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In special relativity, four-vectors, such as space-time, energy-momentum
and electromagnetic potential vectors, follow the Lorentz transformation.
The transformations of space-time and energy-momentum vectors

have been tested by time dilation and rest mass energy experiments,
respectively. However, the Lorentz transformation of electromagnetic
potentials has never been directly demonstrated in experiments due

to thelimitations of the diagnostics. Here we show the spatiotemporal
electric-field profiles around a highly energetic electron beam with a
subpicosecond temporal resolution obtained by a terahertz technique
based on electro-optic sampling. We observe the Coulomb field contraction
inthe propagation direction of the beam under the Lorentz transformation.
After passing the beam through a metallic plate, we investigate the birth

of the Coulomb field around it and follow the spatiotemporal evolution

of the spherical wavefront, whichis derived by the Liénard-Wiechert
potentials. The measured electric-field profile in the far propagation
distance is experimentally confirmed to coincide with the calculation of the
Liénard-Wiechert potentials and the Lorentz transformation. Our ultrafast
measurement of a spatiotemporal relativistic electric field provides both
additional experimental evidence of special relativity and a platform for
detailed experimental research of energetic charged particle beams and
electromagnetic radiation physics.

Thetheory of relativity demands that we treat space and time equally.
Here, a counterintuitive phenomenon occurs—distortion of space and
time. However, nobody doubts the validity of this theory today, because
relativity has been experimentally tested for more thana century and
has become a basis of modern physics. General relativity (GR)", which
considers the effect of gravity, has been explored through astronomi-
cal phenomena®” and by using advanced science and technology®°.
On the other hand, experimental investigations of special relativity"
(SR), which does notinclude the effect of gravity, have been limited to

afew research topics such as time dilation (for example, cosmic-ray
muon lifetime and clock comparison experiments™*) and relativistic
energy-momentum relation (for example, nuclear fission”* and particle
accelerator'®) experiments. SR predicts a contraction of the Coulomb
field around a charged particle moving uniformly with high veloc-
ity (Supplementary Fig. 1). This characteristic electric-field profile
under the Lorentz transformation (LT), where we assume the Lorenz
gauge, canalso be derived by the Liénard-Wiechert potentials (LWPs).
The LWPs predict that the wavefront of the Coulomb field around the
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Fig.1|Liénard-Wiechert potentials. a, The generation mechanism of the
spherical electromagnetic wavefront is explained by the superposition of the
multiple spherical electromagnetic potentials (the blue-green circles) generated
from the moving electron beam (the yellow ellipsoid). Here, the electromagnetic
potentials are emitted consecutively in all directions (solid angle of 41t) at the
position through which the beam propagated; they overlap in the propagation
direction of the beam (forward side). This mechanism requires the beam to travel
near the speed of light inavacuum. b,¢, Schematics of the LWP in 3D (b) and 2D

(c) space, respectively, inaninertial system. Both schematics in 3D and 2D show
the evolution of the spherical electromagnetic potentials around a relativistic
electronbeamattimest=t, t,and t; (¢, < t, < t;) after the beam has passed
through a metallic boundary (grey plate). The wavefront can be considered to
beflatatt~> «,asshowninc. Here, the beam propagates along the zdirection
atnearly the speed of light. In ¢, vectors Eand B represent the electric field and
magnetic field of the electromagnetic wave derived by the LWP, respectively, at
t=t,. These vectors have axial symmetry around the z axis.

moving electron is derived by the integration of multiple retarded
spherical electromagnetic potentials (that is, the spatiotemporal dif-
ferentiation of the scalar potential and vector potential) propagating
at the speed of light, as illustrated in Fig. 1a. The spherical curvature
oftheelectric-field wavefront due to the passage of the boundary that
causes theelectric-field cancellation can be ignored at infinity. Thisis
showninFig.1b,c, where anelectricfield derived by the spatiotemporal
differentiation of the LWP asymptotically coincides with the one of the
LT around the electron-beam axis in the long propagation distance
(thatis, t > «inFig.1c): the contracted relativistic Coulomb field points
radially with respect to the instantaneous position. In this Article we
discuss relativistic electrons without any accelerations, and the radia-
tion field is not considered, but the Coulomb field is.

Energetic electrons artificially generated at accelerators and
naturally generated in the Universe have been utilized for experi-
mental research on the relativistic radiation field, for example, in
free-electron lasers'® and relativistic beaming". However, here has
been very little experimental research on the Coulomb field around
relativistic electrons. Thisis mainly because the radiation field propa-
gates along distance, whereas the Coulomb field does not. The latter
thus demands near-field ultrafast (subpicosecond) measurements. An
application of electro-optic (EO) sampling?®2* (Methods; often utilized
inultrafast terahertz spectroscopy** ) torelativistic electronbeams
began in 2000, and temporal evolution of the relativistic Coulomb
field was obtained with high temporal resolution, with the LT of the
electromagnetic potential implicitly assumed to be valid®’. Here we
present spatiotemporalimages of the electric field around arelativistic
electron beam, obtained by EO sampling. The experimental results
are divided into two categories: measurements of the Coulomb-field
contraction and measurements of the spatiotemporal evolution of a
spherical wavefront of the Coulomb field. The former demonstrates
the LT of electromagnetic potentials around a charged particle, where
the boundary condition is ignored, and the latter demonstrates the
generation process of the electric field under the LT, considering the
boundary condition, thatis, the LWP for the Coulomb field. The results
of such measurements are one of the most decisive experimental proofs
of SRin electromagnetism.

We measured the spatiotemporal electric-field profile around an
electronbeamwithanenergy of 35 MeV (with Lorentz factor y = 69.5),
pulse width of 0.72 ps (full-width at half-maximum, FWHM), beam
diameter of 3.5 mm (FWHM) and charge of 70 pC generated by a pho-
tocathode linear accelerator (linac) (Supplementary Section 3) by EO
sampling in air. For this purpose, a1-mm-thick zinc telluride (ZnTe)
crystal (110) with dimensions of 11 mm x 10 mm was placed 204 mm
from the Ti window that served as the exit of the acceleration tube.
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Fig.2|Electric-field contraction. a,b, Spatiotemporal transverse electric-field
(E,) profiles around a relativistic electron bunch obtained by an echelon-based
single-shot measurement (a) and by theoretical calculation (b), respectively. The
colour bar denotes the transverse electric-field strength.

We define the distance between the window and the ZnTe surface as
D. The cancellation of the electric field because of passage through
the window causes a spherical curvature of the wavefront, asshownin
Fig.1b,c. However, the propagation distance of 204 mmiis sufficiently
long for the curvature around the beam axis tobe ignored, as discussed
later in this Article. Therefore, the LT is applied to this case.

An echelon-based single-shot measurement (Supplementary
Section 4) was used to obtain the spatiotemporal electric-field profile
with high resolution. Figure 2a shows that the transverse electric field
(E,) around arelativistic electron bunchis contracted in the propaga-
tion direction of the beam because of the LT, which forms a terahertz
electric-field pulse with a half-cycle. Here, a relative positional coor-
dinate around the centre of the beam in the propagation direction
Zis used as the horizontal axis corresponding to the time domain T,
where Z=z-Dand T=D/c - t(cis the speed of light, and zand t are
the spatial coordinates in the propagation direction and time in a
laboratory frame, respectively, as shown in Fig. 1b,c). In addition to
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Fig.3|Spatiotemporal evolution of the spherical wavefront of the Coulomb
field. a-d, Experimentally obtained spatiotemporal transverse electric-field
profiles (E,) for propagation distances (D) of 5 (a), 15 (b), 25 (c¢) and 209 mm (d)
after the wavefront has passed through Al foil. In this set-up, we rotate the ZnTe
by 90° around the beam axis, so the transverse direction is x, as shown in
Supplementary Fig. 7. e-h, Simulated spatiotemporal electric-field profiles (£,)

for D of 5(e), 15 (), 25 (g) and 209 mm (h) after the wavefront has passed through
ametallicboundary. The peak positions of the electric-field strength inz’ at each
xinthe experimental results are plotted as black circles. The error bars reflect the
timingjitter (r.m.s.) between the electron beam and the probe laser
(Supplementary Section 3). The green dashed curve shows the theoretically
estimated peak positions: z/ = —/x2 + D2 + 2D.

the contraction, the electric field extends in the radial direction (that
is, the x and y directions given the axial symmetry) and generates a
plane. We note that the beam axis is at x =y = 0 mm and the propaga-
tion direction is positive in the Z axis. The electric field is directed
towards the centre axis of the beam. Faint pulse trains were observed
immediately after the electron beam passed through the ZnTe crystal
(-0.8 mm < Z<-0.2 mm). This phenomenon is ascribed to the phase
mismatch between a part of the terahertz waves and the probe laser
because of atransverse-acoustic phonon absorption effectat 1.6 THz
(ref.*°). Although a part of the electron beam collides with the ZnTe
(the beam axis on the ZnTe crystal is 1 mm from the outer edge), the
irradiation effect can hardly be observedinthis terahertzelectric-field
pulsesignal atZ= 0 mm. Thisresult is confirmed by ameasurement of
theterahertzelectric field with and without injecting the electronbeam
into the ZnTe. However, the irradiation effect appears a few picosec-
onds after the passage of the ZnTe, as discussed later. Figure 2b shows
the theoretical calculation of the terahertzelectric field derived by the
LT with anumerical convolution of the beam profilein 3D (Supplemen-
tary Section 2). Here, the result of the theoretical calculation (Fig. 2b)
reproduces the experimental result (Fig. 2a), although the maximum
electric-field strength obtained in the experiment is about two times
smaller than that of the calculation. There are a few possibilities for
the cause of the underestimation of the measured electric field (Sup-
plementary Sections 6 and 7), and we will address this issue in future
works. Detailed comparisons of the electric-field-strength profile
and the pulse broadening in the x direction between the experiment
and the calculation are shown in Supplementary Fig. 8. A large differ-
enceisobserved between the electron-beamsizes in the longitudinal

(0.72 ps, or 0.22 mm) and transverse (3.5 mm) directions. This dif-
ference implies that the observed shrinkage of the electric field also
demonstrates that the longitudinal beam size of the electron beam
itself is shortened by a factor of 69.5 (=) (that is, the space-time
Lorentz contraction).

So far, we have examined a simple case where the curvature of
the electromagnetic wavefrontaround the beam axis canbe regarded
as a plane. Here we discuss a more general case where the curvature
is not negligible. To achieve this condition, we positioned a sheet of
15-um-thick Al foil in front of the ZnTe’s front surface at a distance of
5,15 or 25 mm. We created a 1-mm-diameter hole on the Al foil to let
the probelaser pass through withoutany interaction, and the electron
beam passed through the foil with negligible scattering (Supplemen-
tary Fig.7a), hence the electric-field cancellation. With this set-up, we
used abalanced detection method with two photodiodes (Supplemen-
tary Fig. 7b). The spatiotemporal electric-field profile was obtained
by the delay stage and by laterally shifting the optics around the ZnTe
with regard to the path of the electron beam. We chose this method
so as to acquire a larger and longer spatiotemporal profile, because
the counterpart of the echelon-based single-shot measurement is
limited by the size of the EO crystal and by the total depth of steps on
the echelon mirror. Including the case without the Al foil (the distance
between the Ti window and the ZnTe was 209 mm in this experimen-
tal set-up), we measured the electric field around the electron beam
at four propagation distances (D) of 5,15, 25 and 209 mm after the
electric-field cancellation.

Figure 3a-d shows the evolution of a transverse electric field (£,)
with a spherical wavefront measured at distance D after the electron
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beam passes through Al foil. The electric field passing through a flat
measurement plane (ZnTe) was obtained at a certain z position, so the
horizontal axes are labelled as 2’ (= ct), not z,in Fig. 3a-d, where t reflects
the delay between the electron beam and the probe pulse. When the
wavefront of the electric field is flat, the spatiotemporal profiles can
be regarded as snapshots in space, as assumed in Fig. 2a. Despite the
modified coordinate ('), the results confirm that the spherical cur-
vature of the terahertz electric field pulse at D= 5,15, 25 and 209 mm
becomes smaller with increasing propagation distance in Fig. 3a-d.
This verifies the approximation of the wavefrontas aflat plane near the
beam axis at a long propagation distance, as in Fig. 2a (D =204 mm).
Itisalso seenthat the maximum electric-field intensity increases with
propagationdistance;the strengthat D =209 mmis three times greater
than that at D=5 mm (red data points in Supplementary Fig. 9a-d).
This trend indicates that a large part of the terahertz electric-field
pulse is not coherent transition radiation® from the Al foil, but the
integration of the electromagnetic waves consecutively emitted by
amoving electron bunch. Multiple reflections of the terahertz pulse,
whichisfirstreflected on therearside of the ZnTe and then on the front
side, are observed 21 ps after the main terahertz pulseis detected. The
delay between the main terahertz pulse and the multiple reflectionsis
the same as the estimated delay derived from the refractive index of
theZnTein the terahertzregion®. Asignal due to the collision between
theelectronbeam and the ZnTe crystalis observed afew picoseconds
after theirradiation (thatis, the main terahertz pulse), around the beam
axis. Thisis observed as along-sustained electric field with areversed
signrelative to that of the main terahertz pulse.

Figure 3e-g shows the results of a three-dimensional (3D)
particle-in-cell (PIC) simulation (Methods) for comparison with the
experimental results for D=>5,15and 25 mm (Fig. 3a-c). Figure 3h (for
D =209 mm)was obtained by PIC simulation with a cylindrical coordi-
nate because the propagation distance was too long for a3D simulation
to be conducted; this limitation arises as a result of the computation
source. The effects of the EO crystals, including multiple reflections
andirradiation, were not consideredineither the 3D or 2D simulations.
We observe a strong coincidence between Fig. 3a-d and Fig. 3e-h. In
the simulationresults, we overplot the experimentally obtained peak
positions of the terahertz electric-field pulse as black solid circles with
error bars, and the wavefront theoretically expected to be observed
by the measurement plane is shown as green dashed curves. The theo-
retical curveis derived fromthe geometrical relationunder the simple
assumption that the electromagnetic wavefront is a sphere in space
and has a radius identical to the propagation distance. This curve is
expressed as 2/ = —\x2 + D2 + 2D, and the effect of the beam size is
ignored (Supplementary Section 8). The theoretical curves arein good
agreement with the simulation and experimental results. The quantita-
tive comparisons of the electric-field-strength profile and the pulse
broadening also show agreement between the experimentand the PIC
simulation (Supplementary Fig. 9). The measured spatiotemporal
electric-field profile verifies the LWP for the Coulomb field: the elec-
tromagnetic waves emitted fromarelativisticelectroninall directions
areintegrated into the propagation direction and generate a spherical
wavefront with aradiusidentical to the propagation distance, and the
electric field and the pulse width become stronger and shorter, respec-
tively, around the beam axis with the propagation.

Insummary, we have experimentally demonstrated electric-field
contraction around a relativistic electron beam under the LT, as well
as its generation process, with a boundary condition described by
the LWP using EO sampling. The shrinkage of the electric field also
impliesthe space-time Lorentz contraction of the electronbeamitself.
The echelon-based single-shot measurement is one of the simplest
methods to access the ultrafast spatiotemporal electric-field profile
in single-shot measurements, and it can pave the way for practical
applications for the measurement of energetic charged particle beams
suchas electrons and positrons® > and detailed experimental research

on electromagnetic radiation (that is, the electric field described by
the general LWP, which includes the acceleration of charged parti-
cles) when combined with an external magnetic field*® or structured
material®>*°,

Online content
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maries, source data, extended data, supplementary information,
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Methods

EO sampling

EO sampling is a powerful technique for the detection of a terahertz
electromagnetic wave because it offers high temporal resolution
and is non-destructive. With this method, the terahertz electric-field
strength induced inside an EO crystal, which exhibits the Pockels effect,
isrecorded asa modulation of a probe laser’s polarity. EO sampling is
applied to obtain the pulse width of an electron beam propagating in
accelerators**?*and is generated by alaser-plasmainteraction**°. The
electric field around the relativistic electron beam with a picosecond
pulse width canbe regarded as a half-cycle terahertz pulse. The meas-
ured pulse width of the terahertzelectric field corresponds to the pulse
width of the electron beam, and measurement of the temporal evolu-
tion with aresolution less than100 fs has been achieved®.

PIC simulation

Tovalidate the experimental results, we used the electromagnetic field
analysis software CST Particle Studio (Dassault Systems), based ona PIC
simulation, to simulate the 3D distribution of the electric field around
arelativistic electronbunch. The density profile of the electronbeam
is defined by Supplementary equation (2). The pulse width, transverse
beam diameter, beam energy and the charge of the electron bunch
were the same asin the experiment (0.72 ps (FWHM), 3.5 mm (FWHM),
35MeVand 70 pC, respectively). The electron bunch was emitted from
aperfectelectrical conductor toavaccum. Theelectric-field distribu-
tionwas recorded after propagation distances of 5,15and 25 mm from
the perfectelectrical conductor. Theinside of the simulationbox was a
vacuum, and the open boundary conditionwas applied. Inthe calcula-
tion, therewas no EO crystal. Axial symmetry simulation was conducted
using OOPIC Pro code for a propagation distance of 209 mm, where
the simulation conditions were the same as in the 3D PIC except for
the dimensions and the use of afilter for the numerical Cherenkov
radiation. The parameters of the simulation domain in the CST (3D
PIC) are as follows: the box sizeis 270 mm (in the x direction) x 80 mm
(in the y direction) x 280 mm (in the z direction), the number of grids
in each direction is 362 x 123 x 3,320, the time step is 200 fs, and the
macro particle weight is automatically adjusted. The parameters of
the simulation domain in the OOPIC (PIC in cylindrical coordinates)
are as follows: the box size is 50 mm (in the x direction) x 230 mm (in
the zdirection), the number of grids in each direction is 500 x 2,300,
thetimestepis 50 fs,and the macro particle weightis ~7 fC per particle.
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corresponding author upon reasonable request.
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Extended Data Fig.1| Theoretical calculations of the electric field around a negative point charge under the Lorentz transformation. a,b, 2D electric field

profiles around a negatively charged particle with energies of 0 and 35 MeV, respectively. Here, the absolute electric field strength is shown by the color bar and the
directionis denoted by the black vectors.
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Extended Data Fig. 2| Numerical convolution between the Gaussian profile constantly moving in the z-axis positive direction with an energy of 35 MeV. Here,
and the electric field profile around arelativistic point charge. a, A2D the calculation box (discrete space: 550x550x120) is set relatively larger than its
density profile of a Gaussian beamin the xz-plane (p(r,t) at y=0) defined by Eq. counterpartinFig. 2b because the boundary of the box can cause an error in the
(2).Here, we used the experimentally obtained beam sizes: beam diameter of 3.5 convolution. Therefore, we cropped the convoluted image and show the central
mm and pulse width of 0.72 ps (FWHM). b, A 2D electric field profile (E ;. (R,t) partinFig.2b.

inthe x-direction at y=0) around a point charge (infinitesimal electron beam)
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Extended Data Fig. 3| Transverse beamsize. a, Animage of the fluorescence

generated by injecting a relativistic electron bunchinto a scintillator. This

fluorescence is proportional to the density profile of the electron bunch. The
transverse electron beam profile shows axial symmetry around the z-axis. b,
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Ahorizontal lineout of the electron density profile obtained across the black
dashed lineina. Black circles are the data points; this profile is fitted with a
Gaussian function (red curve), and the beam size (diameter) is estimated as 3.5
mm (FWHM).

Nature Physics


http://www.nature.com/naturephysics

Article https://doi.org/10.1038/s41567-022-01767-w

o
o
u

y [mm]

Ul
o
Intensity [a.

dT [ps]

b | 1 | 1
[ |
0
o
el
—_ 0
()
+—
=
— 1
1 1 | 1
Measuring Time [min]
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Extended DataFig. 5| Experimental setup of echelon-based single-shot
measurement. a, A 2D schematic of the experimental setup. Abbreviations
describing the setup are listed in the upper-right corner. Time delay is spatially
imprinted on the probe laser by an echelon mirror; thisimprinting converts a
probe pulse to beamlets. Notably, each delay corresponds to the double length of
the step height of the echelon mirror, as shown in the magnified images around
the mirrorin the black dashed rectangle. Red solid and dashed arrows denote

the path of the probe laser before and after the reflection, respectively. The CL1
focuses the parallel beamlets into aline in the x-direction on the ZnTe, and the
CL2 makes them parallel again. The distance between the CL1and the echelon

mirror is its focal length to suppress the divergence due to the step-like mirror
surface. The CL3isrotated 90° with respect to the CL1and CL2 for imaging in

the y-direction. Here, the magnificationsin the x- and y-directions are 2.8 and 1.0
onthe CCD camera, respectively. The relative angle between the Poll and Pol2 is
90°. We used the phase offset method by rotating the QWP. The incidence angle
of the probe laser into the ZnTe was 25°, whereas the electron beam path was
perpendicular. b, A3D schematic around the ZnTe crystal before the electron
beam hits the crystal. The PLis linearly focused on the crystal by the cylindrical
lens. The polarization of the PL and the measured electric field are directed in the
x-direction, which corresponds to the [-110] crystal axis.
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Extended Data Fig. 6 | Results of the echelon-based single-shot EO signal: AU=(1(¢,N-1(¢,0))/1(d,0). Here a corresponds to the crossed-Nicol
measurement. a-c, Spatiotemporal profiles of the electric field around configuration. Figure 2b shows the difference in the signal betweenbandc, i.e.,
arelativistic electron beam obtained through echelon-based single-shot the electric field profile obtained by the phase offset method.

measurement with phase offset $=0°, +1.5°, and -1.5°. The color bar denotes the
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Extended Data Fig. 7 | Experimental setup used to measure the
spatiotemporal evolution of the spherical electromagnetic wavefront. a, A
3D schematic around the ZnTe crystal. The focused probe pulse passed through
the hole with the diameter of 1 mmin the Al foil and was incident on the crystal
with anincidence angle of 37° while the electron beam passed through the Al
foil. b, A 2D schematic of the experimental setup. Abbreviations describing the
setup are listed in the upper-right corner. The probe laser was focused on the

ZnTe crystal by alens, and the transverse electric field on the spot was measured.

Polmmmm  dx

s

The polarization of the probe pulse was directed along the x-axis, and the QWP
was adjusted to divide the probe pulse into two (p- and s-polarization) pulses
with the same intensities. The spatiotemporal profile of the electric field was
measured by moving two motorized stages for shifting the optics around the
ZnTe crystal and the delay stage, respectively; they are surrounded by black
rectanglesin the figure, and the two-way arrows show the moving direction (dx
and dt). The position of the Al foil was moved in the z-direction, and the distance
D was adjusted.
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Extended Data Fig. 8 | Comparison of the electric field strength and the
pulse broadening between the experiment and the calculation. a, Transverse
electric field strength (E,) of the experiment and calculation in the radial
direction (x-axis). b, Pulse-width broadening in the radial direction. Red solid
circlesand blue curves denote the result of the experiment and the calculation
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given by the convolution between the beam profile in three dimensions and
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the transverse electric field around arelativistic electron, respectively. Some
experimental data points around the beam axis in the pulse broadening result are
excluded because of the worse signal-to-noise ratio. Notably, the pulse width of
the THz electric field (- 0.79 ps) at x=0 mm is larger than the counterpart of the
longitudinal beam size (- 0.72 ps) in this energy region (35 MeV), as showninb.
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Extended Data Fig. 9 | Comparing the strength profile and the pulse
broadening of the electric field in the radial direction around the electron
beam, as obtained from the experiment and the simulation. a-h, The
electric field strength profile (a-d) and pulse broadening (e-h) in the radial
direction for the propagation distances of 5,15,25,and 209 (=D) mm after the
cancellation of the electric field. Blue and red solid circles denote the simulation
and experimental results, respectively. The resultsina-cand e-gshowa

good coincidence between the results of the experiment and those of the PIC

simulation. The difference of the electric field strength between the experiment
and the simulationin a-cis confirmed (see Section 6). However, the tendency
observed in d differs from the other subfigures (i.e., a-c): the compensation
factor changes from 0.5to 1.0. In addition to that, the compensation factor
isintroduced in h. This difference arises mainly because the resultsd and h

are obtained inacylindrical coordinate instead of the 3D coordinate and also
because of the numerical Cherenkov radiation caused by the long propagation
distance, or long simulation time.
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Extended Data Fig.10 | Snapshots of the electromagnetic field around a

relativistic electron beam with an infinitesimal diameter acquired by the
PICsimulation. a-i, 2D transverse (a-c) and longitudinal (d-f) electric fields
(E,, E,), and a magnetic field circulating around the beam axis (x=y=0) (g-i) (B,)

inthe xz-plane at the time when an electron beam with an infinitesimal diameter,
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apulse width of 1.0 ps (FWHM), an energy of 35 MeV, and a charge amount of 70
pC propagates for 5,15, and 25 (=D) mm after the metallic boundary (z=0 mm), as

obtained by the PIC simulation. The black dashed lines are part of asphere witha
radius of D-0.5and D+0.5mm.
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