the previous section. We argue that we
can detect any one single error over the code deformation process,
thereby maintaining the error suppression obtained in the main text.
We also show how this process can be mapped onto the heavy-hex
lattice geometry. The protocolis outlined in Extended DataFig. 6, and
we show how the outline is mapped onto the heavy-hex geometry in
Extended DataFig. 7.

Before discussing the transformation, we first briefly review the ideas
behind state teleportation abstractly. We can view the transformation
as asmallinstance of a lattice surgery operation® in which the gates
are performed between logical qubits by measuring appropriate logi-
cal degrees of freedom. Furthermore, in this particular instance, we
can view the operation as a lattice surgery operation between a small
colour code and a small surface code****®, in which we interpret the
[[4,2,2]]1codeandthe[[4, 1, 2]] code as asmall colour code and surface
code, respectively. After performing a logical parity measurement



between the two codes, the transformationis completed with a partial
condensation operation of the small colour code, as described inref. 48.
To explain the operation, we consider the evolution of the stabiliz-
ersand logical operators of the code at each step of the measurement
pattern shownin Extended Data Fig. 6 independently from theimple-
mentation of the code. We have three logical qubits indexed 4, Band
C, where, initially, A and B are encoded on the [[4, 2, 2]] code and Cis
encodedonthe[[4,1, 2]] code.Inessence, the operation teleports the
logical state encoded on qubit B onto qubit C, up to a Clifford opera-
tion. Logical qubit Aisnotinvolvedinthe operation, so we concentrate
onqubitsBand C.
The teleportation operation proceeds as follows:
1. Prepare | +),
2. Measure XZ,
3. Measure Z,
4. Apply Pauli correction.

The operation functions with A and B prepared in some arbitrary
logical state, but to illustrate the operation we assume they arein a
productstate with |} ,=a | +)z+b | -}, . We omit qubit A from the
discussion, asitis unchanged by the transformation, and we leaveit as
anexercise to the reader to verify the general case.

Initially, an arbitrary state in the B subsystem along with a logical
| +) stateonthe Csubsystem can be described by the following vector
state:(a |+)+b |-)); ® | +) ., in which we have chosen a convenient
basis for the vectors on B. Upon measuring the joint logical operator
XgZ.and obtaining measurement outcome m,, the resulting state of
thejointsystemisa |+), |m2)c+ b|-),1® m2>c. Finally, upon meas-
uring Z; and obtaining the measurement outcome m;, the resulting
stateis |m;) , ® (a |my) -+ -1D)™b 1@ m,) ..Anappropriate Paulicor-
rection depending on the measurement outcomes m, and m, enables
us to recover the state |0),® (a |0) .+ b [1) ). As such, we see the
logicalinformation that was originally encoded on the Bsubsystemin
the form of the coefficients aand b now lies entirely on the Csubsystem.
Finally, we note that, with this operation, the basis of the logical
information has been rotated by a Hadamard operation. This can be
corrected at alater step. Extended Data Fig. 6 shows how this transfor-
mationis conducted between an encoded qubit of the [[4, 2, 2]] code
and the logical qubit of the [[4, 1, 2]] code by performing logical
measurements.

We now discuss how toimplement the described state teleportation
on a heavy-hex lattice (Extended Data Fig. 7). We begin by preparing
the encoded CZ state as explained in the main text, together with an
encoded [[4,1, 2]] code. The[[4, 1, 2]] code is prepared in the logical
state |+). We can prepare this state using qubits outlined in the orange
box shown in Extended Data Fig. 7 (top), in which the four qubits, 4,
6,15 and 17 are the data qubits of the code and qubits 5,10 and 16 are
used to performweight-4 parity checks with qubits 5and 16 used as flag
qubits. The[[4, 1, 2]] codeis prepared inafault-tolerant manner by ini-
tializing the data qubitsin the |+) state and then measuring each of the
Pauli-Z-type stabilizer operators Z,Z, and Z,sZ;,. These measurements
can be facilitated with the ancillary qubits 5and 16, respectively. Each
of these operators is measured twice such that we can detect a single
measurement error during preparation (see also ref. 4).

We transfer a single logical qubit of the [[4, 2, 2]] code onto the
[[4,1, 2]] code using logical measurements. In step 3, we perform a
weight-4 measurement that measures the parity of two logical qubits
over the two codes. To do thisusing the heavy-hexagonal lattice geom-
etry, we first transport the codes. This can be performed in two rounds
of swap gates or teleportation operations, as shown by the arrows in
Extended Data Fig. 7 (top), in which the blue arrows are performed
first,in parallel, and the green arrows are performed in parallel after-
wards. It should be noted that these rounds of parallel swap gates are
fault-tolerant because all individual swap operationsinvolve a single
data qubitaswell as anancillary qubit. Thus, any potential two-qubit

gate error is effectively a single-qubit error on the code that would
be detected. After the swap operation, we facilitate the logical par-
ity measurement with qubits 5,10 and 16, shown in the green box in
Extended Data Fig. 7. The logical measurement is performed twice
toidentify ameasurementerror that may occur in this step. The out-
comes of both of these measurements should agree. An odd parity
in measurement outcomes indicates that a measurement error has
occurred.

Finally, we measure the logical operator Zzto complete the telepor-
tation operation. We measure this operator on both of its two-qubit
supports. Specifically, these are Z; = 7,7, and $°Zy = Z;,7;5, in which
§?=27,7,7,,7,sis the weight-4 Pauli-Z stabilizer of the [[4, 2, 2]] code.
Measuring both of these weight-2 logical operators enables us to detect
asingle error, as the product of their outcomes should agree with the
value of the Pauli-Z stabilizer $% This final measurement completes
theteleportation operation and, moreover, projects the error-detecting
code onto asecond copy of the [[4, 1, 2]] code. Finally, we remark that
projecting Zginto aknown eigenstate enables us to regard this logical
operator as a weight-2 stabilizer. As such, we can now regard the
[[4, 2, 2]]code that we prepared initially asa[[4, 1, 2]] code. We, there-
fore, have the state 1® H |CZ) encoded on the logical space of two
[[4,1,2]] codes shown in the purple and orange boxes shown in
Extended Data Fig. 7(bottom).

Analysis in terms of single-gate errors

All circuits considered, both for magic-state preparation and logi-

caltomography, use redundancy to detect errors. For the mid-circuit

syndrome measurements, performed with the circuit shownin Fig. 1,

this redundancy comes, in part, by using flag qubits. These yield an out-

comeofOunlessanerror hasoccurred. These outcomes are, therefore,
error-sensitive events, allowing errors to be detected.

Additional error-sensitive events come from the results of the syn-
drome measurements themselves. For the circuit shown in Fig. 2b,
these events are as follows:

1. The results of the two W measurements should agree.

2. $¥should yield 0, because the system is prepared in a +1 eigenstate
of this operator.

3. Although the first $? will yield a random outcome, the following
feedforward means that the resulting state is in the +1 eigenspace
of §%. This will then be the expected outcome for the value of final
S$?measurement.

For concreteness, we will consider the measurement of logical ZZ, for
which the final S measurement is achieved through the final measure-
ment of data qubits. The circuit, then, has eight flag results inaddition
tothe abovethree conditions for syndrome measurements. This gives
11 error-sensitive events in all. To analyse how errors in the circuit are
detected, we consider all the possible ways in which Pauli errors can
be inserted around each gate. Specifically, we consider the insertion
of X, Yand Zbefore any single-qubit gate, and all possible single- and
two-qubit Paulis before any two-qubit gate, on the qubits that support
the gate. We then simulate each of these circuits to determine how the
erroris detected.

This analysis has two important uses. First, it can be used to verify
the fault tolerance of the scheme, by confirming that all Pauli errors
with non-trivial effect are in some way detected by the error-sensitive
events. Second, it can be used to determine the specific combination
of error-sensitive events, s, that detect each error. Thisinformation can
thenbe used toinfer the corresponding probabilities £, that sucherrors
occurred, by looking at how often the corresponding error signature
occurs within the outcomes measured.

After performing this analysis, it was found that the circuit is fault-
tolerant. The only cases in which an error was not detected are those
where the system was in an eigenstate of the error operator, or where
its application was immediately followed by a measurement in an
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eigenbasis of the Paulierror. In both of these cases, the error will have
atrivial effect on the circuit output.

When calculating the g, it isimportant to note that the error signa-
tures, s, are not necessarily unique for each type of error. For exam-
ple, Xand YPaulis inserted immediately before any measurement will
yield the identical effect of a measurement error. We, therefore, also
determine the degeneracy, N, for each error signature. Thisis the num-
ber of unique errors that gives rise to the same error signature. With
this information, we can then analyse the syndrome outcomes from
experimental data, looking for these signatures and determining the
probabilities with which they occur®.

Owing to the limited number of error-sensitive events used in this
experiment, these probabilities can be calculated directly. The com-
bined probability, &, for all forms of error that lead to a particular signa-
ture is determined using the number of shots for which that signature
occurs, n,, and the number of shots for which no error is detected, n,.
The ratio of these numbers of shots will be the ratio of the probability
that the error occurs with the probability that it does not:

ng, &

ny l-g’

9)

Simply rearranging this relation gives us the value of &, (ref. 62). We then
use the degeneracy to obtainthe average probability for each possible
single-qubit Pauli error with this signature: /N,.

Standard magic-state preparation circuits

Here we describe magic-state preparation circuits with no error
suppression that are compared with our error-suppressed scheme
described in the main text.

In Extended Data Fig. 8a, we show a circuit that prepares anencoded
CZ state by, first, preparing a CZ state on two physical qubits and,
then, encoding the state such that the Pauli observables of the two
qubits of the CZ state can be represented as logical operators of the
error-detecting code we encode. Finally, we measure the stabilizer
operators of the code to encode the state, assuming we obtain the
correct stabilizer measurement outcomes. The circuit used for the
preparation step is shown in Extended Data Fig. 8b.

We can make use of the stabilizer operators of the CZ state to simplify
the preparation circuit shown in Extended Data Fig. 8b. We define a
stabilizer operator U, with respect to state |¢), as an operator for which
the action s trivial on its respective state, thatis, U |¢) = |[¢). We can
check that the CZ stateisinvariantunder the action of a controlled-not
gate conditioned on the control qubitin the zero state

CX'=|1){1] ®1+]0)(0] ®X.

This unitary gate is equivalent to a standard controlled-not gate,
CX=10)¢0| ® 1+ |1)<1| ® X, followed by a bit flip on the target qubit,
thatis,

CX'=(1®X)CX.

This observation enables us to simplify the preparation circuit. Once
the CZ state is prepared, we add the CX’ gate in the dashed box in
Extended Data Fig. 8, as the state we have prepared at this stage is
invariant under this inclusion. The inclusion of this operator enables
us to simplify the circuit, as the repeated application of the two Pauli-X
rotations and the repeated application of two controlled-not opera-
tions used in the circuit act like anidentity operation. This trivial step
inthecircuitis marked onthe figure between vertical dashed lines. We
can, therefore, omitall of the controlled-not operations and the bit-flip
operations from the circuit shown in our implementation of this
method of state preparation. As such, this preparation step includes
only two entangling gates: a controlled Hadamard gate and a swap

gate. We perform logical tomography by appending the circuits shown
in Fig. 2b,c to the end of the circuit shown in Extended Data Fig. 8a.
Likewise, we can perform physical tomography on the output of the
circuit shown in Extended Data Fig. 8a.

Moreover, we note that the CZ stateis also stabilized by the swap gate:

swap=(1+X®X+Y®Y+7Z®7)/2,

and CZ as defined in the main text. The CZ state is uniquely stabilized
by the Abelian stabilizer group generated by the set (CZ, CX’swap).

Finally, we also compare our error-suppressed magic-state prepara-
tionschemetoacircuitthat prepares the same magic state on two physi-
cal qubits (Extended Data Fig. 8c). We prepare the state on two physical
qubits using asingle entangling gate, together with single-qubit rota-
tions, before measuring the state in varying single-qubit Pauli bases, P
and Q, to conduct state tomography on the circuit output.

Device overview

Encoded state data collection onibm_peekskill v.2.4.0 spanned sev-
eral days over a single region. During this time, monitoring experi-
ments were interleaved with tomography data collection trials. Device
coherence times for all qubits exceed about 100 ps and two-qubit
errors per gate was found to range from 0.35% to 0.59%. Detailed
monitoring of readout errors are provided in Extended Data Fig. 9f,g
and time-averaged readout fidelities ranged from 98.1% to 99.6%
forall qubits. Average device characterization data are summarized
in Extended Data Tables 1and 2. Unencoded magic-state data were
collected over a single 24-h period on ibm_peekskill v.2.5.4 on all
physical pairs and the best-performing edge is reported in Extended
Data Table 2. Although the unencoded magic-state data were not
interleaved with encoded-state tomography, the best-performing
pair of physical qubits was found to have a low two-qubit error
per gate of 0.38%, and this error is comparable with the lowest
two-qubit error per gate for edges used in the encoded magic-state
experiments.

Real-time feedforward control of qubits

In the past decade, several experiments were performed that exploit
fast feedback or real-time control within the execution of a quan-
tum program. Fast feedback has been used for conditional reset®> ¢,
state and gate teleportation® *° with low branching complexity and
in more demanding algorithms such as the iterative-phase estima-
tion protocol’, to name a few. More recently, there have been dem-
onstrations of quantum error correction using real-time control in
various systems>*”*”2, There have also been examples of work toward
classical-control microarchitectures that enable the seamless integra-
tion of qubits and classical operations with tens of qubits.

Ourwork was performed with the first-generation real-time control
system of IBM Quantum, in which we use centralized processing of
mid-circuit measurement outcomes to classically condition a quan-
tum circuit. The control systemarchitecture is based on a hierarchical
heterogeneous system of field-programmable gate array controllers
with computing elements for concurrent real-time processing, micro-
wave control and qubit readout. These are synchronized through a
global clock and linked with a real-time communication network to
enablesynchronized collective operations such as control flow. Branch-
ing incurs a constant latency penalty to execute the branch (of the
order of 500 ns). Real-time computations willincur a variable latency
overhead depending on the complexity of the decision. The system
provides specialized fast-path control-flow capabilities for rapid and
deterministic conditional reset operations. Collective control of the
system requires orchestration through a proprietary heterogene-
ous hardware compiler and code generator. We use an open-access
platformthatis programmable through Qiskit and OpenQASM 3—an
open-source imperative C-style real-time quantum programming



language”. All experiments were performed through Qiskit and IBM
Quantum Services™”,

Estimates for magic-state yield

Let usattempt tomodel theerror rate of the components of the device
using the yield we have evaluated experimentally. The yield is a help-
ful figure of merit asit tells us precisely how often asingle-error event
occurstoleading orderintheerror rate. We first try to model the yield
using simple three-parameter models that we derive below. We also
compare the yield to numerical simulations of our circuits. We show
the estimatedyield for different experimentsin Extended Data Table 3,
in comparison with our analytical model and numerical results.

Bothof our analyses have good agreement with the experimentifwe
assume atwo-qubit gate-error rate and ameasurementerror rate of the
order of 2%. Thisisahigh error rate compared with those measuredin
Extended Data Tables1and 2. However, we remark that neither our ana-
lytical model nor our simulations account for common error processes
such as leakage, cross talk, two-level systems and idling errors that
may occur during slow-circuit processes that willintroduce additional
noise to the system. We suggest discrepancies in our modelling, and
the experimentally observed yields can be attributed to these details
that are difficult to model analytically or numerically.

Let us present our analytical model to evaluate the yield. We can
estimate the magic-state yield as QR, where Q is the probability that
the random measurement outcomes we obtain throughout our experi-
mentyield the values we need to complete the magic-state preparation
scheme and R is the probability that the experiment does not experi-
enceasingle error.

If we have that ¢,is the probability that a single parity measurement
introduces an error and D is the number of parity measurements
that are conducted in an experiment, that is, the depth, we can write
R=(1-¢,)?, thereby giving the equation

logicalyield = Q(1-&)°. (10)

We note that Q and D vary for different experiments.

For ourrough calculation, we find reasonably good agreement with
the experimental dataif we take &, = 22%. This equates, approximately,
toatwo-qubit gate-error rate and ameasurement error rate of about 2%.
Each parity measurement we perform uses eight entangling gates and
three mid-circuit measurements. Therefore, neglecting higher-order
terms, we obtain the probability that a parity measurement introduces
asingleerroris

gp=8ey0+ 3y, 1)

where g, is the two-qubit gate-error rate and ), is the probability of a
measurement error. If we set &,, = &), = 2%, we find that &, = 22%.

We also need to predict Q for different experiments. Let us begin
with the error-suppressed experiment in which we use feedforward.
Here, in the noiseless case, we have one random measurement outcome,
inwhichweinitially measure W.Itis readily checked that the probabil-
ity that we project the |[++) state onto the +1 eigenvalue eigenspace of
the CZoperator is Qg = (++|(1+ CZ)|++)/2 =3/4. In the case that we do
not use feedforward, inaddition to obtaining the correct outcome for
theW measurement, we must also post-select on obtaining the correct
outcome of the initial measurement of $%. We obtain the +1 eigenvalue
subspace of this operator with probability 1/2. We, therefore, have
Qps = 3/4 x1/2=3/8.Finally, inthe standard preparation procedure, we
measureboth $?and §¥, and we require that both give the +1 outcome.
Each measurement gives the correct outcome with probability 1/2. We,
therefore, have Qgrnp =1/2 X 1/2=1/4.

Let us comment on the features of this model that agree with the
experiment. First of all, we observe that the error-suppressed scheme
using feedforward has a consistently better yield than the other two

schemes, both the error-suppressed scheme using post-selectionand
the standard preparation scheme. Furthermore, we observe that the
error-suppressed post-selection scheme and the standard scheme
have comparableyields, for both tomography circuits showninFig.2.

Furthermore, our model explains the difference in yield between
different tomography experiments conducted using the two differ-
entcircuits showninFig. 2. Thetomography circuit in Fig. 2c uses two
additional parity measurements than that shown in Fig. 2b. As such
the tomography circuit in Fig. 2c is inherently more noisy than that
inFig. 2b. This is reflected in Fig. 4 in which the yield for tomography
circuits shown in Fig. 2b,c are shown in Fig. 4 (left, right).

Our rudimentary analytical model correctly predicts several quali-
tative features of our experimental data. However, it neglects many
details of the circuit. As we might expect, we find better agreement
with the experimentally observed yield if we simulate our circuit. We
assume an error rate for each of the two-qubit entangling gates and a
measurement error rate of 2%. These results are also shown in Extended
Data Table 3. Again, the physical error rate of these circuit elementsis
considerably higher than the observed error rates of these components.
Asmentioned at the beginning of this section, we attribute this to noise
processes that are not captured by either our analytical model or our
numerical simulations. In practice, it is extremely difficult to capture
all of the physical details that occur in an experiment.

State tomography with readout error mitigation using noisy
positive-operator-valued measurements

The state tomography in the main text uses the Qiskit Experiments
implementation of state tomography?.. A notable change from the
previous works is that we do not use readout error mitigation in the
main text. Instead, we perform tomographic fitting assuming ideal
measurements, which attributes any undetectable measurement
errors to errors in the reconstructed quantum state. For physical
tomography, we use the cvxpy_gaussian_lstsq fitter with measurement
data using the default Pauli-measurement basis on each physical qubit
to obtain a weighted maximum-likelihood estimate, constrained to
the space of positive, semi-definite, unit trace density matrices. For
logical tomography, we use the cvxpy_linea_Istsq fitter with acustom
measurement basis using Pauli expectation values, rather than Pauli
eigenstate probabilities. In this case, the custom fitter weights are
calculated from the inverse of the standard error in the Pauli expec-
tation value estimates for each post-selected logical Pauli operator
measurement.

Susceptibility to measurement error is a common issue in tomo-
graphic methods. In general, tomographic tools are only as good as
the noise model of the measurement apparatus, that is, our ability
to calculate the likelihood representing the conditional probability
of obtaining a dataset given some test density matrix. In this section,
we discuss an alternative approach combining readout error charac-
terization with tomographic reconstruction. Although the dominant
measurement error source in tomography experiments is because of
qubit readout, it is a common practice to assume local, uncorrelated
readout errors in the Zbasis. A set of noisy positive operator-valued
measurements (POVMs) on a single-qubit is,

; 1-p 0] _, p O
ZOF[ 0 q}'z“{o l-q}’

where p is the probability of assigning outcome 1 to a state initially
prepared as |0) and g is the probability of assigning outcome O to
astate initially prepared as [1); that is, p = P(1/0) and g = P(0|1). We can
also construct noisy POVMs for measurements in the Pauli-X or Pauli-Y
eigenbases by rotating the noisy POVMs shown in equation (12) by an
appropriate angle assuming ideal unitaries, because the measure-
ment error is typically several orders of magnitude greater than the
one-qubit gate error.

(12)
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By interleaving small batches of experimental data collection with
readout calibration experiments, one can construct noisy POVMs for
each data qubit applicable to asmall duration of data collection to be
used infitting procedures discussed above. In Extended Data Fig. 9a,
stateinfidelities from fitting with noisy POVMs can be compared with
fitting withideal projectors (p, g = 0),inwhich thelatteris reportedin
the maintext. Using readout mitigation, the fault-tolerant tomography
routines far outperformboth unencoded tomography and the physical
tomography of the encoded state. As the terminating measurementsin
logical tomography are very similar to those in physical tomography, we
would expect both of these experiments to demonstrate similar infideli-
ties. Resolving this discrepancy remains an open research question.

Furthermore, it is unclear if our assumed construction of noisy
POVMs, or the measured readout error calibrations, collectively reflect
the true measurement errors experienced by data qubits. We, there-
fore, test the sensitivity of the outcomes of state tomography to the
choice of measurement compensation in Extended Data Fig. 9b-d.
Stateinfidelity is calculated by fitting experimental tomography data
to POVMs parameterized by p and g. To simplify, these readout error
probabilities are set to be constant for all qubits and time. Dark-blue
regions of low infidelity (with the minima marked with a red star) do
not coincide with the state infidelity calculated using the global aver-
age of experimentally measured readout calibrations (marked by a
black dot). This disparity suggests that either the target experiments
experienced initialization or measurementerrorsatahigherrate than
measured by simpler calibrations and/or fitting with potentially incor-
rect A-matrices yields a highly non-positive state that is mapped toa
high-fidelity physical state under constrained optimization.

Combining readout mitigation with tomography thus remains an
open question for further work, and the results of the main text are
limited by unaddressed readout error on terminal measurements. We
expectthat statetomography experimentsin Extended DataFig.9b-e
atp =g =0provideareasonable upperbound ontheerrorof the under-
lying magic state.
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Extended DataFig.1|Ageneric magic-state distillation protocol. Encoded distillation recursively allows us to produce magic states with an arbitrarily
input magic states are combined such that higher fidelity magic states are high fidelity. By initializing error-suppressed magic states in the first step,
produced with some probability. For asingle use of amagic-state distillation where the erroris suppressed as € we obtain aquadraticimprovementin the
protocol, the error of aninput magic state e is suppressed like e > e where d fidelity of the output magic state.

isaconstantdetermined by the magic-state distillation protocol. Applying
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(left)
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Extended DataFig.2|Small codes. We describe how to encode these codes
into higher distance codes. (left) The error-detecting code preparedin the
main text. We refer to this code as the [[4, 2, 2]] code to distinguish it fromthe
[[4,1,2]]1code showntotheright of the figure. The[[4, 2, 2]] code has stabilizer
generators S* = X, X,X;X, and $= 7,Z,7,7Z, and logical operators X, = X, X,
Z,=27;, X=X Xsand Zz = Z,Z, for logical operators indexed A and B. (right).
The[[4,1,2]]1codeisanerror detecting code thatencodes asingle logical qubit.
Itiscloselyrelated to the error detecting code shown (left). It has stabilizer
generators $* =X, X,X3X,, $¥ =27, and S = Z,7,, and logical operators X =X,X,,

Z=22,.




(right)

Extended DataFig. 3 |Injecting anencoded magicstateinto the surface
code. The magicstateisinitiallyencoded ona[[4,1,2]]1 code. (left) The
standard surface code with physical qubits on the vertices of asquarelattice
and standard Pauli-X and Pauli-Z type stabilizers marked by lattice faces.
Supports for the logical Pauli-X and Pauli-Z operators are shown ingreen and
blue, respectively. (right) We show theinitial state thatisinjected into the
surfacecode.The[[4,1,2]]1codeisshowninredinthebottom-left corner. The
remaining qubits of the surface code lattice are prepared ina product state,
whereblue (green) qubits are preparedinthe 10Y, (|+ )U) state. Weshow the
code deformationstabilizers, i.e. Sger = Sinie. N Sgin, Shaded on therightlattice.
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(left) (right)

Extended DataFig. 4 |Injectingan encoded stateinto the heavy-hex code.
Theinjected stateisinitiallyencoded onthe[[4, 1, 2]] code. (left) A lattice with
qubits onthe vertices. We show the support of asingle Pauli-Z gauge check and
aPauli-X stabilizer operator. The support of the Pauli-Z gauge checkis shown
indark gray. The Pauli-X stabilizer operator is shaded grey towards the top of
thelattice. We also show the support of a Pauli-X- and Pauli-Z-type stabilizer in
greenand blue, respectively. (right) The stabilizer group for S;;.. The [[4, 1, 2]]
codeisoutlinedinredinthe bottom-left corner of the lattice. The other qubits
areinitialized in aproduct state withblue (green) qubits initialized in the |0)
(|+)) state. Stabilizer operators Sye; = Sinie. N Sgin.are shaded inthefigure.
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Extended DataFig. 5|Injecting anencoded two-qubitstateinto the color
code. Thestateisinitially encoded with the [[4, 2, 2]] code. A qubitis supported
oneachofthevertices of thelattice. We initialize the system S;;. such thatthe
[[4,2,2]]code,shadedinred, issupported onaweight-four face inthe bottom
left corner of the lattice. The other qubits are preparedin Bell pairsonthe
highlighted blue and green edge terms. As such, we shade the faces of Sy,
where both a Pauli-X and Pauli-Z stabilizer is supported. The support of the
logical operatorsontheleftand bottomboundaries are highlighted in blue and
green, respectively.
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1. Prepare

2. Transport

3. Logical parity measurement

Extended DataFig. 6 | Preparinga CZ stateover two[[4, 1, 2]]-codes.
Atsteplthecodesare prepared. The[[4, 2, 2]] code that encodes the two-qubit
CZ-stateisrepresented by the red square where its four qubitslie at the vertices
ofthesquare. This preparationis described inthe main text. The codeis prepared
adjacenttoal[4, 1, 2]]-code thatisinitialized in an eigenstate of the | +) state.
The qubitsinthe figure areindexed according to the qubit-map shownin
Extended DataFig.7. Atstep 2 the qubitsare transportedin order to perform
alogical parity measurementinstep 3 using the heavy-hex lattice geometry.
Note that the qubitindices have changed. This step can be performed with

4. Logical measurement

= o
/ Z

swaps, forinstance, as shownin Extended DataFig. 7(top). Atstep 3alogical
parity measurementis made. It can be performed in afault-tolerant manner
using qubits 5,10,and 16, as shownin the green box in Extended Data Fig.7
(bottom). We complete the operation by measuring the logical operator Z in
step 4. This weight-two measurement canberepeatedintwolocationsonthe
[[4,2, 2]] code such thatasingle measurementerror can be detected. This final
measurement projectsthe[[4, 2, 2]]code onto the[[4,1, 2]]-code by reassigning
the Zlogical operators as stabilizers of the system.
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Extended DataFig.7|Mapping the encoding onto the heavy-hexagonal
lattice geometry. We encode the CZ-state onto two copies of the [[4, 1, 2]]-
code. (top) We prepare the encoded CZ-state as defined in the main text using
the qubits outlined in the purple box. We additionally prepare a[[4, 1, 2]]-code
inthelogical | +) state using the qubits outlined in the orange box. To perform
step 3,asshownin Extended DataFig. 6, we first move the codes, asinstep 2.
This canbe performed using swap gates between adjacent qubits. Swap gates
areperformed, first, between pairs of qubits marked by ablue arrow, and then
between pairs of qubits marked with green arrows. Each set of swap gates, the
bluesetand thegreenset, canbe performed in parallel. Completing the swap
operations moves the codes over the qubit map. We show the locations of the
codes after the swap operations by outlining their supporting qubits witha
purpleand orange box, respectively,in the bottom figure. In their new locations,
thelogical parity measurement of step 3 can be performed using ancillary
qubits 5,10 and 16, outlined in the green box in the bottom figure. At the final
step we facilitate the measurement of Z,Z, and 7,7, using ancillary qubits 5and
16, respectively.
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Extended DataFig. 8 | Magic-state preparation without error suppression.
We canencode a physical CZ state using the circuit outlined in (a), where the
preparationstep, Prep.,isshownin (b). The magicstateisthen encoded using
stabilizer measurements $*and $%. The preparation circuit, (b), first prepares
aCZstate ontwo physical qubits before preparing the state toencodeitin
the four-qubit code by stabilizer measurements. The circuit makes use of
V=exp(i@Y)aPauli-Y rotation with tanf = /2,acontrolled-Hadamard gateanda
bitflip. We find that we can simplify the circuit once the CZ state is prepared by
making use of the stabilizer operators of the CZ state. As discussed in the main

CZ) prep.
|¢Z) prep.

encoding steps
——

=
[=>

T
trivial
text we observe that the circuitelementin thebox withadotted outline acts
trivially on the CZ-state. The inclusion of this stabilizer operator allows us to
remove all of the Pauli-X and controlled-not operations shownin the circuit, as
thecircuitelementsin the box negate their adjacent self-inverse gates. Indeed,
thecircuitelements thatliein betweenthe vertical dashed lines actlike the
identity operator. (c) The CZ stateis prepared on two physical qubits, where the
circuitelements are defined above. We perform state tomography on this state
by making different choices of single-qubit Pauli measurements, Pand Q, on
the output of this circuit.
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Extended DataFig. 9| Combining readout-error mitigation with state
tomography methods. (a) State infidelity for the standard (orange) vs.
error-suppressed (blue) schemes using different tomographic methods;
error-barsrepresentlostd. dev.frombootstrapping. On the x-axis, astateis
reconstructed with either logical tomography (Logical) or physical tomography
after logical projection (Physical); tomography assumes either ideal projectors,
asinthe maintext, or noisy POVMs representing uncorrelated, local readout
errors (RO) onterminal data qubit measurements. Raw physical tomography
(Raw Phys.) refers to the state on four physical qubits prior to logical projection.
Red dotted (green dot-dashed) lines show lowest (average) state infidelities of
the two-qubit unencoded magic state prepared with RO mitigation. WithRO

O NNODNDD IR OOTION
SO5000S T e NN G ST
....... NSRS,

(RO) ©G5ssccssssces

q q

O NNODNDD IR OOTION

SISO T NNNSMc Yo

S
S3cScccesseses oo Time

mitigation, logical tomography outperforms the min. unencoded state
supporting conclusionsin the main text. (b)-(e) Heatmap of state infidelity vs.
avg.measurementerror, p = P(1]0), g = P(0|1). Experimental tomography data
isfittonoisy POVMs using a parameterized A-matrix, A:=[[1-p, ql, [p,1-q]],
wherep, gare constant for all qubits and time. Experimental readout calibrations
dataareaveraged over time and qubits, and correspond to asingle state
infidelity in (b)-(e) (black dots). These state infidelities (black dots) do not
coincide with local minima (red stars) or even high-fidelity regions. (f)-(g)
Readout calibration measurements of p, g vs. time for all four data qubits over
several days; average rates (black solid) are used in (b)-(e) for state fidelities
marked by black dots.
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Extended Data Table 1| Average single-qubit benchmarks

Qubit (Qr) | Freq. (GHz) | Anharm. (MHz) | T1 (us) | T5°" (us) | EPG (%) | Readout Fid. (%) | P(0]1) | P(1]0)
17 5.151 -339.9 256.3 170.7 0.024 99.6 0.00472 | 0.00305
18 5.083 -341.9 182.2 364.9 0.024 98.7 0.01297 | 0.01240
21 4.858 -344.2 366.7 362.2 0.012 99.4 0.00318 | 0.00822
15 4.958 -343.8 212.4 200.5 0.036 98.5 0.01658 | 0.01313
10 4.837 -345.0 200.6 120.9 0.027 98.4 0.01612 | 0.01542
12 4.899 -346.8 289.7 462.6 0.036 98.7 0.01505 | 0.01068
13 4.972 -345.8 3224 166.1 0.024 98.1 0.01952 | 0.01818

Data shown is for qubits of ibm_peekskill used in this work.




Extended Data Table 2 | Average two-qubit gate benchmarks

Gate CX length (ns) | EPG (%)
12_10 334.2 0.58
1512 376.9 0.59
13.12 462.2 0.37
1518 376.9 0.56
1817 640.0 0.43
18_21 462.2 0.35
18_21* 462.2 0.38

Data shown are for the qubits of ibm_peekskill used in this work. CX gates, constructed from
echoed cross-resonance pulse sequences, are specified in one direction, with the reverse
directions accessed by the addition of single-qubit gates. Error per gate (EPG) is extracted
from isolated two-qubit randomized benchmarking (spectator qubits idling). The notation *
denotes error rates for the best performing physical qubit pair on ibm_peekskill during
unencoded magic state preparation experiments defining the minimum (red line) in Fig. 3.
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Extended Data Table 3 | Estimated magic-state yield
compared with experiment

circuit Q@ |D |analytic|numeric| experiment
FF 2(b) |3/4|4| ~28% | ~35% |~ 30— 35%
FF 2(c) [3/4|6|~17% | ~14% ~ 10%
PS 2(b) (3/8|4| ~ 14% | ~ 20% ~ 17%
PS2(c) |3/8/6| ~9% | ~8% | ~5—8%
standard 2(b)|1/4|3 | ~12% | — |~15—-17%
standard 2(c) [1/4|5| ~ ™% — ~4—6%

We compare our analytical model, Eqn. (10), and numerics to the experimental data. We

calculate the yield for the error-suppressed preparation experiment using feedforward (FF)
and the error-suppressed preparation experiment using (PS). We also estimate acceptance
rates for the standard experiment. The depth of the circuits D vary depending on the different

tomography experiment we run, so we treat them separately. We append 2(b) and 2(c) to

the different experiments depending on the tomography circuit we used, in reference to the

circuits shown in Fig. 2(b) and (c) in the main text.
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