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Extracting quantum dynamical resources: consumption of
non-Markovianity for noise reduction

Graeme D. Berk'?, Simon Milz@>*>®, Felix A. Pollock

' and Kavan Modi@®"”™

A great many efforts are dedicated to developing noise reduction and mitigation methods. One remarkable achievement in this
direction is dynamical decoupling (DD), although its applicability remains limited because fast control is required. Using resource
theoretic tools, we show that non-Markovianity is a resource for noise reduction, raising the possibility that it can be leveraged for
noise reduction where traditional DD methods fail. We propose a non-Markovian optimisation technique for finding DD pulses.
Using a prototypical noise model, we numerically demonstrate that our optimisation-based methods are capable of drastically
improving the exploitation of temporal correlations, extending the timescales at which noise suppression is viable by at least two
orders of magnitude, compared to traditional DD which does not use any knowledge of the non-Markovian environment.
Importantly, the corresponding tools are built on operational grounds and can be easily implemented to reduce noise in the

current generation of quantum devices.
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INTRODUCTION

Even the most promising platforms for quantum computing’ are
inherently plagued with complex quantum noise®=5, which must
be significantly reduced to meet the threshold required for error
corrected quantum computing’~®. This has led to a flurry of
techniques for noise characterisation and control'®'", including
dynamical decoupling (DD)'>"°.

The goal of DD is to remove the interference from the
environment to implement a desired dynamics. This is achieved
by open-loop control, i.e. applying a fixed sequence of unitary
interventions, which have the effect of cancelling the influence of
the environment, somewhat analogously to how the rotation of a
spinning top keeps it upright. However, the successful application
of DD techniques on existing devices often requires faster control
than is feasible. Still, it may be possible to loosen these limitations
by devising DD schemes that cancel the influence of the
environment in a more bespoke way, by accounting for the
ability of the environment to carry a memory?°, a property known
as non-Markovianity®?'. This connection between noise suppres-
sion and quantum memory and its application to DD-like
techniques has been conjectured but is still lacking a formal
quantitative description?%23,

In the search for a birdseye view of quantum control and noise
mitigation techniques, we turn to the formalism of quantum
resource theories?, which has had tremendous success in
quantifying the utility of properties like entanglement and
coherence®®?7 as well as resources embedded within transforma-
tions?®-31. A quantum resource theory consists of a set of potential
resource objects, and a set of free, i.e. implementable transforma-
tions on those resources. Using these transformations, one can
partition the potential resource objects into: free resource objects
that can be readily produced under the free transformations
alone, and non-free ones which require the experimenter to have

access to some additional ‘resourceful quantity’ to acquire. These
resourceful quantities may be properties like entanglement and
coherence, and are typically used to quantify the ability perform
tasks like the production and distillation of arbitrary states?>2%,
and communication®2. They are quantified by resource mono-
tones. When considering the usage of non-Markovianity for noise
suppression, loosely speaking, the resource at hand is the memory
present in the noise, while the free operations consist of the
control that pulses that the experimenter can apply. However, to
date, no resource theory currently exists for noise reduction—
arguably one of the most important goals in quantum physics in
the present era. The most similar task described by existing
literature is the distillation of many noisy channels into fewer
noiseless ones>3, While this is important in its own right, it cannot
describe noise reduction on the entire system of interest, as is
sought for DD.

We argue that the reason why a resource theoretic quantifica-
tion of noise reduction techniques like DD does not yet exist, is
that the necessary resource objects are multitime quantum
processes, as opposed to states or channels used in the previous
resource theory literature. This is because multitime correla-
tions>*3> are crucial to the efficacy of DD.

Recently, a resource theory of multitime processes®® was built
around the process tensor formalism®3’, enabling multitime
correlations to be probed and quantified using resource mono-
tones. Alas even with multitime quantum process frameworks
such as these, it seems like noise reduction is impossible, as it
would explicitly involve making a resource object—the noisy
process that is to be ‘de-noised'—more valuable under free
transformations—something strictly forbidden in all resource
theories.

Our innovation is to sidestep this apparent impossibility by
concentrating resources in the temporally separated subsystems
of a process’ multitime Choi state, analogously to how more
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traditional resource distillation concentrates resources held in
spatially separated subsystems. Mathematically, this requires a
notion of temporal coarse-graining for multitime processes, whose
property of irreversibility accounts for how aptly chosen control at
a short timescale translates to noise suppression at a long
timescale. By introducing resource theories of temporal resolution
(RTTR), we provide the mathematical framework which, through
temporal coarse-graining, unifies channel and multitime resource
theories, thus enabling a clear quantification of the resources
needed for noise suppression, including but not limited to DD. In
particular, closely aligned with DD we provide the resource theory
of independent quantum instruments (IQl), a prototypical resource
theory of temporal resolution for noise reduction.

Subsequently, we apply the tools of semi-definite optimisation
to our process tensor formalism, to search for optimal DD
sequences within the resource theory of IQl. This optimisation is
informed by the specific non-Markovian correlations within a
multitime process, whose characterisation is already known.
Finally, the optimisation methods we present in this work are
numerically demonstrated to produce a drastic lengthening in the
timescales for noise suppression, as compared to traditional DD.
Finally, the ‘noise-tailored’ optimisation methods we present in
this work are numerically demonstrated to produce a drastic
lengthening in the timescales for noise suppression when
compared to traditional, noise-agnostic, DD. This result adds to
the growing body of work towards minimising noise by
characterising and harnessing the respective properties of the
underlying noise process'®*®41. Importantly, while resource
theories have made great mathematical strides, their direct
impact on quantum technologies has arguably been limited. Our
results aim to provide concrete means to close this gap.

RESULTS

A resource theory is a mathematical structure consisting of a set of
potential resource objects, and a set of implementable free
transformations upon those resource objects. From that starting
point, one can deduce which resources are free, which are costly,
and find monotones (i.e. functions that do not increase under free
operations) that quantify the value of any given resource object.
To translate this abstract formalism into a description of DD, there
are two prerequisites. Firstly, noise processes must be cast as
resources, and DD must be seen as transformations of those noise
processes. Secondly, there must be a mechanism by which DD
sequences can decrease noise under resource non-generating
operations (i.e. those performable in DD setups). Below, the first
issue is addressed using the process tensor framework, and the
second is resolved by irreversibility of temporal coarse-graining.
For a detailed summary of the notation we employ throughout
this paper, see supplementary Table 1.

Physical scenario

Any quantum noise can be modelled as an evolution operator 73,
jointly acting on the system (s) of interest and its environment (e)
for some time t. In order to minimise the formation of s-e
correlations, DD applies control operations on s at n intermediate
times. This divides the evolution 737y into time segments
n={ty,... ,tn}. The resulting n step noise process on s then
has a concise representation as a quantum comb??, also known as

a process tensor T;%373, consisting of sequences of s-e evolution
maps

— se se e
Tﬁ = treoeTt;tn SERRA OeTn ;006p07 (1)

where pg is an initial environment state, and o, denotes
composition on the e subsystem, of functions. In this notation,
the partial trace and appending of states such as pf are explicitly
considered as functions to be composed over e, and T; is an
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object ‘with n open slots’ (see Fig. 1), i.e. it acts on n operations/
interventions on the system.

T, has a natural representation as a Choi matrix® that lives on
2n + 2 copies of s, two per intermediate intervention and one for the
initial input and final output, respectively. Importantly, T incorporates
all pertinent memory effects between different points in time*** and
is a completely positive and trace preserving transformation. In what
follows, it will become apparant, that DD is simply a transformation of
the noise process T; that ‘untangles’ complex multitime correlations
in the process tensor—mediated by e—such that the temporal
correlations are isolated to s alone, i.e. information is preserved. We
depict this in Fig. 1.

Concretely, exercising any control over this process Tj,
including a DD sequence, amounts to contraction of the above
tensor with an analogous control tensor A; acting at intermediate
times n. The set of control operations is broad and may include
physical pulses as well as logical gates, depending on the
experimental scenario. We require that these experimental
interventions be performed at a timescale much faster than that
of the noise process. While this is a good approximation in most
relevant scenarios (where the control Hamiltonian is much
stronger than the noise Hamiltonian), a breakdown of this
assumption would prevent the required separation of experi-
menter and environment influences. We note that the assumption
of brief interventions is common to most DD techniques, and
discrete-time control more generally. The contraction of the noise
process with control sequence is denoted by

T) == [Ta|As]. 7))

Here, the process tensor is on the left and the control tensor is on
the right by convention—see panel (a) of Fig. 1 for a depiction and
Sec. IC-A for details of our compact notation for tensor
contractions. A specific detail of importance is that the control
sequence is taken to include pre- and post- operations to the
whole dynamics, meaning that it has two spaces that will not
contract with the process in Eq. (2). Consequently, Tj is simply a
familiar quantum channel (not a scalar), where the set of
intermediate times is the empty set.

Resource theories for quantum processes

We now bring in the tools of resource theories of multitime
processes>® to uncover the resources of T that allow for dynamical
decoupling. Any resource theory comprises of resource objects and
transformation on these objects. Here, noise processes T; are the
resource objects, while experimental control transforms one process
into another. To formalise this idea we introduce superprocesses Z;;
that map n intervention processes to m intervention processes>®

T, = [TalZan]- B3)

Here, the tensor contraction notation from Eq. (2) is extended to
denote transforming one process into another with an operator
Z,;, see Fig. 1. Physically, this latter superprocess consists of pre-
and post- processing operations on the s and additional ancillary
system a, see Sec. Representation of Free Transformations for more
details. Just as the operations within A; were taken to be
effectively instantaneous, so are those of Z;;. For n=0, i.e. the
case of channels T the corresponding superprocess Zy; (mapping
channels to channels) is called a supermap and has been widely
studied?®-393345 |n general, the superprocess Z;s is a rather
flexible object that transforms processes on n times to processes
on m times. To connect these abstract objects to physically
relevant scenarios and to reveal the underlying mechanism of DD
and similar noise reduction methods, it is necessary to break this
transformation into two less general objects. The first is a
superprocess Zz; that does not change the temporal structure
(in the sense that it leaves the number of times for interventions
invariant). The second is temporal coarse-graining which only
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Fig.1 Dynamical decoupling of non-Markovian processes. a To decouple a system from its environment, an experimenter interacts with the
process T (maroon) at intermediate times i = {t1, ... , t, }. This amounts to applying chosen control operations, and then temporally coarse-
graining the process. When the experimenter chooses to do nothing (left), the resulting channel is Ty := [T;|l5]. When they instead apply a
traditional DD sequence (right) A, ={Z,X,Z,X,Z}, the process is transformed as T;—T, =[T4|Zs] (Eq. (3)), where Zp; =
{Z,7,X,X,9,Y,Z,Z} such that T, := |[T’n I;,]] = [TalZsp] (Eq. (2)) has greater mutual information than Ty. b Information about the system
of interest s that flows into the environment e under a non-Markovian process is not necessarily lost. Instead, this information becomes
increasingly “tangled' in a complex web of multitime correlations. ¢ DD ‘untangles' these multitime correlations into correlations held in s
alone, which in itself impedes the formation o f new s-e correlations in a Zeno-like manner. d Optimal dynamical decoupling (see Sec.ll-G)
performs this conversion of correlations more efficiently, resulting in better noise reduction over longer timescales compared to a traditional

dynamical decoupling sequence.

changes the temporal structure, i.e. reduces the accessibility of the
underlying process to the experimenter. This—at first glance
artificial—two-step decomposition of superprocesses allows for
the identification, quantification and utilisation of resources for
noise reduction, as we demonstrate for DD.

A resource theory of multitime processes—defined by a set of
readily available free processes and the set of implementable free
superprocesses—provides a framework to describe how noise
processes can be manipulated. It naturally gives rise to a set of
monotones and resources?*, i.e. non-increasing functions of the
process under the action of free superprocess (which are
determined by the respective experimental control). One such
resource that has been identified in some of these theories® is
non-Markovianity. Our goal now is to quantify the role of non-
Markovian memory in protocols like DD. However, Z;; the
superprocesses which DD employs, are resource preserving or
decreasing transformations in the sense that they cannot increase
the non-Markovianity of a given process Tj. In fact, since ideal DD
pulses are unitary, the non-Markovianity of a process will be the
same before and after a DD superprocess T;—T;. As alluded to
above, It turns out that we need one more ingredient for
successful noise mitigation; we will show that DD consumes
multitime correlations under our two-part temporal coarse-
graining procedure, which is shown in Fig. 3a. In this light, the
goal of DD is to find an optimal superprocess such that the two-
part coarse-graining procedure most efficiently harnesses multi-
time non-Markovian correlations to produce correlations at the
system-level.

Published in partnership with The University of New South Wales

Temporal coarse-graining

Specifically, the goal is to transform a noisy process T; into a clean
quantum channel Tj. To accomplish this, one must first apply a
superprocess that yields the transformed (n-step) process T}, and
then transform it to a channel T, via temporal coarse-graining, see
the bottom two lines of Fig. 3a for a graphical depiction. The latter
consists of removing times available for intermediate interven-
tions by applying n—m identity maps Z;. We denote this
operation corresponding to coarse-graining all but m times by
Iz where identities are applied to all times in A that are not also
in m. Thus, for m C n, we can re-express Eq. (3) as

T = [TalZam] = [TalZaallam] - 4)
Here, Z;;, maps between process tensors of the same type, while
lasm can be seen as temporal coarse-graining from an n
intervention process to a m intervention process with m C n.

The benefit of this two-tiered view point is that all non-trivial
allowed control can be delegated to the free superprocess Z,
whose purpose in noise reduction is to rearrange temporal
correlations such that the noise is destructively canceled upon
subsequent coarse-graining. This, in turn, concentrates the
system-level temporal correlations, a procedure that can be
thought of as analogous to resource distillation, where some
resource is concentrated among fewer spatially distinct subsys-
tems>34°, Here, the concentration of resources is temporal, rather
than spatial.

Noise reduction is possible because of the irreversibility of
temporal coarse-graining, see Sec. Proof of Obs.

npj Quantum Information (2023) 104
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Observation 1

(Irreversibility of temporal coarse-graining) Temporal coarse-
graining las : To — T4 is an order reflecting operation. This is
that for all processes T, and m C n

[Tallam] =T T, 5 T, (5)

where T;, := [[T; |l ]]. However, the converse of Eq. (5)—known
as the order preserving property—is not true in general.

Eqg. (5) simply means that if a transformation is possible by
means of free superprocesses Z;s; from the coarse-grained
perspective, its corresponding fine grained transformation must

Zii

Lavim \L \LL}\ m

T, > T,

Zurn

Fine Resolution

Coarse
Graining
Coarse Resolution

Fig. 2 Irreversibility of temporal coarse-graining. (Left) Temporal
coarse-graining transitions between levels of temporal accessibility/
resolution to the same underlying process: from fine resolution to
coarse resolution. (Right) This transition is inherently irreversible, as
described in Obs. 1. Fewer transformations are possible after
performing temporal coarse-graining than before. Explicitly, given
a process Tj;, one can immediately coarse-grain to T; (m < n), or first
apply a superprocess Z;; to obtain T}, which is subsequently coarse-
grained to T;,. From this perspective, noise reduction occurs when
the application of Zz; resulted in T, having greater mutual
information between its intputs and outputs compared to Tj,.

Noise Process T

(]

Superprocess Zy acts on T

A

<

also be possible via some free superprocess Z;;. Importantly, the
converse of Eq. (5) is false in general, meaning that one is always
better off in the fine-grained picture than the coarse one.
Concretely, for every Z;;, there exists an Z;; such that
Z;5 = lam © Zas, but not every Iz 5 0 Z;; corresponds to a free
superproess Z;,;, see Fig. 2. When specifically concerned with the
task of information preservation, a stronger version of this
statement holds (Thm. 2 in Sec. Irreversibility Leads to Perceived
Non-Monotonicity): noise reduction is possible if and only if having
fine-grained access enables higher monotone values to be
achieved. In Sec. Noise Reduction Monotones and Sec. Multitimescale
Optimal Dynamical Decoupling we use the quantum relative
entropy to show that the efficacy of protocols like DD is directly
related to the consumption of non-Markovian correlations. Due to
the scaling of relative entropy with the dimension of its arguments
—which coarse-graining reduces—temporal resolution is almost
always a resource for noise reduction, going far beyond any
specific DD protocol. Crucially however, not all processes will be
amenable to DD (e.g. depolarising noise) regardless of how rapidly
the experimenter can act. This is why it is necessary to identify
other resources that can help with DD, like non-Markovianity.

Resource theories of temporal resolution

Throughout, we will choose the input-output correlations of the
resulting channel as a measure of success of noise reduction. On
the other hand, the resources used to obtain that success are a
property of the underlying multitime process. The addition of
temporal coarse-graining allows the gap between channel
resources and multitime resources to be bridged, creating a
resource theory that can compare processes interacted with at any
number of times. We call these resource theories of temporal
resolution (RTTR), in reference to the inherent value of being able

Properties of Noise

" T p lTI : |T|' ; T . < Al Symmetries Non-Markovianity | All
UJ 1 2 3
@

+ Superprocess

[ RU 18] ] IQI

Coarse-Graining I\, acts on T,

Resultant Channel T
C A 1l [
J J

Transformed Process T%
[ A A )
T J T ) T

(a)

Lﬁ@

+ Coarse-Graining

aN Zeno DFS Dynamical Error
Effect Creation Decoupling  Correction
Information Preserved in Resultant Channel
Quantum
Subspace Quantum Quantum

(b)

Fig. 3 Resource theories and noise reduction. The relationship between resource theories of temporal resolution and noise reduction
methods. a Resource objects are noise processes T;, and free transformations can be represented as a superprocess Z;;, followed by temporal
coarse-graining s, i.e. To—Ts == [[TalZaa|laa]]- The diagram shows three intermediate interventions at times i = {t;,t,t3} where the
superprocess is “plugged in', followed by full coarse-graining, i.e. m = (). The properties of the noise process are encoded in the 7 channels
constituting T;, while the capabilities of the experimenter are specified by the form and connectivity of the V (pre) and W (post) channels of
Z;,. b The relationship between the properties of T;, the respective free superprocesses which specify the RTTR, and the type of information a
technique achievable within that resource theory can preserve. All techniques listed here can be performed by an experimenter possessing
the full abilities of 1Ql. Restricting the superprocesses to a sub-theory of independent unitaries (IU), DD harnesses non-Markovian noise to
preserve a full quantum state. Restricting control to sequences of repeated unitaries (RU C IU) the inducement of a decoherence free subspace
(DFS) harnesses symmetries to preserve a subspace. Both quantum error correction (QEC) and the quantum Zeno effect (QZE) can in principle
be performed for any kind of noise, but the extra ability of 1Ql over the independent entanglement breaking (IEB) theory means that QEC can
preserve a full quantum state, rather than just classical information. See Sec. DISCUSSION and the Supplementary Discussion for more details.
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to intervene at more times. Shown in Fig. 3a, a RTTR is obtained by
combining superprocesses and temporal coarse-graining, includ-
ing the possibility to convert multitime processes into channels.

Definition 1. (RTTR). A resource theory of temporal resolution
consists of a set T of potential processes T; with any non-negative
integer n € Z>o of intermediate times, and a set Z of free
transformations Z;;, containing both experimentally implemen-
table superprocesses, and temporal coarse-graining, of the form
Zii = [Zos|lam] for any m Cn (see Lem. 1). The free set of
transformations Z is associated with a set T" of free processes,
which can be obtained for free.

In Fig. 3b, we visualise how properties of an underling process
can be harnessed in a given RTTR, corresponding to a particular
noise reduction technique, preserving some desired subset of
information. This naturally reflects the fact that RTTRs differ in the
free operations they allow for, corresponding to what can ‘easily’
be implemented in a considered experimental situation.

To study the task of noise reduction we introduce a prototypical
RTTR—the resource theory of independent quantum instruments
(IQl)—that allows any pre-determined, memoryless sequence of
quantum operations at times m, ) C m C h. This resource theory
encompasses DD as well as other important noise reduction
methods like quantum error correction (QEC). The free super-
processes in IQl contain arbitrary quantum operations, but allow no
memory, i.e. the action taken at one step cannot depend in an
adaptive way on that taken at a previous step. For fixed numbers of
times, superprocesses following this structure have been recently
explored within the resource theory (), 2), where () denotes the
absence of memory and 2 comprises all possible time-local
experimental interventions>°. Also, observe that the only processes
which can be produced in IQl for free, consist of independent
channels that cannot convey any information. In this resource
theory, the problem of noise reduction can be framed as finding an
appropriate sequence of manipulations on the system, such that
after coarse-graining the information retained is maximised.

Noise reduction monotones

Noise reduction can be roughly viewed as the task of maximising
the information that a process can transmit. Naturally then, the
monotones in a resource theory describing noise reduction should
be ones that quantify various classes of temporal correlations,
which is indeed what we find for IQl. Treating the Choi state of a
process Tj as its fundamental descriptor, it is possible quantify its
temporal correlations by considering two types of marginal states:

n+1 2(n+1)

™ = Q@t{T,} and T = () tr{Ta}. (©)
j=1

k=1

The index j enumerates the constituent channels 7; as in Eq. (1),
and k splits this further into the inputs and outputs of those
channels. The overline on an index signifies its complement.
Consequently, TﬁMkV only contains the Markovian (i.e. between
neighbouring times) temporal correlations of T;, while T,
contains no temporal correlations whatsoever. These processes
act as references with respect to which the quantum relative
entropy S(x|ly) := tr{xlog(x) — xlog(y)} compares the original
process T; against. In 1Ql, we thus define three functions: the total
information /, non-Markovianity N, and Markovian information M,

I(T3) o= S(TATT™), N(Ty) == S(TIT™),
and M(T;) := S(T'r}rllkVHT;Targ).

All three of these functions are resource monotones in 1Ql.

@

Theorem 1. (/, N, and M are Monotones of IQl). Total mutual
information /, non-Markovianity N, and Markovian information M,

Published in partnership with The University of New South Wales
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as defined in Eq. (7), are monotonic under the free transformations
of 1Ql.

Proof. Monotonicity under the free superprocesses of IQl is
established in Prop. 1, in the Methods Sec. Monotonicity of |, M, N
under Free Superprocesses of IQl, while monotonicity under
temporal coarse-graining is outlined in Methods Sec. Contractivity
of Relative Entropy Under Coarse-Grainings, and proved formally in
the Supplementary Methods [].

Importantly, the total temporal correlations / are attributable to
either N—corresponding to memory due to interactions with the
environment—or M—corresponding to the capability to transmit
information between adjacent times,

I(T3) = M(T5) + N(T). (8)

See Sec. Derivation of Eq. (8), for a proof of this equality. Hence, the
trade-off between Markovian and non-Markovian correlations is a
‘zero-sum game’. As it turns out, the aim of DD is to increase M
potentially at the expense of N. However, there are still additional
complexities that must be addressed.

Decoupling mechanisms

Due to monotonicity, all quantities in Eq. (8) can only shrink under
free transformations. However, since these quantities scale with
the dimension of the Choi state—which shrinks under coarse
graining—it is possible to produce a post-transformation process
T, == [TalZ3 |l m] which maximises M, eg. a sequence of
identity channels, or some other sequence of unitaries in the
ideal case. In order to maximise M, the non-Markovianity N of the
resultant process must be minimised. Importantly, this is a
resource distillation task, but resources are concentrated amongst
temporally distinct subsystems rather than spatially distinct ones.
The temporal nature of the distillation task explains why DD in
particular can be performed on the entire system of interest, while
other noise reduction methods like quantum error correction only
preserve the logical qubits encoded by a larger number of
physical qubits.

This effect can also be compounded by a well established Zeno-
like effect*’*®, where the rate of formation of system-environment
correlations (i.e. noise) is proportional to the amount already
present, which fast DD pulses keep low. However, when working
with slow pulses, DD cannot benefit from this effect, and its
efficacy reduces. However, DD methods that harness the non-
Markovian correlations of the noise may not be as constrained by
pulse rapidity requirements.

Multitimescale optimal dynamical decoupling

The success of noise suppression techniques can be quantified by
measuring | in the resultant process tensor after applying a

superprocess Z;; (e.g. Zf'?f'? for traditional DD), followed by coarse-
graining
Iz, (Ta) := I(T5) = 1([TalZanllavm] ) - ©)

In general, I>M and further DD may be possible at the coarser
timescale defined by m. However, when m =, the mutual
information of the channel defined in Eq. (2) is recovered, I=M
holds, and no further DD is possible. Naturally, the important
figure of merit to gauge the success of a decoupling scheme is the
comparison between the standard decoupling scheme Linjzo0, and
the case where no decoupling scheme is applied: /;(T;) =
([Talnal).

Using this understanding of DD, the question of finding the
best noise suppression method amounts to finding a control
sequence Zg;, such that lyz, - is maximised. To achieve this goal,
i.e. to numerically find an ‘ideal’ control sequence we employ
an algorithm which we call optimal dynamical decoupling
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Fig. 4 Numerical study of noise reduction. All evolutions last a duration At. The data is averaged 20 different process tensors and smoothed
in the time domain to average over oscillatory behaviour, and a 20 confidence interval about the mean is shaded. a A process with 15
intermediate times has either no control applied Ref, (traditional) DD, CDD, ODD, or MODD. .4; are optimised at the short timescale, and B; are
optimised after coarse-graining. b Effectiveness at preserving channel-level information Iz, and Iy for the first 3 intermediate interventions of
(@). A single period of traditional DD slows the loss of information by roughly one order of magnitude in At, while ODD is effective for the whole
range of At values tested. ¢ Effectiveness at preserving channel-level information lyz,. and I, for the full duration. CDD shows a marginal
improvement over traditional DD. Both are significantly outperformed by ODD, which comes close to saturating mutual information for the
whole set of At values. Finally, MODD, obtains a small improvement over the already near-ideal result of ODD. d Changes in monotones, e.g.
Al = Iz, (Ta) — Is(T5), after coarse-graining from n =15 intermediate interventions to m =3, minus before that coarse-graining. For both
traditional DD and MODD, N is always lower with the protocol than without (AN is negative), indicating a conversion of non-Markovian
correlations N to system-level correlations M, resulting in an increase in / as well. The sharp decline in the effectiveness of traditional DD in (c)
begins at the peak in (d), suggesting that traditional DD loses effectiveness when it can no longer convert between N and M.

(ODD) (see Secs. Numerical Optimisation and IV-J for details on again. This concatenation process can be repeated to optimise
(M)ODD) involving see-saw semidefinite program (SDP)*° over arbitrarily long timescales, while incurring little additional
optimisation to find an optimal pulse sequence for specific computational cost. We call this layered approach multi-
process tensors, numerically demonstrating that a more timescale optimal dynamical decoupling (MODD), which is
efficient consumption of N results in a greater preservation of related in spirit to concatenated dynamical decoupling

I - even at long timescales where traditional DD fails. (CDD)®°. The core steps of MODD are outlined in Alg. 1. In
We test this resource theoretic characterisation of DD using a our simulations we optimise at two different timescales,

prototypical model (see Sgc. Dynamicgl Decoupling Technique and corresponding to a value of C=2 in Alg. 1. This is achieved
Numerical Model for detal‘ls), comparing the three cases /Iy, /@|22§' by coarse-graining from 16 evolutions to 4 during the
and Ingﬁno. Our first result is to optimally decouple four evolutions, optimisation. Figure 4c shows that, while iterative ODD (MODD
i.e. the earliest quarter of the evolution depicted in Fig. 4a. at a single timescale C—1) is able to preserve most of
Figure 4b shows that ODD achieves significant noise reduction information in a process, optimising at an additional coarser
over standard DD, especially at long timescales, suggesting that . ! .
N . . timescale (C = 2) allows for further gains.
the advantage of ODD is caused by a more efficient consumption In Fig. 4d one can see the difference in each of our

of non-Markovianity, which is not necessarily dependent on rapid monotones before and after the apolied control blus coarse-
pulses. This advantage can also be attributed to the additional PP P

requirement of knowledge of the process tensor, which traditional graining 16 evo!utlons |pto 4 evolutions: AN, AM, ar.Id Al W.h.en
DD does not require. the change AN is negative, we obse.rve cor-respondllng po§|t|ve

Now considering the entire duration of 16 evolutions changes for Al and AM. We associate this behaviour with a
depicted Fig. 4a, the dimension of the corresponding Choi consumption of non-Markovianity resources that were present
state of the full process is too large to feasibly perform in the initial process, but not in the final process. For the

the process characterisation, nor the pulse optimisation standard DD procedure at long timescales, it is visible that this
required for ODD without approximation. Thus, we expand behaviour breaks down; non-Markovianity no longer decreases,
upon the ODD technique by breaking this process into smaller and neither the total nor the Markovian mutual information
segments and iterate ODD over each of them sequentially (see increase. However, MODD is capable of retaining this negative
Alg. 1 setting C=1, i.e. the optimisation occurs at one AN, and the corresponding positive Al and AM for for
timescale). The results on Fig. 4c show that this iterative ODD significantly longer timescales.
method remains highly effective at long times, while tradi-
tional DD does not.

Yet, there are still more resources remaining untapped. Once . L
we find n pulses through this iterative method, we may coarse- Numerical optimisation
grain to a longer timescale and optimise the resultant process We begin by outlining MODD in full generality.
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Algorithm 1. MODD

Input: Process T, with set 1 of n intermediate times.
Level of concatenation C'. The manner in
which the process is split into segments j at
timescale 4, specified by the set {K'}.

Output: Optimised pulse sequence Z;; for

intermediate times 7.

1 Re-label T — T4, where the upper index ¢ signifies
the level of concatenation/coarse-graining, and set
i=0.

2 for i < C do

3 Split Tj: into K consecutive segments T, of
length mé’-, and set j=0. '
4 for j < K" do
5 Tomographically characterise Tm;.
6 Use a see-saw SDP to find an optimal pulse
sequence Zm; i for the intermediate times
7 Using an initial input of a maximally mixed

state, apply Z,i i |Ls,:] to T, to generate
J J J J
TW‘H’ and set j — 7 + L.
J

8 Apply temporal coarse-graining to each segment
T,;,,j such that TW/ — Tw;_. Define the resultant
process as the next order concatenated process
Tsi+1, and set ¢ — ¢ + 1.

The goal of Alg. 1 is to find an optimal DD sequence that accounts
for non-Markovian effects. Since process tensor characterisation scales
exponentially with the number of times considered, numerous
approximations are required to achieve this goal. However, given
these approximations, the complexity of process characterisation and
optimisation required for MODD scales linearly with n.

Firstly, Alg. 1 breaks the (potentially) untractably large full process
tensor on n times into computable m < n-time segments and finds
optimal pulse sequences for each segment. It optimises from the
earliest segment to the latest segment, using the pulses found for
earlier segments to produce subsequent segments, thus accounting
for potential non-Markovian effects. This leads a good—albeit not
necessarily optimal—guess for a length-n decoupling sequence. Both
to increase optimality, and to make use of potential long-scale
memory effects MODD can work from the finest available timescale
to the coarsest, via iterating temporal coarse-graining with the
optimisation procedure. Overall, this exploitation of short-term
memory effects (via ODD of the individual segments) and long-
term memory effects (by leaving open slots and optimising them in
the end) yields more optimal decoupling sequences than mere a
mere repetition of the ODD sequences obtained for a single segment
of length m, and we expect it to significantly outperform ODD
whenever long-scale memory plays a non-negligible role.

We emphasise that this procedure necessitates the maximisa-
tion of lwlsz,;,f for a given process tensor ij/- (Line 6 in Alg. 1).

7

Concretely, it requires a solution of the following problem:

given Tm}

maximize Imzmjm} (Tm;) = /<[[Tm,’i|zmj’im,’|lmjﬂ)
i |1 H = |4 ®“'®Am;:|] ;
Aq, ..., Ay are CPTP.
J

subjectto Z

A
m;
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That is, one aims to maximise the mutual information between
input and output by optimising the CPTP maps A, applied at
times t,. However, this problem is neither linear nor convex with
respect to the variables Ay, nor is the mutual information a
quantity that is amenable to simple direct numerical optimisation
techniques. To overcome the latter problem, we instead optimise
a proxy of the mutual information, namely the largest eigenvalue
of the Choi matrix of the resulting channel. Analogously, to re-
establish convexity and linearity, we do not optimise over the
CPTP maps A, ..., A, concurrently, but iteratively. This is
achieved via a see-saw ‘semidefinite program (SDP), which can
be solved numerically efficiently. The details of this numerical
procedure can be found in Sec. Dynamical Decoupling Technique
and Numerical Model. Evidently, making the problem amenable to
simple numerical optimisation techniques comes with the draw-
back that one is not guaranteed to converge to a global maximum
of the mutual information between input and output. However,
the approach we choose suffices for our purposes since it already
demonstrates the consumption of resources in DD that we discuss
above, and indeed finds control sequences that vastly outperform
the traditional DD sequences (see Fig. 4b).

DISCUSSION

Given the results we present, what conclusions can be drawn
about non-Markovianity and noise reduction? It is an established
trend that as the environment starts to behave in a Markovian
manner, noise reduction via DD becomes more difficult. However,
non-Markovianity is not necessary for noise reduction, as our
counterexample in the Supplementary Discussion shows. Nor does
it appear that the presence of non-Markovianity is sufficient for
DD to take place, as suggested by Ref. >2. The mere consumption
of non-Markovianity does not imply that noise is being reduced
either (consider a superprocess consisting of uncorrelated ‘junk’
operations). Despite these complexities, our results allow us to
draw an unambiguous conclusion. Thm. 1 implies that non-
Markovianity is a resource for noise reduction in a strict
mathematical sense, and our numerical results shown in Fig. 4
suggest that methods that efficiently leverage this resource
correspond to improved performance at noise reduction, when
compared to DD methods that make no assumptions about the
noise process.

Contrasted with many other DD methods, (M)ODD requires
knowledge of the process tensor. Consequently, the observed
advantage of (M)ODD over standard periodic and DD and CDD
can be attributed to the value of this extra knowledge. Given this,
it is important to study how the performance of (M)ODD compares
to other techniques that assume knowledge of the environment.
Uhrig dynamical decoupling was originally conceived as an
optimal pulse sequence to preserve a qubit coupled to a bosonic
bath®'. Moreover, locally optimised DD*? and optimised band-
width adapted DD>3 both go a step further to assume explicit
knowledge of the spectral density of the noise, which makes them
more similar (at least in spirit) to our methods. Interestingly, Ref. >3
found the two latter methods significantly outperformed Uhrig
dynamical decoupling, demonstrating the value of this type of
knowledge. There are also other more recent attempts to optimise
noise reduction based on the characterisation of classical noise>*.
It will be an important topic of future research to see how noise
reduction based on a fully quantum characterisation of the non-
Markovian process compares to these existing methods.

The applicability of RTTRs to noise suppression is not limited to
DD; even just within the constraints of 1Ql it is also possible to
implement the quantum Zeno effect (QZE), decoherence free
subspaces (DFS), and most importantly quantum error correction
(QEQ). The sub-theory structure of 1Ql is summarised in panel (b) of
Fig. 3, and a more detailed discussion can be found in the
Supplementary Discussion.
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QEC requires syndrome measurements and conditional re-
preparations®>—which are contained in IQl but are not unitary.
Hence, QEC can be studied within the scope of IQl, but not the more
restricted theory of independent unitaries (IU), which is sufficient for
DD. QEC can be seen as a kind of (spatial) resource distillation task, in
that a large number of noisy physical qubits are used to encode a
small number of fault-tolerant logical qubits. Since both DD and QEC
are encapsulated within 1Ql, we expect that resource theoretic tools
can be brought to bear on hybrid DD/QEC techniques>>>¢,
concentrating resources among both spatially and temporally distinct
subsystems, for further improved noise reduction.

Conversely, inducing a DFS'3*7 requires only the repetition of a
single unitary, rather than a sequence of different unitaries,
meaning that it can be implemented under a stricter theory of
repeated unitaries RU C IU C 1Ql, where no clock-like memory of
which pulses to apply is allowed. Rather than non-Markovianity,
this harnesses symmetries in the system-environment interaction.
Again, nothing precludes a technique harnessesing both jointly.
Finally, the quantum Zeno effect (QZE)*® can be cast as the RTTR
of independent entanglement breaking (operations) IEB CIQI,
where the repeated action is a measurement rather than a unitary,
and one can still preserve classical information.

The concrete link between a process’ amenability to DD and its
non-Markovianity has long been an elusive problem. In reconciling
these two properties, we have constructed a flexible resource
theoretic framework whose scope extends significantly beyond
just DD. Complex multitime processes can be characterised as
resource objects, their resource content can be quantified with
entropy monotones, and resource transformations corresponding
to optimised noise reduction can be applied via (M)ODD. Our
numerical results show that significant resources remain untapped
via traditional DD methods. Thus, extracting these untapped
dynamical resources has the potential to greatly extend the
domain of applicability of noise reduction techniques in the
current generation of NISQ devices.

Doing so will require characterisation of the noise process,
which has recently been achieved on a commercial-grade
device'®, and refined in Refs. 33°°, Moreover, Refs. 103839 ysed
the characterisation information for noise reduction, which is a
variant of optimal dynamical decoupling. We note that our
methods for (M)ODD, mitigate scalability concerns associated with
the characterisation of many-step processes. Additionally, Ref. ©°
has compared a collection of the most prominent DD methods in
the literature on IBM quantum computers, and found that the
results were device specific, emphasising the importance of
tailoring DD to the specific hardware in question. A practical
further step towards the goal of improving DD, is to combine our
(M)ODD methods with optimisation of pulse spacing.

Interestingly, the resource theoretic approach to DD opens the
question of whether a useful bound on noise reduction may exist.
Already, our monotone / induces such a bound, but that bound is
not tight, since relative entropy scales with the dimension of its
argument. If such a bound can be found, characterisation of the
(correlated) noise on a quantum device would already provide the
fundamental efficiency limits of any noise reduction method.

A promising way forward towards an identification of such
fundamental bounds is the construction of a resource theory that
is similar to IQl, but is convex. IQl can be seen as a prototypical
resource theory for noise reduction, since it identifies all temporal
correlations as resources. However, we expect that some
correlations can be ignored on physically justifiable grounds, such
that a bound on noise reduction can be derived for that theory.
Moreover, since the experimenter in that theory would be more
powerful than the one in IQl, such a bound would be valid
here too.
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METHODS

The Methods section of this paper is arranged as follows. We begin
with an explanation of the employed tensor contraction notation.
Next we show that coarse-graining is indeed irreversible, and
provide an interpretation in terms of monotones. After this we
outline a proof of the contractivity of relative entropy under
temporal coarse-graining (which is given in its entirety in the
Supplementary Methods). This is necessary for |, M, and N to be
monotones in IQl. Next, we show that /, M, and N are all individually
monotones in 1Ql, and prove that / can be partitioned into M+ N.
The final section provides a description of the numerical model and
optimisation method used for the results of Fig. 4.

Also, see the Supplementary Discussion for a detailed discussion of
the parallel and sequential product structure of these theories, as well
as the sub-theory structure of 1Ql. The Supplementary Discussion also
contains a discussion of the Markovianisation of noise via dynamical
decoupling, and a summary of the notation used throughout this text.

Tensor contraction notation

It is convenient when working with process tensors, super-
processes, and control sequences/coarse-graining, to have a
shorthand notation that expresses how these objects fit together.
For this, we use a tensor contraction, which always reduces the
dimensionality of its inputs, but does not necessarily return a
scalar. This contraction is written in a bra-ket style

[As[By;] = €5, (11)

where A; is a process tensor with intermediate times &, and B is
a control sequence (or coarse-graining) on a and b that removes
all times in (or, graphically, all slots corresponding to) a\ b.
Consequently, the output object C; in the above equation has
intermediate times b. In this paper, [T;|lz ] := [Tsllz] yields a
channel (i.e. a process ‘without slots’), since channels are what we
use to measure noise reduction. This notation for tensor
contractions can be turned into an inner product (in the sense
that it yields a scalar) by adding an initial state preparation and
taking the control sequence to include a measurement on the
final Hilbert space of the process tensor; the corresponding output
scalar then corresponds to the measurement statistics. However,
throughout we mostly deal with contractions to processes with
fewer slots, or full contractions to channels (not scalars).

We point out that the link product®” would also be an
appropriate choice of notation, but for our purposes our notation
is tailored to highlight the dual action of superprocesses in a way
that is analogous to the dual action of operators in bra-ket
notation. We will see this shortly below.

Translating traditional superoperator notation to ours, the
action of a process tensor on a control sequence is

Ti[As] = [TalAs] = trine{TAA] }, (12)

where T is the transpose, ‘int’ corresponds to all intermediate
spaces between the initial input and final output spaces. For
generality, A; is taken to include pre- and post-processing
operations on these input and output spaces at times 0 and t
respectively. The action of a superprocess on a process tensor is

230 T3] 1= [Ta[Zaa] = trupper{ ToZp™ }. (13)

where the ‘upper’ index denotes the Hilbert spaces on the upper
half of the superprocess, which join to the process tensor as in Fig. 3.
The full trio of objects is

(Z4a [Ta]) [An] == [T5|Z5s |AG]. (14)
Superprocesses have a dual action which in this notation

behaves much like how operators behave in bra-ket notation

Ty = [T;|A] = [TalZaa|As] = [TalA7]. (15)
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Note that when an object is on its own, as the resultant channel T
is in Eq. (15), we omit the square brackets.

Representation of free transformations

Here, we provide a simple representation of all transformations in
RTTRs, which will be used to prove the irreversibility of coarse
graining (i.e. Obs. 1). To this end, we define a RTTR S = (T, Z) where
T is the set of potential processes for any non-negative integer
n € Z o of intermediate times, and Z are the free transformations
(both superprocesses and coarse-grainings).

Superprocesses consist of pre- and post-processing operations
to the s part of each evolution map in Eq. (1):
T =T, = VaosaT gy 0aWg - (16)
The superprocess may potentially make use of additional ancillary
system a. The form and connectivity of V3;* and W5 correspond to
experimental constraints (which in turn define what tasks can be
completed, see Fig. 1 for more details). The other kind of free
transformation in a RTTR is temporal coarse-graining which does
nothing other than removing times available for intermediate
interventions. For an arbitrary process T; with a set n of times for
intermediate interventions, temporal coarse-graining to m<n
times is achieved by n — m identity maps Z; on the system s
|f,\,;7 = ® I? for

ich\m

bcmCha. 7)

The free-ness of temporal coarse-graining can be simply seen as a
consequence of the fact that choosing to do nothing is free.
Hence, it is possible to combine these two kinds of free
transformations into a fully general joint transformation.

Lemma 1. Given a resource theory of temporal resolution S, all
free transformations can be represented as

Zis = [Zonlli\m]- (18)

Proof. A sequence of transformations in a resource theory of
temporal resolution can be written explicitly as

[Z::1025] [Zi510505] - [[Zed'e\aﬂ : (19)

with Z D -+ D a. For any level of coarse-graining B there exists a
fine grained view of the underlying process such that a O 8 such
that any Zy; can be expressed as Zy, = [[Ia\ﬁ|zaa|la\8]] for some
fine grained superprocess Z;. This is possible because we allow
the identity, i.e. ‘do nothing’ action to be free within the resource

theory. As such, the actions of Zz; at times d\B are identities,
ensuring that the fine and coarse pictures are physically
equivalent. Hence Eq. (19) can be re-written as

[2::1Z]... 1Z511204] = [Z5]124], (20)

for a sequence of fine grained actions ZJ;E’
the fine-grained equivalent of Zz; [.

a a
,Z%,, and each ZZ, is

Proof of Obs. 1

Lem. 1 provides the language with which it is possible to show
Obs. 1, that temporal coarse-graining is order-reflecting, i.e. at
least as many processes can be reached by applying a super-
process and then coarse-graining, compared to coarse-graining
and then applying a superprocess. We show that the latter can
always be re-written in the form of Lem. 1, but that the converse is
false in general.

The fact that temporal coarse-graining is order reflecting follows
straightforwardly from Lem. 1. By this lemma, the ‘coarse-grain
then apply control’ transformation I s] [1am|ZaVavm | == Vim] Zm
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can always be represented by some ‘apply control then coarse-
grain’ transformation Zg\lf,\m] for an appropriate choice of Z;,.
To see why temporal coarse-graining is not in general also order
preserving, simply consider when n D m is a strict inclusion. This
Z;, will then be restricted in that no non-trivial actions may occur
at times in A \ M. There are fewer times to exert influence on the
system, naturally meaning that less can be done to transform it.
This observation shows that temporal resolution itself can be a
resource, since its presence increases the range of processes one
can transform to via free operations. This formalises the natural
intuition about the relation of temporal resolution and control,
and allows us to exploit this consequential connection.

Monotone interpretation of irreversibility

It is possible to re-frame irreversibility in terms of monotones. The
following inequality follows directly from the original definition of
irreversibility in Obs. 1.

Corollary 1. For any valid monotone M : T — R in a resource
theory of temporal resolution S, and all process tensors T; € T,
with) CmCh

sup M(I[Tn|zfm“n\m]|)
Z:72ni

> sup M([[Tallam]lZam])-

i € i

The notation Z;; denotes the set of free transformations from n
interventions to n interventions. This holds true because mono-
tones in resource theories satisfy A — B via a free operations, then
M(A) = M(B) for all monotones, and Obs. 1 guarantees that the left
hand side of Eq. (21) can reach at least as many processes as the
right hand side. Given the same underlying dynamics, a finer
grained process tensor description will always be at least as
resourceful as the corresponding coarse-grained one.

Irreversibility leads to perceived non-monotonicity

What makes 1Ql suitable for describing noise reduction is that an
appropriately chosen superprocess may cause the mutual
information of the resultant channel to be higher than it would
be without that intervention. In other words, the ability to reduce
noise is inherently tied to the irreversibility of coarse-grainings.

Corollary 2. In the resource theory of temporal resolution IQI,
given any process T, there exists a superprocess Z;; such that

lyz,, (Ta) > 1y(Ts) (22)

iff Cor. 1 is realised as a strict inequality for m = .

Proof. Consider Eq. (21) in the case of M=/ and m = (. Then, Cor.
1 reduces to
sup 1y([TalZaa) > 1y(Ts). 23)
AT
Observe that the supremum on the right hand side disappears
because free superprocesses in 1Ql with no intermediate
interventions [l5|Zs|15] are just mutually independent pre- and
post-processing, and cannot increase mutual information (due to
the data processing inequality), i.e.
sup I([Ta 0110 1Zaa 1]) = 1p(Ta). (24)
7n €Lan
Thus, if Cor. 1 holds as a strict inequality, then there will exist a
superprocess Z, satisfying the strict inequality for Eq. (23).
Conversely, if there exists any lyz,, (Ts) > ly(Ta), Cor. 1 will be a
strict inequality for the same reason that mutually independent
pre- and post-processing cannot increase mutual information.

npj Quantum Information (2023) 104



npj

G.D. Berk et al.

10

Thus, noise reduction requires the irreversibility of temporal
coarse-grainings [_].

Contractivity of relative entropy under coarse-grainings

As a pre-requisite for IQI to be considered a useful resource theory
for describing information preservation, we require that mutual
information is respected as a monotone. It is already known that
free superprocesses Z;; that do not change the number of times
respect this quantity®S. Here, we show that mutual information is
also contractive under temporal coarse-graining and thus a
meaningful monotone of IQl. The proof of contractivity, which
can be found in the Supplementary Methods, consists of showing
that coarse-graining is a linear and positive operation that is trace
preserving on the set of processes. As demonstrated in Ref.
(Thm. 1), these properties ensure contractivity of relative entropy
(and thus mutual information). Specifically, trace preservation, and
positivity are shown by writing the Choi state of a process, before
and after coarse-graining, in terms of the composition of channels
acting on maximally entangled states. Linearity is shown directly.

Monotonicity of I, M, N under free superprocesses of 1Ql

Clearly, mutual information /(T) is a metric of how well a process
T; retains information, and likewise for its constituents M and N.
However, to show that our resource theory IQl actually treats the
preservation of information as valuable, it should be true that
those functions are all monotones under the free transformations.
Here we show that /, M, and N are monotonic under free
superprocesses of 1Ql. Importantly, our contractivity result proved
in the Supplementary Methods guarantees that they are also
monotonic under coarse-grainings, and hence the transformations
of 1Ql more broadly, since all free transformations can be
represented as a combination thereof. It is also the case that / is
a faithful monotone in this theory. Note that monotonicity of
these quantities does not conflict with our notion of ‘increasing’
these monotones throughout the text, since the reference is the
case of no direct experimental intervention, not the pre-
transformation process (see Fig. 2).

Proposition 1. Markovian information M and Non-Markovianity N,
as defined in Eq. (6) and Eq. (7), respectively, are monotonic under
the free superprocesses of 1Ql.

Proof. In resource theory IQl, all experimental interventions are
temporally local, which means that they cannot increase correla-
tions between temporally separated subsystems. To demonstrate
this for the case of M, a free superprocess Z; is applied to T, and
Markovian information takes the form

M ﬁ\zﬁﬁ])
[Tn|znn11>Mk“n(ﬂrﬁ\zﬁﬁnma’g)

:sCéjtr,{ Tz} ® e n|znn1}>

sq{}@; {Tn}|znnﬂ [[285 try {Tn}|zmﬂ>

= S([T"1Zan] II[T3"*(Zo4])
< S(TYV(IT™9) = M(T;).

j indexes the evolutions of the process tensor, while h labels the
input and output Hilbert spaces. The third line follows from the
second because free superprocesses are temporally local in 1Ql,
implying that the marginals (either full or Markovian as in Eq. (6))
of the transformed process equals the the transformation of the
marginals, ie. ([T5|Zu])" = [T¥Zs5], and ([TalZaa)) ™ =

[T2%91Z;3]. The final line uses the contractivity of relatve entropy

(25)
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under free superprocesses®. The same type of argument can be
applied to show that / and N are monotones, so we will not repeat

it .

It should be noted that this feature of the independent
quantum instruments theory does not hold for all RTTRs.
Specifically, when the individual actions within the superprocess
are connected by memory, the second line in Eq. (25) will not
equal the third, and these quantities may no longer be
monotones. For example, some (but not all) non-Markovian
processes may be considered free in a theory that allows for
convex mixtures of the allowed superprocesses in IQl, meaning
that N is no longer a monotone.

Most importantly, since we understand 1Ql as a resource theory
for noise reduction, the fact that N is a monotone in this theory
means that non-Markovianity is a resource for noise mitigation in
general.

Invariance of I, M, N under Superprocesses of 1U

We present a brief proof that total mutual information, Markovian
information, and non-Markovianity are not only monotonic, but
also invariant under DD sequences, and the free superprocesses of
IU more broadly, i.e. sequences of unitaries. We emphasise that
this invariance is with respect to superprocesses is in the absence
of coarse-graining, i.e. only holds at a single level of temporal
resolution. Again, this does not contradict the possibility of noise
mitigation/DD, since the reference is not the process before
transformation, but the result which would be obtained if the
experimenter did not intervene.
Proposition 2. |, M, and N are invariant under the free
superprocesses of 1U.

Proof. We show this invariance directly for I/, using the same
argument as in our proof of Prop. 1:

I(|[T,5\Z,,,, = (nH n|znn])marg)
S( Th|Zsll| % tre{[T nznn]}>

2(n+1) (26)
=S| [TalZa] ® tre{Ta }Zas

5([[ n|Znn T3 1Zas])
=I(T

As with Prop. 1, the second and third line are equal because the
free superprocesses of IU C IQl are temporally local. The invariance
of M and N follow from the same argument, so we will not repeat
it here [].

The fact that even the cleanest (i.e. unitary) interventions still
cannot increase the value of monotones highlights the pivotal role
of temporal coarse-graining in noise reduction.

Derivation of Eq. 8

In this subsection we demonstrate that important property that
the partition of /(T;) into N(T;) + M(T4) has no overlap, i.e. that
the trade-off between Markovian and non-Markovian correlations

is a ‘zero-sum game’. We express the difference between /(T;) and
M(T5) in terms N(Tj):
I(Ta) = I(T) = S(TA | T*0) — S(TR[[T7°°)
= (S(T°9) — (15
(5(T7") = (72) -

= (S(T39) = s(T7™))
= S(Tal[ TX) = N(T3).
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The above holds because T,»"f‘k" is a product of marginals of T;,
while TJ*' is a product of marginals of TH¥". Hence, the mutual
information monotone can be partitioned into two contributions

I(T;) = M(T5) + N(Tz), (28)

allowing us to study the role of non-Markovianity (captured by
N(T;)) in information preservation.

Dynamical decoupling technique and numerical model

Noise model. The model used to generate the data underlying
Fig. 4 consists of a a single qubit system s, and a single qubit
environment e with a (Haar) randomly sampled initial pure state
p5, undergoing evolution for duration t under a randomly sampled
s-e Hamiltonian H*¢ whose operator norm is normalised to unity.
Specifically, these Hamiltonians are sampled by producing
matrices K whose entries are uniformily distributed in [0, 1], taking
H°¢ as the combination K + K', and subsequently normalising it by
its operator norm. The choice of a simple unitary noise model
ensures that DD is possible at least in principle. In a noise model
such as this, non-Markovianity will gradually accumulate as the
duration between pulses becomes longer, instead of information
being irreversibly lost to structureless noise.

We produce 20 samples of pairs {p§, H**}, generating an
ensemble of 20 sets of underlying dynamics. Due to the fact that a
two-qubit Hamiltonian does not equilibrate for long times, and
instead oscillates, combined with our use of a log scale to probe
many timescales, this oscillatory behaviour will tend to obscure
any real trends at long times. Hence, there is a need to average in
the time domain to smooth over these oscillations at long
timescales. Specifically, for each time data point, a window of 10
data points was averaged over to generate the value for that time.

For a given set of underlying dynamics, we study three levels of
temporal resolution: Ty, 15 = {t/16,... ,15t/16}, T3, 3 = {t/4,
2t/4,3t/4}, and Ty, corresponding to a fine-grained process, an
intermediate process, and a channel. DD can be applied at the
fine-grained level, and/or at the coarse-grained level, by acting at
both timescales corresponding to CDD. Using these three levels of
temporal resolution, we can compute changes in monotones, e.g.
Al =1y, (Tys) —I5(Tys), as well as the increase in channel-level
mutual information lyz,(Tys) — lo(Tys)-

Applying MODD to noise model. We summarise the process of
applying MODD to the noise model above. In the case with n =15
that we consider, we have the number of segments at the fine
timescale K°=4, and the first segment being m; =
{t/16,2t/16,3t/16} (see Fig. 4 (a)). Using this optimised
sequence, a maximally mixed state is placed into the input of
the dynamics at time t=0 and the second segment on times
m, = {5t/16,6t/16,7t/16} is characterised (experimentally, this
would be done by tomography, for our numerical simulation, we
can directly compute it) and the corresponding sequence of
operations is optimised via ODD (see the SDP methods described
below in Sec. SDP Methods). This procedure is continued until all of
n =15 has optimised operations. We then coarse-grain T; (by
contracting it with the found sequence of operations 4;) to Ty
where /' = {t/4,t/2,3t/4}. This does not need to be further split
into segments, so we set K' = 1. Finally, we perform a last SDP
optimisation on T . This procedure then yields a sequence of n (in
our case, n=15) operations that achieve a good level of
decoupling. In our numerical study we use two timescales
(C=2): one fine timescale, and one coarse one, but in general
one can continue coarse-graining and optimising at longer
timescales. This is directly analogous to the levels of concatena-
tion in CDD.

Importantly, this multitimescale ODD approach overcomes the
exponentially bad scaling that ODD is plagued by on its own, since
it only requires the characterisation of n/m+ 1 processes on m
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times (for one layer of coarse-graining). For example, for the case
n=15 and m =3 outlined above, MODD requires the character-
isation of five three-slot combs, each necessitating the experi-
mental collection of d'® probabilities, as compared to d®* for the
complete 15 slot process. Despite the linear scaling (with respect
to the characterisation of the m-slot process), the drawback of this
method is that it only finds local maxima based on a series of
individual optimisations, as opposed to a global optimisation over
the uncomputable full process. MODD mitigates this shortcoming
by following up the original optimisation with a ‘more global’
optimisation at a coarser timescale, thus exploiting both short-
and long-term memory effects.

SDP methods. As mentioned in Sec. Numerical Optimisation,
direct optimisation of a set of control operations for a given
process tensor T; requires the maximisation of Iz, , i.e. one aims
to solve

given T;
maximize I@‘zm1 (Tﬁ) = I(I[Tﬁ‘zhﬁ“h]]) (29)
subjectto  Zy;|l;] = A1 ® - @ A,

A, ... Apare CPTP.

This problem is neither linear nor convex with respect to the
variables A;, and the mutual information is not amenable to
simple optimisation techniques. Here, we overcome these issues
by iteratively optimising over each of the involved variables
individually and replacing the mutual information by a proxy,
specifically the largest eigenvalue of lyz, (T;). For a given
[T41Zas|13], computation of the largest eigenvalue is an SDP:
given [TalZan 7]

maximize A= tr(ﬂTﬁ|Zﬁ,}|l,‘7]E) (30)
subjectto 0<E<1

With this, in each iteration step, one can efficiently optimise over
one of the variables A, ... , Ay, E while keeping the others fixed.
For example, in order to optimise .4;, one would solve the SDP
Ay, .. Ap E

A= tl’(ﬂT,alZ,’,,’,“ﬁ]E)

Zislhl = A ®--- @ A,

A,is CPTP.

given

maximize
. (31)
subject to

Consecutively optimising all variables until the largest eigenvalue
A does not change anymore then yields a heuristic guess for a
good sequence that maximises lyz,. (Ts) which we compute as a
final step for the sequence A, ... , A, obtained from the above
procedure. Evidently, the solutions found in this way are not
necessarily globally ideal; firstly, such an iterative approach is only
guaranteed to converge to a local, but not necessarily a global
extremum. Secondly, we only maximise a proxy for the mutual
information of the resulting channel, namely the largest eigenva-
lue of the resulting channel. Consequently, there might be better
solutions than the ones we provide, and more bespoke numerical
techniques to find ideal control sequences. In all the cases we
consider, though, this approach already yields significant advan-
tages over traditional DD sequences.

DATA AVAILABILITY

The datasets used and/or analysed during the current study available from the
corresponding author on reasonable request.

CODE AVAILABILITY

The underlying code for this study is not publicly available but may be made available to
qualified researchers on reasonable request from the corresponding author. The

npj Quantum Information (2023) 104



npj

G.D. Berk et al.

12

underlying code for this study is available in GitHub and can be accessed via this link
https://github.com/simoncmilz/Extracting_Quantum_Dynamical_Resources.

Received: 17 February 2023; Accepted: 30 September 2023;
Published online: 19 October 2023

REFERENCES

1.

20.

21.

22.

23.

24,

25.

26.

27.

28.

29.

30.

Krantz, P. et al. A quantum engineer’s guide to superconducting qubits. Appl.
Phys. Rev. 6, 021318 (2019).

. Bruzewicz, C. D., Chiaverini, J., McConnell, R. & Sage, J. M. Trapped-ion quantum

computing: Progress and challenges. Appl. Phys. Rev. 6, 021314 (2019).

. Gardiner, C. & Zoller, P. Quantum Noise, chap. 1 (Springer, 2004).
. Rivas, A, Huelga, S. F. & Plenio, M. B. Quantum non-Markovianity: characteriza-

tion, quantification and detection. Rep. Prog. Phys. 77, 094001 (2014).

. Li, L, Hall, M. J. & Wiseman, H. M. Concepts of quantum non-markovianity: A

hierarchy. Phys. Rep. 759, 1-51 (2018).

. Milz, S. & Modi, K. Quantum stochastic processes and quantum non-markovian

phenomena. PRX Quant. 2, 030201 (2021).

. Aharonov, D., Kitaev, A. & Preskill, J. Fault-tolerant quantum computation with

long-range correlated noise. Phys. Rev. Lett. 96, 050504 (2006).

. Devitt, S. J., Munro, W. J. & Nemoto, K. Quantum error correction for beginners.

Rep. Prog. Phys. 76, 076001 (2013).

. Terhal, B. M. Quantum error correction for quantum memories. Rev. Mod. Phys.

87, 307-346 (2015).

. White, G. A. L, Hill, C. D., Pollock, F. A., Hollenberg, L. C. L. & Modi, K. Demon-

stration of non-markovian process characterisation and control on a quantum
processor. Nat. Commun. 11, 6301 (2020).

. Chalermpusitarak, T. et al. Frame-based filter-function formalism for quantum

characterization and control. PRX Quant. 2, 030315 (2021).

. Viola, L., Knill, E. & Lloyd, S. Dynamical decoupling of open quantum systems.

Phys. Rev. Lett. 82, 2417-2421 (1999).

. Lidar, D. A. Review of Decoherence-Free Subspaces, Noiseless Subsystems, and

Dynamical Decoupling, 295-354 (John Wiley & Sons, Ltd, 2014).

. Arenz, C, Burgarth, D., Facchi, P. & Hillier, R. Dynamical decoupling of unbounded

hamiltonians. J. Math. Phys. 59, 032203 (2018).

. Pokharel, B, Anand, N. Fortman, B. & Lidar, D. A. Demonstration of fidelity

improvement using dynamical decoupling with superconducting qubits. Phys.
Rev. Lett. 121, 220502 (2018).

. Du, J. et al. Preserving electron spin coherence in solids by optimal dynamical

decoupling. Nature 461, 1265-1268 (2009).

. Naydenov, B. et al. Dynamical decoupling of a single-electron spin at room

temperature. Phys. Rev. B 83, 081201 (2011).

. Tripathi, V. et al. Suppression of Crosstalk in Superconducting Qubits Using

Dynamical Decoupling. Phys. Rev. Appl. 18, 024068 (2022).

. Suter, D. & Alvarez, G. A. Colloquium: Protecting quantum information against

environmental noise. Rev. Mod. Phys. 88, 041001 (2016).

Gough, J. E. & Nurdin, H. I. Can quantum markov evolutions ever be dynamically
decoupled? In 2017 IEEE 56th Annual Conference on Decision and Control (CDC),
6155-6160 https://doi.org/10.1109/CDC.2017.8264587 (2017).

de Vega, |. & Alonso, D. Dynamics of non-markovian open quantum systems. Rev.
Mod. Phys. 89, 015001 (2017).

Burgarth, D., Facchi, P., Fraas, M. & Hillier, R. Non-Markovian noise that cannot
be dynamically decoupled by periodic spin echo pulses. SciPost Phys. 11, 27
(2021).

Addis, C, Ciccarello, F., Cascio, M., Palma, G. M. & Maniscalco, S. Dynamical decou-
pling efficiency versus quantum non-markovianity. New J. Phys 17, 123004 (2015).

Chitambar, E. & Gour, G. Quantum resource theories. Rev. Mod. Phys. 91, 025001
(2019).

Brandao, F. G. S. L. & Plenio, M. B. Entanglement theory and the second law of
thermodynamics. Nat. Phys. 4, 873-877 (2008).

Winter, A. & Yang, D. Operational resource theory of coherence. Phys. Rev. Lett.
116, 120404 (2016).

Gour, G., Miller, M. P., Narasimhachar, V., Spekkens, R. W. & Halpern, N. Y. The
resource theory of informational nonequilibrium in thermodynamics. Phys. Rep.
583, 1 - 58 (2015).

Liu, Y. & Yuan, X. Operational resource theory of quantum channels. Phys. Rev.
Res. 2, 012035 (2020).

Gour, G. Comparison of quantum channels by superchannels. IEEE Trans. Inf.
Theory 65, 1-1 (2019).

Liu, Z-W. & Winter, A. Resource theories of quantum channels and the universal
role of resource erasure. arXiv:1904.04201https://www.arxiv.org/abs/1904.04201.
(2019).

npj Quantum Information (2023) 104

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

Theurer, T, Egloff, D., Zhang, L. & Plenio, M. B. Quantifying operations with an
application to coherence. Phys. Rev. Lett. 122, 190405 (2019).

Kristjansson, H., Chiribella, G., Salek, S., Ebler, D. & Wilson, M. Resource theories of
communication. New J. Phys. 22, 073014 (2020).

Regula, B. & Takagi, R. Fundamental limitations on distillation of quantum
channel resources. Nat. Commun. 12, 4411 (2021).

Giarmatzi, C. & Costa, F. Witnessing quantum memory in non-Markovian pro-
cesses. Quantum 5, 440 (2021).

Milz, S. et al. Genuine Multipartite Entanglement in Time. SciPost Phys. 10, 141
(2021).

Berk, G. D., Garner, A. J. P, Yadin, B., Modi, K. & Pollock, F. A. Resource theories of
multi-time processes: A window into quantum non-Markovianity. Quantum 5,
435 (2021).

Pollock, F. A., Rodriguez-Rosario, C., Frauenheim, T., Paternostro, M. & Modi, K.
Non-Markovian quantum processes: complete framework and efficient char-
acterization. Phys. Rev. A 97, 012127 (2018).

White, G., Pollock, F., Hollenberg, L., Modi, K. & Hill, C. Non-Markovian Quantum
Process Tomography. PRX Quant. 3, 020344 (2022).

White, G. A. L., Pollock, F. A, Hollenberg, L. C. L., Hill, C. D. & Modi, K. Diagnosing
temporal quantum  correlations: compressed non-Markovian  calipers.
arXiv:2107.13934 https://www.arxiv.org/abs/2107.13934. (2021).

Fux, G. E, Butler, E. P, Eastham, P. R, Lovett, B. W. & Keeling, J. Efficient
exploration of hamiltonian parameter space for optimal control of non-
markovian open quantum systems. Phys. Rev. Lett. 126, 200401 (2021).

41. Butler, E. P, Fux, G. E, Lovett, B. W,, Keeling, J. & Eastham, P. R. Optimizing
performance of quantum operations with non-markovian decoherence: the tor-
toise or the hare? arXiv:2303.16002 (2023).

42. Chiribella, G., D'Ariano, G. M. & Perinotti, P. Theoretical framework for quantum
networks. Phys. Rev. A 80, 022339 (2009).

43. Costa, F. & Shrapnel, S. Quantum causal modelling. New J. Phys. 18, 063032
(2016).

44. Pollock, F. A., Rodriguez-Rosario, C., Frauenheim, T., Paternostro, M. & Modi, K.
Operational Markov condition for quantum processes. Phys. Rev. Lett. 120,
040405 (2018).

45. Chiribella, G., D'Ariano, G. M. & Perinotti, P. Transforming quantum operations:
quantum supermaps. Europhys. Lett. 83, 30004 (2008).

46. Brandao, F. G. S. L. & Datta, N. One-shot rates for entanglement manipulation
under non-entangling maps. IEEE Trans. Inf. Theory 57, 1754-1760 (2011).

47. Facchi, P, Lidar, D. A. & Pascazio, S. Unification of dynamical decoupling and the
quantum zeno effect. Phys. Rev. A 69, 032314 (2004).

48. Rodriguez-Rosario, C. A, Kimura, G., Imai, H. & Aspuru-Guzik, A. Sufficient and
necessary condition for zero quantum entropy rates under any coupling to the
environment. Phys. Rev. Lett. 106, 050403 (2011).

49. Watrous, J. Lecture notes in quantum information theory. https://cs.uwaterloo.ca/
~watrous/TQl-notes/ (2011).

50. Khodjasteh, K. & Lidar, D. A. Fault-tolerant quantum dynamical decoupling. Phys.
Rev. Lett. 95, 180501 (2005).

51. Uhrig, G. S. Keeping a quantum bit alive by optimized m-pulse sequences. Phys.
Rev. Lett. 98, 100504 (2007).

52. Biercuk, M. J. et al. Optimized dynamical decoupling in a model quantum
memory. Nature 458, 996-1000 (2009).

53. Khodjasteh, K., Erdélyi, T. & Viola, L. Limits on preserving quantum coherence
using multipulse control. Phys. Rev. A 83, 020305 (2011).

54. Dong, W., Paz-Silva, G. A. & Viola, L. Resource-efficient digital characterization and
control of classical non-Gaussian noise. Appl. Phys. Lett. 122, 244001 (2023).

55. Paz-Silva, G. A. & Lidar, D. A. Optimally combining dynamical decoupling and
quantum error correction. Sci. Rep. 3, 1530 (2013).

56. Ng, H. K, Lidar, D. A. & Preskill, J. Combining dynamical decoupling with fault-
tolerant quantum computation. Phys. Rev. A 84, 012305 (2011).

57. Lidar, D. A, Chuang, I. L. & Whaley, K. B. Decoherence-free subspaces for quantum
computation. Phys. Rev. Lett. 81, 2594-2597 (1998).

58. Dominy, J. M., Paz-Silva, G. A, Rezakhani, A. T. & Lidar, D. A. Analysis of the
quantum zeno effect for quantum control and computation. J. Phys. A 46, 075306
(2013).

59. Guo, C, Modi, K. & Poletti, D. Tensor-network-based machine learning of non-
markovian quantum processes. Phys. Rev. A 102, 062414 (2020).

60. Ezzell, N., Pokharel, B, Tewala, L., Quiroz, G. & Lidar, D. A. Dynamical decoupling
for superconducting qubits: a performance survey 2207.03670 (2023).

61. Muller-Hermes, A. & Reeb, D. Monotonicity of the quantum relative entropy
under positive maps. Ann. Henri Poincaré 18, 1777-1788 (2017).

ACKNOWLEDGEMENTS

G. B. is supported by an Australian Government Research Training Program (RTP)
Scholarship. This work is supported by the National Research Foundation, Singapore,

Published in partnership with The University of New South Wales


https://github.com/simoncmilz/Extracting_Quantum_Dynamical_Resources
https://doi.org/10.1109/CDC.2017.8264587
https://www.arxiv.org/abs/1904.04201
https://www.arxiv.org/abs/2107.13934
https://cs.uwaterloo.ca/~watrous/TQI-notes/
https://cs.uwaterloo.ca/~watrous/TQI-notes/

and Agency for Science, Technology and Research (A*STAR) under its QEP2.0
programme (NRF2021-QEP2-02-P06), the Singapore Ministry of Education Tier1 Grant
RG146/20, grant nos. FQXi-RFP-IPW-1903 (‘Are quantum agents more energetically
efficient at making predictions?’) from the Foundational Questions Institute and
Fetzer Franklin Fund (a donor-advised fund of Silicon Valley Community Foundation).
S. M. acknowledges funding from the European Union’s Horizon 2020 research and
innovation programme under the Marie Sktodowska Curie grant agreement No
801110, and the Austrian Federal Ministry of Education, Science and Research
(BMBWEF). The opinions expressed in this publication are those of the authors, the EU
Agency is not responsible for any use that may be made of the information it
contains. KM. is supported through Australian Research Council Future Fellowship
FT160100073 and Discovery Project DP210100597. K.M. was a recipient of the
International Quantum U Tech Accelerator award by the US Air Force Research
Laboratory.

AUTHOR CONTRIBUTIONS

G.D.B. carried out the proofs and wrote the paper under the supervision of K.M. G.D.B.
and S.M. both contributed to the numerical calculations. All authors contributed to
the research conceptualisation, discussion, and the refinement of the paper.

COMPETING INTERESTS

The authors declare no competing interests.

Published in partnership with The University of New South Wales

G.D. Berk et al.

npj

ADDITIONAL INFORMATION

Supplementary information The online version contains supplementary material
available at https://doi.org/10.1038/541534-023-00774-w.

Correspondence and requests for materials should be addressed to Kavan Modi.

Reprints and permission information is available at http://www.nature.com/
reprints

Publisher’s note Springer Nature remains neutral with regard to jurisdictional claims
in published maps and institutional affiliations.

Open Access This article is licensed under a Creative Commons

5Y Attribution 4.0 International License, which permits use, sharing,
adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative
Commons license, and indicate if changes were made. The images or other third party
material in this article are included in the article’s Creative Commons license, unless
indicated otherwise in a credit line to the material. If material is not included in the
article’s Creative Commons license and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly
from the copyright holder. To view a copy of this license, visit http://
creativecommons.org/licenses/by/4.0/.

© The Author(s) 2023

npj Quantum Information (2023) 104

13


https://doi.org/10.1038/s41534-023-00774-w
http://www.nature.com/reprints
http://www.nature.com/reprints
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

	Extracting quantum dynamical resources: consumption of non-Markovianity for noise reduction
	Introduction
	Results
	Physical scenario
	Resource theories for quantum processes
	Temporal coarse-graining
	Resource theories of temporal resolution
	Noise reduction monotones
	Decoupling mechanisms
	Multitimescale optimal dynamical decoupling
	Numerical optimisation

	Discussion
	Methods
	Tensor contraction notation
	Representation of free transformations
	Proof of Obs. 1
	Monotone interpretation of irreversibility
	Irreversibility leads to perceived non-monotonicity
	Contractivity of relative entropy under coarse-grainings
	Monotonicity of I, M, N under free superprocesses of IQI
	Invariance of I, M, N under Superprocesses of IU
	Derivation of Eq. 8
	Dynamical decoupling technique and numerical model
	Noise model
	Applying MODD to noise model
	SDP methods


	DATA AVAILABILITY
	References
	Acknowledgements
	Author contributions
	Competing interests
	ADDITIONAL INFORMATION




