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Optical anomalous Hall effect enhanced by flat bands in
ferromagnetic van der Waals semimetal
Yoshihiro D. Kato 1,6✉, Yoshihiro Okamura1,6, Susumu Minami 2,3, Reika Fujimura1, Masataka Mogi 1, Ryutaro Yoshimi 3,
Atsushi Tsukazaki 4, Kei S. Takahashi 3, Masashi Kawasaki1,3, Ryotaro Arita 1,3, Yoshinori Tokura 1,3,5 and
Youtarou Takahashi 1,3✉

Geometrical aspects of electronic states in condensed matter have led to the experimental realization of enhanced electromagnetic
phenomena, as exemplified by the giant anomalous Hall effect (AHE) in topological semimetals. However, the guideline to the large
AHE is still immature due to lack of profound understanding of the sources of the Berry curvature in actual electronic structures; the
main focus has concentrated only on the band crossings near the Fermi level. Here, we show that the band crossings and flat bands
cooperatively produce the large intrinsic AHE in ferromagnetic nodal line semimetal candidate Fe3GeTe2. The terahertz and infrared
magneto-optical spectroscopy reveals that two explicit resonance structures in the optical Hall conductivity spectra σxy(ω) are
closely related to the AHE. The first-principles calculation suggests that both the flat bands having large density of states (DOS) and
the band crossings near the Fermi level are the main causes of these Hall resonances. Our findings unveil a mechanism to enhance
the AHE based on the flat bands, which gives insights into the topological material design.
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INTRODUCTION
Quantum geometric phase of electronic states, namely Berry
phase, often plays a decisive role in the transport and optical
phenomena1–15. The intrinsic AHE derived from the electronic
band structure is the most representative example, where the
anomalous Hall (AH) conductivity is described by the Berry
curvature in the momentum space1,2. It has been well established
that the band crossings produce large Berry curvature, therefore
the topological electronic structures such as the Dirac/Weyl points
and nodal lines significantly contribute to the intrinsic AHE1–13. In
fact, the giant AHE has been observed for the topological
semimetals such as Co3Sn2S27,8 and Co2MnGa9,10, where the Hall
conductivity and the tangent of Hall angle simultaneously exceed
500Ω−1cm−1 and 0.1, respectively. In recent years, much
theoretical effort based on the first-principles calculations has
been made to analyze and design the topological electronic
structure exhibiting intriguing quantum transport phenomena of
Berry phase origin1–13,16. However, the theoretical suggestion
towards the large AHE have been hardly addressed partly because
the direct correspondence between the actual electronic structure
and AHE has rarely been explored experimentally. It is imperative
to discuss the band-resolved contributions to the AHE for
comprehensive understanding.
Here, we study the large AHE in the ferromagnetic van der

Waals (vdW) semimetal Fe3GeTe2 thin film using the broadband
magneto-optical spectroscopy. Since the intrinsic AHE exhibits the
strong correlation with the band structure, the optical AHE, i.e., the
energy-dependent AH conductivity, provides the direct informa-
tion on the electronic structure associated with the intrinsic
AHE12,17–19; the resonantly enhanced optical AHE manifests the
presence of band structures producing the AHE, which uncovers
the main source of the Berry curvature.

We target the recently discovered prospective nodal line
semimetal Fe3GeTe2 that exhibits the large AHE comparable to
other topological semimetals5,7–11 and two-dimensional ferro-
magnetism20–28. It has a layered hexagonal crystal structure
belonging to the space group P63/mmc (Fig. 1a). There are two
inequivalent Fe sites, FeI and FeII. The FeI-FeI dumbbell penetrates
the center of each hexagon of the honeycomb lattice formed by
FeII and Ge atoms. FeII-Ge honeycomb lattice is sandwiched by
two Te layers coupled via the vdW force and stacked in the so-
called AB bilayer configuration. The band structure calculation
based on the density functional theory (DFT) suggests the
presence of the topological nodal lines along the KH line in the
Brillouin zone protected by crystalline symmetries in the case
without the spin-orbit coupling (SOC) (Fig. 1b; upper panel of
Fig. 1c)11. When the SOC is introduced, these nodal lines open
gaps as indicated by red and blue curves in Fig. 1d (lower panel of
Fig. 1c), which should generate the Berry curvature11. The flat
bands are also discerned as exemplified by green curves in Fig. 1d,
some of which are suggested to be crucial for the two-
dimensional ferromagnetism20,26 and can be the sources of the
large Berry curvature. So far, only the Berry curvature generated by
the nodal lines has been considered to cause the large AHE.

RESULTS AND DISCUSSION
Magneto-transport properties
Figure 1e, f summarizes the electrical transport properties of a
(001)-oriented 20-nm-thick epitaxial thin film of Fe3GeTe2 studied
here (for more details of thin film growth, see Methods). The
longitudinal conductivity σxx shows a metallic behavior in a wide
temperature region ranging from 20 to 300 K but slightly
decreases below 20 K (Fig. 1e), which is observed also for the
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bulk crystals and thin flakes20,21,23,25. The Hall conductivity σxy
steeply develops below the ferromagnetic transition temperature
TC ~ 240 K (Fig. 1e)21,22, which shows the clear hysteresis in the
magnetic-field dependence owing to the perpendicular ferromag-
netic anisotropy (Fig. 1f). The Hall conductivity and the tangent of
Hall angle at 2 K reach ~100Ω−1cm−1 and ~0.04, respectively.
These anomalous Hall responses are comparable to those of the
thin flakes23,27 and larger than those of other thin films fabricated
by molecular beam epitaxy25,28 (see also Supplementary Note 1).

Optical conductivity spectra
Figure 2a, b show the longitudinal optical conductivity spectra
σxx(ω) at 20 K in terahertz (1–8meV) and infrared (0.1–2.0 eV)
regions, respectively. In the terahertz region, Re σxx(ω) is as large
as the dc value with flat energy dependence, while Im σxx(ω) is
almost zero (Fig. 2a). This observation indicates that the scattering
time τ is shorter than the time scale of picosecond, given that the
intraband Drude response of the free carriers dominates the
spectra in the terahertz region. On the other hand, the interband
transitions including those for the nodal lines can be observed in
the infrared region (Fig. 2b). Re σxx(ω) and Im σxx(ω) show gradual

decrease and increase, respectively, towards the low energy
(Fig. 2b), which are reasonably connected to the terahertz spectra.
The presently observed σxx(ω) spectrum is qualitatively consistent
with the first-principles calculation (Supplementary Fig. 1).

Magneto-optical effects
To explore the optical transitions related to the AHE, we measure
the Faraday rotation spectra in the terahertz region (1–8meV) and
the Kerr rotation spectra in the mid-to-near infrared region
(0.1–1.5 eV). These magneto-optical measurements are performed
at zero field for the single ferromagnetic domain (see Methods
and Supplementary Fig. 2). Figure 2c, d shows the temperature
dependence of the Faraday rotation θF and ellipticity ηF spectra in
the terahertz region, respectively. The magnitude of the Faraday
rotation θF increases below TC with decreasing the temperature
and tends to be saturated around 70 K, which is proportional to
the AH conductivity (Supplementary Fig. 3a). On the other hand,
the ellipticity ηF spectra are close to zero at all temperatures,
indicating the absence of electronic transition associated with the
AHE in the terahertz region (<8meV). In contrast, the mid-infrared
Kerr rotation θK and ellipticity ηK show the clear resonance
structures below TC (Fig. 2e, f; see also Supplementary Fig. 3b). The
infrared Kerr rotation spectra θK (Fig. 2e) have the gradual
decrease below 1.1 eV towards the lower energy with the hump-
like structure at 0.6 eV. The Kerr ellipticity spectra ηK (Fig. 2f) show
two broad dip structures centered at 0.25 eV and 0.7 eV as
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Fig. 1 Ferromagnetic van der Waals semimetal Fe3GeTe2 with
large anomalous Hall effect. a Crystal structure of Fe3GeTe2 (left
panel). The right upper and right lower panels illustrate the top view
and honeycomb structure, respectively. b Brillouin zone of Fe3GeTe2
with the high symmetry points. c Schematic illustration of the nodal
line structure along KH line (upper panel). The spin orbit coupling
(SOC) lifts the degeneracy along the nodal line structure, resulting in
the gap opening (lower panel). d The band structure with
considering the SOC along KM, KΓ and KH lines. The red and blue
curves represent the bands composing the nodal line near the Fermi
level. The green curves are examples of the flat bands.
e Temperature dependence of the longitudinal conductivity (red
line) and Hall conductivity when cooled in the magnetic field of
70mT (blue line). f Magnetic-field dependence of the Hall
conductivity at various temperatures for the magnetic field parallel
to the c axis.
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Fig. 2 Optical conductivity and magneto-optical effect. The
longitudinal optical conductivity spectra σxx(ω) at 20 K in the
terahertz a and the mid-to-near infrared b regions. The terahertz
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The inset of d shows the schematic illustration of the Faraday
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indicated by the black arrows, which reflect the presence of
dominant interband transitions leading to the large intrinsic AHE
as discussed below.

Optical Hall conductivity spectra
We can quantitatively evaluate the role of these electronic
transitions by exploiting the complex Hall conductivity spectra
σxy(ω) deduced from the optical conductivity σxx(ω) and magneto-
optical spectra (Fig. 3; see also Methods). In the infrared region, Re
σxy(ω) shows peak and dip structures at 0.6 eV and 1.2 eV,
respectively, and further increases below 0.3 eV towards the low
energy (Fig. 3c), which is reasonably connected to the terahertz
spectra and dc AH conductivity (Fig. 3a). On the other hand, in Im
σxy(ω), two resonance structures are observed at 0.2 eV and 0.7 eV,
as indicated by the circle and triangle in Fig. 3d, respectively. Im
σxy(ω) converges to zero in the terahertz region in accord with the
causality constraint as Im σxy(ω= 0)= 0 (Fig. 3b). In general, the
resonance structure in Im σxy(ω) indicates the existence of optical
transition associated with the AHE, while the Re σxy(ω) shows the
dispersive spectra around the resonance energy and leads to the
dc AH conductivity at ω= 012,17–19. Accordingly, the observed
resonances in Im σxy(ω) demonstrate the presence of two distinct
interband transitions closely relevant to the dc AHE, evidencing its
intrinsic origin. Since both resonances at 0.2 eV and 0.7 eV have
the same sign, these transitions cooperatively enhance the dc AHE.

It is to be noted here that the broad spectral distribution of Im
σxy(ω) (Fig. 3d) spreading over 1.2 eV is never expected for the
extrinsic AHE induced by the intraband scattering, which would
show up in the low-energy Drude response region below ħτ−1, if
any.
The sum rule for the optical Hall conductivity further

corroborates the dominant roles of these two resonances in the
dc AH conductivity. The Kramers–Kronig relation for Re σxy(ω= 0)
and Im σxy(ω) yields the sum rule29;

Re σxy ω ¼ 0ð Þ ¼ 2
π

Z 1

0

Im σxy ωð Þ
ω

dω: (1)

Namely, the dc AH conductivity is given by the integral of the
imaginary part divided by ω. Here, we define the spectral weight
Sxy(ωc) as

Sxy ωcð Þ ¼ 2
π

Z ωc

ωmin

Im σxy ωð Þ
ω

dω; (2)

where ωc is the cutoff energy and ωmin is the low-energy edge of
the magneto-optical measurement (ωmin= 0.1 eV). Sxy(ωc) thus
represents the contribution to the dc AHE from the optical
transitions between ωmin and ωc (green line, Fig. 4a; see also
Supplementary Fig. 4). Sxy(ωc) increases with ωc and tends to
saturate at around 1.2 eV; Sxy(ωc) at the high-energy edge (2.2 eV)
approaches 80 % of the dc Hall conductivity, which demonstrates
that the two resonance structures below 1.2 eV (circle and triangle
in Fig. 3d) are the main sources of the dc AHE. It should be
emphasized that, although there exist the large peak structures
above 1.2 eV (Fig. 4a), their contributions to the dc value Re
σxy(ω= 0) are reduced by the factor of ω in the denominator of
Eq. (1). The extrinsic mechanism for AHE arising, e.g., arising from
the skew scattering of conduction electrons1, may show up only in
the photon energy range of the Drude response below 10meV,
while such an extrinsic origin of the AHE has not been reported in
this material11,27.

Comparison with the first-principles calculation
To elucidate the origins of two resonance structures, we calculate
the σxy(ω) spectra with the DFT (red and blue dotted curves in
Fig. 3c, d). The theoretical spectra show the peak structure at
0.4 eV with a shallow dip at 1.2 eV in Re σxy(ω), and the broad peak
at 0.7 eV in Im σxy(ω). While many fine structures in the theoretical
spectra are discerned as compared to the experimental spectra
partly because of the small damping constant (smearing
parameter) η assumed in Eq. (12) (see Methods), the overall
features of theoretical spectra are consistent with the experi-
mental spectra at least above 0.3 eV dominated by the resonance
structure marked by the triangle in Fig. 3d. This broad peak
structure centered at 0.7 eV is ascribed to the optical transition
between the flat bands with the large DOS: The sharp peak
located at −0.65 eV and the broad band ranging from 0.05 eV to
0.55 eV are observed in the energy dependence of the DOS
(Fig. 4b), which are shaded in orange and blue, respectively, in
Fig. 4b, c. Correspondingly, the flat (or less dispersive) bands are
concentrated in these regions, as exemplified by the green curves
in Fig. 1d. The flat bands near −0.65 eV were confirmed by the
previous ARPES measurement11,26, while those from 0.05 to
0.55 eV are considered to be responsible for gate-tunable room-
temperature ferromagnetism20. To evaluate the contribution from
the flat bands around −0.65 eV more directly, we calculate the
σxy(ω) spectra when the initial state of the optical transition is
limited to the bands located from −0.8 to −0.5 eV which include
the flat bands as highlighted by orange in Fig. 4c. The resultant
σxy(ω) (orange curves in Fig. 3c, d) makes a significant contribution
to the higher-lying resonance and leads to almost half of the total
dc AH conductivity as indicated by the lowermost energy value,
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i.e., Re σxy(ω = 0) (see red and orange circles at zero frequency in
Fig. 3c). These facts demonstrate the important role of the flat
bands in the AHE. We also confirm that the flat bands around
−0.65 eV host the large Berry curvature on the basis of the
calculated Fermi-level dependence of the AH conductivity
(Supplementary Fig. 5).
Below 0.3 eV, the experimental and theoretical results show the

different trend (Fig. 3c, d). While the experimental Im σxy(ω) has a
positive peak as indicated by the circle in Fig. 3d, the theoretical
one has a negative peak. This observation indicates that the low-
energy transitions are not well reproduced within the DFT level
perhaps because of the underestimated electron-correlation
effect, which plays some roles in the electronic structure of this
material as pointed out in the previous studies11,26 (for more
detailed discussion, see Supplementary Note 2). Nevertheless, the
band calculation and previous ARPES measurement suggest the
existence of abundant (anti-)crossing points and nodal lines near
the Fermi level (Fig. 4c)11, which are responsible for the optical
transitions in this energy region. On the basis of the theoretical
model assuming the two-dimensional single anti-crossing point,
the interband transition near the anti-crossing point causes the
resonance peak at the double of the energy distance between the
anti-crossing point and Fermi level (Fig. 4d; see also Supplemen-
tary Note 3)17,18,30. The resonance in σxy(ω) as well as dc value
σxy(0) is enhanced when the Fermi level is close to the anti-
crossing point. In the present material, the superposition of these
node structures located at the different energy positions
presumably produces the broad peak structure as observed
experimentally. The calculated σxy(ω) for six bands composing the
nodal lines (red lines in Fig. 4c) possesses the resonance structure

around 0.1 eV (Fig. 3c, d), so that part of spectral weight in lower-
lying peak stems from the nodal lines.
As indicated by Fig. 4a, the broad optical transition centered at

0.7 eV is found to have the significant impact on the dc transport
due to the large DOS, contrary to the general trend that the
higher-lying resonance loses the weight for the dc AHE as
suggested by the sum rule (Eq. (1)). In fact, this energy scale is
relatively large compared with the cases for SrRuO3

12,18 and
Co3Sn2S219, where the optical transitions below ~0.3 eV are
dominant for the AHE. These observations suggest the importance
of the flat band, or more generally, the large DOS for enhancing
the AH conductivity (see also Supplementary Note 4). The
relatively high transition energy among the flat bands provides
the robust AH conductivity against the subtle change of the Fermi
level. This character is distinguished from the transitions relating
to the crossing points around the Fermi level as shown in Fig. 4d.
The present experimental and theoretical spectroscopies reveal

that two distinct band structures, i.e., the flat bands with the large
DOS and the band crossings near the Fermi level, cooperatively
produce the large intrinsic AHE. In addition to the widely
recognized importance of the topological nodes, our results show
the significant impact of the flat band for the topological
electromagnetic phenomena. The flat band becomes known to
be ubiquitous for many systems including kagome-lattice
materials and vdW twisted bilayer heterostructures, while the
study of its electromagnetic response has just launched31–34. Our
findings may provide a base of research for exploring various
enhanced topological phenomena including the anomalous
Nernst effect and nonlinear optical effects on such emerging
systems, paving a way for the future optical/electrical applications.

Fig. 4 Two distinct band structures inducing large AHE. a The spectral weight Sxy(ωc) (green solid curve) and Im σxy(ω) spectra (light blue
curve) up to 2.2 eV (see the main text for the definition of Sxy(ωc)). The dc AH conductivity at 20 K, 0 T (σxy(0)) is indicated by the square at
ωc= 0 and dashed green horizontal line. b The calculated DOS. The transition indicated by the triangle is ascribed to the higher-lying
resonance observed in Figs. 3d and 4a. The shaded regions in orange and blue denote the large DOS due to the flat bands, some of which are
also indicated by the green curve in Fig. 1d. c The band structure with the SOC. Red curves represent six bands composing the nodal lines
around Fermi level. d The real part of the optical Hall conductance spectra σxy(ω) calculated for a two-dimensional single band-crossing point
for various Fermi level μ (see Supplementary Note 3).
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METHODS
Thin film fabrication
The Fe3GeTe2 thin film was fabricated with the ~2-nm-thick (Bi,Sb)2Te3
buffer layer on a semi-insulating InP(111)A substrate by molecular beam
epitaxy technique. The Fe3GeTe2 and buffer layer were grown at 380 °C at a
base vacuum pressure of ~1 × 10–7 Pa. All fluxes were supplied from
Knudsen cells and the equivalent beam pressures were controlled by a
beam flux monitor. During the growth of the Fe3GeTe2 thin film, the
equivalent beam pressures of Fe, Ge and Te were kept at
PFe= 1.0 × 10−6 Pa, PGe= 2.5 × 10−6 Pa and PTe= 1.0 × 10−4 Pa, respec-
tively. The growth rate of Fe3GeTe2 was approximately 0.4 nm per minute.
The (Bi,Sb)2Te3 buffer layer was grown with PBi= 2.5 × 10−6 Pa,
PSb= 2.5 × 10−6 Pa and PTe= 1.0 × 10−4 Pa. The (Bi,Sb)2Te3 buffer layer
has no conductive state due to the hybridization of the topological surface
states between the top and the bottom surfaces35, which helps to form the
hexagonal Te-based layers of Fe3GeTe2. The crystal structure and the
thickness of the film were evaluated by x-ray diffraction and x-ray
reflectivity measurement (Supplementary Fig. 6). The resistivity and Hall
resistivity were measured by using Physical Property Measurement System
(Quantum Design).

Terahertz time-domain spectroscopy (THz-TDS)
The laser pulses with duration of 100 fs from a mode-locked Ti:
sapphire laser were split into two paths to generate and detect
terahertz pulses. Terahertz pulses were generated and detected by
photoconductive antennas. We obtained transmittance spectra by
measuring the sample and the bare substrate as a reference. We used
the following thin film limit formula to obtain the complex conductivity
σxx(ω);

t ωð Þ ¼ 1þ ns
1þ ns þ Z0dσxx ωð Þ ; (3)

where t (ω), d, Z0 and ns are the complex transmittance, the thickness of
the film, the vacuum impedance (377Ω), and the refractive index of the InP
substrate (ns= 3.47), respectively (see also Supplementary Fig. 7a).

Terahertz Faraday rotation measurements
The rotatory component of the transmitted terahertz electric field Ey(t),
which is perpendicular to the incident electric field Ex(t), was measured
by the Crossed-Nicole configuration by using wire-grid polarizers (The
coordinates are illustrated in the schematic of Fig. 2d). The magneto-
optical measurement was performed at 0 T after preparing the single
ferromagnetic domain by applying the magnetic field of ±1 T. To
eliminate the background signal, the polarization rotation Ey(t) at 0 T
was calculated by anti-symmetrizing the signals for positive and
negative magnetizations. The Fourier transformation of the terahertz
pulses Ex(t) and Ey(t) gives the complex Faraday rotation spectra
θF(ω)+ iηF(ω) ~ Ey(ω)/Ex(ω).

Terahertz Hall conductivity. By using the optical conductivity spectra
σxx(ω) and Faraday rotation spectra θF(ω)+ iηF(ω), the Hall conductivity
spectra were given by,

σxy ωð Þ ¼ θF ωð Þ þ iηF ωð Þð Þ 1þ ns þ Z0dσxx ωð Þ
Z0d

: (4)

Kerr rotation measurements. The polar magneto-optical Kerr spectroscopy
was performed with use of the photoelastic modulator36. The detection of
synchronous signal of the reflected light with the fundamental and second
harmonic of the modulation frequency enables us to measure Kerr rotation
and ellipticity, respectively. For the measurement, we performed the field
cooling from 260 K in the magnetic field ~70mT with a permanent
magnet. The permanent magnet was removed during the measurement.
To deduce the Kerr spectra, we anti-symmetrized the spectra for the
positive and negative magnetizations.

Optical conductivity σxx(ω) and Hall conductivity σxy(ω). The optical con-
ductivity spectra were obtained by the following procedure. We first measured
the reflectivity spectra of Fe3GeTe2 thin film fabricated on InP substrate from
0.01 to 5 eV (Supplementary Fig. 7b), and then deduced the complex reflection
coefficient rtot through the Kramers–Kronig (KK) transformation. Considering

the multiple reflections within the thin film, rtot is given by Kim et al.37,

rtot ¼
nfilm�1
nfilmþ1 þ nsub�nfilm

nsubþnfilm
e2ikd

1þ nsub�nfilm
nsubþnfilm

nfilm�1
nfilmþ1 e

2ikd
; (5)

where k= nfilmω/c is the wave number of the light inside the film, d is the
thickness of the film, and nfilm and nsub are the complex refractive indices
of the film and the substrate, respectively. By substituting this equation
into the experimental rtot, we calculated nfilm numerically. Here, we used
nsub deduced through the KK transformation from the reflectivity spectra
of InP substrate. Finally, the optical conductivity spectra of the Fe3GeTe2
thin film were calculated based on the following equation;

σxx ωð Þ ¼ �iε0ω n2film � 1
� �

: (6)

We note that the KK analysis is not strictly applicable to the reflectance
for the unpolarized light in time-reversal broken materials due to the
emergence of the circular dichroism. In the present material, however, the
circular dichroism is small enough, given the small Kerr ellipticity of around
a few mrad. Therefore, the measured reflectance for the unpolarized light
should give the almost same reflectance for the circularly polarized light,
supporting the validity of applying the KK analysis to deduce the diagonal
tensor components of conductivity σxx(ω). We further examine the validity
of the present KK analysis by deducing the optical conductivity spectra in
another way. We measured the transmittance T and reflectance R from 0.1
to 0.5 eV (Supplementary Fig. 8a) and determine the optical conductivity
numerically at each energy so as to reproduce simultaneously T and R data.
The R including the multiple reflections within the thin film and the T
including those within the thin film and substrate are given by37,38;

R ¼
nfilm�1
nfilmþ1 þ nsub�nfilm

nsubþnfilm
e2ikd

1þ nsub�nfilm
nsubþnfilm

nfilm�1
nfilmþ1 e

2ikd

�����
�����
2

; (7)

T ¼

2
nfilmþ1

2nfilm
nsubþnfilm

eikd

1þ nsub�nfilm
nsubþnfilm

nfilm�1
nfilmþ1 e

2ikd

2nsub
nsubþ1

����
����
2

1� R nsub�1
nsubþ1

���
���2

: (8)

We numerically solve these equations and find that the obtained results
deduced in the two different ways agree well with each other
(Supplementary Fig. 8b). We note also that the 2-nm-thick semi-
insulating (Bi,Sb)2Te3 layer is negligible for the optical properties of
Fe3GeTe2 film (see also Supplementary Note 5 and Supplementary Fig. 9).
When θK and ηK «1, the optical Hall conductivity spectra σxy(ω) are given

as37,

σxy ωð Þ � θK þ iηKð Þ iωnfilm
2π

1
Aþ B

; (9)

A ¼
� nsub � 1ð Þ ωd

c

� �� i 1þ nsub
n2film

� �h i
sin kdð Þ � i nfilm � nsub

nfilm

� �
ωd
c

� �
cos kdð Þ

nsub � 1ð Þ cos kdð Þ � i nfilm � nsub
nfilm

� �
sin kdð Þ

;

(10)

B ¼
nsub þ 1ð Þ ωd

c

� �þ i 1� nsub
n2film

� �h i
sin kdð Þ þ i nfilm þ nsub

nfilm

� �
ωd
c

� �
cos kdð Þ

nsub þ 1ð Þ cos kdð Þ � i nfilm þ nsub
nfilm

� �
sin kdð Þ

:

(11)

Density functional calculation
The electronic structure of Fe3GeTe2 was calculated by using the
OpenMX code39, where the exchange-correlation functional within the
local spin density approximation40 and norm-conserving pseudopoten-
tials41 were employed. The spin-orbit coupling was included by using
total angular momentum dependent pseudopotentials42. The wave
functions were expanded by a linear combination of multiple pseudo-
atomic orbitals43. A set of pseudo-atomic orbital basis was specified as
Fe6.0-s3p3d3f1, Ge7.0-s3p3d2f1, Te7.0-s3p3d3f1, where the number after
each element stands for the radial cutoff in the unit of Bohr and the
integer after s, p, d and f indicates the radial multiplicity of each angular
momentum component. The cutoff-energy for charge density of
300.0 Ry and a k-point mesh of 31 × 31 × 15 were used. The lattice
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constant of Fe3GeTe2 was set to a= 3.991 and c= 16.336 Å. The
magnetic moment is evaluated as 2.2 (μB/Fe) in this calculation.

Wannier representation and optical conductivities
From the Bloch states obtained in the DFT calculation described above,
a Wannier basis set was constructed by using the Wannier90 code44. The
basis was composed of d-character orbitals localized at each Fe site and
p-character ones at each Ge and Te site, which are 96 orbitals/f.u. of
Fe3GeTe2 in total if including the spin multiplicity. These sets were
extracted from 301 bands in the space spanned by the original Bloch
bands at the energy range from −15 to +30 eV.
The optical conductivity and optical Hall conductivity spectra were

calculated by using Kubo–Greenwood formula given as,

σαβ �hωð Þ ¼ ie2�h
NkΩc

X
k;n;m

fm;k � fn;k
εm;k � εn;k

ψn;kjvαjψm;k

� �
ψm;kjvβjψn;k

� �
εm;k � εn;k � �hωþ iηð Þ ; (12)

where e, ħ, Ωc, Nk, η, fn,k are the elementary charge with negative sign,
reduced Planck constant, cell volume, number of k-point, smearing
parameter, and the Fermi-Dirac distribution function with the band
index n and the wave vector k, respectively. The σαβ(ħω) was calculated
using the Wannier-interpolated band structure with a 100 × 100 × 100 k-
point grid and η= 20 meV. To discuss the optical Hall conductivity
spectra arising from the nodal line around Fermi level, we chose six
bands connected to the nodal line indicated by red curves in Fig. 4c. We
also calculate the optical Hall conductivity spectra when the initial states
of the optical transitions are limited to the bands located from −0.8 to
−0.5 eV to evaluate the contribution from the flat bands. We note that all
the calculated spectra are multiplied by a factor of 1/8 for the qualitative
comparison. We discuss this quantitative difference in more detail in
Supplementary Note 2.

DATA AVAILABILITY
The data that support the plots of this study are available from the corresponding
author upon reasonable request.
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