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Multiple intertwined pairing states and temperature-sensitive
gap anisotropy for superconductivity at a nematic quantum-

critical point

Avraham Klein @'*, Yi-Ming Wu' and Andrey V. Chubukov'

The proximity of many strongly correlated superconductors to density-wave or nematic order has led to an extensive search for
fingerprints of pairing mediated by dynamical quantum-critical (QC) fluctuations of the corresponding order parameter. Here we
study anisotropic s-wave superconductivity induced by anisotropic QC dynamical nematic fluctuations. We solve the non-linear gap
equation for the pairing gap A(6, wn,) and show that its angular dependence strongly varies below T.. We show that this variation is
a signature of QC pairing and comes about because there are multiple s-wave pairing instabilities with closely spaced transition
temperatures T, ,. Taken alone, each instability would produce a gap A(6, wy,) that changes sign 8n times along the Fermi surface.
We show that the equilibrium gap A(6, wy,) is a superposition of multiple components that are nonlinearly induced below the
actual T. = T, and get resonantly enhanced at T = T, < T.. This gives rise to strong temperature variation of the angular
dependence of A(6, wy). This variation progressively disappears away from a QC point.
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INTRODUCTION

Recent observations of superconductivity (SC) near a nematic
quantum-critical point (QCP) in Fe-based superconductors, such as
FeSe,'” renewed interest in studies of SC in proximity to a density-
wave or a nematic order.®® Several researchers hinted®'®'* that
the SC dome observed in several Fe-SCs may be the consequence
of the pairing mediated by nematic fluctuations. However, a SC
dome can appear for other reasons as well, e.g, owing to the
“fight” for the Fermi surface (FS) between SC and density-wave
orders, even when each is described within BCS/mean-field
theory."””° The question we address here is whether there are
unique features of SC near a nematic QCP, encoded in the SC gap
structure on the FS, A(6, wp,) (6 is the angle along the FS and wp, is
Matsubara frequency). Previous studies have focused on signatures
of QC pairing in the frequency dependence of the gap function.?'
2 Such emphasis stems from the understanding that the pairing
kernel in the QC regime is a singular function of frequency. In
contrast, the angular dependence of the gap along the FS was
assumed to be set either by the non-s-wave pairing symmetry (e.g.,
d-wave in the cuprates®*?®), or, for s-wave, by some material
specific non-singular angular dependencies of interactions and
band structures, as in the Fe-based superconductors.?* In either
case the angular variation of the gap A(6, w,,) was expected to be
set at T. and not vary strongly in the SC state.

In this paper, we demonstrate that QC pairing can give rise to a
strong temperature evolution of A(6, wp,) below T, at any given
wp. Specifically, we argue that this is the case for s-wave SC near a
nematic transition in 2D, e.g, a transition into a state with
spontaneously broken symmetry between d,, and d,, orbitals in
FeSe 3*711:26:27.2931735 gayeral previous works, including by some
of us,**?” compared the values of T, for s-wave and d-wave
pairings owing to anisotropic dynamical nematic fluctuations,
which give rise to an attraction in both channels,*® and analyzed
s-wave and d-wave gap structures right at T. by solving the
linearized gap equations for A(6, wy,). These studies found that T

for s-wave is larger. The s-wave gap is anisotropic, with four
maxima along the FS. This gap anisotropy reflects the anisotropy
of the pairing interaction and by itself is not a signature of
quantum criticality. Here, we argue that the gap evolution below
T. is the signature of quantum criticality. We show that the
mechanism, driving the evolution of A(B,wn) below T, is the
existence of multiple s-wave pairing states with closely spaced
transition temperatures T. ,. These solutions yield A, (6, wp,) of the
same symmetry, but with a different number (= 8n) of sign
changes of the gap along the FS. The closeness of T, stems from
the long range nature of the interaction near a QCP, which
reduces the energy cost of gap oscillations. Taken separately, the
state with the largest condensation energy is a conventional s-
wave state with sign-preserving gap Ao (6, wn,), which emerges
below the highest T.o = T.. However, all other A, are induced
below T, and each gets resonantly enhanced below T.,. As a
result, the actual A(, wp,) coincides with A (6, wy,) only near T,
while at smaller T the gap structure at any frequency wy, is a
mixture of different A,(6, wp).

We emphasize that all A, have the same symmetry (s-wave). In
this respect, the gap evolution below T, which we consider here,
is different from the one induced by a change of a gap symmetry
from, e.g., s-wave to d-wave, or owing to the emergence of a
mixed s-d state. We argue that multiple closely spaced solutions
for T, exist only in proximity to the nematic QCP. Away from the
QCP, other solutions shift to smaller T and progressively disappear
as the nematic correlation length gets smaller. An experimental
observation of a strong variation of the shape of A(8, wn,) below
T would then be conclusive evidence for QC pairing.

RESULTS

We begin with a qualitative explanation for the existence of
multiple pairing states and the temperature evolution of the gap.
We consider s-wave SC of 2D fermions, minimally coupled to order
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Fig. 1 The s-wave gap function around the Fermi surface for a
superconducting state near a nematic QCP. The gap is sharply
peaked in four hot regions surrounding the points 6 = mm/2, where
the interaction mediated by QC nematic fluctuations is the
strongest, and is strongly suppressed around 0 =m/4+mm/2,
where the interaction is the weakest

parameter fluctuations near a nematic QCP, at which the system
spontaneously breaks C4 lattice symmetry.3®*° The strength of
fermion-boson interaction is described by a dimensionless
coupling A (defined below), which we treat as a small parameter
to keep calculations under control. The nematic order develops at
g =0, so the pairing interaction is peaked at zero momentum
transfer and involves fermions at any angle 6 on the FS. Still, the
pairing interaction does depend on 6 via the square of the
nematic form-factor f?(8) = cos226. As a result, the pairing
interaction is larger in ‘hot’ regions near 6 =Zm, and is smaller
in ‘lukewarm’ regions near 6 =2+mZ (see Fig. 1).>**7 This
separation is not sharp as the width of both lukewarm and hot
regions is of order one.

At the QCP, the pairing boson is massless, and its dynamics
cannot be neglected. The scale of bosonic dynamics (the Landau
damping) is set by the same interaction, which gives rise to the
pairing. As a result, the strongest pairing occurs for fermions
within a small angular separation of order 60 ~ A, which is small
compared with the width of a hot region. To leading order in A,
the gap equation then becomes local and allows a continuous set
of solutions A(8) o< 8(8 — v) with Tc(v) o f*(v), where v is a
continuous parameter. The physical T, is the highest temperature
in the set, and it corresponds to v = mm/2, where the form-factor
f(v) = 1. The actual gap structure is determined at the next
approximation, when one properly accounts for weaker interac-
tions at angle transfers above &6. The result is that in each octant,
eg,at0< |0 < rr/4 the actual gap magnitude is of order A(6 =
0) for |6] < 6, ~A'/> (66 < 6, < 1) and rapidly drops as (6,,/6)"
at larger 6. This can be interpreted as if a Cooper pair is ‘trapped’
in a potential well within the range 6. Figure 2 depicts the
interplay of the different scales in the problem. The correlation
function between fermions in a pair (the gap function) can vary
inside the trap at the cost of a small kinetic energy

~ MNP =X In this situation, the continuous set of Ts
transforms into a discrete set T., each corresponds to the
solution of a Schroedinger-like equation for the gap function in a
box with the width 26y,. The discrete T., differ from T o by
multiples of the kinetic energy cost

Twzr41—mmﬂﬂn;:np (1)

The solutions exist up to Nmax ~ 1/A > 1. The corresponding gap
functions A,(6) are all fourfold periodic, i.e., s-wave, but have n
nodes in the first octant (8n total along the FS). We depict several
such oscillating solutions in Fig. 4. The gap oscillations can be
interpreted semiclassically as back-and-forth motion of a localized
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Fig.2 The typical scales in the formation of the SC gap on the FS. In
proximity to the QCP, pairing fluctuations (represented by the sharp
gray peak) are almost local on the FS, limited to a small angle A, on
order of the effective dimensionless coupling. The anisotropy
changes on a much larger scale, of order one. The gap forms a
region with an intermediate width A <« 6, ~ A3 < 1. Fermions on
the FS bind into Cooper pairs that are localized on the scale A, but
can oscillate in the gapped region at the cost of a small kinetic
energy. This results in a series of distinct pairing states with closely
spaced instability temperatures

Cooper pair wave-packet within the gap’s “trapping” potential. In
our approximate analytical treatment they appear as the solutions
of the Airy equation, which naturally emerges when we linearize
the ‘trapping’ potential (see Methods section).

At T < T, the physical gap is a superposition of Ay and Apso,
which are all induced by Ay, because all A, have the same
symmetry. This superposition causes destructive interference in
the trap region, where oscillations occur, and constructive
interference outside it. As a result, the gap width increases
strongly with decreasing temperature, as more oscillating Ap-o are
superimposed on the non-oscillating A. Figure 3 shows the
numerical solution of the non-linear gap equation. A strong
increase of the gap width with decreasing temperature is clearly
visible.

Multiple pairing states of s-wave symmetry have been found
previously by Yang and Sondhi (YS)*° in their analysis of the
pairing owing to a near-local static interaction. In their case, A, is
angle-independent, but oscillates n times as a function of the
distance to the FS, k — kg. YS argued that additional solutions
affect superconducting stiffness and reduce T to a smaller value,
proportional to the size of their short-range potential. Our
dynamical theory is different in two aspects. First, the gap
oscillates on the FS, i.e,, at k = kg. Second, the potential range is
self-consistently set by the dynamics, and in this self-consistent
framework the reduction of superfluid stiffness (and, hence, of T.)
is at most O(1).

Model and gap equation

We consider 2D fermions with Fermi energy Eg, minimally coupled
to a nematic order parameter field A™™(q) by

H = QZA”em ()} (k+ )¢o<k*%>7 ?)

where f(k) is a form-factor, which has d-wave symmetry with
respect to C4 Iattice rotations. We assume that the static
susceptibility g( of the nematic field is peaked at g =0:

X(q) = Xo/(& " + g°), where & is the bare correlation length. We
define the dlmen5|onless coupling to be A = g%y, /4E¢. We assume
for simplicity a circular FS, but our results are readily generalized to
other C4-symmetric FSs. Because relevant fermions are near the FS,
we can approximate f(k) by f(6) = cos 20 (see Fig. 1). Below we
focus on the octant 0 < 0 < /4.
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Fig. 3 Evolution of the gap anisotropy with temperature. a The 3D plot depicts the pairing gap A(t, 0) at w, = 7T, as a function of the angle
along the FS, counted from 6 = 0, and reduced temperature t = (T — T)/T.. The gap function has been obtained by numerically solving the
full non-linear Eliashberg gap equation at a nematic QCP with coupling A = 0.03. A has been normalized to its maximum value at T = 0. b The

temperature-dependent width of the gap 6h(t)

A bosonic excitation with momentum g connects two fermions
on the FS with angles 0,0 + ¢ such that g = 2kg sin |¢/2| =~ ke|¢|.
The effective pairing interaction is then the function of both ¢ (via
x(q)) and 6 (via the form-factor f(6)). This interaction modifies
both bosonlc and f rmlonlc variables. Fermionic self-energy scales
as L(wm) ~ |wm| *sgn(w,), modulo logarithmic correc-
tions from hlgher -order planar diagrams,***¢°'°2 which we
neglect here, and singular contributions from thermal fluctuations
at T>0. The thermal contribution cancels out between the self-
energy and the pairing vertex®>° and we eliminate it in Z(w,,)
and in the gap Eq. (4) below. The bosonic self-energy renormalizes
the bare correlation length &, into the true &, which vanishes at
the QCP, and also generates a dynamical Landau damping term.
The dressed bosonic susceptibility at a QCP is

). 3)

(\¢| Jr—f2 (9+ ¢) On

¢

To obtain T. and the gap function we need to analyze the
equation for the pairing vertex ®(6, wy,). The pairing gap A is
related to ® in a usual way, as ®(0,wp) = Z(6, wn)A(D, wy),
where Z(0,wn) =1+ X(0/wm)/wm is is the inverse quasiparticle
residue.

X(97 ¢v Qm)71

The discrete set of solutions of the linearized gap equation

We first analyze the gap equation for infinitesimally small
A6, wy,). We explicitly integrate out fermionic momenta trans-
verse to the FS in the gap equation and obtain the equation for
the gap function A(6, wy,) on the FS:

2(8, w0, 0n) = 3T Y,y [ R0, (6. 0)

Smm (0,8) = F2 (0 +£)x(6, ¢, Wy — Wpn).

Equation (4) allows solutions with different gap symmetry. Earlier
works found¢37°° that the s-wave solution has the largest T, so
we focus on s-wave gap. Because x(6, ¢, wny — wy,) is strongly
peaked at ¢ =0, to first approximation we may set ¢ =0 in

AO+ p,wn)f? (0+2). This yields a local equation for

(4)

A6, wy) = A(B,m), with 0 acting as a parameter.®®47>578 At
the QCP we have
(RE:F(6) !
~ ’ 5
AB,m) = (T )1/333/2712 6,m) Z|m/ 1/2\ Im — m‘1/3 (5)

Equation (5) has a continuous set of solutions A(6,m) « 6(6 — v)
with arbitrary v from the interval 0<wv<m/4, and
Te(v) ~ MEef*(v). The maximum T.(0) &~ 0.022A%E¢f*(0) corre-
sponds to v = 0. To determine the actual structure of A(6, m) and
the correct number of solutions, we need to go beyond the
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J A(t,6)d6. The gray dashed line is a linear fit, in agreement with Eq. (10)

leading approximation and keep the dependence on ¢ in the
numerator in (4). The problem is analytically tractable if we use the
fact that typical wp,, wn,y ~ T, i.e., typical m,m’ = O(1) and typical
Z=0(1), and simplify the gap equation by neglecting the
frequency dependence of A(6,m) and setting Z=1. In this
approximation, Eq. (4) becomes an effective 1D integral equation
over the angle. We expand in small angles near 6 = 0 and obtain
n(T)A®B) ~ 8°A(8) f/ djw. ©)
o T p
(See the Methods section for the detalled derivation.) Here,
n(T) ~ ((Te(0)/T)* = 1)/62 and (8, ¢) = 6;,' (6. ¢)), where 6, ~
A3 sets the width of the > gap functlon A(G) Transforming to a
Fourier representation A(6) = fdxexp ix0)A(x), we find
from (6)

N(T)AM) = ~2A() + AK). )

For even A(x), which we consider, this reduces to the Airy
equation. It has orthogonal solutions

N = Xn, Ba(X) o< Ai([x] = ), ®

where —x, is the nth zero of the derivative of the Airy function
Ai'(x). For later convenience, we choose A,(6) to be orthonormal:
J dO0,(6)An(6) = Smn. As we described earlier in this Section, the
appearance of the Airy equation is attributed to the fact that the
Cooper pair can oscillate in the ‘trapping potential’ set by 6.

The smallest eigenvalue n,, is for the even solution with n = 0.
For A(0) in the original coordinates, it yields a non-oscillating gap

Do (0), peaked at 8 = 0, with the width O(6y). The corresponding
Tco is the actual T, for the pairing at a nematic QCP. It dlffers from

T.(0) from Eq. (5) by a numerical factor of order A*3. For other
solutions, A,(6) changes sign n times in the first octant. Extracting
Tcn from Eq. (8), we obtain Tc, =T Q (n/\)2 33, up to
Nmax ~ 1/A>> 1. Figure 4 depicts the first few even Solutions.
Although the detailed form of these solutions depends on A and
f(0), their appearance is the universal feature of QC pairing by
nematic fluctuations.

Non-linear gap equation and evolution of 6y

At T only slightly below T.o = T, the angular dependence of the
pairing gap coincides with Ay(0), just the overall gap magnitude
increases with decreasing T. To obtain the form of A(6) at lower T,
we solve the full non-linear gap equation (see Methods) in the
temperature range down to T <« T.. Figure 3 depicts the
evolution of the amplitude and the width of the gap 6, (t) as a
function of the reduced temperature t =1 —T/T.. We see from
Fig. 3 that 6,(t) exhibits strong temperature evolution, i.e., A(6)
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Fig.4 Orthogonal solutions of the linearized gap equation. We used
A =0.025 to produce this figure
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Fig. 5 Temperature evolution of the induced pairing states. The
figure depicts an illustration of the temperature evolution of the
induced A, of A(6) = Bolo(0) +BiA1(0) + -+, where A,(0) are
orthonormal eigenfunctions of the linearized gap equation.
Different colored dots correspond to T, and dashed lines with
the same color are the corresponding A,. The contribution of
DnA,(0) to A(6) is resonantly enhanced for T < T ,. Observe that the
sign of A, oscillates between even and odd n: A, o< (—1)""'A,.
Because at small 6, A,(6) o< (—1)"Ag(6), the original (n = 0) and the
induced (n >0) gap components interfere destructively

substantially broadens below T.. We are not aware of other
models that show such behavior of the gap function in the SC
state (see Discussion section). We now argue that this drastic
evolution of the shape of A(8) comes about because the width of
A(6) is strong influenced by orthogonal components A,(6). These
components have the same symmetry as Aq(6) and are all
induced by A¢(6) immediately below T.. They are initially small,
but the Ag(60) induces the orthogonal gap components with n <0,
and the nth component A,(6) gets resonantly enhanced at

~ (nN)*, and its magnitude becomes comparable to A, (6).
These additional gap components interfere destructively in the
region |6] < 6y, where they oscillate, but constructively for 6 > 6j,.
To demonstrate this, we express the gap function as A(6) =
> n=0BnBn(6) and derive the Landau free energy expansion for
the coefficients A,. We obtain

1 —2 An—4
F= —Eg(t tn)B, + ;ZA,,

+3 [amzizo + anBaB’ + an3z§zn] n

n>0

npj Quantum Materials (2019) 55

where t, =1—Tcn/Tc (t =ty = (Ten —T)/To), am o [dOAR
(6)0K(6), and ... stand for less relevant terms in F, eg. the
coupling between two states with n>0.

We stress that the solution for A(6), obtained by minimizing Eq.
(9), is equivalent to the solution of the non-linear gap equation. At
small 6, A,(0) o (—1)", because the sign at the origin depends on
the number of oscillations in each octant. At large 6 >> 6}, all A,(6)
decay as 1/6* (see Methods section). Solving the saddle-point
eguations, we find that |mmed|ately below T, when 0 < t < 1,
A ~t/ay and |B,| ~ |( Ao) an3/tn| < Do. In the opposite case,
when t is finite and t —t, ~t, we have, using the numerical
results for a, and a, (i=1-3) (see Methods section),
A, ~ (=)D, ie, |B,| is of the same order as A,. Figure 5
illustrates the evolution of A, with temperature. Because at small
6, An(6) o< (—1)"Ag and A, o (—1)”+1Ao, all n>0 contributions to
A(6) (the terms A,A,(0)) are of opposite sign compared with
Dolo(6). The original and the induced gap components then
interfere destructively, and the total A(6 ~ 0) decreases with
decreasing T. On the other hand, at 6 > 6y, A,(0) x Ao, hence
DA (8) o (—1)™ oscillates in sign between even and odd n.
Because A,A,(6) decrease in magnitude with increasing n, and
A1A(6) has the same sign as Aglo(6), the original and the
induced gap components then interfere mostly constructively. As

the consequence, the effective ‘width’ of the gap,
On(t) o [ A(t,0)d6, increases with decreasing T. To leading order
att << 1, 6 obeys
On(t) —6n(0) ¢

60 " xP 1o

We emphasize that (i) the temperature variation is strong,
particularly at small A, and (ii) it is a non-linear effect owing to
the existence of multiple sign-changing A, (6), all having the same
s-wave symmetry. The inset of Fig. 3 shows that 6,(t) indeed
increases as t* with a =~ 1, in agreement with Eq. (10). We also
verified numerically (see Fig. 7 in the Methods section) that the
scaling form of Eq. (10) holds even when A is of order one and 6y, is
comparable to the width of the hot region.

Away from the QCP

Our results are readily generalized (see Methods section) to the
case when the correlation length & for nematic fluctuations is large
but ﬁnlte i.e., the system is at a finite distance from the QCP. For
(kFE) <A, the effect of ¢ is a uniform reduction of all Tc,.
However, for (kﬁg) >)A we find that t,=1—T.,/Tc~
(n)\)z/3((kF€)’1/)\) gets larger. As a result, fewer gap compo-
nents get resonantly enhanced, and the temperature variation of
the shape of A(B) weakens. It becomes undetectable at
(k€)' < A%, This clearly points out that the variation of the
gap width 6n with t is a fingerprint of QC pairing.

DISCUSSION

We analyzed s-wave SC, induced by QC nematic fluctuations, near
a nematic QCP in 2D. The corresponding gap function A(9) is
peaked at 6 =mm/2, where the pairing interaction is the
strongest, and has the width 6}, ~ /\1/3, where A is a dimensionless
coupling. Away from a QCP, the structure of A(0) is set at T. and
varies only weakly below T.. We showed that near a QCP the
situation is different, and A(6) has a distinctive temperature
evolution within the superconducting state. Namely, the width of
the peak strongly grows with decreasing temperature. The source
of this evolution is the existence of multiple solutions for the
pairing gap A,(6) of the same s-wave symmetry, with closely
spaced T.,. These solutions can be thought of as oscillating
excited states in an effective trapping potential within the range
6Oh. The actual T, coincides with T, and below this temperature
the non-oscillating solution Ay (6) develops. However, other A, (6)
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are induced by Ay(8) and each gets resonantly enhanced below

Ten=Tc(1— O((nA)2/3)). Interference effects from these reso-
nantly induced components modify 6, and make it temperature-
dependent. The effect is strong near the nematic QCP and rapidly
disappears away from it. We obtained this behavior in a controllable
analytical calculation at small A, but verified numerically that it holds
at A = O(1). This allows us to estimate temperature ranges where
our theory applies. For Eg ~ 20 — 30 meV, as in QC FeSe;_,S, with
x ~ 0.2°° we obtain T, ~5— 8K for A =1, consistent with the
experimental T. ~ 8K (we caution that this is only an order-of
magnitude estimate for T, because of the complex multi-band
electronic structure of FeSe;_,S,).

We now briefly discuss other mechanisms of anisotropic SC and
argue that they do not lead to strong temperature evolution of
the gap width. First, an anisotropic gap A(6) naturally emerges if
the pairing is driven by order parameter fluctuations at a finite g,
such as spin- or charge- d-wave fluctuations. However, in this case,
the gap width 6}, is comparable to the width of the hot region
already for small coupling A, and the requirement for closely
spaced T, does not hold. Second, lattice effects do give rise to
some variation of 6j(t), but this variation is (i) small in T./wp and
also small in the electron-phonon coupling Ay, and (i) does not
critically depends on the closeness to a QCP. It was argued®® that
the coupling to the lattice may prevent an electronic system from
fully reaching a nematic QCP because the phonon that softens at a
nematic QCP only does so in the cold regions. This will not affect
our results if A2 > Aphwp /E.

We therefore believe that the observation of the temperature
evolution of the gap width will be a “smoking gun” proof of QC SC
in a proximity to a nematic QCP.

METHODS

In this section, we give a detailed description of our analytic calculations,
both for the linearized and the non-linear gap equation. In the final
section, we briefly describe our numerical procedure. In what follows, we
first consider the pairing at a QCP, and then away from it. For the latter
case, we introduce a finite correlation length & > k;'

The linearized gap equation at a QCP

We consider a generic d-wave form-factor f(6) and focus on the region
—71/2 < 8 <m/2. We use as an input previous works,***” in which the
Eliashberg gap equation has been derived. It has the form (Eq. (4) of the
main text)

2
2(6.0,)(6,wn) frz/d(’ﬁ““”“’"’)f O+ b6 — ).

|wm|

(1m
where the bosonic propagator is
A

D6, Q) = ———— @
¢+ (0+9) 2

(12)

As we explained in the main text, the key effect of fermionic Z(6, w) is to
cancel the term with w,, = w, in the frequency sum in the r.h.s. of (11). We
eliminate this term and thereafter set Z(0,w,) = 1. This simplifies the
analytical consideration. We keep the full Z(6,w,) contribution in
numerical calculations.

In order to make manifest the different roles played by the strong local
fluctuations at the smallest angular transfers ¢ and the weak tail of the
interaction at larger ¢, it is convenient to split Eqg. (11) into two parts. To do
so, we subtract A(6, wy,) from A(6 + ¢, wy,) in the numerator of the RHS of
Eqg. (11) and add it as a separate term. We then obtain

A6, wn) = NoA(B, wy) +T Z
dep (A6 + ¢, W) — A(6, wm))F (6 +2)
/E |wm| 2 D(eﬂ¢7wm_wn).

(13)
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Here /\0 takes care of strong local fluctuations,
A6, w d.
Ro(@wy) =7 3 Al8wm) / ¢f2<e+¢> 0. 0m — ). (14)

W #Wy |wm‘
Because the integration over ¢ is confined to small |p| < 1, we can
approximate (6 + ¢/2) by f(8), and extend the limits of the ¢ integration
to +oo. Integrating over ¢ we then obtain

A 2 A6, wy) 1
NoA(B,wp) ~ ——=T - s
REERE ; |wm| ( |wm —w,| )1/3
A Eef(6)

which is Eq. (5) of the main text.
The local gap equation

B, wp) = No(8,w,)A(6, w,) (15)
has a continuous set of solutions
A6, wp) = A, (wn)S(6 — v) (16)

which progressively emerge at T.(v) = T.(0)(1 — a,2? + ... ), where a, is
a constant of order one. The largest T.(0) is obtained by solving (15) with
f(8) = f(0). By order of magnitude, at a QCP, T.(v) ~ AE¢f*(v). To get the
exact prefactor, we note the gap equation, Eq. (15), with fermionic Z-factor
re-introduced in the Lh.s., is equivalent to that for the QC y model with
y = 1/3°%. Using the results for the y model, we find the exact expression

T(0) = 0.022X%E¢[f(0)]* (17)

The existence of a continuous set of solutions is a consequence of
neglecting the second, non-local term in the r.h.s. of Eq. (13). To obtain the
actual gap function we need to account for this non-local term. We
proceed with an analytic treatment by making two approximations. First,
we use the fact that the frequency sum converges, i.e., typical w, = O(T).
We then neglect the frequency dependence in the gap equation by taking
w, and wp, to be the smallest non-equal Matsubara frequencies, i.e., set
wp = 1T, wy = —nT. Second, we expand f(6) and f(6+ ¢/2) in small
angles near 6 =0,¢ =0, i.e, around the center of the hot region. We
assume and then verify that the expansion is justified everywhere in the
hot region, since we will see that the width of A(6, n), viewed as a function
of 6, is small, 6y, ~AY 3 as longasA < 1.
Using these approximations, we re-write Eq. (13) as

a3 (TCON?] AF(0) [dpA©+¢) — A
so e ()]0 S

(18)

where we used f(8) = f(0)(1 — ag8?) and a, is a constant of order one.
A quick study of Eq. (18) shows that there are two relevant scales for 6: a
smaller (lower) scale 6, = O(}), below which A(6) ~ A(6 = 0) and a larger

(higher) scale 6, = O()\1/3), which is set by balancing GZA(G) in the Lh.s. of
Eqg. (18) and )\f%‘/’w ~ AA(0)/16] in the r.h.s. We will be interested

in the gap function at 6 ~ 6, > A. In this region, one can drop the )\3/\¢|
term in the r.h.s. of (18) and re-write this equation as

13 2 . B
A(0) {1 -("%) }——:GQQZA(G)-i-M © [ass0+4) 00

(19)

Rescaling 8 by 6y, and choosing the prefactor in 6y, A3 to eliminate the
numerical factor between 6% and integral terms in the r.h.s. of Eq. (19), we
re-write Eq. (19) as

> dpAB+p) —A6)

L T az
where 8, ¢ are rescaled angles and we again extended the integration to
+ co. This is Eq. (6) of the main text. The width of the A in Eq. (6) (defined

n(a@ =86 - [

as 16| <6,) is of order one in the rescaled units. The parameter
N~ ((Te(0)/T)'? = 1)/RP. For |T = Tc(0)] < Te(0), 0~ (Te(0) = T)/
(Te(ON7).

To solve Eq. (6) we treat separately the behavior in and out of the hot
region, i.e, at @ < 1 and 6 > 1. For 6 >> 1, we may neglect the A(6) term
in the integrand. The largest contribution to the integral comes from the
region where the gap is large, i.e,, from ¢ ~ —0, with the width of order
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6
¢ = 0(1), so to leading order we have
= A
ANO> 1)~ =, (20)
0
where
A- / ) 1)
m

In original variables, Eq. (20) shows that A(6) rapidly drops once 6 exceeds
6h. Inside the gapped reglon at_6 <1, we can transform to Fourier
components A(B) = fdxe"‘eA (x) and reduce Eq. (6) to the Airy
equation

NA(x) & ~xA(x) + [x|A(X)

This is Eq. (7) from the main text. The boundary condition for the even gap
function is A’(0) = 0. Another boundary condition is A(x > 1) — 0. Using
asymptotic expressions for the Airy functions we then obtain a discrete set
of solutions, specified by integer numbers. The solutions are

An(x) = dpAi(|x| = Xn), Ny = Xn,

Equation (8) of the main text, where —x, is the position of the nth zero of
the derivative of the Airy function Ai’(x), and d, is a constant. This implies
that there exists a discrete set of solutions for the gap A,(x) with T, set
by n(T) = n,. The corresponding A,(6) changes sign n times in the first
octant (8n times over the whole FS). For n > 1,

n3/ 2 2 T o, (22)
such that
Ten = Te(0) (1 - O(An)2/3> 23)

The highest T = T is for the solution with n = 0. The corresponding
Ao () does not change sign.

Non-linear gap equation
In this section, we solve the non-linear gap equation. We extend Eq. (13) by
changing the frequency term in the denominator of the RHS to
w2, + D6 + ¢, w). For A/T. < 1, it is enough expand to 3rd
order in A and keep only the contribution to this order from the operator
Ao of Eq. (13). We then repeat the steps to give us an effective equation for
angles 6, ¢ like Eq. (6), but with additional terms that we will show below.
Equivalently, we can write a Ginzburg Landau free energy and compute
its saddle-point equations. We write the gap function as an expansion in
the states A,(0) that are solutions of the linearized equation,
A(6) = >°,0,04(0). For convenience, we normalize them to be orthonor-
mal and such that A, (6 = 0) « (—1)", i.e, non-oscillating 4, is positive for
A(6 = 0), then A(6 = 0) is negative, etc. The free energy has the form,

|wm| —

1 _
Foc/—zg(t—tn)A,z,—l—F‘H-'“ (24)
where t, = (Tc = Tcpn)/Te,t = (Tc = T)/Te,
Fo=AS BEBE / B, ()2, (6) (B)(B), 25)

ijki
and A is a constant of order one. We simplify the analysis of Eq. (24) by
keeping only those cross-terms (terms with at least two different A,) that
have a power of Ay. The justification for this is that the numerical solution
of the gap equation shows no oscillations, implying Ay >> A,so. In addition,
the numerical solution is real, indicating that the coefficients A, are real.
The result appears in Eq. (9) of the main text, which we reproduce here,
Fam D B+ > [amBaBo + anBols, + amBobs . 26)
n n>0
Qualitatively, we expect that |aps], |[an | < |an2| < |an|- This is because aa, is
an integral over a positive-definite quantity, whereas the integrals that
determine aps,a,; oscillate. In addition, we expect that a3, a,; should
decay rapidly with |ncrea5|ng n because of the oscillations. Finally, we
expect that a3 oc (—1)". This is because A3 (6) is peaked in the region near
0 = 0, and so the overall sign should go as the sign of A,(8 = 0), as long as
the integral in Eq. (26) is determined by the peak region 6 < 1.
Numerically, we find that the overlap integral in Eq. (26) yields (up to
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0.5

e

0.4

5 b

Fig. 6 An illustration of the numerical solution of Eq. (28). We chose
the parameters t, = 0.25,a9 = 4,a, = 3.14,a,, = 0.59,a3, = —0.42,
corresponding to n = 1 for A = 0.03. We chose A = 1 for simplicity

0.2 0.6 0.8

the constant A), for A = 0.03,

a,=4,3.14277,2.56, ... (n > 0)
dp = —0.1,-0.04,-0.02, ... n>

nl ) ’ ( ) (27)
dpy = 0.59,0.49,0.43, ... (n>0)

an3 = —0.42,0.06, —0.03, ... (n>0)

These numbers are consistent with our qualitative arguments. As ap; ~ dp3
and |Ap| < |Bo|, we can neglect the an; terms in Fq. We neglect the
contribution of the induced states A, >0 on the non-oscillating Ao, in
which case the saddle-point equation for A, immediately yields
Ao = +/t/ag. The saddle-point equation of Eq. (24) for n>0 is

=3
A anng +anl\,

~ — (28)
ty + 2an2A0 —t

P
The7r3esults ggjoted in thg mainigzxt (after Eq. (9)) correspond to the limits
an3ly > anh, and apl; < apl. Note, that in the latter limit there are
two possible solutions to the equation, with opposite signs. The correct
sign is determined by the behavior for small A,, i.e., by the sign of —ay;s.
Figure 6 depicts the numerical solution of Eq. (28). Using the solution of Eq.
(28) we can compute the t dependence of the width of the hot region,
o</ d¢ é@) %z”§fd€]AN@)
AO=0) > ,A0,(0=0)
2 BaBa(x =0)
ZnEnAn (6=0)
We can simplify Eq. (29) usmg the followmg analytlc properties of Airy
functions:  Ai(—x,) oc (=1)"/n"/4, [ dxAZ (x| — x,) \/X_nN n'/3, [ dxAi
(x| — x,) ~ const. These in turn imply A(8 =0) o (—1)"/n'/®, A(x = 0)
oc 1/n1/6+1/4=5/12 Then we have

& ( )IH»W
B z]—az

11— aZn>0
n>0

ns/12
11— bZn>0

(29)

4,

(71)n+1
ns/12

A,
Ao

1
ni/e

Bn(t) o

Ao

0> T
n>0

nhs

fn

(30)
where a, b are constants. The second sum dominates over the first sum
(which oscillates rapidly), so the overall trend of 6, (t) is positive. For t < 1,
as long as ti ~ (N —No Ve is not too small,
|8, /Bo| = ans/ao(t/ty) ~ t/(n)\)z/3 Then the sum converges rapidly since
aps decay rapidly. For the smallest A = 0.03 that we studied numerically in
this work, t; ~ 0.3 and our assumptions are justified. This yields,

Bn(t) o 1 +—— @31)

)\2/3
where c is a constant, in agreement with Eq. (10) of the main text. In Fig. 7,
we depict the evolution of 6,(t) — 6,(0) for A = 0.03,0.15,0.3 extracted
from the numerical solution of the full Eliashberg equations. The data show
good agreement with the predicted scaling.

In obtaining Eqg. (31) we assumed that the evolution of 6, is a
consequence only of the existence of multiple solutions, and neglected the
temperature evolution of the characteristic width 8, of each independent
solution by itself. To further verify that the strong evolution of 6, is a result
of multiple solutions, we investigate the evolution of 6,(t) for t>0. The
width 6, can be extracted numerically from the width of Ay, the non-
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oscillating solution of the linearized gap equation, for T < T.. It is

straightforward to show, from Eq. (18), that the expected behavior is

60(T)/60(0) = (T/Tc)'"”,

i.e, 6o(t)/60(0) depends only weakly on temperature, does not depend on
A, and actually goes down, not up. Figure 8 depicts the behavior of 6y (t)
for several different A, showing excellent agreement with Eq. (32). This
implies that the strong growth of 6,(t) cannot be attributed to just the
non-oscillating Ay but comes from multiple solutions.

(32)

Away from a critical point

The analysis of the discrete set of solutions of the gap equation can be
readily extended to a finite nematic correlation length §. The bosonic
propagator at a finite ¢ is

A

2 2 A
+f (6 + 5) Eenilg]

D(8,$,0) = (33)

¢* + (ke€)

The computational steps are the same as before. The local gap equation is
given by (15) and still has an infinite number of solutions. To study the
effect of a finite correlatlon length, it is useful to consider first the
perturbatlve regime (kpf) < A and then go to the opposnte regime
(ke§) ™' > A. The operator Ag(6, w,) is given by (14). For (kef) ™' < A we
have

13
Ao(6)(6, n) ~ (%‘))) <1 —a

where a¢ = O(1). In the non-local part of the equation, the finite £ has no
role since the behavior at small ¢ is smooth. Consequently, the gap
equation with the non-local term has the same form as Eq. (6), but with a
new scaling for n,

(kF;z)2>A(6,n) B aeezﬂ(e, D (34

M3 o <@>1/3 (1 —a (kF;)2> 1 (35)
The new onset temperatures are,
273
Tehn=Teo |::;ZZ;:;%/3:|
(36)

— 2
znm(1—G§)>m—am”L

where kr ~ ki and A ~ A. We see that, at (kgf)™' < A, the effect of the
finite correlation length is a uniform reduction of all onset temperatures,

Fig. 7 Evolution and scaling of 6,(t) for different A

5olt)

1.0 Es 59 90(0)

0.9 e,

0.8 \
0.7 eA=003"
os he
0502 04 06 08 10

Fig. 8 Evolution of the width of the non-oscillating solution of the
linearized gap equation with temperature. The dashed line is the
prediction of Eq. (32)
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but multiple solutions survive and the width of the hot region 6, does not
depend on ¢.

In the opposite limit (kp{)’1 > A, Ny has a BCS form,

5 me J
~ Er (ke€) >
2(ke§) ! '°9< T )A(Gv wn) — ag6°A(6, wn)

(37)

Equation (37) shows that the frequency sum is no longer limited to a few
first Matsubara frequencies, and instead gives a logarithm and determines
an onset temperature

(Er(ke€) 7 /A) exp(—(ke€) ' /A).

This logarithm then appears in the non-local part of the gap equation as
well, and affects the width of the hotspot 6y,. The gap equation with the
non-local term becomes

Tc(0) ~ (38)

o —ana(0) + (o) [ apt OO =00,

T(0)—T A
2(ke&)” ¢

RACE AT
(39)

Equation (39) can be recast into the same form as the dimensionless Eq.
(6), but now

6 o (ke&)™'? (40)
and

Te—T A
n o« (41)

T. (k€)™ L e\-5/3

Equation (41) implies that in order for T, to be close in temperature the
system must obey

(ke€) >3 5/3
oA

Equation (42) demonstrates that the strong evolution of 6, with
temperature is a signature of QC pairing. When (kg&)™ T~ X, the
solutions with n>0 do not develop at finite T/T., and the SC is of a
conventional nature, although it remains strongly anisotropic till kg ~ 1.

< 1. (42)

Details of the numerical solutions

We solved both the linearized and the non-linear gap equation
numerically. The details of the numerical solution of the linearized
equation have appeared previously in ref. 3. Figure 4 in this work was
obtained for a value of A = 0.025, with a numerical mesh of 512 points in
the range —1/2 < 6 < /2, and 48 Matsubara frequencies (half negative
and half positive). For Fig. 8, the number of Matsubara freuencies was 24.
Regarding the non-linear gap equation, all the figures and numerical
values that appear in this paper are for values of A = 0.03,0.15,0.3. They
were obtained with a mesh of 1000 points in the range —m < 6 < 7 and
101 Matsubara frequencies, namely we take w, = (2n+ 1)nT with n
ranging from —50 to 50. The numerical solution was obtained by iteration.
Both linear and non-linear equations were solved in MATLAB (various
versions).

To produce Fig. 6 in the Methods section as well as Fig. 5 in the main
text, we employed Mathematica 11 and its implementation of the Airy
function, with A = 0.03. We created Fig. 5 using the same parameters as in
Fig. 6, except for T, which we estimated from solutions of the Airy
equation.
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