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We report better-than-classical success probabilities for a complete Grover quantum search algorithm on the largest scale
demonstrated to date, of up to five qubits, using two different IBM platforms. This is enabled by error suppression via robust
dynamical decoupling. Further improvements arise after the use of measurement error mitigation, but the latter is insufficient by
itself for achieving better-than-classical performance. For two qubits, we demonstrate a 99.5% success probability via the use of the
[[4, 2, 2]] quantum error-detection (QED) code. This constitutes a demonstration of quantum algorithmic breakeven via QED. Along
the way, we introduce algorithmic error tomography (AET), a method that provides a holistic view of the errors accumulated
throughout an entire quantum algorithm, filtered via the errors detected by the QED code used to encode the circuit. We
demonstrate that AET provides a stringent test of an error model based on a combination of amplitude damping, dephasing, and

depolarization.
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INTRODUCTION

The best possible classical strategy for finding a particular ‘marked’
element in an unsorted list of length N requires querying half of
the elements in the list on average; a quantum computer (QC) can
do this in quadratically fewer queries using Grover's search
algorithm'. This algorithm is optimal and provably better than all
classical strategies®. As one of the first algorithms with a provable
quantum speedup, Grover search is often used as a subroutine for
other quantum algorithms#. Over the last two decades, Grover
search has been implemented on various quantum computing
platforms>~'°, albeit for relatively small N.

Encoding a list of length N requires n = [log,(N)] qubits. The
list can be queried classically or using quantum queries; in both
cases, one finds the marked element with some probability, which
we refer to as the classical or quantum success probability. The
largest implementation of Grover's algorithm to date is for n =28
qubits, but without demonstrating a better-than-classical quan-
tum success probability®. Such better-than-classical performance
has been achieved for n =3%" and n = 4® qubits. Ref. ° reported
better-than-classical success probabilities for n=5 for a single
marked state, leaving open the possibility that the success
probability would be reduced by averaging over all marked
states. Here, employing two seven-qubit IBM Quantum Platform
(IQP) transmon qubit platforms ibm_nairobi (Nairobi) and
ibmq_jakarta (Jakarta), we demonstrate higher average success
probabilities than all previous implementations, for n < 5.

Key to our demonstrations is the use of error suppression and
mitigation strategies. In particular, we use the [[4, 2, 2]] quantum
error-detecting code'"'?, which encodes k = 2 logical qubits into
n =4 physical qubits and detects arbitrary single-qubit errors, to
demonstrate a significant success probability enhancement
relative to using two copies of n=2 physical qubits. These
success probabilities are further improved by combining error
detection with measurement error mitigation'3'4,

We use the quantum error detection results to perform what we
call algorithmic error tomography: for each encoded algorithm

execution, based on the possible measurement outcomes we
compute the probability of an error detectable by the [[4, 2, 2]]
code or of a logical error. This allows us to compute a detailed
map of the errors that arise at the conclusion of the entire
algorithm. In this sense, algorithmic error tomography provides a
holistic and complementary perspective to techniques such as
gate set tomography'>'S, which instead focuses on individual
gates applied during the algorithm.

We demonstrate better-than-classical performance for three or
more physical qubits by employing error suppression via
dynamical decoupling (DD)'7~2°. Toward this end, we consider
three robust DD families: universally robust (UR)?', concatenated
DD (CDD)??, and robust genetic algorithm (RGA)** sequences. We
find that robust sequences with few pulses are vital in achieving
better-than-classical algorithmic performance.

We compare the experimentally obtained results for Grover’s
algorithm with an error model based on the concatenation of
amplitude damping, phase damping, and depolarization maps.
Each map is parameterized by the calibration metrics provided by
the IBM Quantum Platform (IQP) backend?*. We test this model
using the observed success probabilities and the algorithmic error
tomography results; the latter provides a much more stringent
test. We find good agreement with the model, but only after using
DD. We interpret this in terms of the suppression of crosstalk by
DD?2, which is unaccounted for by the error model.

In summary, we demonstrate a better-than-classical Grover
search on up to 5 qubits, enabled by quantum error detection and
dynamical decoupling. That is, we demonstrate algorithmic
performance that is enhanced beyond the break-even point—
where protected operations outperform their unprotected coun-
terparts—and the capabilities of the best possible classical
algorithm executing the same task. Along the way, we introduce
algorithmic error tomography—a characterization of errors afflict-
ing an entire quantum algorithm based on the syndromes of a
quantum error detecting code.
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The structure of this paper is as follows. In the section “Grover’s
Algorithm: background and implementation”, we summarize
Grover's algorithm'’s salient aspects and discuss its implementa-
tion. In the section “Open system model”, we describe the open
system model we use to compute the theoretically expected
algorithmic performance. Details about our dynamical decoupling
implementation are in the section “Dynamical decoupling”.
The section “Two-qubit encoded Grover algorithm protected by
quantum error detection” focuses on the performance of Grover's
algorithm on n=2 qubits with and without error detection.
Algorithmic error tomography is introduced in the section “Two-
qubit encoded Grover algorithm protected by quantum error
detection” as well. The results for 2<n<5, where DD plays a
crucial role in achieving better-than-classical performance, are
given in the section “3-qubit to 5-qubit Grover's algorithm
protected by dynamical decoupling”. We conclude with observa-
tions and the implications of our results in the section
“Discussion”. Additional details and calculations in support of
the main text are provided in the section “Methods”.

RESULTS
Grover's Algorithm: background and implementation

Informally, the Grover problem is to search an unsorted list with
N = 2" elements for a marked element. Formally, the goal is to find
the marked n-bit bitstring m using the smallest number of queries
of an oracle that implements a function f,,: {0, 1}" ~ {0, 1} defined
as fp(x) =6ym. Classically, after g queries, the probability of
correctly identifying the marked element, which hereafter we refer
to as the success probability, is pS(q,N) = (q+1)/N (see the
section “Classical success probability”). Consequently, the classical
algorithm requires O(N) queries.

Grover's algorithm provides a quadratic quantum speedup,
requiring only O(v/N) queries'. This scaling remains valid with
more than one marked element?’, or even for an arbitrary initial
amplitude distribution over the list elements®. In the original
setting of a single marked element, the state after g queries to the
oracle is

|g) = sin[(2q -+ 1)8]|m) + cos[(2q + 1)6]|m™), (1)

where |m') = —£=37 _ [x) and 6= arcsin ﬁ) Thus, the

quantum success probability is p@(q,N) = sin?[(2g + 1)6], and

the theoretically optimal number of queries is g, = |5 V/N|. Note

that pS(q,N)<p2(g,N) for all g <o However, the theoretically
optimal g is often not experimentally optimal. As circuit depth
increases with the number of queries and the problem size, there
is a trade-off between the added decoherence and the increase in
the success probability. Most experimental implementations of
Grover's algorithm have focused on a single query>®, but this
strategy does not scale well, as both pS(1,N) and pQ(1,N)
decrease exponentially with n. We adopt an empirical approach to
identify the optimal number of queries such that py is maximized.
We set g = 2 for all problem sizes other than n =2 where gop = 1.
We justify our choice of the number of queries in the section
“Survey of dynamical decoupling sequences”.

A schematic illustrating the implementation of the n-qubit
Grover algorithm is shown in Fig. 1a. The only multi-qubit
operation is the n-qubit controlled-phase gate C,_;Z, which needs
to be implemented twice for each oracle query: once for the
oracle and again for the amplitude amplification step. Different
marked elements are represented by sandwiching the C,_;Z gate
with X; or /; depending on whether the corresponding bit b; in the
marked bitstring m is 0 or 1. L.e, letting m = b;b,...b,, then C,_,Z
in the oracle layer is preceded and followed by
X' @ x1 702 @ X170 Likewise, amplitude amplification is
implemented as H®"X®"(C,,_,2)X®"H®",
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For all problem sizes and oracles, we repeated each circuit for
the maximum number of shots allowed on the QPU: 20,000 and
32,000 for Nairobi and Jakarta, respectively. The reported success
probabilities were extracted by bootstrapping over these trials
and all N possible marked states. All error bars reflect 95%
confidence intervals obtained after bootstrapping unless specified
otherwise.

Open system model

The QPUs used here are calibrated daily, and the following
calibration metrics are recorded: the gate error e4 and gate
duration 14, the qubit damping timescale T; and dephasing
timescale T,, and the response matrix M for readout errors (see
Supplementary Information). In this section, we describe how
we estimate the theoretical performance of Grover's algorithm
using these metrics. The model described here is mathematically
equivalent to the one used in Qiskit's Aer APl's Noise-
Model. from backend() (see Supplementary information of
Ref. 29).

In a closed system described by a state p, a unitary gate U acts
as U(p) = UpU'. In reality, the system is open, so we model gate U
asaCPTP map £ = Do ® o Ao U, where D, A, O are depolarizing,
amplitude damping and phase damping maps respectively>°. The
amplitude damping and phase damping maps account for
thermal relaxation, which we represent as R = ®o A. The
single-qubit Kraus operators for A = {Ag, A1} and ® ={F, F;} are

1 0
w0 Tta),Aw:wmmU| @

Fo=+/pol, F1=+/1—poZ (3)
The n-qubit depolarizing map is
D:pr(1-pp)o+ppy=> Kok}, 4)
j

where d =2" and D has d? Kraus operators:
2 J—

Ko = 1—d 21PDH®H7 (5)
d

K; = /Z_';p,-, Pe {1,X,Y,Z}°"\I°". ©)

We parameterize these maps by their respective error
probabilities pa, pp, and pp, which in turn depend on the
calibration metrics eg, 7q, T1, and Ts. In particular,

pa=1-e"/" 7)
Po = % (1+e7%/To) ®)
_d(F(R) 1 +ey)
Po = ""4FR) _1 ©)
where
1 1 1
To T, 21y 1o
and
dFpo(E) + 1

)= [ awwueuwhuy) - FeE Lt an

is the average gate fidelity for a CPTP map &. Here Fy0(E) is the
process fidelity of the map &£ with the target map U, and d is the
dimension of the map3'32.

For each gate, we know the total gate error e5, and so we
compute pp by setting 1 — ey = F(D o R), which gives us Eq. (9)
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Fig. 1 Setup for Grover’s algorithm and its implementation with DD. a Circuit description for Grover’s algorithm. The relative amplitudes of
all the states at each stage of the algorithm are shown. Starting with an equal superposition state, the oracle assigns a relative phase
difference of m to the marked state. The amplitude amplification step then performs an inversion about the mean, allowing |m) to have a
larger probability amplitude than all other states. This round of querying and amplifying is repeated g times. The optimal number of rounds
for the n-qubit Grover problem is g, = L%zn/zj. The only multi-qubit operation required to implement both the oracle and the amplitude
amplification step is C,_;Z (vertical line in the Oracle and Amplitude Amplification boxes). b Grover and DD. The timeline for one oracle query
for 4-qubit Grover with the marked state |1111) is shown. Qubits g4 and qe are spectators in this example. Recall that each oracle query for
4-qubit Grover requires two C3Z gates. C3Z requires 14 CNOTs, and the entire circuit uses 28 CNOTs; see the section “Circuit construction” for
circuit compilation details. The pre-DD circuit elements are grayed out, and the colored lines represent the DD pulses. The DD sequence
exemplified here uses four pulses for illustration purposes; in reality, we used longer sequences. The scheme demonstrated highlights four
primary features of our implementation: (1) all idle intervals, including the ones on inactive qubits, are filled, (2) only one repetition of each
sequence is performed, and the pulse interval is adjusted accordingly, (3) each pulse in the sequence can be unique, (4) a single qubit can
experience multiple DD repetitions if there are multiple idle intervals.

33371 41714

(see the section “Extracting the depolarizing parameter from gate
errors” for more details). In other words, we assign any gate error
not accounted for by relaxation to depolarization.

We require that pp 2 0 (i.e. F(R>1 — eg) and if this condition is
not met, then we assume that the error is entirely due to
depolarization. In particular, when F(R) < 1 — eg, we set pp = egd/
(d—1) and €& = D o U. For idle intervals in the circuit, no gate error
ey is reported by IQP?, and therefore we model idle intervals with
duration T as identity operations where only the relaxation R
matters. This is equivalent to setting the gate error for idle
intervals to ejge = 1 — F(R).

In summary, we model single-qubit gates U,q with gate
duration 74 as

D(pp) o R(T1,T2,14) o lUnq, (12)

and two-qubit gates U,q with duration 74 acting on qubits j, k are
modeled as

D(po) o [Ry(Th. T5,7q) © Ri(TH, T4, 7g)] 0 Una 13)

where D(pp) has 16 Kraus operators for n =2 [see the section
“Open system model”]. Idle intervals with duration T are described
by

R(T-],Tz,'l'). (14)

Published in partnership with The University of New South Wales

Note that while we implement D o R, Qiskit's API reverses this
order. While these channels do not commute, we found no
significant difference between these two orderings in our
simulations. In order to account for systematic measurement
errors, the response matrix M is applied to all reported
probabilities.

The quantum circuit for each experiment is first compiled into
the QPU’s native gate set and then scheduled using IQP’s API?*,
We use this circuit to determine the order of operations and then
replace each unitary map U with the corresponding CPTP channel
£. In the end, we acquire a probability distribution corresponding
to the theoretical estimate of the circuit’'s output as measured in
the computational basis.

Dynamical decoupling

DD is an open-loop quantum control technique wherein a
sequence of pulses is strategically inserted between gates to
suppress unwanted system-bath interactions'’~2°. While DD is
fully compatible with quantum error correction®?, its most
economical form requires no encoding, measurements, or post-
processing. It is, therefore, perhaps the least resource-intensive
error suppression strategy. Error suppression via DD has a long

npj Quantum Information (2024) 23
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Fig. 2 Encoded two-qubit Grover. The two-qubit single-query (g =

1) Grover circuit encoded using the [[4, 2, 2]] code for the marked state

|01) is shown. The encoding step (left dashed box) prepares the encoded initial state [00) = \/% (|0000) + [1111}) (the 4-qubit GHZ state) from

the physical initial state |0000). The encoded Grover circuit is implem

ented by converting each physical gate of the n = 2 case of Fig. 1a into its

logical counterpart, which is then converted into a physical 4-qubit implementation (middle left and right dashed boxes). The amplitude
amplification step is the 00-oracle sandwiched by Hadamard gates. See the section “Circuit construction” for further details. P = diag(1, i) is the
phase gate. We post-select the measured results by decoding (right dashed box) and discarding any measurement outcome for which the
code detects errors, i.e., does not result in one of the four decoded states {|0000),|0010),[0111),]0101)}. Note that the circuit is not meant to

be fault-tolerant, so decoding is acceptable.

history of experimental demonstrations on various quantum
devices (see ref. >* for a review). Here, we employ a ‘decouple
then compute’ strategy®>>®, whereby control pulses constituting
short but complete DD sequences are interleaved with the
quantum circuit, exploiting intervals when individual qubits in the
corresponding quantum circuits are idle. A scheme demonstrating
our strategy is shown in Fig. 1b. This interleaving strategy has
been used to improve quantum volume?’, variational quantum
algorithms®, and most recently to demonstrate an algorithmic
quantum speedup®.

In addition to the popular basic DD sequences—CPMG*® and
XY4'8—we consider three robust sequence families: universally
robust (UR) DD?', concatenated DD (CDD)??, and robust genetic
algorithm (RGA) DD?? (see the section “Survey of dynamical
decoupling sequences” for more details). Other than CPMG, these
are all high-order, multi-axis sequences that are universal for
single qubits, i.e, they suppress arbitrary single-qubit errors
beyond first order in the Magnus or Dyson expansion'.
Robustness refers to the mitigation of axis-angle and over/
under-rotation errors. In addition, these sequences can cancel
crosstalk errors?>2%, Our sequence choice is informed by the
results of ref. *?, which reported on a significantly more
comprehensive survey of sequences using superconducting
qubits and concluded that robust sequences are preferred default
choices. Here we do not utilize the OpenPulse functionality of the
IQP platforms, nor do we implement Uhrig-type** non-uniform
pulse interval DD sequences such as quadratic DD (QDD)**, which
were also found to perform well in the survey*’. Both have the
potential to enhance our results and are attractive options for
future studies.

Two-qubit encoded Grover algorithm protected by quantum
error detection

The [[4,2,2]] code'" is the smallest possible qubit-based error-
detecting code'? and has been invoked for proof-of-principle
demonstrations of quantum error detection®. Notably, it has been
used to improve Clifford gate set fidelities*® and the performance
of variational algorithms*’. However, measurement error mitiga-
tion (MEM) played a dominant role in Ref. ¥/, and it is unclear if
error detection alone would have improved performance in that
work. Here, we compare the performance of the two-qubit Grover
algorithm with and without the [[4,2,2]] code and MEM. The
unencoded version needs two qubits, while the encoded version
requires four. To equalize resources, we simultaneously use two
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copies of the unencoded circuit and report the best fidelity of the
two copies. We incorporate MEM using iterative Bayesian
unfolding via the pylBU package®® (see the Supplementary
Information for details about MEM). Ultimately, we demonstrate
a conclusive improvement in algorithmic performance due to
quantum error detection.

Encoding into the [[4, 2, 2]] code
The stabilizers of the [[4, 2, 2]] code are XXXX and ZZZZ. The logical
operators of  this code can be chosen as
Xy = XIXI,X, = XXIl,Zy = ZZIl, and Z, = ZIZI. Two-qubit Grover
also requires the encoded Hadamard H and controlled-phase CZ.
The deconstruction of the logical circuit into physical components
is detailed in the section “Circuit construction”, and the resultant
encoded two-qubit Grover circuit is shown in Fig. 2.

The encoding and decoding circuits, Uene and Ulnc, are also
depicted in Fig. 2. The logical basis states are:

~ 10000) +[1111)
V2
~ 0011) + [1100)

71 = Uenc 1 - = 1
|0T) = Uenc|0010) 5 (16)

|00) = Uenc|0000) (15)

_ 0101) + (1010
|T0) = Uenc[0117) :% (17)

_ 1001) + (0110
yn>=uenc|o1o1>:¢ (18)

V2

These are also the four possible marked states in the two-qubit
Grover problem. Consequently, after applying Ulnc to decode the
results, only states from the set Z = {|0000), |0010), |0111),|0101)}
could have arisen from valid logical states. Therefore, we postselect
by removing any of the 12 measurement outcomes that do not
correspond to valid logical states, i.e, states in Z+ = {0, 1}*\Z. This
does not guarantee that all measurement outcomes in Z correspond
to the correct marked state: logical errors that prepare the wrong
marked state are undetected by the code and also appear as
measurement outcomes in Z (more on this below). However, since
we know which marked state the circuit was supposed to prepare,
we can still reliably check whether a given valid measurement
outcome (in Z) corresponds to the intended marked state.

Published in partnership with The University of New South Wales



Algorithmic error tomography

While the states in Z- do not correspond to valid (encoded)
Grover algorithm outcomes, there is important information in such
outcomes. They allow us to diagnose the frequency with which
different sets of errors corresponding to the different syndromes
of the [[4, 2, 2]] code appear at the end of the circuit (but before
decoding) for a given encoded marked state. In this sense, these
are the effective, or cumulative errors the code can detect at the
conclusion of the algorithm, which is why we refer to the
procedure we are about to describe as algorithmic error
tomography (AET).

Let us first consider the different ways errors can occur before
the measurement outcome is obtained. In principle, multiple
errors of arbitrary weight can occur at multiple locations
anywhere during the circuit, including between the decoding
and measurement steps or even during the measurement. We
will assume that the latter are perfectly implemented and show
later that even decoding or measurement errors have a
detectable signature. In other words, we assign a location to
the cumulative errors as if they happened just before decoding,
i.e., between the Amplitude Amplification and Measurement
boxes in Fig. 2.

Then, given an [[n, k, 2]] stabilizer error-detecting code C, in AET,
we treat all these errors either as detectable or as logical errors.
Formally, if |b) € C is a code basis state, where b € {0, 1}, E is an
error, Uyg is the unitary implementing the algorithm over the

given encoding, Ugec = UL is the decoding unitary for C, and M

enc
denotes a projective measurement in the computational basis,

then in AET we interpret each measurement outcome b’ € {0,1}"
as having arisen from MUdecEUa|g’5k>. More specifically, in the

Grover case Uyyqg

5k> = |b), where Uy implements Grover's
algorithm for the marked state b (the first three boxes in Fig. 2).

M denotes a simultaneous measurement of the Pauli
observables {Z;}7_,, and each value of b’ is one of the 2" possible
measurement outcomes. These outcomes label the 2 logical

outcomes of the logical Z operators {Z}f.(:1 and the 2" error
syndromes of the code C. Each error syndrome corresponds to a
particular set {(—1)% ¢ {71,1}}7;1’( of eigenvalues of the n—k
stabilizer generators {5,-}?;1", which we denote by s;=0 or 5;=1
for the eigenvalue 1 or—1, respectively. Thus, the no-error
subspace is labeled by the bitstring s=0""%, while all other
bitstrings s € {0, 1}""‘ \ 0" ¥ label errors that are detectable by
the code. The remaining k bits {z}* , label the measurement
outcomes of the logical Z operators, i.e., the eigenvalues (—1)% of
Z;, with 1<i<k. Decoding the error syndromes and the logical
outcomes can be done by backpropagating the individual Z;
observables through the decoding circuit. This is best illustrated
via the example of the [[4, 2, 2]] code, as we do next.

In the case of the [[4,2,2]] code, the four measured bits
correspond to the eigenvalues of the stabilizer generators
S1=XXXX and S,=Z2ZZZ and two logical operators Z; and Z,.
To see this, we backpropagate the Z; observables of each qubit
through the Ugecoding Circuit in Fig. 2. Each time Z; passes a gate,
we conjugate it by the gate’s inverse unitary (quantum evolution
in the Heisenberg picture). For example, Z; » HZ;H = X; » CNOT
X; CNOT = X, X5 > ... > X1 XoXsXs,  while  Z, > CNOT Z, CNOT =
Z\Zy ... Z1Z,, etc. In this manner, we find that given a
measured bitstring b’ = b bbb}

First (top) qubit: (—1)b/1 = XXXX
Second qubit: (—1)% = 2zl = Z;
Third qubit: (—1)% = 122 = Z,Z,
Fourth qubit: (—1)% = IZZ = 7222 Z,,

H N =

Published in partnership with The University of New South Wales
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Table 1. Mapping between measured bitstrings and syndromes as
computed from Eq. (20).

Measured bitstring b’ = b’ b,b}b;, error syndrome s = 535,

{0000,0010,0101,0111} 00
{0100,0110,0011, 0001} 01
{1000, 1010,1111,1101} 10

{1100,1110,1011, 1001} 1

The four bitstrings in the first row correspond to the no-error syndrome,
and we accept the corresponding values of the logical operators Z;,Z,.
The remaining 12 bitstrings can be grouped into three error syndromes.
These bitstrings correspond to measurement outcomes indicating that an
error has been detected. We use the corresponding measurement results
for AET.

where we have equated the operator with its eigenvalue in a
slight abuse of notatjon. Consequently, S; = XXXX = (—1)"
and S, = ZZ7Z = (—1)""?%, 5o that the error syndrome is given
by

sp=by, s;=0b,+b]. (19)
The logical , outcomes are given by Z;= (-1)%  and
Zy = (1), e,

Zq :blz, Z :b,2+b,3 (20)

It is simple to verify that the four states in the set Z are then the
unique set for which s;=s5,=0 (no error detected) while
{z1,2,}€{00,01,10,11}. Each of the remaining 12 bitstrings
corresponds to a non-trivial error syndrome; e.g., suppose that
we measure the bitstring b’ = 1011. Then s; =1,5,=04+1=1, s0
an error is detected. Note that this string also yields z; =0 and
z;=0+1=1 as a logical measurement outcome, but this
outcome must be ignored since it is accompanied by the
detection of an error. The complete mapping from measured
bitstrings b to error syndromes s is given in
Table 1.

As this analysis illustrates, the 4-qubit Hilbert space decomposes
as H = C®C", where the code space C = Uencspan (Z) corre-
sponds to the four measurement outcomes s;=s,=0 with
21,2, €{00,01, 10, 11}, and the error subspace C* = Uenc span (Z1)
corresponds to the remaining 12 measurement outcomes where
s; and s, are not both zero. We can further decompose C* into the
three syndrome subspaces Cy;, & C;, @ Ci;, where the subscripts
denote s; and s, (z; and z, are arbitrary).

However, there is more we can extract from the measurement
outcomes than just the syndromes, as shown in Table 2. Namely,
each bitstring b’ arises from a particular set of Pauli errors we can
straightforwardly identify. Consider, e.g., the Grover circuit for
the marked state |W> As mentioned above, in AET we treat the
errors occurring during this circuit as an effective Heisenberg-
picture Pauli error E between the conclusion of the circuit and
the start of the decoding. Hence, UdecE]®> represents the state
arising prior to measurement, and when it is measured on a
computational basis we obtain a bitstring b'. We can now
exhaustively identify the complete set of Pauli errors E giving rise
to the same b/, starting from |00), by solving |b') = UgecE|00) for
all compatible 4-qubit Pauli errors E (we are slightly abusing
notation by writing |b') in the binary representation instead
of +1). This set is given in the bottom half of the error outcome
table (Table 2), where each column is labeled by the correspond-
ing measurement outcome b’, and the first four rows correspond
to the marked states |00), ..., |TT). For example, the entry 0001
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Table 2. Error outcome table.
Marked state b
‘®> 000 0010 0111 0101 0001 0011 0110 0100 1000 1010 1111 1101 1001 1011 1110 1100
‘0—1> 0010 0000 0101 0111 0011 0001 0100 0110 1010 1000 1101 1111 1011 1001 1100 1110
0 0111 0101 0000 0010 0110 0100 0001 0011 1111 1101 1000 1010 1110 1100 1001 1011
‘_> 0101 0111 0010 0000 0100 0110 0011 0001 1101 111 1010 1000 1100 1110 1011 1001
‘H> s=00 s=00 s=00 s=00 s=01 s=01 s=01 s=01 s=10 s=10 s=10 s=10 s=11 s=11 s=11 s=11
Error type 1T} IIXX IXIX IXXI x X1 IXI XXX [1iz. Xy IXry IXXZ2 ny Xz IXiz IXXY
XxXxx lyy IXzy IXyz nzy Iz IXzz XYy 1zl Iyx IXzx Xyl 1zx i Xz IXYX
Yyyy IZXY ry 1YXz zry 1zXz  Iviz 1YXy 1zl 1ZXX  IYiX 1YXi 1zIX 1zxi i 1YXX
2777 1ZYX 1YzZX 1Yyl 12ZX 1zyi vzl 1Yyx Vs 44 1zyy yzy 1Yyz 1zzy 1zyz 1Yzz IYyy
nzz XXl XIXI XIIX XXXI XXIX  XIXX Xl XXXY  XXlz  XIXZ XY XXXZ  XXIy  XIXY Xz
1ZIz XXZz  XIYZ  XiZYy  XXYZ  XXZY  XIYY  XIZZ  XXYX  XXZI Xyl Xizx XXyl XXzZX  Xiyx Xz
1zZ1 XYlZ  XZXZ  XZIY  XYXZ XYIY  XZXY  XZIZ ~ XYXX XV XZXI XZIX  XYXI XYIX  XZXX  XZIl
XXyy  Xxvzi Xzvyl XzZzx Xyl XYzx — Xzvx  Xzzi XYYy Xyzz Xzvyz Xzzy XYYZ XYZY XZYY XZZZ
XYXYy  yXiz YIXZ Yiy YXXZ  YXIY YIXY Yiiz YXXX  YXIl YiIXI YiIX YXXI YXIX YIXX Yiil
XYYX yxzi Yyl Yizx YXyi YXZX  YIYX Yizi YXYY YXZz YIYZ Yizy YXYZ yYxzy Yy Yizz
YXXy  yvi YZXI YZIX YYXi YYIX YZXX  YZII YYXy yviz YZXZ  YZIY YYXZ  YYlY YZXY  YZIZ
YXYX YYZZ YZyZ < YZZY < YYYZ < YYZY < YZYY < YZZZ < YYYX @ YYZI Yzyi Yzzx  yvvi YYzx vYzyx vzzi
YYXX  ZIXy  ZXIY  ZXXZ  ZIIY ZIXZ  ZXIZ  ZXXY [zl ZIXX  ZXIX  ZXXI  ZIX ZIXI Xl ZXXX
Zliz ZIYX  ZXZX  ZXvl zZIlzx  zZIyl Xzl ZXYX zZIZz  zZIyY @ ZXZY @ ZXYZ ZIZzy @ ZIYZ  ZXZZ  ZXYY
ZIz| ZZXX  ZYIX  ZYXI zZIX  ZzXI zyll ZYXX  ZZIz  zZXY zZYIY @ ZYXZ ZZIY @ ZZXZ ZYIZ  ZYXY
ZZIl zzyy - zZvzy ZYyyz z7zzy zZyz zZvyZzZ @ zZyYY ZZZI @ ZZYX < ZYZX @ ZYYI zzzX  zzyYl zyzl ZYYX
The top half gives the possible measurement outcomes b’ for each of the four (encoded) marked states prepared by the Grover oracle. The bottom half gives
the Pauli error types that could have generated the measurement outcome in the same column, for a given marked state. In the fifth row, we list the
corresponding syndrome, computed using Eg. (20). The boxed operators in the first column are the four stabilizers of the [[4, 2, 2]] code. Every other operator
corresponding to the s = 00 syndrome (the first four columns) is a logical error or logical operator. The other boxed operators highlight all the weight-1 errors,
of which 4/12 belong to a single column of the s = 10 syndrome. Columns 5-12 correspond to the detectable errors. Errors are listed in lexicographical order in
each column.

in column 5 of the row marked by |W> means that the
measurement outcome was b’ = 0001 for the oracle marking
|@> and the complete set of errors that could have given rise to
this measurement outcome is llIX, lIZY,IZIY, ... (see column 5).
The [[4, 2, 2]] code does not distinguish between these errors but
does detect them.

We re-emphasize that these errors are in the Heisenberg
picture, i.e., they are the result of forward-propagating physical
errors from the start of the circuit to the location corresponding
to the point between the end of the Amplitude Amplification
step and the start of the Measurement step in Fig. 2 (indeed, we
derived them by back-propagating each Z; from the end of the
Measurement step). Therefore they do not necessarily represent
physical errors at this location, and an error operator such as ZIll
listed in column 9 of Table 2 should not be confused with a
physical Z error on the first qubit, since this ZIIl error could have
arisen from an actual physical X/ll error if the latter took place
between the P and H gates in the Amplitude Amplification step
(see Fig. 2). Nevertheless since all of the gates in the encoded
two-qubit Grover circuit after the CNOT gates of the Initializa-
tion step are single-qubit gates, any weight-1 physical error
appearing after these CNOT gates will remain a weight-1 error
in the Heisenberg picture. This means that if weight-1 physical
errors dominate the higher-weight errors, then this will
manifest as a predominance of a single column of the s=10
syndrome, since by inspection of Table 2, column 9 corresponds
to the largest number of weight-1 errors: four out of twelve. We
will see the manifestation of this remark in the experimental
results below.

The first four columns in Table 2 correspond to undetectable
errors: the errors they list commute with the stabilizers of the
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[[4,2,2]] code (boxed in the first column) and correspond to
logical errors. For example, IXYZ|00) = i|TT). Thus, even if the
measurement yields a bitstring in Z (the first four columns), the
state prepared by the circuit could have been the wrong marked
state. Of course, this is only problematic when we do not know the
correct answer in advance; in the present case, since we program
the circuit, we can immediately check whether a given measure-
ment outcome in Z is the correct answer or one of the three other
valid logical states.

We can now construct the algorithmic error tomography (AET)
table: given a marked state b, each observed state |b') will have
an empirical probability py|, = Ny /Niot, where Ny, is the number
of times |b') is observed out of a total of N, observations. The
AET table thus gives us the empirical probabilities associated
with the different errors classified in the error outcome table
(Table 2).

Figures 3 and 4 show the AET tables after implementing or
simulating the encoded two-qubit Grover algorithm on Jakarta
and Nairobi, respectively. Each of the four panels corresponds
to a different AET table, with the top row representing
experiments and the bottom row representing simulations
using the model of the section “Open system model”. The left
and right panels of Fig. 3 exclude or include DD, respectively.
We did not use DD in the Nairobi case (Fig. 4). Each row
corresponds to a different encoded marked state z = z,z, within
each syndrome table. Other than the logical errors counted
during postselection (first column), all other columns represent
outcomes ignored during the postselection step. More pre-
cisely, the columns represent the empirical probabilities of
observing the bitstrings starting from column 5 of Table 2.
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Fig. 3 AET table for Jakarta. The bitstring observed after Uge. either corresponds to a marked entry or an error tabulated in Table 2.
Column headers correspond to the bitstrings for the marked state \W), but the values inside the table are organized identically to Table 2
(starting from its first row, column 5). l.e., the c'th column of each of the four tables shown corresponds to the ¢ + 4'th column of Table 2.
For example, the percentages in the second row and fifth column of each of the four tables shown correspond to measuring the bitstring
b’ = 1010 when the marked state is |ﬁ> (since this is the bitstring found in column 9 of Table 2 in the row of |071>) The complete set of
errors that could have given rise to this outcome is listed in column 9 of Table 2. Top: experimental results. The numbers in each box are
the empirical percentage probabilities with 20 standard deviation. Logical error percentage probabilities are shown in the first column of
each table. Each row corresponds to a different marked state. The probabilities in each row do not sum to unity since we do not display
the probability of obtaining the correct marked state. Left: without DD protection. Right: with DD protection. Bottom: the same for the

simulated model.
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Fig. 4 AET table for Nairobi. Data entries are as in Fig. 3, except that only data without DD is shown. Good agreement is observed between
the results of our error model and the experiment. In particular, compared to the AET table for Jakarta (Fig. 3), we do not observe an

asymmetry in s =10 type errors across marked states.

The column headers of the AET tables are the first row (i.e.,
marked state [00)) of Table 2.

It is visually clear from both Figs. 3 and 4 that the percentages in
column 5 are higher than the rest. This result can be explained in
terms of the above analysis of errors in the Heisenberg picture.
Namely, column 5 corresponds to the errors in column 9 of
Table 2, which contains the largest number of weight-1 errors. The
data presented in Figs. 3 and 4 thus support the notion that the
error processes underlying weight-1 errors are dominant. This
analysis highlights the utility of AET as a diagnostic of the
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dominant errors in a given circuit and suggests that error-
correcting codes can be correspondingly tailored and optimized.

We discuss these results in more detail in the following section,
showing how AET in addition allows us to identify and mitigate
qubit crosstalk.

DD protection and comparison with the open system model

Recall that we define the success probability ps as the probability of
correctly identifying the marked element. We denote the empirical
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Fig. 5 Two-qubit Grover results. Two-qubit single-query Grover
failure probability results without (Unenc) and with (Enc) postselec-
tion using the [[4, 2, 2]] code on Jakarta and Nairobi are shown. The
transparent boxes represent the theoretically expected failure
probabilities from the model described in the section “Open system
model; which does not include DD; their centers correspond to the
average over marked states, and their boundaries correspond to
95% confidence intervals after bootstrapping. The colored bars
represent the experimental results (see the legend), and the
experimental error bars (black for Jakarta with DD and Nairobi, or
pink for Jakarta without DD) correspond to 95% confidence intervals
after bootstrapping. Dark green appears where the pink and light
green colors (i.e., Jakarta with and without DD) overlap. In the Unenc
case, we run two identical copies of the two-qubit Grover problem
to equalize resources with the Enc case and choose the copy with
the highest success probability. Also shown are the results with
MEM using iterative Bayesian unfolding (see the Supplementary
Information for details). Failure probabilities with and without DD
protection are shown for Jakarta but not for Nairobi, where the
simulated and observed error tomography and failure probabilities
are in agreement (see the section “DD protection and comparison
with the open system model”). The presence of DD does not affect
the success probability in the encoded implementation, and as a
result, the pink bars are mostly hidden behind the green bars.
However, the nature of detected errors, even in the encoded case, is
affected by DD (see Fig. 3). All data for different runs on the same
QPU were collected on the same day; data from different QPUs were
collected on different days.

success probability obtained for a list of N elements after g oracle
queries by pS(q, N). Our results are summarized in Fig. 5, which
shows the failure probability (1 — p¢(1,4)) for the unencoded and
the encoded implementations on two different QPUs.

Before comparing the results with and without encoding, we
analyze whether the observed performance matches the model of
the section “Open system model” in both cases. Let us focus first
on Jakarta, where without DD, the empirical failure probabilities in
the unencoded case are slightly higher than predicted; see the
leftmost column of Fig. 5. Fortunately, in the encoded case,
Jakarta's failure probability overlaps with the prediction bands
(Fig. 5, third column from the left). However, a closer look at the
detected errors via AET reveals a different discrepancy. The
simulated results for Jakarta (bottom-left panel in Fig. 3) do not
quite match the empirical error profile (top-left panel of Fig. 3), in
particular in the 1000 column for the marked state }®> (the
yellow entry), which captures the errors listed in column 9 of
Table 2. In other words, Jakarta does not quite match the
simulations for unencoded or encoded circuits without DD: the
empirical results show stronger syndrome s = 10-type errors and
also a stronger marked state-dependent asymmetry in these
errors than the simulations. In contrast, for Nairobi, Fig. 4 shows
that the AET simulation results essentially agree with the
empirically observed ones. This also holds for the simulated
failure probabilities (Fig. 5).

To investigate Jakarta’s observed discrepancy, we first
attempt to systematically amplify pp, Ty, and T, by multiplying
each quantity by a phenomenologically determined variable A;
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(see Supplementary Information). This leads to a better overlap
between predicted and observed success probabilities but does
not reproduce the AET asymmetry seen in Fig. 3. This shows the
limitations of the phenomenological model of the section
“Open system model” and highlights the level of detail provided
by AET.

However, the Jakarta discrepancy is effectively removed after
the application of DD, as can be seen by comparing the top-right
and bottom-right panels of Fig. 3. Our two-qubit Grover
implementation uses four qubits, leaving three inactive qubits in
the 7-qubit QPUs used in our experiments. As there are no idle
intervals in the unencoded two-qubit Grover circuit, we applied
the XY4 sequence on the inactive qubits—g,,q4, and ge (see
Supplementary Information). We applied the XY4 sequence to
both the active and inactive qubits for the encoded case. Due to
the relative sparsity of idle intervals in the two-qubit Grover
circuits, we did not attempt to implement robust sequences,
which require more pulses than XY4.

Figure 5 shows how the failure probability and the rates of
various detected errors in Jakarta are affected by the presence
of DD. For the unencoded case (the first two columns from the
left of Fig. 5), DD improves the performance slightly, and the
discrepancy between the predicted and observed failure
probabilities is removed. The improvement by DD in the
unencoded two-qubit Grover case is in concurrence with
refs. 2525, which showed the efficacy of the XY4 sequence in
suppressing static ZZ crosstalk in superconducting qubits. In
other words, these results confirm that ZZ crosstalk—which is
well-documented for superconducting QCs**—likely contributes
to the observed performance being slightly worse than
expected from the model.

Adding the XY4 sequence removes most of the empirical-
theoretical discrepancies in both the magnitude and the asymmetry
of the errors exhibited by the AET profiles, as seen by comparing the
top and bottom right of Fig. 3. With DD, the encoded circuits have a
weaker state-wise asymmetry in s = 10-type errors than seen in the
left column of Fig. 3. Moreover, the DD-protected circuits more
closely reproduce the distribution of detected errors predicted by
the model of the section “Open system model” than the same
circuits without DD. This observation—that the agreement between
our theoretical model and the experimental results improves under
DD—is further validated below.

The close agreement we found for Nairobi between our
(crosstalk-free) model and the experimental results without DD or
MEM (Fig. 4 and the first and third from left columns of Fig. 5)
suggests that crosstalk does not play a significant role in this QPU.
Figure 5 does exhibit a significant discrepancy between the model
and the experimental Nairobi results when MEM is included
(second and last columns of Fig. 5). As we show in the
Supplementary Information, this discrepancy arises from the choice
to mitigate readout errors using iterative Bayesian unfolding (IBU)'*.

Finally, Fig. 6 complements the first and last columns of Fig. 5, as
well as the AET results, and shows the output distributions for
Jakarta and Nairobi for the two-qubit Grover case, with and without
encoding and MEM. The main observation is that for the unencoded
case, the maximum success probability is obtained for the marked
state |00), which is also the QPU'’s ground state; this is unsurprising
given the dominance of amplitude damping errors. With encoding
plus error mitigation, the overall performance increases and
becomes independent of the marked state.

Success probability: beyond break-even improvement

We now focus on the effect of error detection on two-qubit
Grover performance as seen in Fig. 5. Due to the shallow circuit
depth, even without any error detection, pg(1,4) ~ 93.0%—
already much higher than the classical success probability
p$(1,4) =3. Adding error detection improves the success
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Fig. 6 Two-qubit Grover results. The left and right panels show
the output distribution for Jakarta (@) and Nairobi (b) with all
possible oracles and two setups: unencoded and encoded with
MEM. As in Fig. 5, Unenc corresponds to two copies of unencoded
two-qubit Grover, of which the best result is reported. Enc
corresponds to the results encoded using the [[4, 2, 2]] code. The
Enc results are reported after postselection. Let ps(m, b, e) be the
observed success probability for marked state m, detected state b,
and experiment type e € {Enc,Unenc+ MEM,Enc+ MEM}. The
success probability changes from orange to green when
ps(m, b, e)>maxmp ps(m, b, Unenc). Error bars correspond to 95%
confidence intervals.

probability to ~96.0%. The effect of MEM is similar to that of error
detection: the success probability increases to ~97.0%. Combin-
ing error detection with MEM results in additional improvement:
we obtain success probabilities of ~98.5% on Nairobi and ~99.5%
on Jakarta. Due to error detection and MEM, Jakarta’s success
probabilities increase by an order of magnitude.

This improvement over the unencoded case is non-trivial,
considering that the [[4,2,2]] code can only detect weight-1
errors, and the encoded circuit requires six two-qubit gates. In
contrast, the unencoded version requires only two. The
relatively high success probabilities we observe in the encoded
case suggest that most errors, even those due to the two-qubit
gates, manifest as weight-1 errors. This shows, albeit for a
relatively small problem size, that error detection can more than
offset the extra errors introduced due to increased circuit depth
and complexity.

We have demonstrated an algorithmic beyond-break-even
improvement using error detection in the sense that the
protected algorithm clearly outperforms its unprotected counter-
part. Previous break-even improvements were at the individual
gate level®®*', Here we have demonstrated such an improvement
at the level of the execution of an entire algorithm, albeit of a
fixed size. The holy grail is to demonstrate the implementation of
an algorithm for a family of problem sizes at the logical level with
higher fidelity than the same algorithm executed at the physical
level. Achieving this in our setting would require increasing the
problem and code sizes. The family of [[2k + 2, k, 2]] subsystem
quantum error detecting codes is an attractive option in this
regard since all their logical operators can be chosen to be
2-local®?, which simplifies the circuit design. An experimental
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implementation of such larger codes and problem sizes remains a
coveted goal.

3-qubit to 5-qubit Grover’s algorithm protected by dynamical
decoupling

Crossing the classical threshold in Grover's search for an increas-
ingly larger number of qubits is a meaningful goal, not only
because the quadratic speedup offered by Grover’s algorithm leads
to a more dramatic improvement as the problem size increases but
also because it becomes more challenging to realize the speedup
experimentally as the controlled phase gate C, 1Z is an n-qubit
entangling operation. In the implementation of ref. >, 5-qubit
Grover required nearly a thousand two-qubit gates, and for 8-qubit
Grover, nearly 15,000 gates were used. Notably, this exponential
increase in the number of two-qubit gates with problem size is
because ref. ®> did not use ancilla qubits to make the circuits
shallower. It is possible to implement C, Z with circuits where
two-qubit gates scale linearly with n (see the section “Circuit
construction”). Ref. 8 employed shallower circuits for C,_;Z and
solved 5-qubit Grover with slightly better-than-random success
probabilities but without better-than-classical performance. Ref. °,
which improved upon ref. & has reported the highest Grover's
algorithm success probabilities to date for n =5, using a Honeywell
ion-trap device; however, only a single marked state (|01011)) was
tested. Whether the success probability averaged over all 2°
marked states crosses the classical threshold remains to be tested.
Ref. &'s results on superconducting-qubit-based QCs for the same
marked state had lower success probabilities than reported in our
experiments. Using quantum multiprogramming, ref. '° improved
algorithmic success probabilities for quantum partial search (a
variation of the canonical Grover search) even on superconducting-
qubit-based devices. However, quantum multiprogramming could
not increase algorithmic performance for the canonical Grover
algorithm. While noteworthy, Ref. '%s approach requires modifying
Grover's algorithm and substantially increasing the number of
physical qubits used in the algorithm. Here our goal is to provide a
comprehensive demonstration of better-than-classical performance
for Grover’s algorithm, along with a theoretical model for the open-
system effects that explain our results.

We use an efficient, ancilla-assisted implementation of general-
ized Toffoli-type gates®>® to implement C,_;Z (see the section
“Circuit construction”). Our implementation, which builds upon
the circuits from ref. &, uses 8, 14, and 22 CNOTs for a single C,,_,Z
gate for n=3, 4, and 5, respectively. The deepest circuit we
implement is two oracle queries for 5-qubit Grover, totaling 88
CNOTs. Despite being far shallower than ref. >'s implementation,
this is still a relatively deep circuit; e.g., the quantum supremacy
demonstration of ref. °* and the algorithmic quantum speedup
demonstration of ref. 39 involved circuits of depth up to 40 and 44,
respectively. As we detail next, owing to error suppression via DD,
we crossed the classical probability threshold for all problem sizes,
including for 5-qubit Grover.

Implementation with dynamical decoupling

DD sequences are inserted into idle intervals of a quantum circuit
using the ‘decouple then compute strategy’ demonstrated in
Fig. 1b, which shows the DD insertion scheme for a single query
on a 4-qubit Grover circuit. In contrast to two-qubit Grover, where
we restricted DD implementation to XY4, n>3 has ample idle
intervals. Therefore we can implement robust sequences (RGA,
CDD, UR) requiring more than four pulses. Each of these families
has multiple members that are parameterized by the number of
pulses in the sequence. We restrict our implementation to DD
sequences with fewer than 32 pulses and, for each circuit, only
consider sequences that we can fit in the idle intervals available in
the quantum circuit.
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Fig. 7 Performance of Grover with DD. a Average success probability for 5-qubit Grover with two oracle queries on Nairobi. The DD
sequences are ranked in order of decreasing success probability. The two dotted lines represent success probabilities corresponding to a
random and classical strategy, respectively. RGA8a and RGAS8c are tied as the best-performing sequences. Free denotes the result of an
unprotected implementation. Error bars correspond to 99% confidence intervals. b Success probabilities vs problem size. Nairobi (green) and
Jakarta (orange) success probabilities for n € {3, 4, 5} are shown for DD-protected and unprotected implementations. The translucent bands
indicate the theoretically estimated success probabilities using the model described in the section “Open system model” We performed g =2
queries to the quantum oracle in all cases. The ideal success probabilities are 0.945, 0.908, and 0.602 for n = 3, 4, and 5, respectively. The white
lines correspond to the success probabilities for the classical strategy and random sampling from the unsorted list (g =0). Error bars

correspond to 99% confidence intervals.

At each problem size n, there are 2" possible oracles, each
corresponding to one marked state |b), where be{0,1}". We
proceed as follows to avoid implementing this exponentially large
n
k
that are identical to 01"~ up to qubit permutation. Recall that
marked states differ only by whether X or | gates surround the
C,_1Z gate. Thus, we only consider the n + 1 oracles with marked
states [0K17%) k € {0,... ,n}. We then estimate the average
success probability by computing

1< /n
(p(n)) = z—nz( k>p(}ok1"-k>>.
k=0
We use (p(n)) as the metric for selecting the optimal DD
sequences among those we tested and to identify the experi-
mentally optimal number of queries g5 .. Once the optimal DD
sequence and qg,, are identified for each n, we run the
unprotected and the DD-protected Grover's algorithm again at
Qopt: but this time for all 2" oracles.

set of oracles. Given 0 <k <n, there are distinct bitstrings

21

Optimal DD sequence and number of queries

Our first goal is to identify the best DD sequence and Gqpt. The
determinations made in this step inform our choices for the next
step. For conciseness, in this section, we focus on the results of
the largest problem size we implemented, i.e.,, n = 5. The section
“Survey of dynamical decoupling sequences” shows the results
for 3<n<5 on both Nairobi and Jakarta. The performance of
various DD sequences for Nairobi for 5-qubit Grover are
compared in Fig. 7a by computing (p(5)). The unprotected
evolution (Free) is marginally better than choosing an element
randomly and does not cross the classical threshold. DD
protection is necessary to cross this threshold, but the two-
pulse sequences RGA2x and CPMG still result in worse-than-
classical performance. The RGA and UR sequences perform well,
particularly those with fewer than 12 pulses. RGA8a and RGA8c
are tied as the best-performing sequences; we choose RGA8a for
the next step, where we implement all of the 2° oracles.

npj Quantum Information (2024) 23

The performance improvement seen due to robust sequences is
consistent across problem sizes and devices, as detailed in the
section “Survey of dynamical decoupling sequences”.

We also use {p(n)) to identify the experimentally optimal
number of oracle queries qgg,. The theoretically optimal number
of repetitions for n=3,4,5 is gopc = 2, 3,4, respectively. How-
ever, the section “Survey of dynamical decoupling
sequences” shows that in reality, the theoretically expected
Gopt Often leads to worse performance than qg .. For the DD-
protected implementation, g =2 maximizes the success prob-
ability ps in all cases other than 5-qubit Grover on Jakarta, where
the performance at g=2 is comparable to g=1. As DD
protection is necessary to cross the classical threshold, for
simplicity of analysis and to maximize p; we set g =2 from here
on.

Better-than-classical performance

Figure 8 shows our results for the 5-qubit Grover problem on
Nairobi with and without DD. Even in our relatively shallow-
depth implementation, before error suppression via DD
(whether Free or Free + MEM), the final results are indistinguish-
able from randomly guessing the marked state. The results
change significantly when we implement DD. With DD, the
classical threshold is crossed by all marked states. Adding
MEM improves the results slightly, but only when accompanied
by DD.

This dramatic improvement due to DD holds for other
problem sizes as well. Figure 7b shows the success probabilities
after two oracle queries on both devices for 3<n<5 (see
Supplementary Information for the role of postselection in these
results). At the two smaller problem sizes (n=3,4), the
unprotected implementations are better than random sampling,
but the success probability is relatively low. For n=4, the
unprotected quantum Grover circuit does not exceed the
classical single-query threshold. It is effectively on par with
random sampling for n = 5. In contrast, for all problem sizes, the
DD-protected quantum strategy at g=2 outperforms the
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Fig. 8 5-qubit Grover results on Nairobi. Left: average success probability with and without DD or MEM for 5-qubit Grover implemented
on Nairobi. The boxes correspond to the theoretically expected success probabilities. The quantum oracle is queried twice; in the ideal
case, the success probability is 0.602. The unprotected (Free) evolution is on par with a random guess, significantly worse than the optimal
classical strategy (dashed vertical line), and just adding MEM does not change the result. In contrast, the DD-assisted implementation
crosses the classical threshold, and the results improve even more with MEM, up to a success probability of 0.15. Error bars correspond to
99% confidence intervals. Middle and right: the complete input-output maps for all 2°> marked states, without and with DD 4+ MEM, are
shown. States are sorted by increasing Hamming weight; in the Free case, low Hamming weight states have a higher success probability
(more green on the left). This is likely to be a consequence of amplitude damping (spontaneous emission), which favors the |0) state of
each qubit. In the unprotected case (Free, middle), there is no discernible correlation between the input marked state and the output
detected state. In the protected case (DD + MEM right), black-to-purple signifies better-than-classical success probability, and this
threshold is crossed for all 32 marked states. The DD sequence used here is RGA8a23, which was the top-performing sequence in our DD

survey [see Fig. 7al.

classical strategy for g < 3. DD-protected Grover performance at
n=3,4,5 is equivalent to classical g=4,5,3 for Jakarta and
g=4,5,4 for Nairobi, respectively. Thus, DD is essential in
attaining a better-than-classical performance.

The translucent bands in Fig. 7b and the boxes in Fig. 8 (left)
show the theoretically expected results computed from the open
system model with the IQP-supplied parameters. The success
probability in this unprotected Grover case [dashed lines in
Fig. 7b] is considerably lower than the theoretical expectation. This
discrepancy is likely due to crosstalk and non-Markovianity, which
are well-documented for IQP’s superconducting qubit-based
QPUs. Once we use DD, the observed fidelities improve and are
close to the theoretical predictions. This improvement is expected
given DD's ability to reduce the effect of crosstalk?®>2® and non-
Markovian effects.

With DD, the algorithmic performance approaches the
expectations based on our error model. However, we empha-
size that this model does not predict the QPU’s performance
under DD; it simply tells us what the performance would be if
the reported calibration metrics corresponded to observed
dynamics. The overlap between the theoretically
predicted (translucent) and the DD-protected (solid) perfor-
mance implies that DD successfully mitigates the errors that our
simple model does not account for. However, the model does
not provide an upper bound on the possible performance
improvement due to error suppression. For instance, better-
optimized sequences could suppress idle-time errors further,
and dynamically corrected gates can suppress errors during
operations>>>°,

We note that the restriction to n<5 arose not because of
circuit width but depth. In particular, we used two oracle
queries, though theoretically oo = 4 at n = 5. The gap between
the theoretically and experimentally optimal number of queries
is expected to grow with problem size. As is true for any
quantum algorithm, optimizing circuit compilation and increas-
ing metrics such as T;, T,, and gate fidelities are all vital for
scalability.

DISCUSSION

We implemented Grover's algorithm of various sizes on multiple
superconducting qubit devices. To our knowledge, this is the
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largest successful demonstration of Grover’s algorithm for which
the quantum strategy outperforms its classical counterpart. For
two-qubit Grover, we focused on error detection via the [[4, 2, 2]]
code and showed that it allowed us to achieve near-optimal
performance. Along the way, we introduced the method of
algorithmic error tomography. We showed that it provides a
wealth of information complementary to previous protocols, such
as gate set tomography or just measuring the success probability
of an algorithm. We showed that error suppression via DD is
essential in attaining better-than-classical performance for larger
problem sizes.

Grover's algorithm is a demanding algorithm® as it requires
multiple implementations of C,_;Z - a fully entangling operation.
The superconducting trimon device®, which prior to our results
achieved the highest success probability for 3-qubit Grover, is an
example of algorithm-tailored hardware where C,Z is a native
gate. Constructing hardware that can natively perform such
entangling operations may be one path to realizing the full
potential of Grover's algorithm. Still, it is desirable to achieve this
goal with more general-purpose quantum hardware, as we have
strived to do here.

Today’s quantum experimentalists have various error mitiga-
tion tools at their disposal. Measurement error mitigation'*>7,
dynamical decoupling, zero noise extrapolation', and quantum
error detection*' are complementary strategies that address
different kinds of errors. Whether and which error mitigation
method to employ must be decided based on the problem and
available resources. In this work, we combined MEM with DD
and quantum error detection. As expected, these strategies
complement each other. However, we found that often, MEM
only became useful after DD was employed. Dynamical
decoupling, which arguably has the lowest resource overhead
and requires no postprocessing, was the single most effective
strategy in improving the performance of our implementation of
Grover's algorithm. Our work adds to the growing litera-
ture?>37-394258 on the effectiveness of error suppression
through DD.

While we demonstrated a crossing of the classical threshold at
every problem size we tested, better-than-classical success
probabilities are not enough to claim a provable quantum
speedup®®. Such a claim would require computing the scaling of
the time-to-solution metric (including the overhead of post-
selection and error mitigation, if applicable) as a function of
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problem size and extending it to the largest possible problem size
that can be embedded on the device. Here we could not go to the
largest possible problem size as even at n =5, our circuit is quite
deep—two queries required 88 two-qubit gates, and for a larger
number of queries or qubits, we no longer observed a quantum
advantage. Achieving quantum speedup for Grover search will
require devices that can implement circuits much deeper than
those used here without a catastrophic drop in fidelity. Recent
results®®%! suggest that without significant improvements in the
implementation of the surface code, the latter will not necessarily
provide an advantage in the context of Grover's algorithm (or
other algorithms providing a quadratic speedup) over the type of
error suppression and mitigation methods we have explored here.
Thus, our results are likely to be necessary (but not sufficient)
stepping stones toward a quantum speedup for Grover's
algorithm.

METHODS

Classical success probability

Let pS(g,N) be the classical success probability after g oracle
queries for an unsorted list with N elements. Suppose that we
have made g calls to the oracle. The probability that the
marked element is among the g queried elements is g/N. Since
the oracle will confirm that the marked element is among these
queries, the probability of correctly identifying the
marked element is 1 in this case. Conversely, the probability
that the marked element is among the remaining N—qg elements
is (N—g)/N, and in this case the probability of correctly
guessing the identity of the marked element is 1/(N—q). By

the law of total probability, we then have
N— 1
PEa,N) = 1+t x g = T

Survey of dynamical decoupling sequences

In addition to the well-known XY4 and CPMG sequences, we
consider three families of robust dynamical decoupling
sequences. These sequences are expected to work well on a
superconducting device with finite pulse width and flip-angle
errors. The first sequence family is concatenated DD (CDD). CDD
comprises recursively generated sequences by concatenating a
base sequence such as the XY4 sequence. Formally,

XY4/CDD; =Y —X—-Y —X (22)

CDD,, = XY4([CDD,_;]) (23)

Here we could only proceed as far as CDD,, as the idle intervals
in the circuit were too short to incorporate higher-order CDD
sequences.

The second family comprises the robust genetic algorithm
(RGA) sequences®3, These were found by assuming a generic
single-qubit error term and a numerical optimization using
genetic algorithms. A subset of the sequences was enforced to
be robust against flip-angle errors. Therefore, these sequences are
called robust genetic algorithm sequences. Due to duration
constraints, we only attempted sequences up to 32 pulses, even
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though longer sequences were identified in ref. 2.

RGA; =Y - X-Y—X (24)
RGAp =Y —X -V —X (25)
RGAga =X —Y —X—-Y—-Y—-X—-Y—-X (26)
RGAg /EDD=X—Y —X—Y—Y—-X—-Y —X 27)
RGA165 = RGA4, ([RGA4]) (28)
RGA3,, = RGA4([RGAg,)) (29)
RGAszc = RGAg([RGA4)). (30)

Here X means a m-rotation about the +x axis. In contrast, X
means a 7-rotation about the—x-axis (see ref. 4? for a concise and
detailed summary with more explicit definitions, including the
effect of pulse width and the associated errors).

Finally, the third family is that of universally robust (UR)
sequences?’. UR sequences are defined such that

UR, = (m),, — (1), - = (m)y, (31

b = W@n) + (k- 1), 32)

ot _ T pame2) _ 2 (33)
m 2m+1’

where (m),, is rotation about the axis at an angle of ¢ from the +x-
axis. We choose ¢, =0, and ¢, = ®(n) so that all UR, sequences
are palindromic. Once again, we constrained our survey to
sequences with up to 32 pulses.

Our results from testing these three robust families of DD
sequences are shown in Fig. 9. For n>3, almost all DD
sequences improved the success probability, but even among
the sequences tried, there was considerable variation. Robust
sequences with fewer than 12 pulses per DD cycle were the best
performers. The eventual decrease in the performance of
sequences with an increasing number of pulses is to be
expected as they are implemented using noisy gates, and there
is a trade-off between the protection provided by DD and the
accumulation of gate errors. The RGA8c and RGA8a sequences
performed consistently well and are the only sequences to cross
the classical threshold on Jakarta for n=5. RGA8c is also
commonly known as the Eulerian DD (EDD) sequence, and
RGA8a is a slightly modified version of EDD. These palindromic
sequences are known to be robust against flip-angle and finite-
width errors. The best sequence at each problem size is shown
in Table 3.

Figure 9g and h shows the experimental success probabilities
for the unprotected and DD-protected Grover circuits for all
queries g. Here, only the best DD sequence from the survey above
(listed in Table 3) is used in each case. Theoretically, for
n=3,4,5qopt =2,3,4 respectively. Unfortunately, for 5-qubit
Grover, software restrictions prevented us from going beyond
g=2 and 3 on Jakarta and Nairobi, respectively. However, it is
already clear that the experimentally optimal value was reached in
both cases. Recall that we restricted our results to g =2 oracle
queries in the main text. For n = 3, this is both experimentally and
theoretically optimal. For Nairobi, two queries have the highest
experimental success probability for all problem sizes. For Jakarta
and n =5, a single query has a slightly higher success probability,
but the difference between g=1 and g=2 is not substantial.
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Fig. 9 Performance of DD sequences and query numbers. a—f Performance of DD sequences, expanding on the results shown in Fig. 7a.
Average success probability for n = 3, 4, 5 with two oracle queries on Jakarta (a-c) and Nairobi (d-f). The DD sequences are ranked in order of
decreasing success probability. The two dotted lines represent success probabilities corresponding to a random and classical strategy,
respectively. For n >3, the unprotected evolution (Free) is marginally better than choosing an element randomly and does not cross the
classical threshold. DD protection is necessary to cross the classical threshold, and the RGA and UR sequences with fewer than 12 pulses are
the best performers. Error bars correspond to 99% confidence intervals. g and h Performance under different oracle query numbers. Success
probabilities are shown as a function of the number of oracle queries for Jakarta (left) and Nairobi (right). All results included MEM and error
bars represent 99% confidence intervals. Dashed red lines correspond to the optimal classical success probability. Except for n=3, the
classical threshold is crossed only with DD. In the main text, we set g = 2, which is the optimal number of repetitions for all instances other
than n =5 on Jakarta. Error bars correspond to 99% confidence intervals.

Overall, for simplicity of analysis, in the main text, we focused only
on results for g = 2.

Finally, Fig. 10 shows the results for all oracles at two queries
using the DD sequence found from the survey above. The results
are qualitatively identical on both devices. We have already
clarified that DD is necessary to cross the classical threshold. One
might suspect that majority voting may suffice to declare a
detected state as the marked state if it is the mode of its
corresponding probability distribution. However, even under this
criterion, for 5-qubit Grover, there is no way to detect the marked
state without DD.
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Table 3. The best-performing DD sequence at each problem size for
both QPUs.

Problem size Jakarta Nairobi
n=3 UR6 RGA8a
n=4 RGAS8a UR6

n=>5 RGA8c RGA8a

These sequences were determined by implementing n+ 1 oracles of the
form 01"~ for the n-qubit Grover problem.
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The second and third columns show the input-output map for Free and DD + MEM, highlighting the improvement offered by these strategies.
The states are sorted by increasing Hamming's weight. The transition from green to black occurs at the classical success probability threshold.

With DD protection, the classical threshold is crossed in all cases.

Extracting the depolarizing parameter from gate errors

IQP devices are calibrated daily, and for each gate, the gate error
eg and gate time 74 are reported. The associated T, and T times
are also reported for each qubit. As eq is extracted in the presence
of thermal relaxation errors, R = ® o A, pp = f(eg, 14, T1,T2). In
order to extract pp from ey, we assume that

eg=1-F(DoR). (34)
Using
F(DoR) = (1-pp)F(R)+ppF(IDoR), (35)
where D is the completely depolarizing channel, we get
1—eg=FDoR) (36)
= (1= Pp)F(R) + poF(D o R) (37)
= (1~ pp)F(R) + poF(ID) (38)
= (1 - pp)F(R) +%. (39)
Consequently,
 FR)—1+¢4
Po=d=gr Ry 1 (40)

If we assume that there are no relaxation errors and only
P . _ d
depolarizing noise affects the gate error ey, then pp =75 eg.

Circuit construction

Recall that implementing the n-qubit Grover’s algorithm requires
the C,_1Z gate, the only multi-qubit gate necessary for both the
oracle and the amplitude amplification step. We provide circuit
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diagrams for how each n-qubit controlled phase gate, C,_1Z, was
transpiled. We rely on previously known circuit designs for our
circuit construction, particularly the circuits used by ref. &,

Two-qubit Grover circuits. For two-qubit Grover, CZ does not
require transpilation as CZ=H - CX- H. However, a few nuances
must be considered when constructing the encoded two-qubit
Grover circuits. There are three components to a Grover circuit
with marked element m = b;b,: initialization into the state |¢),
oracle query O,, and amplitude amplification A. More precisely,

1
W)=, > |b)® b)) =H® H|00) @1
bibj={0,1}
Om=X""@x""0).Ccz.- (X" @x'%) (42)
A=H®H- Oy -H® H. (43)

To convert these circuits into their logical counterparts, we note
that X1 = XIXI,X> = XXII,Z, = ZZIl,Z5 = ZIZI, H®* =
SWAP,,(H:H,) and P®* = (Z,Z,)CZ. It is also helpful to notice
that [SWAP,,, U® U] =0 for any unitary U and [SWAP,,, CZ] =0.
Moreover, SWAP1;|b1b1) = |b1b1) and [SWAP;y Ogel =0 as Og
only has operators of the form U® U and CZ. Consequently,

[9) = H @ H]00) 44
— H H - SWAPy,|00) (45)
= SWAP,, - H @ H|00) (46)
= H®*Uenc|0000). (47)

Implementing the encoded Grover oracle is straightforward and
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does not involve any two-qubit operations:

Om = X0 @ X102 . 77]. P24 . X101 X102 (48)
Lastly,

A=H®H Oy -HoH (49)

=H®H -0y -H®H-SWAP;, - SWAP;, (50)

=SWAP; - H® H - Ogo - SWAPy; - H® H (51)

= H®* . Ogp - H** (52)

= H®* - IXXI - 1221 - P&* - IXXT - HA, (53)

The corresponding circuits for the marked state |01) are shown
in Fig. 2.

3-qubit to 5-qubit Grover circuits. The problem of transpilation
increases in complexity with problem size. C,,_Z can be achieved
by finding a circuit decomposition for the n-qubit Toffoli gate
C,_1X. It is known that the three-qubit Toffoli gate, C,X, can be
implemented using six CNOTs®2, However, this requires a fully
connected architecture. As no fully connected group of three
qubits can be found in the QPUs we used, we rely on the 8-CNOT
decomposition® of C,Z shown in Eq. (54).

i
,@ l\

[T} (54)
. O 1t AT T

Here T=Z"4 For C3Z and C,Z we use relative-phase Toffoli
gates>3. Breaking down C,Z using C,Z and C,Y such that
a+ b=k+ callows for C,Z to be implemented with fewer CNOTs
as long as we use c ancillas. In our construction, we only use one
ancilla for C3Z and C,Z. G,Y is shown in Eq. (55),

(55)

fellne

= R,(n1/4), and C3Y is shown in Eq. (56):
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and likewise, C4,Z can be constructed as in Eq. (58):

= o 9

—_

—_

This scheme—where relative phase Toffoli gates®® are sewn
together to generate a circuit for C,_Z (n>k+ 2)—can be
generalized. In particular, C,_;Z can be implemented using C,Y,
CY' and C,_>Z which in turn uses C,_3Z. As a result of this
recursion, the number of CNOTS for a C,,_;Z circuit is
#(Ch1Z) = 2(n — 3) #(QY) + #(C2). (59)
Thus, the number of CNOTs required to implement a single query
of n-qubit Grover scales as O(n). At the same time, the number of
necessary ancillas is n—2, i.e, it also scales linearly with n. As we
did by using Eq. (59), this linear scaling of ancillas could be
avoided by considering CY with k>2 while increasing the
number of CNOTs. Whether entangling fewer qubits by allowing
for deeper circuits is worthwhile will depend on the QPU
architecture under consideration. Note that the theoretically
optimal number of queries Gopt = 0(2"?) so at Gopt, the number
of CNOTSs scales as O(2™2n) where the exponential component will
dominate. However, as we noted before, the experimentally
allowed number of queries before decoherence takes over, might
be less than gqpt.
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Finally, using the relative-phase Toffoli gates, C3Z can be written
as in Eq. (57):

= 10 {y{ri}-

(57)
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