







    Skip to main content




    
        
        Thank you for visiting nature.com. You are using a browser version with limited support for CSS. To obtain
            the best experience, we recommend you use a more up to date browser (or turn off compatibility mode in
            Internet Explorer). In the meantime, to ensure continued support, we are displaying the site without styles
            and JavaScript.


    




    

    
            

            
                
                    Advertisement

                    
        
            
    
        
            
                
        

    


        
    
                

            
        

    
        
            
                
                    
                    
                    
                        
                        
                            
                                
                                
                            
                        
                    
                    

                    
                    	
                            
                                View all journals
                            
                        
	
                            
                                Search
                            
                        
	
                            
                                Log in
                            
                        


                

            

        

        
            
                
                    
                        	
                                    
                                        Explore content
                                    
                                
	
                                    
                                        About the journal
                                    
                                
	
                                        
                                            Publish with us
                                        
                                    
	
                                    
                                        Subscribe
                                    
                                


                        	
                                    
                                        Sign up for alerts
                                    
                                
	
                                    
                                            RSS feed
                                    
                                


                    

                

            

        
    


    
    
        
            
                	nature



	articles

	
                                    article


    
        
        
            
            
                
                    	Article
	Published: 13 July 2022



                    Measuring the knot of non-Hermitian degeneracies and non-commuting braids

                    	Yogesh S. S. Patil 
            ORCID: orcid.org/0000-0002-4248-99111, 
	Judith Höller1,2, 
	Parker A. Henry3, 
	Chitres Guria1, 
	Yiming Zhang 
            ORCID: orcid.org/0000-0003-2036-70211, 
	Luyao Jiang1, 
	Nenad Kralj 
            ORCID: orcid.org/0000-0003-4055-77701,4, 
	Nicholas Read1,3,5 & 
	…
	Jack G. E. Harris 
            ORCID: orcid.org/0000-0001-6645-98401,3,5 

Show authors

                    

                    
                        
    Nature

                        volume 607, pages 271–275 (2022)Cite this article
                    

                    
        
            	
                        6724 Accesses

                    
	
                        29 Citations

                    
	
                            51 Altmetric

                        
	
                    Metrics details

                


        

    
                    
                

                
    
        Subjects

        	Optomechanics
	Photonic devices


    


                
    
    

    
    

                
            


        
            Abstract
Any system of coupled oscillators may be characterized by its spectrum of resonance frequencies (or eigenfrequencies), which can be tuned by varying the system’s parameters. The relationship between control parameters and the eigenfrequency spectrum is central to a range of applications1,2,3. However, fundamental aspects of this relationship remain poorly understood. For example, if the controls are varied along a path that returns to its starting point (that is, around a ‘loop’), the system’s spectrum must return to itself. In systems that are Hermitian (that is, lossless and reciprocal), this process is trivial and each resonance frequency returns to its original value. However, in non-Hermitian systems, where the eigenfrequencies are complex, the spectrum may return to itself in a topologically non-trivial manner, a phenomenon known as spectral flow. The spectral flow is determined by how the control loop encircles degeneracies, and this relationship is well understood for \(N=2\) (where \(N\) is the number of oscillators in the system)4,5. Here we extend this description to arbitrary \(N\). We show that control loops generically produce braids of eigenfrequencies, and for \(N > 2\) these braids form a non-Abelian group that reflects the non-trivial geometry of the space of degeneracies. We demonstrate these features experimentally for \(N=3\) using a cavity optomechanical system.
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                    Fig. 1: Experimental schematic and susceptibility measurement.


Fig. 2: Locating EP2 points on the hypersurface \(\boldsymbol{\mathscr{S}}\).


Fig. 3: Measurements of the EP2 knot \(\boldsymbol{\mathscr{K}}\) and the eigenvalue braids.


Fig. 4: Non-commutation of control loops.
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Extended data figures and tables

Extended Data Fig. 1 The trefoil knot of degeneracies and the eigenvalue braids for a three-mode system.
a, At a fixed distance from the three-fold degeneracy, the control space for the spectrum is \({{\mathscr{S}}}^{3}\) (shown here in stereographic projection). The degeneracies in this space are all two-fold and form a trefoil knot (orange). Three control loops (green, red, blue), each parameterized by \(0\le s\le 1\) share a common basepoint (black cross).b–d, Evolution of the eigenvalues as \(s\) is varied around each loop in a. The black crosses show \({\boldsymbol{\lambda }}\) at the basepoint. The dashed lines are guides to the eye. This figure is calculated from the characteristic polynomial of a three-mode system (see the Supplementary Information).


Extended Data Fig. 2 Locating EP3.
The quantity \(d\left({\boldsymbol{\Psi }}\right)\) (which ideally vanishes at \({{\boldsymbol{\Psi }}}_{{\rm{EP}}3}\)), measured on six 2D sheets passing through \({{\boldsymbol{\Psi }}}_{{\rm{EP}}3}^{\left({\rm{est}}\right)},\) the location of the \({{\rm{EP}}}_{3}\) that is estimated from scanning individual components of \({\boldsymbol{\Psi }}\) (Methods). Top row: raw data. Middle row: data after outlier rejection and smoothing described in the Supplementary Information. The black circles show the minima that are located using the algorithm described in the Supplementary Information. Bottom row: the values of \(d\) calculated from the optomechanical model.


Extended Data Fig. 3 Locating EP3 (perspective view).
The data of Extended Data Fig. 2 arranged in 3D to illustrate the minimum of \(d\left({\boldsymbol{\Psi }}\right)\) in the neighbourhood of the experimentally estimated location of the \({{\rm{EP}}}_{3}\).


Extended Data Fig. 4 The locations of the sixty-one 2D sheets within \(\boldsymbol{\mathscr{S}}\).
The sheets are colour-coded by the 3D face in which they lie. a, The sheets are shown within each of the eight 3D faces of \({\mathscr{S}}\). b, The same sheets as in a, shown using the ‘rectilinear stereographic’ projection of Fig. 3b. Note that in this projection, all of the sheets are contained within the plot’s bounding box. c, The same sheets, shown using the stereographic projection of Fig. 3a. The thin black lines show the boundary of each sheet. Thin grey lines show where a sheet exits the plot’s bounding box. The projections are described in Methods. The data from these sheets are shown in Video 5 of the Supplementary Information.


Extended Data Fig. 5 The knot of EP2 via four different signatures.
The same data as in Fig. 3a, b, but in separate plots for the EP2 locations determined by each of the four different signatures. a, Zeroes of the discriminant \(D\). b, Phase vortices of the discriminant \(D\). c, Zeroes of the eigenvector indicator \(E\). d, Phase vortices of the eigenvector indicator \(E\). The quantities \(D\) and \(E\) are defined in the main text, and additional discussion of \(E\) is in the Supplementary Information. The projections used here are the same as in Fig. 3a, b. The solid curve is the same in all eight panels, and is the best-fit knot shown in Fig. 3a, b.


Extended Data Fig. 6 Comparison of measured and calculated braids.
a–f, The same panels as in Fig. 3c–h. They show the control loops (green, red, and blue in a–c) in relation to the measured knot (yellow circles) and the best-fit knot (orange curve). d–f, The resulting eigenvalue braids. g–i, The eigenvalue spectrum as calculated using the optomechanical parameters determined from fitting the knot of EP2. The dashed lines are guides to the eye.


Extended Data Fig. 7 Additional braids of eigenvalues.
a–c, Three loops (green, red, blue), each from a different homotopy class. They share a common basepoint (black sphere) and are non-self-intersecting. The measured knot \({\mathscr{K}}\) (yellow circles) and the best-fit knot (orange curve) are shown for reference. The projection used here is the same as in Fig. 3a. d–f, The eigenvalue spectrum \({\boldsymbol{\lambda }}({\boldsymbol{\Psi }})\) as \({\boldsymbol{\Psi }}\) is varied around a loop. The variable \(\xi \) indexes the values of \({\boldsymbol{\Psi }}\) (along each loop) at which \({\boldsymbol{\lambda }}\) is measured. The black crosses show \({\boldsymbol{\lambda }}\) at the start and stop of the loop. The dashed lines are guides to the eye. The 1\(\sigma \) confidence intervals for \({\boldsymbol{\lambda }}\) are comparable to the size of the plotted points. The braids realized are: \({\sigma }_{1}^{2}\) (d), \({\sigma }_{1}^{3}\) (e), and \({\sigma }_{2}{\sigma }_{1}^{2}\) (f).


Extended Data Fig. 8 Details of the experimental setup.
a, The optical and electronic layout. Red arrows: beam path from the ‘probe’ laser. Blue arrows: beam path from the ‘control’ laser. Purple arrows: overlapped beam path of the two lasers. Black arrows: electronic lines. Grey region: cryostat containing the optical cavity and membrane. The various components are described in the Supplementary Information. b, The optical spectrum. Red lines: tones produced from the probe laser. Blue lines: tones produced from the control laser. The tones and their generation are described in Methods and the Supplementary Information. Grey curves: the two cavity modes used in this work.


Extended Data Fig. 9 Characterizing the optomechanical coupling.
Here the cavity is driven with a single control tone, whose detuning (from the cavity resonance) is \(\Delta \). Each panel shows the measured deviation of the (real or imaginary part of the) mechanical mode’s eigenvalue from its bare value (that is, from the relevant component of \({\widetilde{{\boldsymbol{\lambda }}}}^{\left(0\right)}\), whose numerical value is written in the panel). The error bars show the 1\(\sigma \) confidence interval for each data point. A global fit to standard optomechanical theory gives the bare resonance frequencies \({\widetilde{{\boldsymbol{\lambda }}}}^{\left(0\right)}\) and the optomechanical couplings \({\boldsymbol{g}}\). A detailed description of this procedure is in the Supplementary Information.


Extended Data Fig. 10 Control loops from Fig. 3c–e.
The three control loops in Fig. 3c–e were assembled from data taken in the two 2D sheets shown here. The two sheets’ common border is shown as the dashed grey line. Each small grey disc represents a value of \({\boldsymbol{\Psi }}\) at which \({\boldsymbol{\lambda }}\) was measured (that is, a ‘pixel’ in the 2D sheet). The black crosses show the location of the EP2 in these sheets as determined by the minima-finding algorithm described in the Supplementary Information.





Supplementary information
Supplementary Information
This Supplementary Information file describes various technical aspects of the experimental apparatus, the data acquisition, analysis and fitting.


Peer Review File

Supplementary Video 1
Laying out the hypersurface 𝓢 in terms of the experimental parameters. See Supplementary Information PDF for the full video caption.


Supplementary Video 2
Visualizing the EP2 knot in the rectilinear stereographic projection. See Supplementary Information PDF for the full video caption.


Supplementary Video 3
This video is simply a rotating version of Fig. 3a,b from the main text.


Supplementary Video 4
This video is simply a rotating version of Fig. 3c–h from the main text.


Supplementary Video 5
The 61 2D data sheets used to locate the ψEP2 in the hypersurface 𝓢. See Supplementary Information PDF for full video caption.
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