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Quantum engineering of topological superconductors and of the ensuing Majorana zero modes might hold the key for realizing
topological quantum computing and topology-based devices. Magnet-superconductor hybrid (MSH) systems have proven to be
experimentally versatile platforms for the creation of topological superconductivity by custom-designing the complex structure of
their magnetic layer. Here, we demonstrate that higher order topological superconductivity (HOTSC) can be realized in two-
dimensional MSH systems by using stacked magnetic structures. We show that the sensitivity of the HOTSC to the particular
magnetic stacking opens an intriguing ability to tune the system between trivial and topological phases using atomic manipulation
techniques. We propose that the realization of HOTSC in MSH systems, and in particular the existence of the characteristic Majorana
corner modes, allows for the implementation of a measurement-based protocols for topological quantum computing.
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INTRODUCTION

Topological superconductors present an exciting paradigm for the
realization of quantum computing as they harbor Majorana zero
modes (MZMs), whose non-Abelian statistics and robustness
against decoherence and disorder are well suited for the
implementation of quantum gates'. Magnet superconductor
hybrid (MSH) systems, in which magnetic adatoms are placed
on the surface of s-wave superconductors, have proven to be a
versatile platform for the creation of topological superconductors.
Strong evidence for the existence of MZMs has been reported in
ferromagnetic one-dimensional (1D)*> and two-dimensional
(2D)5® MSH structures. Moreover, the capability to quantum
engineer more complex magnetic structures in MSH systems,
ranging from skyrmionic® to antiferromagnetic and 3Q-struc-
tures'?, is predicted to provide interesting venues for creating,
tuning and manipulating topological phases. Indeed, antiferro-
magnetic MSH systems were recently shown to give rise to nodal
topological superconductivity''. The observation of strong topo-
logical superconducting phases in 2D MSH systems raises the
question: can higher order topological superconductor (HOTSC)
phases, in which MZMs emerge as localized corner modes'*™"®, be
realized with more complex magnetic structures?

In this article, we answer this question in the affirmative. We
demonstrate that HOTSCs, in addition to strong and weak
topological superconducting (TSC) phases, can be quantum
engineered in 2D MSH systems using a spatially-modulated
magnetic structure. We find that the resulting HOTSC phase
possesses extrinsic higher order topology and emerges as a
boundary-obstructed phase®=23, Such phases are separated from
trivial phases by surface, rather than bulk, gap closings. The MZMs
that appear in this phase are geometrically determined by the
shape and termination of the magnetic structure. As a result, the
HOTSC phase provides a fascinating opportunity to use atomic
manipulation techniques to generate and fuse MZMs, and to tune
between trivial and topological phases. To characterize the phases
of our MSH system we identify key spectroscopic signatures of all
three topological phases—with the HOTSC phase exhibiting

distinctive Majorana corner modes—that can be observed using
scanning tunneling spectroscopy. Furthermore, we identify the
microscopic mechanisms responsible for the emergence of HOTSC
and weak TSC phases, and show that these phases are generic
features of stacked magnetic structures. Finally, we propose that
the unique structure of Majorana corner modes in the HOTSC
phase provides a tantalizing venue for the realization of
topological quantum gates. Our results thus provide a blueprint
for the quantum engineering of a HOTSC phase in MSH structures.

RESULTS
Theoretical model

To investigate topological superconducting phases in two-
dimensional MSH structures, we consider arrays of magnetic
adatoms placed on the surface of a conventional s-wave super-
conductor, as described by the Hamiltonian?*-25;
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Here, | 4 creates an electron with spin a at site r, —t is the nearest-
neighbor hopping amplitude on a 2D square lattice, u is the
chemical potential, A is the Rashba spin-orbit coupling strength, A
is the s-wave superconducting order parameter, o is the vector of
Pauli-spin matrices, and the vectors 6 connect nearest-neighbor
sites. Moreover, J is the amplitude of the magnetic exchange
coupling between the adatom spin Sg (with magnitude S) located
at site R and the conduction electrons, where the primed sum
runs over all sites R decorated with magnetic adatoms. As Kondo
screening is suppressed due to the hard superconducting gap?’2%,
we consider the magnetic adatoms to be classical in nature with

'Department of Physics, University of lllinois at Chicago, Chicago, IL 60607, USA. “Department of Physics, University of lllinois at Urbana-Champaign, Urbana, IL 61801, USA.

HMemail: dkmorr@uic.edu

Published in partnership with Nanjing University

npj


http://crossmark.crossref.org/dialog/?doi=10.1038/s41535-023-00564-9&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1038/s41535-023-00564-9&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1038/s41535-023-00564-9&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1038/s41535-023-00564-9&domain=pdf
http://orcid.org/0000-0001-7602-6686
http://orcid.org/0000-0001-7602-6686
http://orcid.org/0000-0001-7602-6686
http://orcid.org/0000-0001-7602-6686
http://orcid.org/0000-0001-7602-6686
http://orcid.org/0000-0001-8115-6098
http://orcid.org/0000-0001-8115-6098
http://orcid.org/0000-0001-8115-6098
http://orcid.org/0000-0001-8115-6098
http://orcid.org/0000-0001-8115-6098
http://orcid.org/0000-0002-8633-1630
http://orcid.org/0000-0002-8633-1630
http://orcid.org/0000-0002-8633-1630
http://orcid.org/0000-0002-8633-1630
http://orcid.org/0000-0002-8633-1630
http://orcid.org/0000-0001-6327-1076
http://orcid.org/0000-0001-6327-1076
http://orcid.org/0000-0001-6327-1076
http://orcid.org/0000-0001-6327-1076
http://orcid.org/0000-0001-6327-1076
http://orcid.org/0000-0003-3692-2835
http://orcid.org/0000-0003-3692-2835
http://orcid.org/0000-0003-3692-2835
http://orcid.org/0000-0003-3692-2835
http://orcid.org/0000-0003-3692-2835
https://doi.org/10.1038/s41535-023-00564-9
mailto:dkmorr@uic.edu
www.nature.com/npjquantmats

npj

K.H. Wong et al.

ult]

S

066

© 6

(XX
066000

/
|
\

0606066°
066066

d
5
Weak TSC

= y-edge
@ -

2

11

0

0o 1 2 3 4 5
ult]

Fig. 1 MSH systems with stacked magnetic structures. a Schematic illustration of the stacked MSH system with green (blue) spheres

denoting the magnetic adatoms (the superconducting sites), and red arrows indicating the adatom spins. The gray area shows the
superconducting region covered by magnetic adatoms. b A top-down view of the MSH system. Filled blue circles represent lattice sites of the
superconducting substrate and red arrows indicate the magnetic adatoms. The dashed lines indicate two unit choices that represent the
stackings (J, J, 0) (left) and (J,0,J) (right). Topological phase diagram of an MSH system with (c) (J, 0, J) stacking and (d) (J, J, 0) stacking as a
function of u and JS. The bulk and edge gap closings are denoted by black and purple lines, respectively. Parameters are A = 0.8t and A = 1.2t.
The system size (N;) and the island size (W) used for calculating the x-edge and y-edge gap closings are (N, W,)=(120,80) and
(N, W,) = (280, 240) respectively. The small pockets of trivial superconductor at (y, JS) = (1.2, 2.2) and of strong topological superconductor at

(u, JS) = (3.0, 2.2) are remnants of larger phases and do not persist at higher values of A.

an out-of-plane ferromagnetic alignment. To simplify the discus-
sion of the topological phase diagram and to identify spatially
well-localized MZMs, we consider below a somewhat large
superconducting order parameter of A=1.2t. However, the
qualitative features of the phase diagram persist to smaller, more
realistic values of A, as shown in Supplementary Note 1.

While superconducting surfaces uniformly covered by magnetic
adatoms have been considered before?*-2%, here we consider MSH
structures with spatially-modulated adatom configurations. These
configurations are comprised of adatom chains parallel to the x-
axis that are arrayed in the y-direction, as schematically shown in
Fig. 1a. In particular, we consider a system in which two adjacent
chains of magnetic adatoms are followed by an empty row of the
superconducting substrate (i.e., a chain not covered by magnetic
adatoms). As illustrated in Fig. 1b, finite islands of such MSH
systems can be terminated in the y-direction by a single or double
row of magnetic adatoms, which we refer to as a (J, 0, J) or (J, J, 0)
stacking, respectively.

Since the Hamiltonian in Eq. (1) breaks time reversal symmetry,
the MSH system belongs to the Altland-Zirnbauer class D*°7'. For
a two-dimensional system, the corresponding topological invar-
iant is the Chern number, which can be computed via3°—32:

Cc= ﬁ fBzdzk Tr (Pk [akka, E)kyPk])

Pe=2_ |¥a(k))(Wn(K), 2

En(k)<O

where E,(k) and |¥,(k)) are the eigenenergies and the
eigenvectors of the Hamiltonian in Eq. (1). The index n and the

npj Quantum Materials (2023) 31

trace both run over the spin, magnetic sublattice, and Nambu
degrees of freedom.

In addition to the Chern number, lattice translation symmetry
permits the definition of two Z,-valued weak invariants for 2D
superconductors in symmetry class D, which we call v, and
vy, >3 These invariants are constructed from the products of the
Pfaffians of the Bloch Hamiltonian at pairs of high-symmetry
points:

sr, = sgn (i Pf[H(F})])
(_1 )vx,,, = 5(m,0)5(m,m) (3)
(=1 = S0 5(mm)>

where H(kq) = U'H(ko)U and U is a unitary transformation to a
basis that is guaranteed to exist at high-symmetry points I; by
particle-hole symmetry in which the Hamiltonian is antisymmetric.
In contrast to the Chern number, which is associated with an
isotropic topological response, weak invariants indicate the
presence of gapless surface states on only certain edges. In
particular, when C= 0, non-trivial values of v, (v, ,) indicate edge
modes on edges parallel to the x-direction (y-direction). We show
below that in certain parts of the phase diagram where the Chern
number vanishes, one of the weak invariants is non-zero,
reflecting the existence of a weak topological phase.

Topological phase diagram

In Fig. 1c we present the topological phase diagram of the (J, 0, J)-
stacked MSH structure in the (u, JS)-plane. In addition to a trivial
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Fig. 2 Spectroscopic signatures of topological phases. Zero-energy LDOS for a finite magnetic island (left column, a—c), y-edge spectral
function (center column, d—f), and x-edge spectral function (right column, g—i) of the strong TSC phase (top row, a, d, g), weak TSC phase
(middle row, b, e, h), and HOTSC phase (bottom row, ¢, f, i). All calculations were performed for an MSH system with a (J,0,J) stacking.
Parameters are (u, A, A,JS)=(0.5,0.8,1.2,3)t for the top row (a, d, g), (U A A,JS)=(2,08,1.2,4)t for the middle row (b, e, h), and

(U, A A, JS)=(2.8,0.8, 1.2, 3)t for the bottom row (c, f, i).

phase and three strong topological phases with non-zero Chern
numbers C, we also identify a region in the phase diagram having
C=0andyv,,=0,ie, a weak topological superconductor®*>4. The
transitions between the trivial, weak, and strong phases are
associated with bulk gap closings (see the black lines in Fig. 1c, d),
but interestingly, when we consider the phase diagram for MSH
structures with a finite spatial extent in either the x- or y-directions
(exhibiting edges we refer to as y-edges or x-edges, respectively),
additional gap closings appear on the edges. For the (J,0,J)
stacking, the MSH system of Fig. 1a exhibits edge gap closings
(denoted by purple lines in Fig. 1c) on both the x- and y-edges.
Previous work has shown that such edge transitions can give rise
to boundary obstructed topological phases having extrinsic higher
order topology?®23. Below we demonstrate that the phase
bounded by these edge gap closings is an extrinsic, higher order
topological superconductor (HOTSC). Furthermore, we find that
changing the (J, 0, J) stacking to a (J, J, 0) stacking eliminates the x-
edge gap closing and shifts the phase we identify as the HOTSC,
as shown in Fig. 1d. This sensitivity of the gap closing transitions
to the MSH edge termination is consistent with the existence of an
extrinsic boundary obstructed phase???3,

Local density of states and edge spectral functions

To further characterize the nature of the topological phases
identified in Fig. 1¢, d, we consider a finite island of magnetic
adatom chains with (J,0,J) stacking on the surface of the s-wave
superconductor. In Fig. 2a-c we show the zero-energy local
density of states (LDOS) for characteristic parameter values in the
(strong) C=—1, weak, and higher order topological phase. As
expected from the bulk-boundary correspondence, we find that
the strong C = 1 phase exhibits zero-energy modes on all edges of
the island. In contrast, in the weak topological phase, zero-energy
states exists only along the y-edges, in agreement with v, , being
non-zero and C = 0. Finally, in the HOTSC phase, the LDOS exhibits
four zero-energy states localized on the corners of the island.

Published in partnership with Nanjing University

Since corner modes are characteristic features of a HOTSC, the
LDOS presented in Fig. 2c confirms that the phase bounded by the
edge gap closings in Fig. 1c is indeed a higher order topological
phase.

The characteristic features of these three topological phases are
also reflected in the edge spectral functions of MSH systems with
only y-edges (Fig. 2d-f) and only x-edges (Fig. 2g-i). The strong
topological phase exhibits |C| chiral Majorana edge modes on both
edge types, as shown in Fig. 2d, g. In contrast, in the weak
topological phase, a low-energy mid-gap edge state exists only on y-
edges, as expected from the non-trivial v, , invariant (see Fig. 2e, h).
Furthermore, in Fig. 2e we observe that the weak topological edge
states are decoupled from the bulk bands and do not exhibit
spectral flow between the occupied and unoccupied bulk bands, in
contrast to the edge states in the strong topological phases. Finally,
in the HOTSC phase, corner modes appear only in systems that are
bounded in both in the x- and y-directions, as shown in Fig. 2c. As
such, systems that are periodic in the y- or x-directions exhibit a gap
in the edge spectral function and no zero-energy modes, as shown
in Fig. 2f, i.

Origin of weak and higher order topological phases

We can understand the emergence of weak topological and
higher order topological phases by first identifying the phases of a
single pair of adjacent chains of magnetic adatoms, i.e., the
topological building blocks of our 2D MSH system. In the relevant
regions of the phase diagram, either each chain in the pair
individually realizes the topological phase of a Kitaev chain®, or
else the two chains can combine together to form a single,
effective topological Kitaev chain (see Supplementary Notes 2
and 3). In the latter case, the effective Kitaev chains are uniformly
coupled throughout the MSH structure in Fig. 1a and form a weak
topological phase. The MZM end modes on the effective Kitaev
chains are hybridized by the uniform coupling and generate a
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dispersive Majorana edge band along the y-direction, as shown in
Fig. 2b, e.

In contrast, the HOTSC phase is realized when each of the
adatom chains individually form a topological Kitaev chain. To be
explicit, let us first consider the (J,0,J) stacking. Stacking these
chains in this configuration leads to two different couplings of the
Kitaev chains: an intra-pair coupling between the two adatom
chains in each adjacent pair, and a weaker inter-pair coupling
between chains separated by a bare row of substrate. As a result,
the MZMs at the ends of each pair of chains are gapped out by the
intra-pair coupling, leaving gapped y-edges. For the (J,0,J)
stacking, this leaves unpaired Kitaev chains on the top and
bottom x-edges. The MZM end modes from these unpaired chains
form the corner modes of the HOTSC phase shown in Fig. 2c.
Alternatively, these corner modes can be understood as arising
from topological domain walls between the x- and y-edges (see
Supplementary Note 4).

Using this picture we can also understand the edge transitions
for the (J,0,J) stacking phase diagram. We recall that the HOTSC
phase is separated from a trivial phase by a gap closing either
along the x- or y-edges (see Fig. 1c). The x-edge gap closing
corresponds to a phase transition of the individual chains from the
topological Kitaev chain phase to the trivial phase (see
Supplementary Note 2). Consequently, the Majorana corner
modes at the ends of the top and bottom chains delocalize
horizontally across the x-edge and annihilate at such a phase
transition. In contrast, the y-edge transition occurs when the intra-
and inter- couplings become comparable, allowing the corner
modes to delocalize and annihilate along the y-edge. We note that
the x- and y-edge transition lines bounding the HOTSC phase
terminate at phase transition lines bounding strong topological
phases, in which the gap closes simultaneously along the x- and
y-edges.

To understand the effects of the boundary termination on the
HOTSC phase (cf. Fig. 1c, d), we first note that only for MSH
systems with an x-edge do the (J,0,J) and (J, J, 0) stackings lead to
systems with a different magnetic structure. As a result, transition
lines in the phase diagram arising from y-edge gap closings are
the same for (J,0,J) and (J,J,0) stackings. Moreover, when
converting an MSH system with a (J,0,J) stacking into one with
a (J,J,0) stacking by adding a single chain of magnetic adatoms to
the top and bottom edges of the system, the corner MZMs of the
HOTSC phase hybridize with the MZMs of the added chains and
annihilate. Hence, the regions of the phase diagram where the
system with (J, 0, J) stacking is in the HOTSC phase are trivial for a
system with (J, J, 0) stacking, in agreement with the results shown
in Fig. 1¢, d. Conversely, in the trivial phase above the y-edge

transition of a system with (J,0,J) stacking (see Fig. 1c), the
addition of a single chain at the top and bottom edges, which
transforms it into a (J, J, 0) stacked system, leads to the emergence
of four corner modes, and a HOTSC phase. The pattern of trivial
and topological phases for the two types of terminations are thus
complementary across the y-edge gap closing line.

We finally note that the sensitivity of the HOTSC phase to the
specific termination of the MSH system opens an intriguing
opportunity tune the system between a HOTSC phase and a trivial
phase by adding or removing chains of magnetic adatoms using
atomic manipulation techniques.

Systematics of chain stacking and the phase diagram

The results presented above allow us to systematically address the
relation between the form of the chain stacking and the resulting
topological phase diagram. As previously shown, a superconduct-
ing surface fully covered by adatoms results in strong topological
superconducting phases, but no weak or higher order topological
phase?*25, The next-simplest stacking is one that alternates
between adatom chains and bare rows of substrate, which we
refer to as (J, 0) stacking. The phase diagram for this stacking (see
Fig. 3a) reveals that this system possesses strong and weak
topological phases, but no higher order topological phase. In the
region of the phase diagram where the weak topological phase is
located, isolated adatom chains realize topological Kitaev chains.
Since the inter-chain coupling in the (J, 0) stacking configuration is
uniform, the coupled Kitaev chains generate the weak topological
phase, and the boundary MZMs hybridize into a dispersive, mid-
gap band.

We generically do not expect to find higher order topology in
stackings with a single adatom per unit cell. Such stackings do not
allow for spatially-modulated weak-strong couplings between
adatom chains, and therefore cannot give rise to a HOTSC phase.
Specifically, the adatom chains in such configurations are always
separated from each other by a fixed number of substrate rows,
and cannot form the dimerized pattern that is crucial to the
emergence of the HOTSC phase discussed above. As a result, we
find that MSH systems with any stacking with a single adatom per
unit cell, such as (J,0), (J,0,0), (J, 0,0, 0), etc., do not possess higher
order topological phases.

In contrast, MSH systems with stackings such as (J, 0, 0,J) possess
a phase diagram that is qualitatively similar to that of the (J,0,J)
stacking, but with additional edge gap closings and several regions
containing an extrinsic HOTSC phase (see Fig. 3b). When increasing
the size of the unit cell of the stacking even further, for example, by
considering a (J,J,J,0,0) stacking, the phase diagram (see Fig. 3c),
while still exhibiting the same strong, weak, and high-order
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Fig. 3 Topological phase diagrams for different magnetic stacking configurations. Topological phase diagrams for MSH systems as a
function of u and JS with (a) a (J, 0) stacking, (b) a (J, 0, 0, J) stacking, and (c) a (J, J, J, 0, 0) stacking. Parameters are A = 0.8t and A = 1.2t for (a, b)
and A= 0.8t and A = 0.8t for (c). The system size (N and the island size (W) used for calculating the y-edge and x-edge gap closings are
(N, W,) = (120, 80) and (N,, W,) = (280, 240) respectively.
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Fig. 4 Majorana qubit generation. The zero-energy LDOS of a square MSH island demonstrating the delocalization of corner Majorana
modes along (a) the x-edges at the x-edge gap closing line (u = 2.4t), and (b) the y-edges at the y-edge gap closing line (u = 3.2t), as indicated
by the stars in the inset phase diagrams. c—f Zero-energy LDOS of an armchair MSH system with six corners, plotted for varying chemical
potential u (indicated by stars in the phase diagrams in the upper row). Black regions indicate the bare superconducting substrate and the
white dashed ovals emphasize the three pairs of Majorana corner modes. Parameters for all plots are (A, A, JS) = (0.8, 1.2, 3)t.

topological phases, becomes more complex and the number of
disjoint topological regions increases.

Majorana qubit generation and fusion

One of the key technological applications of topological super-
conductors is topological quantum computing, which exploits the
robust, non-local information storage capacity of MZMs'. The
topological quantum computation paradigm is built upon the
non-trivial MZM fusion rules (two MZMs fuse to either an
unoccupied/vacuum channel or an occupied/quasiparticle chan-
nel) that must be verified in any topological qubit platform3%37,
Additionally, in the original proposals for topological quantum
computing, quantum operations on MZM qubits were proposed
to be carried out by physically braiding the MZMs (a protocol for
braiding MZMs in MSH systems was recently proposed in ref. 3,
However, it was subsequently shown that measurement-based
quantum computation®*® can generate non-trivial unitary
operations on the MZM qubit space by tuning the relative
coupling strengths between MZMs and performing charge read-
out measurements.

The extrinsic HOTSC phase we predict here provides an
advantageous platform for generating, coupling, and fusing
MZMs. In our platform, MZM qubits are geometrically defined
by the magnetic adatom configuration. Engineering the shape of
the region containing magnetic adatoms determines the locations
and relative coupling strengths of the MZM:s. For instance, in Fig. 4
we show examples of an MSH island with a square geometry that
harbors four MZMs (a tetron) and an arm-chair geometry that
hosts six MZMs (a hexon)*'. By carefully choosing the configura-
tions and edge-lengths between MZMs, we can engineer pair-wise
tuning of MZM coupling and fusion simply by adjusting the global
electrostatic potential. For example, consider a (J,0,J) stacked

Published in partnership with Nanjing University

square geometry with u chosen deep in the HOTSC phase. Tuning
u toward an edge transition point then causes the MZMs to
delocalize and pair-wise couple. In fact, choosing which transition
point to approach determines whether the MZMs become more
strongly coupled to their horizontal or vertical neighbors. As one
of these transition points is approached, the coupling between
MZMs on the ends of the associated edge strengthens, and
eventually the corner MZMs fuse along the edge. It is therefore
possible to selectively couple and fuse MZMs with electrostatic
gate control.

Here we provide an explicit example of how one can verify the
MZM fusion rules using the square/tetron geometry (cf. Fig. 4a,
b)3¢. We start in the HOTSC phase, but with u very near an edge
transition. If we tune u away from the transition point, then two
pairs of MZMs, (y4, y2) and (ys, y4), are nucleated from the vacuum.
In a control experiment, these MZMs can be re-fused trivially to
the vacuum channel, i.e., y; fuses with y,, and ys fuses with y,, by
returning to the initial transition point. In the non-trivial
experiment, after the initial nucleation from the vacuum, MZMs
from different pairs are fused together, e.g., y; with y3 and y, with
Y4, by approaching the other edge transition. In this case, the
vacuum and quasiparticle fusion outcomes are produced with
equal probability. The result of the fusion process can then be
determined by measuring the charge of the final state, for
example through a capacitively coupled quantum dot®®.

The atomically precise control afforded by atomic manipulation
techniques in the fabrication of MSH systems makes it possible to
pattern arbitrary geometries of coupled tetron and hexon devices.
Furthermore, using geometries with edges of varying lengths, we
can implement more complex MZM coupling operations. For
example, in the hexon geometry of Fig. 4c, the lengths of the
horizontal and vertical edges are chosen to permit the fusion of
some pairs of MZMs independently of other pairs. Specifically, in
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Fig. 4c we consider an MSH system tuned into the middle of the
HOTSC phase and possessing three pairs of corner MZMs enclosed
by the dashed white ovals. As demonstrated in Fig. 4cf, tuning u
toward the y-edge gap closing performs three sequential fusions
along the three y-edges in order of increasing edge length.
Remarkably, the freedom afforded by geometric patterning allows
tetron or hexon fusion operations to be implemented by tuning a
single electrostatic gate.

DISCUSSION

We have demonstrated that MSH systems with a stacked
magnetic structure give rise to HOTSC phases. The HOTSC we
identified is a boundary obstructed phase that is separated from
the trivial phase by edge, rather than bulk, gap closings. In
addition, stacked MSH systems also possess strong and weak
topological superconducting phases. We have shown that all three
types of topological phases possess characteristic spectroscopic
signatures for finite size magnetic islands, which can be employed
to distinguish them using scanning tunneling spectroscopy. In
particular, an island in the HOTSC phase exhibits corner modes,
i.e., MZMs that are distinctly localized on the corners of the island.
Moreover, we have shown that the HOTSC phase is sensitive to
the particular magnetic stacking of the MSH system: in certain
regions of the phase diagram where the system is a HOTSC for
(J,0,J) stacking, it is trivial for a (J,J,0) stacking. This opens the
exciting ability to tune MSH systems between trivial and
topological phases using atomic manipulation techniques, as a
MSH system with (J,0,J) stacking can be transformed into one
with (J,J,0) stacking by adding a single magnetic chain to its top
and bottom edges. By identifying the microscopic mechanism
responsible for the emergence of HOTSC and weak topological
phases in MSH systems, i.e., the interplay of intra- and inter-pair
couplings in the stacked system, we demonstrated that these
phases are generic features of stacked magnetic structures. The
unique structure of Majorana corner modes in the HOTSC phase
also provide a fascinating path for the realization of topological
quantum gates through Majorana fusion.

While previous proposals for the creation of higher order
topological phases have required either complex band structures
or complex pairing'>*?=**, our results show that such phases can
be readily engineered using the standard features of MSH
systems: magnetic adatoms that can be arranged in atomically
precise structures using atomic manipulation techniques, a Rashba
spin-orbit interaction arising from the broken inversion symmetry
on surfaces, and a hard s-wave superconducting gap. As such,
MSH systems provide a versatile platform for the study of elusive
higher order topological phases and their use in the implementa-
tion of topological quantum gates. Our findings also raise the
interesting question of whether higher order topological phases
can be created on lattices with different spatial symmetries, such
as triangular lattices, which are also realized in MSH systems”'",

METHODS

Identifying bulk and edge gap closings

To compute the location of the bulk gap closings, we diagonalize
the Hamiltonian in momentum space. If for any momentum in the
Brillouin zone (BZ) the lowest positive energy state possesses an
energy £ <0.001t, we consider the system to be gapless and take
the corresponding values of u and JS to represent a bulk gap
closing point in the phase diagram. Similarly, to compute the
location of x- or y-edge gap closings we diagonalize the
Hamiltonian in a cylindrical geometry with periodic boundary
conditions along one direction and open boundary conditions
along the other. The open boundary direction spans N sites with a
magnetic island of width W deposited in the middle. If for any
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momentum in the 1D BZ the lowest positive energy state
possesses an energy E<0.001t, we consider the system to be
gapless, and take the corresponding values of uy and JS to
represent an edge gap closing point in the phase diagram (unless
this coincide with a bulk gap closing).

Theoretical formalism

The Chern numbers in the phase diagrams of Fig. 1c, d are
computed using Eq. (2). The zero energy LDOS is computed by first
casting the Hamiltonian of Eg. (1) into a matrix form, H, in real
space and Nambu space. Then, we compyte the retarded Green's
function matrix, g"'(w) = [(w +i6)1 —H] ', from which the zero
energy LDOS can be obtained via p(r) = —Img|,(w=0)/m.
Moreover, the x-edge spectral function can be obtained via
A(kx,y,w) = —Imgj, (ky,w)/m, where y is the coordinate of the x-
edge and g (ke,w) is the retarded Green’s function matrix
computed using the Hamiltonian in the aforementioned cylindrical
geometry periodic along the x-direction, and similarly for the y-
edge. Both LDOS and spectral functions are summed over spin and
Nambu degrees of freedom.
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