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Probabilistic state synthesis based on optimal convex

approximation

Seiseki Akibue ®'™, Go Kato(®? and Seiichiro Tani'

When preparing a pure state with a quantum circuit, there is an unavoidable approximation error due to the compilation error in
fault-tolerant implementation. A recently proposed approach called probabilistic state synthesis, where the circuit is
probabilistically sampled, is able to reduce the approximation error compared to conventional deterministic synthesis. In this paper,
we demonstrate that the optimal probabilistic synthesis quadratically reduces the approximation error. Moreover, we show that a
deterministic synthesis algorithm can be efficiently converted into a probabilistic one that achieves this quadratic error reduction.
We also numerically demonstrate how this conversion reduces the T-count and analytically prove that this conversion halves an
information-theoretic lower bound on the circuit size. In order to derive these results, we prove general theorems about the optimal
convex approximation of a quantum state. Furthermore, we demonstrate that this theorem can be used to analyze an

entanglement measure.
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INTRODUCTION

The latest quantum computer applications require various
nontrivial quantum states for computation, secure communica-
tion, and the fundamental investigation of quantum mechanics.
Examples include the ground state (or its approximation) of a
Hamiltonian, which is used to compute the ground energy in
quantum chemistry’, a graph state (or its variants??), which has a
wide range of applications such as measurement-based quantum
computation?, blind computation®, and secret-sharing®, and data-
hiding states, which are utilized for quantum data hiding” and the
study of local indistinguishability®®. In addition, quantum linear
system solvers'®'!, which have various applications in machine
learning, require a quantum state encoding classical data.

These applications have motivated researchers to optimize a
subroutine that synthesizes a target quantum state. In order to
capture the complexity of the state synthesis, there are extensive
studies about the size and depth of a circuit consisting of a
sequence of k(<2)-qubit unitary gates needed to generate a target
state by applying the circuit to a fixed state |0)“"'2-'8, While these
studies focus on the exact synthesis of a target state, a certain
level of error is allowed in many quantum information processing
protocols and algorithms. In practice, we have no choice but to
approximately synthesize a target state due to imperfections and
discretization when implementing unitary gates in a synthesis
circuit. The imperfection of gates can be almost removed for
specific unitary gates, called elementary gates, according to the
nature of the system'® or the quantum error correction®’. The set
of elementary gates is usually a finite set of unitary gates, e.g.,
Clifford gates (on a constant number of qubits) + T gates, which
causes an approximation error when we synthesize a target state
since there are infinite quantum states. We focus on the synthesis
of a target state by using a finite number of perfectly
implementable elementary gates. In this case, the objective of
the optimization is reducing the size or depth of a circuit
consisting of elementary gates in order to synthesize a target state
with a certain level of approximation error. In other words, the

objective is to reduce the approximation error within a fixed
circuit size or depth.

Unfortunately, a simple volume consideration implies that the
size of a circuit required for the approximate synthesis of a
quantum state in an N-qubit system grows exponentially with N.
However, it is important to optimize the state synthesis even on a
small number of qubits since such small systems are often used
repeatedly in quantum cryptography®’ and metrology?'%? proto-
cols. Such optimization is also beneficial to generate an
intermediate quantum state required for synthesizing a state on
a large system. Recently, theoretical physicists have taken an
interest in the minimum circuit size or depth for the state synthesis
on large systems due to its nontrivial physical interpretations®3-2°,
even if it may not be practically implementable.

The final goal of conventional synthesis algorithms is to
deterministically find one of the best circuits for the approximation
(even if an algorithm™ succeeds probabilistically). Thus, the
minimum approximation error obtained by such deterministic state
synthesis is given by minyex || — ¢, ||, Where ¢ is a target state,
llo — ol|tr is the trace distance between two states p and g, and X is
the label set of pure states ¢X generated by circuits C, within a
given cost, e.g., the circuit size, depth, or number of T-gates.

While it makes sense to approximate a target pure state by
utilizing an approximated state generated by a single circuit, a
recently proposed approach called probabilistic state synthesis
probabilistically samples a circuit for the approximation. Suppose
that the probabilistic algorithm independently samples a circuit Cx
(generating ¢,) in accordance with a probability distribution p(x)
each time the subroutine synthesizing ¢ is called. Then, each
generated state is described by a mixed state >, p(x)¢,. This can
be interpreted as the transition from unitary errors to stochastic
errors?®-28 and recent studies have experimentally demonstrated
that this transition reduces the approximation error?

Despite its importance, the limitation of probabilistic state
synthesis, especially the minimum approximation error

min, H(,b — pr(x)g;ﬁXHtr, remains unknown, nor is it clear how to
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Fig. 1 Quadratic reduction of the approximation error by using
probabilistic synthesis. We assume that we can exactly generate an
eigenstate ¢, of the Pauli operators, represented by the six extreme
points of the octahedron. We represent the Bloch sphere by a sphere
with radius % where the trace distance between two quantum states
equals the Euclidean distance between the corresponding points. (a)
We can compute min, || — 3,p(x)¢, ||y, = €2 = =50 (vV3-1) and

miny ||¢ — ¢, ||ty = € where ¢ is the furthest state from {¢X}i:1,
represented as a large red point. (b) Suppose that the target state is
chosen from Sg := {¢ : |¢) = cost|0) +sint|1),t € R}, represented
by a meridian. We can compute min, || — 3,p(x)¢, ||y, = & =
1 (1 — %) and min, || — ||, = & where ¢ is the furthest state in
S from {(7))(}521, represented as a large red point.

find the optimal probability distribution p. While a few analytical
results are obtained for the case of a qubit state3°32 in the
context of the optimal convex approximation of a quantum state,
minimax optimization to compute the minimum approximation
error makes analyses quite difficult in general.

Before presenting our results, we provide intuitive examples
demonstrating the capability of probabilistic synthesis in Fig. 1. As
a generalization of the qubit examples, we obtain the funda-
mental relationship between the minimum approximation errors
obtained by the deterministic synthesis and the probabilistic one
in the following theorem.

Theorem 1. (simplified version) For any subset {¢,},. of pure
states, it holds that

—
—

> px)¢

max m|n
¢ xeX

. 2
tr = maxmin 16— &l e (

where the maximization of ¢ is taken over the set of pure states.

This theorem compares the worst approximation errors
occurring when one synthesizes the target state that is most
difficult to approximate by using {g?)x}x. It implies that the optimal
probabilistic synthesis always quadratically reduces the worst
approximation error, moreover, it is impossible to further reduce
the approximation error.

In many cases, there is no need to synthesize all possible pure
states. Instead, it is more useful to understand the limitations of
probabilistic synthesis when a target state is chosen from a subset
Sc of pure states. As shown in Fig. 1b, we can also anticipate the
quadratic error reduction in this scenario. This expectation is
confirmed in the comprehensive version of Theorem 1, which
includes the case of Fig. 1b.

The technique used to prove Theorem 1 is also applicable to
analyzing the minimum trace distance between a general mixed
state p and a convex hull of {¢,},. For example, we can analyze
the entanglement measure by setting {qu}xex to be the set of
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pure product states. As a byproduct, we obtain

_ 1 : 1SO _ d*1 ( 1 )
=g—1, min —o|| = -1
v 97 aesspHpq Htr 7 \97a@1)

(2)

where SEP represents the set of separable states, p R and p
represent the Werner and isotropic state with a parameter q,
respectively. These coincide with a conjecture numerically found
in®3, Moreover, we provide alternate succinct proof about a
recently identified coincidence between the entanglement
measure and coherence measure*

We also show an efficient way to convert a deterministic state
synthesis algorithm into a probabilistic one that achieves
quadratic error reduction. We assume there exists a deterministic
state synthesis algorithm D with

INPUT: a target pure state ¢ in a constant number of qubits and
target approximation error ¢,

OUTPUT: circuit C, (generating ¢,)

such that ||¢p — ¢XH < ¢ and a matrix representation of ¢, can
be obtained within runtime polylog(1). We can construct D by
combining algorithms to generate an exact synthesis circuit where
arbitrary unitary transformations on a constant number of qubits
are allowed'?"'® with the Solovay-Kitaev algorithm®® to decom-
pose the unitary transformations into a sequence of elementary
gates. Recent numerical analysis suggests that we could construct
better D that reduces the size of a synthesis circuit by skipping the
exact synthesis as an intermediate step'’3%, The efficient
conversion is shown in the following theorem.

min Hp

WER H
GESEP

Theorem 2. (informal version) There exists a probabilistic state
synthesis algorithm P that calls a deterministic state synthesis
algorithm D as an oracle, and has

INPUT: a target pure state ¢ in a constant number of qubits and
target approximation error €

OUTPUT: circuit Cy (generatmg ¢X) sampled in accordance with
probability distribution p : X — [0, 1]

such that P satisfies the following properties:

® [Efficiency: P calls D constant times, and runtime of P is

polylog (),
® Quadratic improvement: The  approximation  error

| = SyexP(X)dhy || obtained with this algorithm is upper
bounded by €?, whereas min, _; ||¢ — b,

Since probabilistic state synthesis reduces the approximation error,
it also reduces the size of a circuit to approximately generate a target
state for a given approximation error. However, the reduction rate
depends on the circuit's construction, e.g.,, what kind of elementary
gates and synthesis algorithms are used. Since there is an established
way to synthesize a single qubit state by using Clifford + T gates, we
perform a numerical simulation to demonstrate how the probabilistic
synthesis reduces the number of T-gates, called a T-count, for a
randomly selected target state in S defined in Fig. 1b.

As a rigorous estimation, we also analyze a universal lower
bound on the size of synthesis circuits obtained by regarding the
circuit as a classical encoding of a pure state, where a description
of a circuit C, and the state ¢, generated by C, correspond to a
label encoding a pure state and the reconstructed state by a
decoder, respectively. To analyze how probabilistic synthesis
reduces this lower bound, we investigate the minimum length of
classical bit strings that encodes a pure state ¢ so as to
approximately reconstruct the original state as shown in Fig. 2.

We compare two types of encoding: (1) deterministic encoding
that associates each ¢ to a single label x, and (2) probabilistic
encoding that associates each ¢ to a label x in accordance with a
probability distribution p,(x). The decoder I' generates, in general, a
mixed state p, based on the input label x. Thus, the reconstructed
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Fig. 2 Probabilistic encoding of pure state ¢ on a d-dimensional
system using n-bit strings and a decoder I' that generates an
approximated state p. State ¢ is probabilistically encoded in label x
in a finite set X in accordance with probability distribution
py:X—1[0,1]. As a special case of probabilistic encoding, we also
consider deterministic encoding that utilizes probability distribution
ps: X — {0, 1}. Note that the length of classical bit strings to represent
X € X is given by n = [log,|X|].

state in the deterministic and probabilistic encoding is given by
p =Py and p =Y p,(x)p,, respectively. In the following theorem,
we show that probabilistic encoding exactly halves the bit length
required for deterministic encoding in the asymptotic limits.

Theorem 3. (simplified version) Let nge; (0r Nrop) be the minimum
bit length required for deterministic (or probabilistic) encoding that
reconstructs a state p satisfying || — p||¢r < € for any pure state ¢
in a d-dimensional Hilbert space. Then, it holds that

Nprob — lim Nprob _1

lim —
€—0 Ndet

(©)

d—oo Ndet 27

Although several probabilistic synthesis methods suggest that
the approximation error can be reduced from e into O(¢2)?6-2%37:38,
these methods are not applicable for analyzing the achievable
minimum approximation error. This is mainly because the prior
research relies on the first-order approximation to show the error
reduction, which provides little information about the lower bound
on the error reduction. The achievable minimum approximation
error for the probabilistic unitary synthesis has been obtained by
us>°. However, this result cannot be directly applied to the state
synthesis since the generated state in state synthesis is obtained
by applying a gate sequence to a fixed input state while the
approximation error in unitary synthesis is quantified for the worst
input state. Moreover, a target state could be approximated by
probabilistically mixing two unitary transformations whose beha-
viors are totally different, except for the fixed input state.

In the proof of Theorem 1, we analyze the minimum
approximation error min,, || — 3, p(X)¢,||¢; = min, maxo<u< tr

[M(¢ — >°,p(x)¢,)], which contains minimax optimization by
definition. The main tool for the analysis is the strong duality of
semidefinite programming. This enables us to formulate the
minimum approximation error as a semidefinite program (SDP).
Moreover, we show that the SDP can be dramatically simplified
when both ¢ and {¢,}, exhibit symmetry. As discussed in the
previous subsection, these techniques can be utilized to analyze
the minimum trace distance between a general mixed state and a
convex set, such as the set of separable states.

The reformulation of the minimum approximation error as an
SDP enables us to compute the optimal probability distribution to
achieve it efficiently. By using Theorem 1, we can verify that by
solving this SDP with {‘;5x}xex satisfying
maxy Minyex || — J’XHtr < ¢, which is called an e-covering, we
obtain a probability distribution p that achieves quadratic
reduction of the approximation error, ie.,
[ = SoexP(X)dhy||¢ < €. However, the size of this SDP is too

large to achieve the efficiency shown in Theorem 2, since the size

|X| of the e-covering is (%)0(1)' This problem can be resolved by

proving that any (fﬁx in the support of the optimal probability
distribution in the minimum approximation error is close to ¢;
more precisely, ||¢ — g, ||, < 2e. This enables us to construct a
modified SDP whose size is independent of e.
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Theorem 3 is obtained by combining Theorem 1 with the
estimation of the minimum size of the e-covering. Due to its
prominent role in algorithm design and asymptotic geometric
analysis, the order of the minimum size of the e-covering has been
well-studied*®=*?. However, to obtain Theorem 3, we precisely

analyze the constant factor in the order, which refines the
previous estimations*®4',

RESULTS
Preliminaries

We consider only finite-dimensional Hilbert spaces in this paper.
The two-dimensional Hilbert space C? is called a qubit. L(H) and
Pos(H) represent the set of linear operators and positive
semidefinite operators on Hilbert space H, respectively. I €
Pos(H) represents the identity operator. For Hermitian operators
A and B on H, A =B represents A — B € Pos(H), and A > B means
A —B is positive definite. S(H) := {p € Pos(H) : trjp] = 1} and
P(H) := {p € S(H) : tr[p?] = 1} represent the set of quantum
states and pure states, respectively. Pure state ¢ € P(H) is
sometimes alternatively represented by complex unit vector |¢) €
H satisfying ¢ = |¢)(¢].

The trace distance ||p — o|¢, of two quantum states p, o € S(H)
is defined as ||M||¢ == 3 tr [\//VIMT] for M € L(H). It represents the

maximum total variation distance between probability distribu-
tions obtained by measurements performed on two quantum
states. Thus, it satisfies ||p — o|yy = maxo<m<i trM(p — 0)]. A
similar notion measuring the distinguishability of p and o is the
fidelity function, defined by F(p, o) := maxtr[®°®°], where O°
P(H®H') is a purification of p, ie, p=tr,/[0°], and the
maximization is taken over all the purifications. Fuchs-van de
Graaf inequalities®® provide relationships between the two
measures with respect to the distinguishability as follows:

1= VF(p,0) < |lp—0lltr <1 -F(p,0) ()

holds for any states p,o € S(H), where the equality of the right
inequality holds when p and o are pure.

An operator A:H — H is called antilinear if it satisfies
A(alg) + BlY)) = a*Alg) + B*Aly), where a” represents the com-
plex conjugate of a € C. The Hermitian adjoint A" of an antilinear
operator A is defined by (y]A'|#) = ($|A|@). An antilinear operator U
is called antiunitary if it satisfies UTU = 1. An antiunitary operator © is
called a conjugation if it satisfies ©" = ©. An example of a conjugation
is the complex conjugation 6 with respect to the computational basis.
Note that for Hermitian operators M; and M, and an antilinear
operator A, the cyclic property tr[MiAMAT] = tr [ATM1AM2] of the
trace holds.

Quadratic reduction of approximation error

We first show the lower bound of the approximation error obtained
by the optimal probabilistic mixture in the following lemma.

Lemma 1. For a finite set {¢, }
state ¢ € P(H), it holds that

¢ - Zp(x)&sx

xeX

vex © P(H) of pure states and a pure

. . 512
min = min|¢— ¢t (5)

tr

Proof. Let p minimize the left-hand side of Eq. (5). The following
calculation completes the proof.

(LHS) > <1 Zp(x)rr[as&sx}) >min(1—F(¢.¢)) = (RHS), (6)

xeX

where we use |[|p— 0|y > maxyep) tr(p(p — 0)] in the first
inequality and use the right equality in Ineq. (4) in the last equality. []
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This lemma shows that the reduction rate of the approximation
error by using probabilistic synthesis is, at best, quadratic.
However, the two examples given in Fig. 1 indicate that a
precisely quadratic reduction is possible if we consider the worst
approximation error occurring when we synthesize the target
state that is most difficult to approximate in a particular subset Sg
of states. To achieve the quadratic reduction, it is important to
carefully select Sg. We use group symmetries in the following
lemma to characterize S¢ and prove the quadratic reduction. This
characterization also makes it easier to apply this lemma to
various settings in the state synthesis.

Lemma 2. Let X be a finite set, G be a finite subgroup of unitary and
antiunitary operators, and Sg := {¢ € P(H) : VU € G, [U, ¢] = 0}
be the set of pure states invariant under the action of G. If a set

{¢y € P(H)}, Of pure states is invariant under the action of G, i.e.,
{d}ex = {UB ULy for all U€ G, it holds that
maxmin|l¢ — > _p(X)dy|| = = maxmip g - bl 7

xeX

Lemma 2 is a direct consequence of the following lemma for
computing the minimum trace distance between a mixed state
and a convex subset of mixed states.

Lemma 3. Let X be a finite set and G be a finite subgroup of unitary
and antiunitary operators. Let P be the set of positive semidefinite
operators  invariant  under the action of G, e,
Pg:={P € Pos(H) : YU € G,[U,P| =0}. If pe PcNS(H) and a
set {0, € S(H)},ex Of mixed states is invariant under the action of

G, i, {Pytyex = 1UPLU Y, for all U € G, it holds that
min ||p — Zp(x)px = max <tr[Mp} max t‘r[Mﬁ)X])7 (8)
P Xex tr kg xex

where the minimization is taken over a probability distribution p
over X. In particular, when p is a pure state ¢, it holds that

min ¢ = > p(x)py

xeX

= max
YePsNP(H.

(tr[w¢] max tr[wm). ©
tr

Proof. We start from a mixed state p. By using the minimax
theorem, we obtain

L.H.S.of Eq. =mi [Mp]
(L.H.S.of Eq.(8)) min max <tr o] —

Zp x)tr MpX]) (10)

xeX

= max m|n <tr [Mp] —
0<M<I

Zp x)tr Mpx]> (1

xeX
= max (tr[Mp] — max tr[Mpx]). (12)

This proves (L.H.S.) = (R. H.S.). Let M maximize Eq. (12). Due to
the invariance of p and {p, }, under the action of G, We can verify
that U'MU also maximizes Eq. (12). By defining M = ‘G‘ > uegU™MU,
we obtain

(R.H.S.0f Eq.(8)) > tr[Mp] — maxtr[Mp,] = tr[Mp] — max( L. > tr[MUp,U']
xeX xeX [l UeG
triMp] — & 3= max tr [MUp, UT]
UcG XX

= tr[Mp]

v

— max tr(Mp,] = (L.H.S. of Eq.(8)),
XE.

where we use Eq. (12) in the last equality.
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When p is a pure state ¢, we can derive

L.HS.of Eg.(9)) = max
( q( )) 0€PNS(H)

(tr[qu] — max tr[obx]) (14)

by the same argument starting from

(L.H.S.of Eq.(9)) = m|n m:(:\x)tr[o(q’) Zp )]

xeX

(15)
= max <tr[o¢] mgxxtr[oﬁx}),

ocS(H)

where we use the fact that the dimension of the eigenspace of
¢ — > exP(X)P, associated with positive eigenvalues is zero or
one in the first equality, and use the minimax theorem in the
second equality. We complete the proof of Eq. (9) by using the
following observation: When (L.H.S.of Eq.(9)) =0, Eq. (9) holds
since there exists x € X such that p, = ¢. When (L.H.S. of Eq. (9))
>0, 0 maximizing Eq. (14) is a pure state. For if o with o]/ <1
maximizes Eq. (14), we can show a contradiction by setting p = ¢
and M = W in Eq. (12). O

Proof of Lemma 2. By setting p, in Eq. (9) to be ﬁﬁx, we obtain

max m|n
PeES

¢— > px)

xeX

= max <max tr{pg) — max tr [we,] )

tr YeSe \ #€S6

1~ minmax r ] = maxmin [ —
(16)

where we use the right equality in Ineq. (4) in the last equality. []

As consequences of Lemma 2 or Lemma 3, we obtain the
following implications.

1. When G = {I}, we obtain S = P(H). This case is applicable
to any {éﬁx}xex and proves the quadratic reduction of the
approximation error given in Fig. 1(a).

2. When G = {I, 8} with the complex conjugation 6, we obtain
Se = {¢ € P(C?) : |¢) = cost|0) +sint[1),t € R}. In this
case, the quadratic reduction of the worst approximation
error occurring when we synthesize a target state in Sg is
possible if {¢,}, is reflection-symmetric with respect to the
XZ-plane in the Bloch representation. This proves the
quadratic reduction of the approximation error given in
Fig. 1b. In general, conjugation-invariant pure states are
often utilized in the optimal parameter estimation??

3. When G = {I,2N — I} with Hermitian projector M whose
range is V, Se ={¢p € P(H) : |[¢) € VV |¢p) € V. }. In this
case, the quadratic reduction of the worst approximation
error occurring when we synthesize a target state in V is
possible if {¢,}, is reflection-symmetric under the action of
2N — I. This is because

i - e~ (g - myeelon])
(7)
oo - maewon] ) "
=1- ti =
min maxtr [y ] = maxmin |4~ (19)

where we use Eq. (9) in the first equation. In general, preparing a
state in a particular subspace is a widely used subroutine in
various quantum information processing tasks.

We obtain the following theorem as a summary of Lemmas
1 and 2.
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Theorem 1. Let X be a finite set, G be a finite subgroup of unitary
and antiunitary operators, and Sg := {¢ € P(H) : VU € G, [U, ¢] =
0} be the set of pure states invariant under the action of G. If ¢ € Sg
and {¢, € P(H)},x = {Up,U'},x for all U€ G, it holds that

e <minllp—> pX)d,|| <€k withey
P ze; e ™ ° (20)
=min ¢ — x|l €6 = maxmin [y — g, |-

This theorem indicates that by using mixed states, we can
reduce the approximation error with respect to the trace distance.
When attempting to estimate the expectation value tr[O¢] of an
observable O for ¢, this theorem implies that the bias of the
expectation value can be reduced by using >°, _,p(x)¢, instead of
using ¢, as a substitute of ¢.

Efficient probabilistic state synthesis algorithm

In this section, we present an efficient method for converting any
deterministic state synthesis algorithm, denoted as D, into a
probabilistic one. If it takes polylog(%)—time for D to achieve an
approximation error € with an l(e)-size circuit such as the Solovay-
Kitaev algorithm, then our method allows us to construct a
probabilistic synthesis algorithm that achieves an approximation error
€ by sampling l(e)-size circuits, with a total runtime of polylog(1).
Note that our method assumes the target state is taken from a
constant-dimensional Hilbert space. As mentioned in the intro-
duction, constant-qubits states are commonly utilized in quantum
cryptography and metrology protocols. Although the existence of
highly complex pure states results in an exponential runtime with
respect to the number of qubits for any state synthesis algorithms,
we discuss the potential of probabilistic state synthesis for a high
dimensional system in Supplementary Note 3. Our conversion is

based on the following proposition and lemma.

Proposition 1. Let p and {p,},.x be a target mixed state and a
finite set of mixed states in S(H), respectively. Then, distance
ming [|0 — >, cxP(X)dx ||, and the optimal probability distribution
{p(X)}ex, Which minimizes the distance, can be computed with the
following SDP:

Primal problem Dual problem

maximize : tr[Mp] — t
subjectto : 0<M <1,
Vx € X, tr{Mp,] <t.

minimize : tr[Y]
subjectto : Y=0AY=p— " ., p(x)py,
Vx € X,p(x) =0,
Sex P < 1.
21

Note that the strong duality holds in this SDP, i.e., the optimum
primal and dual values are equal.

Proof. Recall that for two states p and o, |0 —ol|ty can be
computed by the following SDP:

Primal problem Dual problem

maximize : tr[M(p — 0)]
subjectto: 0sM<1,

minimize : tr[Y]
subjectto: Y>0AY=p—o0.

A formal SDP and proof of the strong duality are provided in
Supplementary Note 1.

By extending the dual problem of this SDP to include the
minimization of probability distribution {p(x)},cx, we obtain Eq.
(21). Note that the last condition Z,cxp(x) <1 in the dual problem
is different from the condition 3,cxp(x) =1 of a probability
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distribution; however, the optimum dual value can be achieved

under the latter condition. Again, a formal SDP and proof of the
strong duality are provided in Supplementary Note 1.[]

Lemma 4. Let G be a finite subgroup of unitary and antiunitary
operators, and S := {¢p € P(H) : YU € G, |U, ¢] = 0} be the set of
pure states invariant under the action of G. For a positive number
€>0, if p€Sg and {¢,},.x is a finite e-covering of Sg that is
invariant under the action of G, i.e., maxyes, Minyex || — ¢x||tr <e
and {¢y}vex = {UdU'},ox for all U € G, then

¢ =Y Py b= pX)dy

min
p =
xeX xeX

(22)

= min
tr P tr
holds, where X := {x € X : ||¢ — ¢, ||, < 2¢} and the minimiza-
tion of p and p are taken over probabi[ity distributions over X and
X, respectively.

To understand this lemma, it is helpful to refer to the examples
shown in Fig. 1. If the goal is to optimally approximate a target state ¢
depicted by the red point in (a) (or (b)), it is sufficient to mix three (or
two) Pauli eigenstates that are 2¢ (or 2¢) close to ¢. This fact is shown
to be true for any target state in this lemma, and its proof can be
found in Supplementary Note 2 as it involves technical details.

By combining Proposition 1 and Lemma 4, we can efficiently
convert a deterministic state synthesis algorithm into a probabil-
istic one. We assume there exists a deterministic state synthesis
algorithm D with

INPUT: a target pure state ¢ € Sg in a constant-dimensional
Hilbert space and a target approximation error e € (0, 1)

OUTPUT: a set {C\”} . of circuits (generating Ug, U")

such that ||¢ — ¢, ||, < € and a matrix representation of Ug, U’
can be obtained within runtime polylog(1), where G is a finite
subgroup of unitary and antiunitary operators and S; is the set of
pure states invariant under the action of G.

Theorem 2. For a given gate set, there exists a probabilistic state
synthesis algorithm P that calls a deterministic synthesis algorithm
D as an oracle, and has

INPUT: a target pure state ¢ €S in a constant-dimensional
Hilbert space, a target approximation error ¢ € (0, 1), and precision
6€(0,1)

OUTPUT: circuit Cyx (generating p,) sampled from a set X in
accordance with probability distribution p : X — [0,1]

such that P satisfies the following properties:

® Efficiency: P calls D a constant number of times, and runtime

of P is poly(log(1),log(})).
® Quadratic improvement: The approximation error ||¢p —

X € )?ﬁ(x)f)x\|tr obtained by P is upper bounded by €2+ 6,
whereas min, g || — p,ltr < €.

Proof. In the following, we explicitly construct the algorithm.

—_

Set free parameters ¢ >0 and ¢’ >0 satisfying ¢ + ¢’ < 1.
2. Generate a list {¢,},.x € Se such that for any ¢ Sg,

mincx ¥ — dylltr < ceif [|p — Yllgr < 2. Thatis, {¢},cx is
a (ce)-covering of {Y € Sg : ||p — Y|t < 2¢}.

3. Cal D to find C generating Ug,U' such that
[ #x = el < e forall x € X and all U G.

4. Numerically solve the SDP shown in Proposition 1 by setting
p=¢ and {p},cx = {UhU'}, 5 yec and obtain a prob-
ability distribution p, which causes the approximation error
8-close to min, || — 3, 4P (X)Dy |-

5. Sample C,((”) in accordance with p, whose domain is
X=XxG.
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The two properties can be verified as follows:

® Ffficiency: We can verify that all steps of the algorithm take
poly(log(1), log(3))-time by using the following observa-
tions: We can construct a list {¢,},.x whose size is
independent to ¢. From the assumption on D, we can also
obtain a list of matrix representations of {Ug,U'}, 1 yce
within polylog(1)-time. The ellipsoid method guarantees
that the optimal value of our SDP can be computed in
poly(log(}),log(3))-time within an approximation error
&*

® Quadratic improvement: The minimum approximation error
min [ — 3=, cxP(X)By [ is at most € since {p,},cx is a
s@bset of an e-covering {px}xexu{(py} of Sg where
{w, € SG} is a finite e-covering” of {Ye€Ss:
H¢ Yle>2¢} and  |gp - |l >2¢  for any
{Pxtiex Uiy}, is invariant under the action of G, and we
can thus apply Theorem 1 and Lemma 4.

O

While this theorem assumes the dimension d of the Hilbert
space is constant, we can also provide an estimation of the
runtime of P when d grows. The runtime varies depending on the
symmetry G that target states possess (see Supplementary Note
3). In the worst case where target states have no common
symmetry, i.e., G = {I}, the size of X will be |X| = poly(exp(d)). In
this case, we can provide the upper bound on the runtime of P as
poly(log(1),log(3),exp(d))-time, based on the proof of
Theorem 2.

Numerical simulation of T-count reduction

In this section, we demonstrate how Theorem 2's probabilistic
synthesis algorithm can reduce the T-count through numerical
simulation. We  select a target state ¢ from
Se = {p € P(C?) : |¢) = cost|0) +sint[1),t € R}, as shown in
Fig. 1(b). Recall that S; consists of G-invariant pure states, where
G = {I, 6} with the complex conjugation 6.

We assume that the set of elementary gates consists of Clifford
gates and T-gate, which is a commonly utilized gate set in FTQC
based on stabilizer codes or surface codes. Considering that the
implementation cost of a T-gate is much higher than that of
Clifford gates, it is necessary to minimize the T-count of the
circuits. To do this, we use the Ross-Selinger algorithm* to

. cost —sint
synthesize R, (2t) = <sint cost
sequence that realizes a unitary operator U/~ Ry(2t)). This allows
us to obtain an approximated state
Ut|0)(~ R, (2t)|0) = cos t|0) + sint|1)). Note that the Ross-
Selinger algorithm can achieve an almost minimal T-count for
synthesizing R,(2t)*>. We run this deterministic synthesis algorithm
for multiple randomly selected target states ¢ in S, with multiple
target approximation errors. By utilizing the description of each
output gate sequence, we determine the T-count and the actual
approximation error.

We perform probabilistic synthesis based on Theorem 2 to
synthesize the same multiple target states |¢) with the same
multiple target approximation errors. When the target approxima-
tion error is ¢, we execute the Ross-Selinger algorithm within a
target approximation error of 0.3,/¢ for a (0.7,/¢)-covering of
{Y €Se: || — dller < 2V/€}. A set consisting of the target state
1) = cost|0) +sint[1) and two shifted states {|¢,)}._, =
{cost'|0) +sint'|1) : t' = t+2arcsin(0.7 /e)} forms such a
(0.7\/€)-covering when ¢<0.07. Thus, we obtain three gate

) and obtain a gate

~ .3 )
sequences to generate states {¢,},_; after executing the Ross-
Selinger algorithm. To apply Theorem 2, we also require gate

sequences to generate {quxe} the complex conjugation of

x=1/
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{&5)(},3(:1- These gate sequences can be obtained by modifying the
gate sequence to generate (}X without increasing the T-count. This
is because 670 «x ZST and the set of Clifford gates is closed under
the complex conjugation. After obtaining six synthesized states

{(}X,G(}&XG};W we solve the SDP described in Proposition 1 to
determine the actual approximation error. Theorem 2 guarantees
the actual approximation error is smaller than ¢. Note that without
exploiting the symmetry of the target state, we need 13 states to
form a (0.7,/€)-covering of (2+/€)-ball around ¢ due to the disk
covering problem.

We examine how the T-count and the approximation error for a
specific target state are related in Fig. 3. As we can see, we were
able to achieve a 50 ~60% reduction in T-count. We observe
similar behavior for other randomly selected target states (see
https://github.com/akibue/prob-synthesisfor details).

Halving bit representation of pure states

We verify that the existence of probabilistic and deterministic
encoding given in Fig. 2 can be reduced into a property of output
states of the decoder I, as shown in the following propositions.

Proposition 2. A probabilistic encoding of P(Cd) with approxima-
tion error ¢ and a label set X exists if and only if there exists set

{p, €8(C )} of mixed states satisfying
max m|n ¢ — Zp <e, (23)
peP(C?) P xeX tr

where the minimization is taken over a probability distribution p
over X.

Proposition 3. A deterministic encoding of P(Cd) with approx-

imation error € and a label set X exists if and only if there exists set
{p, € S<’Cd)} of mixed states satisfying
xeX

ma min <
¢ep(£¢(d) min ([ — ulltr < e (24)

A set {p,},.x of mixed states satisfying Eq. (24) is called an

external e-covering of P(Cd>. A set {p, € P(Cd>} y of pure
Xe

states satisfying Eq. (24) is called an internal e-covering of P(Cd>.

The minimum size of internal (or external) e-coverings is called the
internal (or external) covering number and denoted by /i, (or /).
Note that /ey < /i, by definition and the minimum bit length nget
required for deterministic encodings is equal to [log,le|. We
obtain the following lemma by using the volume consideration
and applying the construction of an e-covering shown in*?

Lemma 5. For any € € (0., %] and an integer d = 2 specified below,
the internal and external covering numbers [, and /., of an
e-covering of P(Cd) are bounded by

2-1(d,2¢e) < log,lex < log,lin A 2-1(d,€)

<log,lin < 2-1(d,€) +log,(5dInd),
(25)

where /(d,e) := (d — 1)log, (1). Moreover, if d > 4, the first lower
bound can be strengthened as 2 - /(d, €) < log,/ex.

The details of the proof are given in Supplementary Note 4. By
combining this lemma with Theorem 1, we obtain the following
theorem about the minimum bit length.

7

Theorem 3. For any ¢ € (0,3] and an integer d>2 specified

below, the minimum bit length nge; (or nyrop) of the deterministic
(or probabilistic) encoding of P(Cd> with approximation error € is
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Fig. 3 Relationship between T-count and the approximation error
for synthesizing |¢) = cost|0) + sin t|1) with t = 1. For each target
approximation error, we run the Ross-Selinger algorithm to obtain a
gate sequence to approximate ¢. The blue dashed line interpolates
points, each of which represents a target approximation error and
the T-count of the gate sequence. The actual approximation error
and the T-count achieved by the gate sequence are plotted by blue
dots. Note that both the target and actual approximation errors are
represented by e. For each of the target approximation errors, we
run the probabilistic synthesis algorithm and obtain a list of six gate
sequences to be probabilistically sampled. The purple dashed line
interpolates points, each of which represents a target approximation
error and the maximum T-count of gate sequences in the list. The
actual approximation error and the maximum T-count achieved by
optimally mixing the gate sequence are plotted by purple dots.

bounded by

2-1(d,2¢) < nget < 2-1(d,€) + log,(5dInd), (26)

I(d, €) —log,d < nprop < I(d, €) + log, (5d Ind), (27)

where [(d, €) := (d — 1)log, (1). Moreover, if d> 4, the first lower
bound can be strengthened as 2 - /(d, €) < nget.

Proof. Since the bounds on nge are a direct consequence of
Lemma 5, we show the bounds on ng.p. The upper bound is
obtained by setting {0,}, in Proposition 2 to be the minimum

internal \/e-covering of P(Cd). This is because Theorem 1 with

G = {I} guarantees that {p,}, satisfies Eq. (23), and an upper
bound on the size of the internal \/e-covering is given by
Lemma 5.

Next, we show the lower bound on npep. Let {p, € S(CM)}
satisfy Eq. (23). We obtain

xeX

€ > max min||¢— > px)p,|| > max min<172p(x)tr[¢[)x]>
peP(C?) P XeX tr  ¢eP(C?) P X
= 1— min maxF(p,,
sty T3 (x> 9),

(28)
where we use [|p — 0|ty > Maxep(y) tr[¢(o — 0)] in the second
inequality.

By letting p, = Z, 1P(ilX)¢i, we ensure that for any

¢ € P(C?), there exists i and x such that

2

T—e< F va zp(jlx <¢]\x ) < F(¢l\x¢) =1- H¢ - ¢i\x tr
(29)
Thus, {¢;,},  is an internal \/e-covering of P(CY). Hence, the

lower bound “can be obtained by applying Lemma 5 as
log,(X|d) > 2-1(d, V/é) = I(d.e). (I
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Applications for analysis on entanglement measure
Determining whether a quantum state p is separable or entangled
is a crucial inquiry in quantum information, as entanglement
provides quantum advantages in various information processing
tasks. The separability test is also fundamental to various
optimization problems in distributed quantum computation. The
separability test is computationally hard even if we are given the
matrix representation of p*®. Further analysis of the computation
complexity of the separability test has resulted in several
important findings relating to QMA(2)*’~>°. Although the separ-
ability test for general states is challenging, there are specific
classes of states that make it easier to test for separability, e.g., low
rank®’*? and symmetric>3>* states.

In order to identify the tractable states in the separability test, the
study of the optimal convex approximation examines a generalized
problem of how to approximate a target state p with a probabilistic
mixture of a restricted subset {0, }, of quantum states**=2 When this
subset consists of product states, it becomes the separability test.
From this general perspective, we demonstrated that restricting a
target state to be rank-one or symmetry simplifies the optimization, as
shown in Lemma 3. Furthermore, we demonstrate that our general
lemma for the optimal convex approximation can reproduce the
nontrivial facts about entanglement, either already known or
derivable through known facts, in a simpler and unified way.

Recall that the set of separable states is defined as follows.

q[})jﬁ;:tl;;(éﬁS}EP ={oe S(Cd ®C > =>

In33, Girardin et al. used a neural network to conjecture Egs. (2).

Recall that o= € S(Cd®Cd) is the Werner state defined as

R = dEd-H; ny + d(d 73 M with Hermitian projectors M, and M,

whose ranges are the symmetric subspace and antisymmetric

subspace and pp° € S(C¥ @ C%) is the isotropic state defined as
py0 =1+ qd" with |0F) = \/LEZL’JUI), respectively. Since
the Werner (or isotropic) state is entangled if and only if 1 <g < 1
(or m <q < 1), we assume they are entangled in Egs. (2). By
exploiting the symmetry of the Werner (or isotropic) state and
using Lemma 3, we can prove this conjecture. The complete proof
is given in Supplementary Note 5.

Note that Egs. (2) can be proven straightforwardly by
combining the following two facts: (i) the closest separable state
can be assumed to be the Werner (or isotropic) state without loss
of generality, and (ii) the Werner (or isotropic) state is separable if
and only if 0 < g < % ( - d+1) In contrast, our proof
directly computes the minimum trace distance without construct-
ing the closest separable state, moreover, it includes a proof for
(ii). Since a POVM element M appeared in Eq. (8) can be regarded
as an entanglement witness, our proof can be regarded as a
method for “quantifying entanglement with witness opera-
tors">>°5, Taking account of the fact that the closest separable
state is not necessary in our method, it is expected that the
advantage of our method becomes obvious when the closest
separable state is unknown or analytically hard to obtain, as
shown in the next example.

Due to its clear operational meaning, the resource measure
based on trace distance has been investigated for various resource
theories, including entanglement and coherence®’. Lemma 3
provides an alternate concise proof for the following recently
identified coincidence between entanglement and coherence
measures.

P(X)¢hy @ thy N
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Proposition 4. (%, Theorem 3) For pure states |®) = "' aii)
and |¢) = Zf;(; aj|i), it holds that

min, |0 = oller = min ¢ —pllr, (30)

where | := conv ({|i> <i‘}'t°:72 is called a set of incoherent states
and {\i)}j’;o1 is an orthonormal basis.

Since it is suggested that a simple closed-form formula for Eq.
(30) might not exist®*, the closest separable state is also hard to
obtain. However, our method is applicable to show the relation-
ship of the minimum approximation error between different types
of probabilistic approximation by exploiting the purity of the
target states. Moreover, it simplifies the proof of3#Theorem 31 The
complete proof is given in Supplementary Note 5.

DISCUSSION

We investigated the limitation of the optimal probabilistic state
synthesis and its potential for reducing the size of a synthesis
circuit. As a main result, we verified the tight relationship between
the approximation error obtained by the optimal probabilistic
state synthesis and the optimal deterministic one. We also
constructed an efficient method to convert a deterministic
synthesis algorithm into a probabilistic one that quadratically
reduces the approximation error.

To estimate how the error reduction reduces the size of a
synthesis circuit, we performed a numerical simulation and
evaluated the length of the classical bit string required to
approximately encode a pure state. As a result, we found that
probabilistic encoding asymptotically halves the bit length. Note
that under the presence of noise on elementary gates, which was
not taken into account in this study, certain conditions on the
noise may be required to achieve the quadratic reduction of the
approximation error. However, our SDP can still be used to
numerically determine the optimal probabilistic synthesis in cases
where the noise is explicitly described.

In addition to our contribution to the state synthesis, the our
result would improve the performance of classical simulation of a
quantum computer as well as that of optimization algorithms
including a brute force search over pure states, e.g., the
separability test®®, This is because we essentially show that the
set of pure states can be approximated by its e-covering or
probabilistic mixtures of its /e-covering in the same accuracy,
where the size of the minimum +/e-covering is almost the square
root of that of the minimum e-covering.

These results are based on general theorems about the optimal
convex approximation of a quantum state. While the optimal
convex approximation and state synthesis have been studied in
different contexts, our theorems have demonstrated that analyz-
ing the former problem provides not only the fundamental
limitation of probabilistic synthesis but also a construction of an
efficient synthesis algorithm. Furthermore, our theorems con-
tribute to the original motivation of the studies of the optimal
convex approximation3°-32, which is quantifying a resource
measure in convex resource theories®®%' such as the resource
theory of entanglement. Indeed, the SDP constructed in Proposi-
tion 1 would provide a basis for numerical investigation for such
resource measures. Our theorems would reveal more quantitative
relationships between different resource measures as shown in
Proposition 4.

DATA AVAILABILITY

Numerical results together with instructions on how to reproduce them, are available
online at https://github.com/akibue/prob-synthesis.
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