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Quantum Monte Carlo study of lattice polarons in the
two-dimensional three-orbital Su—Schrieffer—-Heeger model
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The electron-lattice interaction gives rise to a rich set of phenomena in quantum materials. Microscopically, this interaction often
arises from the modulation of orbital overlaps; however, many theoretical studies neglect such couplings. Here, we present an exact
diagonalization and determinant quantum Monte Carlo study of a three-orbital Su-Schrieffer-Heeger (SSH) model, on a two-
dimensional Lieb lattice and in the negative charge transfer regime. At half-filling (one hole/unit cell), we observe a bipolaron
insulating phase with a bond-disproportionate lattice. This phase is robust against moderate hole doping but is suppressed at large
hole concentrations, leading to a metallic polaron-liquid-like state with fluctuating patches of local distortions. We also find an
s-wave superconducting state at large hole doping that primarily appears on the oxygen sublattice. Our work provides a non-
perturbative view of SSH-type couplings in two dimensions with implications for materials where such couplings are dominant.
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INTRODUCTION

Lattice dimerization, referring to an alternation of two lattice
constants, occurs in many quantum materials, including the
organic charge-transfer solids'~, and perovskites systems like the
rare-earth nickelates RNiO5*™, and the high-temperature (high-T)
superconducting bismuthates Bi;_,K,BiO5 (BKBO)”?. Lattice dimer-
ization in one-dimension was initially described by the
Su-Schrieffer-Heeger (SSH) model’, in which the atomic motion
modulates the overlap integrals between neighboring atoms.
Recently, SSH-like models have attracted further attention due to
the fact that they can produce highly mobile polarons with light
effective masses’, generate robust phonon-mediated pairing'®,
and even stabilize and control the location of a type-ll Dirac
point''. SSH interactions are also believed to be dominant
mechanism for electron-phonon (e-ph) interactions in materials
like the high-T, cuprates'*',

The SSH model has primarily been studied in one dimension
(1D)*191%722 But it is also necessary to study this model in higher
dimensions in the context of materials like RNiO3 and BKBO. In this
work, we focus on BKBO and study how the SSH-type e-ph
interaction produces both insulating and superconducting states
as a function of doping. BKBO is in the so-called “negative charge
transfer” regime?*~2%, where holes self-dope from the cation to the
ligand oxygen atoms. The subsequent hybridization between the
cation and the oxygen atoms then leads to a sizable e-ph
interaction®’, which may be further enhanced by correlations?’,
and is believed to drive a high-temperature metal-to-insulator
(MIT) transition. Here, the insulating state has a dimerized (or
“bond disproportionated”) structure with expanded and collapsed
BiOg octahedra alternating through the material, and pairs of
holes condensed into the molecular orbitals formed from the
ligand oxygen orbitals with A;; symmetry®’>>?%?%%% (see also
“Methods” section). The relevant model describing this situation is
a multiorbital SSH model; however, little is currently known about
the physics of such models due to a lack of suitable approaches
for studying them in dimensions higher than one.

To address this problem, we carried out a combined
determinant quantum Monte Carlo (DQMC) and exact diagaona-
lization (ED) study of a two-dimensional (2D) multiorbital model
with SSH-type interactions. In this case, our DQMC simulations are
made possible by the development of a fast update procedure for
local spacetime moves of the phonon fields (see “Methods”
section). Having BKBO in mind, we then deployed this approach to
study a three-orbital SSH model defined on a Lieb lattice whose
orbital basis consists of a Bi 65 orbital and O 2p, and 2p, orbitals. In
this case, we freeze the heavier Bi atoms into place and restrict
lighter O atoms to move along the bond directions, and study the
model using non-perturbative DQMC and ED. Further details
about the model, and the changes necessary for the DQMC
algorithm are provided in the “Methods” section and in the
supplementary materials (see Supplementary Note 1 for more
detailed results).

RESULTS

An overview of the phase diagram

An overview of the phase diagram inferred here is presented in
Fig. 1. Near half-filling (one hole/unit cell), we find that the system
is a bipolaronic charge-density-wave (CDW) insulator with a bond-
disproportionated structure, similar to what is observed in BKBO*°.
Hole doping suppresses the insulating phase, giving way to a state
where the lattice distortions have short-range correlations. At high
doping levels, we find evidence for a metallic phase where holes
are strongly correlated with local structural distortions, forming a
polaron-liquid-like phase. Finally, at low temperatures, we find
s-wave superconducting tendencies that form primarily on the
oxygen sublattice. Our results are in qualitative agreement with
the phase diagram of the bismuthate superconductors and
provide theoretical support for a polaronic view of BKBO and
other negative charge transfer oxides. Our simulations are
performed in 2D, and quantitative differences may appear when
simulating larger systems for the same model in three-dimensions
(3D). But we believe that the underlying physics of the system
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Fig. 1 The temperature-hole concentration (T — n) phase diagram
of the 2D three-orbital SSH model inferred from our results. We
observe charge-density-wave (CDW), superconducting (SC), and
polaronic metal phases. The solid square and triangular symbols
indicate the transition temperatures estimated for the CDW and SC
phases (see main text). The open circles indicate all points where
explicit DQMC calculations were performed. Here, we have scaled
temperature axis by a factor of 4.5 to be consistent with the phase
diagram of BKBO®.

Fig. 2 The lattice structure of the three-orbital model.

should be the same in both cases. In what follows, we discuss the
numerical results leading to this phase diagram and what it means
for our understanding of quantum materials dominated by SSH-
type interactions.

A molecular orbital viewpoint
Before proceeding to our DQMC results, we present a simplified
molecular orbital analysis of a Bi,O,4 cluster, which provides a more
transparent view of the physics. We refer the reader to ref. 2> for a
similar discussion of the 3D case from an ab initio perspective.
(Note that ref. 2 uses electron language whereas we use hole
language.)

The first step of our analysis is to expand the simple square unit
cell to allow for two distinct Bi 6s orbitals and four O 2p orbitals, as
indicated by the black dashed frame in Fig. 2. This expanded cell
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defines the cluster after we apply periodic boundary conditions.
The two Bi 65 orbitals are denoted as s; and s,. Next, we transform
the four ligand oxygen orbitals into a molecular orbital basis (see
“Methods” section). We also perform an analogous transformation
for the phonon operators. Fig. 3a-d indicate the phases of the
ligand 2ps (6 =x, y) orbitals for each molecular orbital using *
signs, and the black arrows indicate the displacement patterns of
the transformed phonon eigenmodes. The bond disproportio-
nated structure that forms in the model corresponds to a coherent
state of the optical x,;, phonon modes in this representation,
while the x,;, and x,;, modes form the basis for the acoustic
phonon modes.

We can glean several insights into the problem from this cluster
model. In the atomic limit (t;, =t,, =0) and in the negative
charge transfer regime (e, <e; in hole language), the four
molecular orbitals are degenerate, as shown in Fig. 3e. This
degeneracy is lifted by the orbital overlaps: a nonzero t,, raises
(lowers) the onsite energy of the L (L;) molecular orbital, while a
nonzero t, hybridizes the Bi s and molecular L, orbitals to form
bonding (sLj), nonbonding (sL;)°, and antibonding (sL;)" states.
Here, the energy of the bonding state is lowered by 2t;, relative to
the atomic values such that the two holes fill this state at half-
filling, as shown in Fig. 3f. This ground state charge distribution is
analogous to the one inferred for 3D bismuthates in ab initio
calculations®® and ARPES measurements®®.

The impact of the e-ph coupling is also evident from the form
of the transformed Hamiltonian; holes hop between the L,
molecular orbital and the Bi sites while exciting phonon
eigenmodes with the same symmetry. At half-filling, the holes in
the (sL;) bonding state will, therefore, excite the breathing phonon
mode of the surrounding oxygen atoms. In an extensive system,
this coupling can lead to a static breathing distortion of the lattice
after a spontaneous symmetry breaking selects one of the Bi
sublattices as the center of the compressed plaquettes. Upon
doping, the additional holes will occupy the Ly and L, orbitals,
where they couple to the orthogonal phonon modes. Since the
superposition of the individual modes determines the total
displacement of the oxygen atoms, the breathing distortion will
relax as the other modes are excited, even though the (sLy) holes
remain coupled to the x;, phonons.

To confirm this physical picture, we diagonalized the trans-
formed Hamiltonian H" on a Bi,O, cluster and evaluated several
observables in the grand canonical ensemble with 8= 14.56/t,,
Q=t,, and u was adjusted to set the particle number. When
diagonalizing this model, we included up to Ny, =5 quanta for
each phonon mode, which was sufficient to obtain converged
results for our choice of parameters.

Figure 4 summarizes the ED results. Figure 4a and b plot the
evolution of the hole density (f,,) on each molecular orbital, and
the displacement  fluctuations of each  eigenmode
S(xs) = ()?fé) — (%1,)°, respectively, as a function of the hole
concentration. As expected, holes primarily occupy the L, orbital at
half-filling. (The missing hole weight is split between the two Bi
sites and is not shown.) At the same time, the displacement of the
xi, mode fluctuates significantly, while the remaining eigenmodes
have fluctuations consistent with zero point motion. This behavior
is also reflected in the expectation value of the phonon numbers
(Fig. 4c), where the x;,, mode is excited while the remaining
phonon modes are in their ground state. Note that we do not
observe a distortion (X;,) # 0 due to the absence of any symmetry
breaking in the cluster; however, our DQMC simulations
performed on larger lattices do find such a state.

When additional holes are introduced they occupy the L, L,,
and L, molecular orbitals, as expected based on the level diagram
shown in Fig. 3g. In this case, the L, orbital has a larger hole
occupation due to the finite value of t,,. At the same time, 6(x,),
6(x1,), and 6(x,,) also increase linearly and the expectation value
of the number of phonon quanta for these modes grows. Both the
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Fig. 3 Definitions of the molecular orbitals and the cluster analysis. a-d The phase factors of the L;, L, L,, and L, molecular orbitals,
respectively, defined in our cluster analysis and the related oxygen vibrational modes. e-g Energy level diagrams of the four molecular orbitals
and two Bi 65 orbitals. The case without (panel e) and with (panel f) hybridization between 6s and 2p,, orbitals are shown. The red arrows
indicate the hole occupations of the various levels at (panel f) half-filling (1) = 1 and (panel g) away from half-filling () > 1.
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Fig. 4 Exact diagonalization results for the Bi,O, cluster as a
function of the total filling at low temperature. a The hole density
on each molecular orbital as a function of doping. The missing hole
weight is located equally on the Bi orbitals and is not shown. b The
average fluctuation of the atomic displacement associated with
each of the four eigenmodes shown in Fig. 3. ¢ The average number
of phonon quanta in the cluster. d The expectation value of the
polaron and bipolaron operators defined in the main text. The

inverse temperature was fixed to (8ts,) ' = 1/14.56.

displacement fluctuations and the number of excited phonon
quanta are comparable for the four phonon modes once the hole
doping reaches (n) =2.4-2.6. Finally, the introduction of addi-
tional holes slightly suppresses the magnitude of 6(x;,) and the
total number of x;, modes.

Our ED calculations suggest that hole doping induces a
relaxation of the breathing distortion of the lattice that is
dominant at half-filling. However, it does so by exciting the
orthogonal phonon modes rather than by suppressing the
number of x;, quanta in the system. In this context, it is interesting
then to determine if the L holes and x;, modes can be viewed of
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Fig. 5 The non-interacting band structure of the two-dimensional
sp-model in the insulating (bond disproportionated) state and in
hole language. Panels a and b are fat band plots showing the
degree of L and Ly weight in each of the bands, respectively. Panel
c is the total DOS and its orbital components. The completely
occupied band below the Fermi level is the Bi 6s/L; bonding band
orbitals. The first band above the Fermi level is composed of L, and
Ly orbitals.

as a composite object (i.e., a polaron). We checked this idea in our
ED calculations by computing the expectation value of the
polaron (N,) and bipolaron (Nu,) number operators (see the
“Methods” section). Figure 4d plots the doping evolution of
the (N,,) and (Npy). We find that the ground state has a significant
amount of polaron and bipolaron character, which persists to
higher doping levels. Our ED results strongly suggest that the
system hosts polaronic carriers, where holes occupying the L
molecular orbitals are bound to local x;, modes.

The molecular orbitals discussed here will of course form bands
in the extended system. Nevertheless, much of our analysis still
applies in this case. To illustrate this, Fig. 5 plots the non-
interacting band structure of our model in the insulating phase,
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Fig.6 The dimerized structure at half filling. a A sketch of bond disproportionated lattice structure. The red and blue dots indicate the s and
pxy orbitals, respectively, while the black arrow indicate the displacement pattern of each oxygen atom in the bond disproportionated

structure. Panels b and c plot the lattice displacement correlation functions <)A(,‘X)A(0‘X> and <)A(,,y)A(0,y> as a function of distance r=n,a+nyb,

respectively. Here, a=(a, 0) and b=

(0, a) are the primitive vectors along x- and y-directions, respectively. Panel d plots the real-space

displacement correlation function ()A(,_y)A(O_X) indicating the two-sublattice structure of the bond disproportionated state. The distance between

two nearest Bi atom in the undistorted square structure is a. The inverse temperature is (,Btsp)’1

= 0.1. The error bars represent 10 statistical

errors, which were obtained from the sample variances measured during Monte Carlo sampling.

where the dimerized structure has been introduced by modifying
the hopping integrals as tl, = to[1 + —1)"x 0.3]. Figure 5a and
b provide fat band plots of the L and Ld molecular orbital weight,
respectively, while Fig. 5c plots the total and orbitally resolved
density of states (DOS). As can be seen in Fig. 5a, the occupied
band below the Fermi level (E=0) at half-filling is the bonding
(sLs) band, which couples to the breathing motion of the lattice.
The first band above the Fermi level is mostly of Ly and L,,, orbital
character, such that doped holes will predominantly couple to the
corresponding phonon modes.

DQMC simulations of an extended lattice

The molecular orbital picture presented in the previous section
provides an intuitive way of understanding the physics of the
model. With this in mind, we now turn to DQMC simulations on an
extended cluster with N =4 x 4 Bi atoms (48 orbitals in total).

We first examine the insulating phase that forms at (n) = 1.
Figure 6b-d show the lattice displacement correlation functions
(X,XXOX) (X,yXoy) and (X,yXoX> as a function of position at
temperature (Bts,) ' = 0.1, which shows evidence of a static
bond dlsproportlonated structure. For example, both (XrXXoX)
and (X,,Xo,) alternate in sign following a checkerboard pattern
while (X,,Xox) alternates in sign along x- and y-directions but is
constant along the diagonal. These results are consistent with the
breathing distortion pattern sketched in Fig. 6a, as well as the
observed lattice distortion that appears in the insulating phase of
the bismuthates®' 33,

Remaining at (n) =1, we now examine the temperature
evolution of this phase. Fig. 7a plots the conductivity weight o
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(8/2) and orbital-resolved spectral weight as a function of
temperature (ﬁts,l,)_1 (see section “Methods”). At high-
temperature o(f/2) (black dots) initially increases as the tempera-
ture is lowered until reaching a maximum at (Bts,) ' ~ 0.2 before
it rapidly falls off signaling the formation of an insulating state.
The orbital-resolved spectral weight 8G,,,(r =0, T = 3/2), where yis

the orbital index, also reflects this behavior. Above (Bt,,) ' =0.2,
BGss(r=0, B/2) increases as temperature decreases while
BGp,,, p,, (r = 0,B/2) remains relatively flat. Below (Bty) ' =02,

however, the spectral weights of all three orbitals decrease rapidly
as the insulating state forms, signaling the removal of spectral
weight from the Fermi level.

The formation of charge order in the insulating phase can also
be observed in the charge susceptlblllty va( q). Figure 7b plots
the temperature evolution ofx (q) at q = (m, m), corresponding
to the real space orderlng |nferred from Fig. 6. Below
(/31‘59)’1 = 0.2, the charge correlations rapidly increase on the s
orbital, while there is little change in the signal on the p orbitals.
The transition temperature for the CDW can be estimated using
the temperature at which the correlation length equals the lattice
size (see Supplementary Note 3 for more detailed results). At half
filling, the transition temperature is about (Bty,) ' = 0.15. We
stress that such an estimate is likely an overestimate, as finite size
effects can be quite strong on small clusters®*

The behavior observed in Fig. 7 implies that the average density
on the O sublattice remains uniform above and below the MIT
transition, while a density modulation forms on the Bi sites. We
confirm this picture in the inset of Fig. 7b, which plots the equal
time Bi-Bi charge density along the high symmetry directions of
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Fig. 7 The evolution of the CDW phase as a function of
temperature. a The temperature dependence of the spectral weight
at the Fermi level BG(r=0, T=[/2) and the conductivity weight
0(B/2). b The temperature dependence of the charge-density-wave
susceptibility x“(7, ). In both panels, the average filling is (A) = 1
corresponding to the “half-filled” case with one hole per unit cell.
The error bars represent 10 statistical errors, which were obtained
from the sample variances measured during Monte Carlo sampling.

the cluster, where we find a clear (7, m)-density modulation. The
fact that the charge order signal appears in the Bi orbital
component can be understood once one recognizes that all of the
oxygen orbitals in the system are equivalent, even in the bond
disproportionated structure. In this case, the breathing distortions
increase the hybridization between the L, orbital and one of the Bi
s orbitals at the expense of the other, creating a density
modulation on the two Bi sites. From a charge disproportionation
point of view, however, the density modulation shown in the inset
of Fig. 7b corresponds to a charge transfer of only ~0.1 holes
between the two Bi sites.

Next, we study effects of hole doping on the MIT at fixed
temperature (ﬁts,l,)_1 = 0.1. Figure 8a plots o(f/2) as a function of
filling, where it increases upon hole doping until (n) ~ 1.5, and
after which it levels off within error bars, indicating metallic
behavior. Moreover, we also find evidence for the formation of
mobile polarons in this region, where holes are bound to local
breathing distortions of the oxygen sublattice. This behavior can
be seen by examining the polaron operator p(r) = Xy, (Ars + Nry,),
which is analogous to the operator considered during our ED
analysis. Figure 8b plots the doping evolution of the number of
polarons given by &> (p(r)), where it decreases as additional
holes are introduced but remains nonzero even at the largest
dopings. We conclude that a finite number of polarons are present
in the system at all dopings, which are formed from holes in the L
orbitals and local breathing phonons.

Considering our DQMC and ED results, we suggest that the
suppression of long-range polaron and bipolaron correlations with
hole doping should be induced by introducing other phonon
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Fig. 8 The evolution of the conductivity weight and (bi)polaron
number as a function of hole concentration. a The conductivity
weight as a function of doping. b polaron and bipolaron number as
a function of doping. All results are for a temperature (Btsp)f1 =0.1.
The error bars represent 10 statistical errors, which were obtained
from the sample variances measured during Monte Carlo sampling,
and error bars smaller than the marker size have been suppressed
for clarity.

modes rather than directly suppressing the breathing phonon
mode. We also note that the orbital character and electronic
structure of BaBiO; computed with ab initio methods share many
similarities to the plot shown in Fig. 5. This fact suggests that our
analysis can be extended to the bulk 3D material.

To explore the doping evolution of polarons in real space, we
measured the staggered polaron correlation function
(xp(r)) = (=)™ (p(r)p(0)), which is plotted in Figs. 9a-d for
selected hole concentrations. At half filling, (xp(r)) is positive for all
r, indicating that the polarons are frozen into a long-range (on the
length scale of the cluster) two-sublattice order, consistent with
the patterns inferred from Figs. 6 and 7. With increasing hole
concentrations, (xp(r)) decreases at the larger distances, indicating
an overall relaxation of the bond disproportionated structure but
the persistence of short-range correlations. Such behavior may be
indicative of nanoscale phase separation35'36; however, studies on
large clusters will be needed to clarify this issue. Finally, in the
high doping region, where the system is metallic (e.g. (n)>1.44),
the correlations become very short-ranged and extend up to one
or two lattice constants at most. The observation of a finite
number of polarons at high doping, but with short-range structure
in real space is consistent with the proposal that a significant
number of holes remain in the L, orbitals, where they locally excite
the breathing modes of the lattice, creating a polaronic metallic
phase with fluctuation local breathing distortions.

We also examined the doping evolution of bipolarons in the
system by measuring the bipolaron number, defined as
1Nz:r<g(r)>r where Q(I’) = )A(r,Ls (f’r,s,T + ﬁr‘LS.T)(ﬁr‘s,L + f’r,LS.L): and
the staggered bipolaron correlation function (xgp(r)) =
(=1)"*(g(r)g(0)), as a function of doping. When computing
the latter quantity, we considered the signal on the Bi site by
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Fig.9 The evolution of (bi)polaron correlations as a function of hole concentration. a-d Staggered polaron correlation function (xp(r)) and
e-h staggered bipolaron correlation function (xgp(r)) at different doping levels. The red (gray) color indicates values larger (smaller) than zero.
The numerical value of the correlation function, along with the associated 10 statistical error are indicated at each point. All results are for a

temperature (Bt;,) ' = 0.1.

keeping only the terms proportional to ny 10y, . (This simplifica-
tion is necessary due to the many number of terms generated by
the Wick contraction of the product of g(r) operators. The fact that
we see excess charge density on the Bi sites at the center of a
breathing distortion provides some justification for this
simplification).

Figure 8b plots the doping evolution of the bipolaron number
operator. As with the polaron number, it is largest near half-filling
and decreases slowly with doping. At large hole concentrations,
however, it is still finite, suggesting that a significant number of
bipolarons are present in the system. The staggered bipolaron
correlation function is plotted in Fig. 9e-h. At (n) =1, the
bipolaron correlations are clear and long-ranged on the scale of
the cluster. This result supports the interpretation that the
insulating phase is a static bipolaron lattice. As the hole
concentration increases, we find that the bipolaron correlations
are entirely suppressed at all length scales, while a finite number
of bipolarons are present in the system, as indicated in Fig. 8b.
These results can again be easily understood if the metallic phase
is a polaron liquid.

This scenario raises questions regarding possible superconduc-
tivity. We, therefore, computed the pair field susceptibility xj°.
Since )(f,i and X;j are the same, we use x; to denote pairing on the
O atoms. Here, we find that the s-wave pairing is dominant, which
is perhaps not surprising given that pairing is mediated solely by
the e-ph interaction. Figure 10 plots x}° as a function of
temperature at (1) = 1.59, and compares it against the dominant
charge correlations x“(r1, 71/2) at this doping. All three suscept-
ibilities increase with decreasing temperature, but x;° dominates
below (ﬁz‘s,,)’1 ~ 0.04. The superconducting T. can be crudely
estimated by fitting the inverse pairing susceptibility data with a
functional form (x*) ' = a\/T — T. This functional form captures
the rapid variation in (x*) ' expected as T— TZ* while other
functional forms such as linear extrapolation would not. Extra-
polatinq ()(;f)’1 to zero (as shown in the inset), yields T.~382K
[(Btyp)” ~0.0158]. As with the CDW, we stress that this value is
artificially high, due to the large value of Q used in our calculations
and likely finite size effects. Nevertheless, our results provide
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Fig. 10 The evolution of the superconducting correlations as a
function of temperature. Results are shown for the charge x“(n1/2, n1/

2) and pair-field x* susceptibilities as a function of temperature
(Bts)™" at (A) =1.59. The inset plots ()(ff)f1 as a function of

temperature (Btsp)q. The black dashed line is the fitting result. The
error bars represent 10 statistical errors, which were obtained from
the sample variances measured during Monte Carlo sampling.

evidence that the bipolaronic-rich metallic phase has a super-
conducting ground state. The pairing susceptibility is suppressed
slightly at lower hole dopings, suggesting the presence of a
superconducting dome.

DISCUSSION

We have introduced a quantum Monte Carlo approach for
studying bond phonons with SSH-type e-ph couplings in higher
dimensions. While our approach has broad applications to many
materials, we have used it to study a 2D three-orbital SSH model in
the negative charge transfer regime. We obtained a phase
diagram consistent with the bismuthate high-T. superconductors.
At half filling, we find a bond disproportionated state. Upon
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hole-doping, this state gives way to a polaron-liquid-like state with
short-range correlations, consistent with proposals for nano-scale
phase separation or strongly fluctuating lattice polarons in doped
BKBO**™°. We also find s-wave superconducting tendencies,
which primarily form on the oxygen sublattice. It would be
interesting to contrast our results with those obtained from an
effective single band model to fully gauge the importance of the
oxygen orbitals.

METHODS
Model

The unit cell for our multiorbital SSH model contains one Bi 6s orbital and
the oxygen 2p,,, orbitals oriented along each of the Bi-Bi bond directions,
as shown in Fig. 1a. In what follows, the unit cells are indexed by r =n,a +
n,b, where a = (g, 0), b = (0, a) are the primitive lattice vectors along x- and
y-directions, respectively, a is the Bi-Bi bond length (and our unit of
length). In addition, 6,6’ = +x, +y will be used to identify the oxygen
atoms surrounding each Bi.

In the SSH model, the atomic displacements modulate the hopping
integrals between the Bi and O atoms as tsp(05 — aiy ), where we have
introduced the shorthand Gy, = Xexr Up—x = Xy axr Ury _X,y, and
Uy = =X, by- The Hamiltonian is written as H = He| + Hiat + Hiny, Where

Hel = _tsp Z (065I,apr,6.o + h.C.) + tPP Z Qéé’prégpré 0
(r.6),0 (r6,6'),0

(e = g + (o = WA + )],

~2 ~2

P .2 P 2
Hiat = X kX KX 9
lat Z 2M+ r’X+2M+ ry 2)
Hine = atsp Z ([lr‘éSivapr‘é‘o + hC) 3)
(rd),0

Here, (...) denotes a sum over nearest-neighbor atoms, and the operators
sl o(se0) and D) s.4(Prs.o) Create (annihilate) spin o holes on the Bi 6s and O
2ps orbitals, respectively. To simplify the notation, we have introduced
shorthand notation p, o =Praxoc and py_,o=Pr byo The operators
ﬁ,a = siosro and np" = PraoPrao are the number operators for s and p,
(a=x, y) orbitals, respectlvely Finally, e, and ¢, are the onsite energies; u is
the chemical potential; t,, and t,, are the Bi-O and O-O hopping integrals
in the cubic crystal; and a is the e-ph coupling constant. The phase factors
are Qx=0Q,=-Q ,—Q y=1,and Quyzy = Quyux= —Quyzy= —Qpyax=1.
The motion of the O atoms is described by the atomic displacement
(momentum) operators )A(,,a (f’m). Here, M is the oxygen mass and K is the
coefficient of elasticity between each Bi and O atom, and each O is linked
by springs to its neighboring Bi atoms. Thus, bare phonon frequency is
Q= /2K/M.

Parameters

We adopted t;, = 2.08, t,, = 0.056, ¢, = 6.42, and ¢, = 2.42 (in units of eV),
which were obtained from DFT calculations of BaBiO;’. We also adopted
Q= ftsp and a=4a"". For these parameters, the DQMC calculations

give ;T/Z,-<Xr,x> = ﬁZr<Xr,y> =0 and ﬁZr<X:x> = 1N2r<xiy> =
0.57(a/4)* = 0.0356a> at half-filling, indicating that the oxygen atoms
do not cross the bismuth atoms during the DQMC sampling. Our
parameters are therefore in a physically reasonable region. (Here, we are
limited to large Q by long autocorrelation times*'). Finally, our DQMC
calculations are carried out on a square lattice with N =4 x 4 Bi atoms (48
orbitals in total).

Transformation to the molecular orbital basis

The molecular orbital basis can be obtained after expanding the unit cell to
allow for two distinct Bi 65 orbitals and four O 2p orbitals, as shown in Fig. 2.
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np)j

The molecular orbital basis is then obtained by defining

_

Lr,s,a = 5 (pr.x‘o + pr.y‘a — Prx0 — pr.—y.o) (4)

Lr,d,o - E (prx o pr.y,a - prA—x,a + pr.—y,a) (5)
1

Lrﬁx.o = \75 (pr,x‘o + pr.—x,o) (6)
1

Lr,y.a = 75 (pr,y‘a + pr.—y,o)' @)

(The Ly and Ly operators correspond to the A4 and E, orbitals in ref. ) Itis
also useful to define oxygen displacement operators in the new basis as

—_

)%r.L; = 5 (ar,x + ar,y - lAlr.—x - ar,—y) (8)
. LIPS . . .

Xely = 5 (Ur,x — Ury — Ur—x + ur,—y) (9)
N 1T, N

Xel, = ﬁ (Ur.x + Ur,—x) (10)
N 1T N

XrL, = \ﬁ (ur.y + Ur,—y)a (1)

with analogous definitions for the momentum operators.

After introducing the new basis and applying periodic boundary
conditions, the Hamiltonian H™ for the Bi,O, cluster is HM = HMt
HY + H, where

int”

HY = ztspz(s;aLs_a — s} Lo + h.c.) (e = WIS (5 + A7)

(12)
+ep—u) > Ag + (ep + 2tpp)2” +(ep — 2tpp)§hf,d

0,a=xy
T o 2
Hia = Z(mpq + KXLV> (13)
v
Hine = C‘tspZ’A(Ly (ﬂ,avao +Sholyo + h.c.). (14)
Y,0

Here, the sums on y are taken overy =5, d, x, y and nLV = LT oLyo
The polaron Np and bipolaron Nbp number operators for the
transformed cluster Hamiltonian are defined as

(Np) = (A" 4 A")x,, — (A% + A")x,,) (15)
and
(Npp) = (A + A5) (AT + A )%, — (AT + AP ) (AT + AT)KL,). (16)

These operators measure the combined presence of holes in the (sLj)
bonding orbital together with a compression of the ligand oxygen. (The
same quantities are also measured in our DQMC calculations [see Fig. 8b].)
The minus sign in front of the second terms accounts for the fact that a
compression of the O atoms around the second Bi site corresponds to a
negative displacement of the x;, mode as we have defined it.

DQMC simulations

DQMC computes the expectation value of an observable O in the grand
canonical ensemble (0) =Z~'Tr[0Oe #], where Z=Tr[e ] is the
partition function®?. Details of the DQMC algorithm can be found in
refs. *2~**_ Here, we outline the parts of the algorithm that need to be
modified for the SSH model.

DQMC divides the imaginary time interval [0, 8] into L discrete steps of
length At = /L such that the partition function can be rewritten using the
Trotter formula Z = Tr(e 8%H) ~ Tr(e AHme8™)"  where K= Hgj+ Hiat
contains the non-interacting terms of the Hamiltonian and H;,, contains
the e fh interaction. The Trotter approximation neglects terms of order
O(At)*, which is controllable as At — 0. Next, the trace over the phonon
momenta and bilinear Fermion operators can be performed analytically to
yield a result expressed as a product of matrix determinants** and an
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integral over the remaining lattice displacements
= / dXy / dX,e =4 det [M;] det [M,]. 7)

Here, [dX, and [dX, are shorthand for multidimensional integrals over the
displacements X, and X;,, defined at each oxygen site and time slice /.

The matrix M, is defined as M, =1 + Bo(L)Bo(L — 1) -+ B,(1), where [ is an
Nx N identity matrix and B,(/) = e 8™me=8™e (Each B,(l) is an NxN
matrix and independent of spin.) Note that Hi,. has off-diagonal terms in
orbital space due to the nature of the SSH interaction, unlike the case of
the Holstein model where it is a diagonal matrix. The lattice contribution to
the action is defined as

M (Xexiir = Xex)\> M (Xeyior = Xeys\
2 rX,l+ X, Y Vs
Siat = KX, ,+KX,y,+2< AT > +5 AT . (18)

The integrals over the displacements are evaluated using the
Metropolis-Hastings algorithm.

Most observable quantities can be expressed in terms of the single
particle equal time Green's function G,(1). For an electron propagating
through field configurations {X,,} and {X,,}, the Green'’s function at time
T=IAt is given by

[Go (D] = (Trcio(T)c] (D)) = 1+ Ac(D)]; (19)

where Ao() =Bu(l) -+ Bo(1)Bs(L) - Bo(l + 1), T is the time ordering
operator, and i, j are combined orbital and site indices. The determinant of
M, is related to the Greens function M, =det [G,(/)]”' and is
independent of /.

Efficient updates of the phonon fields

Equation (19) shows that the Green’s function G°(/ + 1) can be obtained
from Go() using the identity Go(/+ 1) = By(I+ 1)Gs(1)B;" (I +1). This
observation forms the basis for an efficient single-site Sherman-Morris
updating scheme®?. The DQMC algorithm starts by computing the Green's
function on time slice / = 0 using Eq. (19). A series of individual updates are
then proposed by sweeping through the sites (r, a=x, y) proposing
updates Xyqj — X} o) = Xras + DMXrqs While holding the other phonon
fields {Xyzrazas} fixed. These updates are accepted with probability
p = min(1,R), where

det[M]det[ ]
det[M;] det[m,]’

and M, and M, correspond to matrices computed with the new and old
phonon field configurations, respectively. Note that the product
det[M;] det[M,] is positive definite for the model considered here, and
there is no Fermion sign problem.

After updating a field, the corresponding B,() matrix must also be
updated as By(/) — BL(I) = e 2 Mme 0 — e~ BtlHn+V)e=0THa  \where V
contains the terms in Hj,, arising from the change in the phonon field. V is
a symmetric matrix with only four non-zero elements of the form

R= e*AT(Sla«[{X;a/H Stat[{Xr.as}]) (20)

0 atd AXy 0
V= at,AXe 0 aty My - | @1
0 atg’pAX,‘, 0

To efficiently calculate the new B (/) matrix, we make the approximation
(1) = e 2 B,(I), which introduces an error on the order of the Trotter
A% is then computed as

B,

[
error and is valid when At is small. The matrix e

e 2= pe AP \where P is the orthogonal transformation that diag-
onalizes V, and D is a diagonal matrix with only two non-zero elements
[Dly; = —v2at%,AX,; and [D]yy = v2at%,AX,,. The B, (/) matrix can then

be written as B (/) = Pe 2™P"B,(I) = P(I + A)P'By(l), where [Al;=0
except [A];, = ef“‘fﬂAX" —1and [A], = e VG 1,

Using these approximations, the Green’s function can be efficiently
updated after accepting a change in the phonon field using

G () = [+ A,(0] " = [1+PU+D)PTA(N] " =G ()[PT +aQ]

-1 PT7
(22)
where Q = P'[I —G,())]. Due to the sparsity of matrix A, AQ has only two
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non-zero rows

[A11Q11 81Q12 D11Q1
0 0 s 0
AQ = : : : :
0 0 cee 0
LAvNOn  AvnQnp AynQun (23)
-A1y1 0
B . Qi Q2 -+ Qin
: Qnvi Qnz -+ Quw
L 0 Ay
= uw,

where u and w are Nx2 and 2xN matrices, respectively. Using the
Woodbury matrix identity and Matrix determinant lemma, the updated
Green's function is given by

Gy (1) = Go (N [I = Pu(l, + vPw)™ v], (24)
and the acceptance ratio is given by
Ry = det [I, + wPu], (25)

where [, is a 2 X 2 identity matrix. Evaluating these expressions involves O
(N?) operations, as opposed to computing the updated Green’s function
from scratch using Eq. (19), which has a computational cost of O(N®). This
update scheme is efficient but it relies on the approximation
B, (I) ~ e "By (l). Benchmarks for this approximation are provided in
the supplementary materials (see Supplementary Note 1) (see Supple-
mentary Material for more detailed results). In general, we find that the
approximate fast update reproduces the exact solution with comparable
error bars for At values that are typical of most DQMC calculations.

Block updates

We periodically performed block updates of the phonon fields to reduce
the autocorrelation time. In this case, we follow the procedure given in
ref. 43

Measurements

The conductivity weight is defined as o(8/2) = B Aw(q=0,7=B/2)",
where Ay (q,7) = 32, G, (r, T) X(O 0))e'ar is the current-current correlation
function and

Jx(r,T) = —'rspzé (Qs — atns) (Sl,uprﬁ.a - h~C~) + irpp25_5/_506.5’PI,5.0PL5’.m
(26)

is the current operator, with phase factors Qs (as before) and Q.+, =
—Quyix = —Quxzy = At low temperature, the conductivity
weight is a proxy of the conductivity. More relevant results are shown in
the Supplementary Note 2 (see Supplementary Material for more detailed
results).

A measure of the superconducting and charge ordering tendencies can
be obtained from the orbitally resolved charge Xﬁy(q) and super-
conducting pair-field X;C susceptibilities, where y is an orbital index. The
charge susceptibility is defined as

1 )
X50(@ = [ drliay (0

where q is the momentum, 7 is the imaginary time, g, = >, €9y, o,
and r; is the lattice vector. Similarly, the pair-field susceptlblllty in the s-
wave channel is given by

SC 1 B
e /0 dr(8, (1)8)(0), (28)

where Ag=5,5.15, and Dy, =Py s 1Prs -

Qzyax=1.

ar(0)), 27
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