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Spectral analysis of product formulas for quantum simulation

Changhao Yi'™ and Elizabeth Crosson'®

We consider the time-independent Hamiltonian simulation using the first order Lie-Trotter—Suzuki product formula under the
assumption that the initial state is supported on a low-dimension subspace. By comparing the spectral decomposition of the
original Hamiltonian and the effective Hamiltonian, we obtain better upper bounds for various conditions. Especially, we show that
the Trotter step size needed to estimate an energy eigenvalue within precision € using quantum phase estimation can be improved

in scaling from e to €'’

for a large class of systems. Our results also depend on the gap condition of the simulated Hamiltonian.

npj Quantum Information (2022)8:37 ; https://doi.org/10.1038/s41534-022-00548-w

INTRODUCTION

The Lie-Trotter-Suzuki product formula'=® was originally used by
Lloyd” to establish the first method for efficiently approximating
the dynamics U(t) = e~ """ generated by a local Hamiltonian H with
a universal quantum computer. After many refinements>® this
approach (often called “Trotterization”) continues to be an
appealing method for Hamiltonian simulation from both experi-
mental and mathematical perspectives.

The method is based on dividing U(t) into L short-time
evolutions U(t) = U(St), t = LSt, and replacing each U(St) with an
approximation Ur,(6t). The parameter L is the number of Trotter
steps and &t > 0 is the Trotter step size. Given a decomposition of

the Hamiltonian into a sum of layers H = S _. H,,, the first order
product formula approximation is

Uro(8t) = [T e ", (1)

n=1

where 8t and L are chosen to depend on the tolerable level of
error, as we subsequently discuss. We term the digital error of this
method as Trotter error, usually, it's quantified by the operator
norm distance between the digital evolution operator and the
ideal evolution operator.

Most prior works calculate the Trotter error by first relating the
global error to the local error (which is the digital error of a single
Trotter step), then calculating the local error carefully. However,
several reasons motivate us to seek for a different approach. For
instance, in the two-layer case H = H, + Hp, the first order formula
has similar asymptotic error scaling with the second order one’.
While it's hard to prove it from the local error perspective?, for its
relation to the global error is non-trivial. Besides, it's hard to reveal
the difference between fidelity error and norm distance error in
specific simulations. Although for general situations they share the
same asymptotic scaling, in quantum phase estimation (QPE) %it's
not the case. Moreover, sometimes the condition about the
energy levels of the initial state will influence the error estimation,
but it's unnatural to take it into consideration in this framework.

All these issues can be improved with our framework, which is
based on the spectral analysis of the effective Hamiltonian H that
generates the Trotterized time evolution,

Fi = ilog(Uno(6t))/6t,  Uno(8t)t — e . @

Treating 6t as a small parameter, perturbative methods can be
used to compare the energy levels and eigenstates {E;, |y,)} of

the original Hamiltonian H to those {E, |l[3,>} of the effective
Hamiltonian H. For fixed &t the fidelity between corresponding

eigenstates /1 — [(y,|,)|* is independent of the total simulation

time, while the error in phase accumulates as \E, — Ey|t, which is
the dominant part of the Trotter error. The detail analysis of the
deviation in energy enables us to obtain better upper bounds.

To obtain an improvement for |E; — Ej|, we consider special
cases in which the first order perturbation in energy vanishes.
The main two cases are (1) the two-layer Lie-Trotter formula H =
Hxa+ Hg, and (2) the case in which all the layers of the
decomposition simultaneously have real matrix elements in
some choice of basis. In the first case, the leading perturbation
term has expression —idt[H,, Hgl/2. Given any eigenstate |¢;) of
H, it's easy to verify that (y|[Ha, Hs]|lw)) = (w|[H, Hs]|w,) = O.
Thus the perturbation in energy has order O(6t?) instead. As a
first conclusion, we reveal the similarity between the first and
second order product formulas.

These methods also lead us to consider applications in which
the initial state |) is (or is close to) an eigenstate of H, enabling an
improved upper bound on the Trotter step size in QPE. QPE relates
Hamiltonian time-evolution U() =e " to the measurement of
energy eigenvalues'® "2, In the ideal version of the algorithm,
measuring the output of the phase estimation circuit collapses the
system into an energy eigenstate of H. If we replace the time
evolution with the product formula approximation Ur,o(8t):, then
(in the ideal case) we will instead measure an energy eigenvalue
of H. In our framework, the Trotter error in phase estimation can
be reduced from O(L6t?) to O(L6t?). In terms of the target
precision ¢ of the QPE, this means the Trotter step size can be
enlarged from 8t = O(e) to &t = O(e'/?).

RESULTS
Set up and notations

Usually, the Trotter error is quantified by the norm distance
between operators.

A=A, A= Uno(dt)" — Ult). 3)
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The notation ||:|| refers to the operator norm:
I0]] = max|x,—1 |O|x}|l,, where ||-||; is the Euclidean norm of

vector |v|l, = Vviv. To quantify A, usually, we relate it to the
norm distance error of a single Trotter step 6 = ||Ur,o(6t) — U(SY)||
as A<Ld, then calculate & with Baker-Campbell-Hausdorff
formula' or Magnus expansion'. For a given error tolerance ¢,
the restriction of A<e determines the gate complexity of the
algorithm.

The Trotterized evolution operator Ur,o(6t) can also be viewed
as an exact evolution under an effective Hamiltonian
H = ilog(Ur(6t))/6t. Because the logarithmic of a unitary
operator has more than one solutions, we settle down the
effective  Hamiltonian as H=H(6t), where H(1)=
ilog(Urro(1))/7, 7 € [0, 61] is the branch that is always continuous
inT, andH( ) =H.

Owing to the tiny size of &t, the energy levels and eigenstates of
H{E,, |§,)} are close to those of H. Denote the projector into the

original eigenstate as P; = [y, (], and P, = |,){§,]. The fidelity
distance between the eigenbasis equals to the operator norm
distance between the two projectors,

V1= |<¢/|‘P/>\2 =P =P “)

To ensure there exists a one-to-one correspondence between |;)
and |17J,>, we assume the spectrum is nondegenerate. Therefore
there is some spectral gap lower bound A, >0 around this
eigenstate during T € [0, 6t]:

En(7))), (5)

A= min (min|E/(t

= TE[Oét]( m=/ | I( )
where {E/(T)} is the energy levels of H(7). In the next section, we
will illustrate how the deviations in eigenbasis and energy levels
are related to the Trotter error.

Framework

We first point out that A does not always reflect the true Trotter
error. Separate the digital error into phase error 8 and fidelity error
f defined by

f=1— (WU (t)Uro(88) |0)], ©6)

0= Arg ((W1U(0)Uro(60)'19)). 7

where |¢) is an initial state, then we prove for any L, &t that satisfy
A < 1/+/2, the Euclidean distance error £ = [|Aly)|, satisfies (see
Supplementary Note 1)

82
f+Z§52§2f+92. ®)

Without further assumptlons about H and |y), the two parameters
are bounded by f = O(A?),]6] = O(A) as £ < A. It means the
estimation of A is already an upper bound for v/f and |6].
However, it's possible that v/f can have a different parameters
scaling with A, for the error can be dominated by |6] instead.
Given one of the eigenstate |,) of H as the initial state, we
define its fidelity error and phase error as f; and 6, f; is only a
function of &t, while 6, grows linearly with the simulation time t. To
see this, we first project |¢;) to the associated effective state ‘Zﬂ,)

then let it evolve under Uro(6t)". Because @,> is an eigenstate of
this operator, the effect of the evolution is merely a phase. After
the evolution, we project the state back to the original eigenbasis.
Thus, f; is only relevant to the distance between two eigenstates
|IP; — Py||, and the phase error originates from the difference in
energy levels. After a short initial period, the Trotter error only
accun;ulates in the global phase. This is an extreme example of
f A’
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More general, we can use this perspective to analyze the
leakage rate of the Trotterized evolution operator as well. Suppose
the initial state is supported on a subspace £, define its leakage
rate as the percentage for it to transfer outside £ after evolution
Urro(88)E. Using the argument about H we prove: (see Supple-
mentary Note 2)

—iHt

Lemma 1. Consider a Hamiltonian evolution U(t) = e simulated

by Uro(81)%, if the initial state p belongs to subspace £

Pe=Y P, T

leL

r(pPc) =1, )

and the norm distance between P, and corresponding effective

projector P induced by H satisfies ||P; —P.[ <1, then the
leakage rate can be bounded by
1 — Tr(Uno(8t) pUL, (66)'Pc) < [P — P> (10)

When the subspace £ contains only one eigenstate |y}, the
leakage rate is equivalent to fidelity error f,.

Similar analysis can be applied to a general initial state |¢). We
first transform |) = 3",¢/|@;) into the effective initial state ) =

Z,c,m> (denote the transformation between two eigenbasis as
S); then let the state evolve under Ur,o(6t); after the evolution, we
can transform the state back to the original basis. The generated
state is

|0(t)) = S'Uno (88)"S|y) = Zc/e ). (1)

Although it's hard to compare UNT,o(fSt) |p) with U(t)|p) directly,

it's easy to compare Y e Ef|y) with e B y), and
STUro(60)LS with Uro(61)-. Analytically, it means we can separate
Trotter error into two parts: the first part originates from the
difference in the two eigenbasis, which is only relevant to 6t; the
other part accumulates during the evolution, which depends on
\E, — E/| and grows linearly with the simulation time t. Formally
speaking: (see Supplementary Note 3)

Lemma 2. Consider a Hamiltonian evolution U(t) = e simulated

by Uro(6)L, H is the effective Hamiltonian associated with UT,o(ét)
After spectral decomposition we have H=3£EP, and H= > E,P,
Given initial state |¢) supported on subspace L : P;|y) = |¢), the
Trotter error has upper bound

|18P.|| < max |E) — Bt + 2y/2dim (L) max [P — P]. (12)

A quick remark is, even when t = 0, the upper bound in Eq. 12 is
still non-zero. This is because near the beginning time, the digital
evolution operator is almost identity, thus SUro(6)-ST = Uro(68)".
In this region, the error related to S also increases with t. However,
it only happens when the simulation time t is meaninglessly small,
thus we don’t emphasize it in Lemma 2.

The remaining part is to derive proper upper bounds for |E,

E/| and HP, P||, which depends on the specific choice of
product formulas. Here we consider the first order formula as an
example. Using the Baker-Campbell-Hausdorff formula, H can
be estimated by

iot

H=H+— [Hn Hn] + O(5t%). (13)

n>m

The first few terms of the standard (Rayleigh-Schrodinger)
perturbation theory can be used to estimate |P;— P and
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|E; — Ej|, but to avoid convergence issues and derive rigorous
results, we use other methods'>'® that are widely used in proofs
of adiabatic theorems. By Weyl's inequality, the perturbation in the
eigenvalues satisfies

[Er—E)| < |IH—H]. (14)
The perturbation of the eigenstate is bounded by

1Py — Pil| = [[Py(8t) — P(0)]| < 6t max [[Py(T)]|
5€[0,6t] (15)

IN

~ -
max _||H (1)||6t/A.
max [H (0)6t/A
The term ||H'(7)|| quantifies the size of the perturbation. ||H(t)||6t
shares the same order with ||H — HJ|. For a general normalized
Hamiltonian H:Z}N:1 hj, ||hj]] < 1 supported on N site, in

Lemma 5 we show that ||H'(7)|| = O(poly (N)). We use it as a
proper upper bound in the next paragraphs. _

Combinig the estimations of ||P; — P;|| and |E; — E;| with Lemma
2, we already obtain upper bound for ||AP.||. When t is large and
dim (£) is small, the Trotter error is dominated by |E; — E|t, which
is approximately O(||H = H||t). This estimation can also be derived
from the inequality ||e=t — e~ || < ||H — H||t. Thus, till now our
approach hasn't resulted in any significant improvement vyet,
except for the observation that f; has an upper bound that does
not depend on t in the large time region. However, the
improvement on the upper bound of |E; — E)| can be used to
obtain better results. In the next section, we will show how this
improvement is achieved.

Improved |E; — E;| from Special Perturbation
The bound in Eq. 14 is a common estimation. However, in this
section, we show that this upper bound can be improved by a
factor of 6t under assumptions that are satisfied for many
Hamiltonians of interest, and this improves the scaling of the
operator norm A and the Trotter step size needed for QPE.

In perturbation theory, we know that for H = H 4 V, the leading
perturbation in the /fth energy level has expression

E,m = (Y;|V|g)). If the perturbation term V is off-diagonal in the
eigenbasis of H, then VI, E,(” =0, the leading perturbation in
energy has order O(||V||*) instead. Therefore, consider a general

decomposition H =3I _, H,, whenever the leading order correc-
tion (see Eq. 13),

iot
V=" [Hn Hnl, (16)
n>m
is off-diagonal in the eigenbasis of H, we can reduce the Trotter
error in energy from O(6t) to O(6t?). Thus: (see Supplementary
Note 5)

Lemma 3. H is a normalized local Hamiltonian on N sites with
spectrum {E;, |}, H is its corresponding effective Hamiltonian
induced from first order product formula. The energy and
eigenstates of H are {E|, |l/),>}. A is the lower bound of spectral
gap defined in Eq. 5. Suppose 6t = O(1/ poly (N)) and the first
perturbation of H is off-diagonal in the eigenbasis of H

Vg, (wlH - Hlg) = O(68), (17)

then the Trotter error in energy satisfies

~ 1

|E; — Ei :(’)(poly(N)(St’2 max{LXf}). (18)
/

Here we list several conditions where Eq. 17 is satisfied (or it
maintains true for one specific energy level).
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Fig. 1 Implementation of product formula on quantum circuits.
A simple illustration of quantum simulation using product formula.
Here H = h; 4+ h, + hs + hs. We decompose the local terms into two
layers Hy = hy + hz and Hg = h, + h,. Because the local terms in each
layer all commute with each other, there’s no problem in
constructing the circuit with local gates.

® Any 1D Hamiltonian with nearest-neighbor interactions, as
well as general lattice Hamiltonians regarded as 1D chains of
super-sites (since our results do not depend on the local
dimension). We can always decompose such Hamiltonian into
two layers H=H,+ Hg, where each layer contains only
commuting local terms. Then we have V =i[H,, Hgldt/2. [Hy,
Hgl = [H — Hg, Hgl = [H, Hg] is off-diagonal in the eigenbasis of
H. For any Hamiltonian with nearest neighbor interaction
H=3%h;;11, we can choose the first layer as the summation of
terms supported on (odd, even) site Hy = X hok 2411, and set
the result part as second layer Hg = 3xhox 12« See Fig. 1 for a
simple illustration.

® Real Hamiltonians'”. Assume all of the local terms of H have
real matrix elements in some basis. The components of an
eigenstate |i;) of any real symmetric matrices can all be taken
to be real. Consider an arbitrary commutator in V, (;|HkHm|@;)
is conjugate to (Y;|HnHk|¥;), and both are real numbers. So
they are equal and appear with opposite signs in the
commutator. Therefore, Yk, I, m, (¢;|[Hk, Hm]|@;) = 0.

® Frustration-free Hamiltonians'®. This type of Hamiltonian
satisfies H=23;;, where I; is a local term that shares the
same ground state with H. (See Theorem 1 in'® for an
example) With this property, when the initial state is the
ground state, there will be no Trotter error no matter how big
6t is. In Lemma 3, the upper bound on the Trotter error is
inversely proportional to the spectral gap A. However, it's
possible for frustration-free Hamiltonian to be gapless'®. This
example shows that our methods can still overestimate the
Trotter error for gapless Hamiltonians.

Finally, we provide an example H = H; + H, + Hs in which Vis not
off-diagonal to show the result in Lemma 3 is not fully general.
Let H be a diagonal matrix A in the eigenbasis of itself. In this
basis, choose

Hi=X®I, Hy=Y®Il, H;=NA—H, —H,. (19)
Thus,
V/et=i[(X+Y)®LAN/2+Z&I. (20)
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The first term is off-diagonal, the second term is not. Thus V is not
off-diagonal.

Comparison between the first and the second order product
formulas

Our first conclusion is the similarity between the first and second
order product formulas. The second order product formula has
expression

Tro (ﬁ |H,,5t/2> (H— eiH,,(St/Z) ) 1)

In  Eg. (121) of°, it has been proved that:
HU<T2,>o (8t)" — U(t)|| < O(poly (N)LS3), which is much better than
the first order formula. However, in the two-layer case H=H, +
Hp, it's easy to discover their similarity: the corresponding effective
Hamiltonians have exactly the same energy levels, and their
eigenbasis is related by a small unitary e % There has been
several works’® addressing that the first order product formula
can share similar error asymptotic scaling with the second order
one. The following corollary can also be regarded as a supportive
result:

Theorem 1. Given a normalized local Hamiltonian H on N sites,
define A = mln)\/ with )\, introduced in Eq. 5. Suppose the first
order produét formula Uro(8t)" of H satisfies the condition
mentioned in Lemma 3 and &t = O(1/ poly (N)), and the initial
state is supported on a low-dimension subspace, then the
corresponding operator norm error has upper bound

A= O( poly (N)L6t3 max{ 1 ,%})
+ O(poly (N) %) .

This theorem is a direct conclusion of Lemma 2 and Lemma 3.
Besides the common two-layer case, our result also includes the
real Hamiltonian situation, which generalizes previous results.

(22)

Application in quantum phase estimation

The QPE algorithm constructs a quantum circuit to detect the
phase 2718 of a unitary operator: U|y) = e'2™|y). For an exact QPE
algorithm, the measurement outcome is the integer a closest to
296, where q is the size of the first register. Since it's unlikely for
296 to be an integer, the QPE algorithm has precision £ = O(279).
The probability of measuring the value closest to the true 8 is at
least 4/m'2.

The influence of the Trotter error comes from two aspects.
Again let's regard the Trotterized evolution operator as an exact
evolution operator under the effective Hamiltonian H. This
effective Hamiltonian has an eigenstate @} which is very close

to the initial eigenstate |¢) : |p) = /1 —p‘@—o—\/E@L). As a
result, the final phase detected should be 6 associated with |¢>,
and the success rate should be decreased by a factor of (1 — p).
However, since usually p is much smaller comparing to 1, this
change in success rate is almost negligible.

More importantly, the Trotter error in phase 66 = |6 6| should
satisfy 60 < 2m€, otherwise, the phase error caused by Trotteriza-
tion will be detected. This relation gives us a constraint on the
Trotter error

|E—E|t < 2m€. (23)

In QPE, 6 should be set to be close to 1 to avoid wasting the
accuracy provided by the first register, thus t = O(1/|E|).
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However, we can only guess about E before the algorithm. Here
we use t, to denote an appropriate choice of time scale in U. Thus,

—ofk
LfOQJ, (24)

where L is the circuit depth of a single U in QPE. Follow from
Lemma 3, we prove:

Theorem 2. Consider a quantum circuit performing QPE, the size
of the first register is g thus the precision is & = O(279). The
unitary operator U = e~ is simulated by Ury(to/L)". The initial
state is the /th eigenstate with spectral gap lower bound A; defined
in Eqg. 5. Suppose the effective Hamiltonian of the digital evolution
operator satisfies the condition in Lemma 3, and
6t = O(1/ poly (N)), to guarantee that the Trotter error in phase

|E; — Ej|to is smaller than 271€, we require

ét_o(poly( \/7m|n{1 \/—}> (25)

3
1
L=0| poly (N)\/gmax 1,— 7 |, (26)
¢ A
I
- 3 1
Circuit Depth = O| poly (N) Emax ,—=1 |- (27)
A
As a comparison, in general case with LE, — Ej| = O(poly (N)ét),

the final circuit depth is O( poly (N)t3/&%).

The theorem is stated for an initial state that is an exact
eigenstate, but by linearity, it can be applied to an arbitrary
superposition, with a corresponding reduction in the probability of
measuring the energy eigenvalue of interest (in the cases where the
desired eigenvalue is measured, it will have the precision guarantee
of ¢ despite the use of the enlarged Trotter step size above).

DISCUSSION

Our main contribution is the observation that the refined
estimation of Trotter error can be established from the spectral
analysis of the effective Hamiltonian H. When the initial state is an
eigenstate, we find that during evolution, most error accumulates
in the phase. Further, if the leading perturbation term of H
vanishes in the eigenbasis of H, the Trotter error in energy is
reduced from O(6t) to O(6t?), which results in improvement of
the upper bound of first order product formula, coincides with the
previous results”®. As an application, this improvement signifi-
cantly reduces the circuit complexity of QPE. Similar results also
apply to other phase estimation methods such as robust phase
estimation?® (See Supplementary Note 7), as long as the
Trotterized unitary operator is used.

One question is the dependence on the gap condition. Our
framework requires the spectral gap to be open for H (1),T €0, 6t].
This condition doesn’t show up in previous analysis about product
formulas. For instance, for 2-local Hamiltonian with zero spectral gap,
it's direct to simulate its evolution with product formula, while in our
method the upper bound of Trotter error diverges. One possible
explanation is the inverse dependence on A can be fake. Consider a
Hamiltonian, all of its low energy levels are degenerate, while the
perturbation occurs only on the high energy levels. If we still use the
formula |P — P|| < ||H — HJ|/A to analyze a low energy state, we will
see the deviation is infinite large, while there’s no perturbation in low
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energy levels. The effective Hamiltonian associated with Motzkin path
model in'® might be an example to reveal this point.

The effective Hamiltonian perspective has also led to a new
analysis of the error in digital adiabatic simulation based on
Trotterization?'. Additional open questions include whether
focusing on special cases of observables allows for additional
improvement in Trotter error’>?3, and whether the effective
Hamiltonian perspective may be applicable to the randomized
version of product formulas?*2°> or other Hamiltonian simulation
algorithms?%-28, Finally, the effective Hamiltonian in our frame-
work is also termed as Floquet Hamiltonian in other fields of
study?°3!, where our methods can be useful as well.

METHODS
Rigorous perturbation methods

Lemma 4. (Rigorous perturbation method'®). Consider a parameterized
Hamiltonian s € [0, so] = H(s) with spectrum: {E{(s), P{(s)}, H(s) and each Pjs)
are continuously differentiable. Define

) = D005 o9
Jj=1

as the projector into a subspace £ spanned by m eigenstates. Its derivative
has norm upper bound

P () < VmllH (5)]]/A, (29)

where A is the lower bound of energy gap between the eigenstates in and
outside region L.

See Supplementary Note 4.

For a single eigenvector, Lemma 4 implies Eq. 15.

For the special case in which P(s) = Py(s) is the projector onto the ground
state, an improved bound on ||P'(s)|| can be obtained®?,

A" ()| + 2]|H (5) (30)
2\ '

The improved dependence on the gap, from A~ " in Eq. 15 to A~ "2 in Eq. 30,
can be carried through to improve the spectral gap dependence of our
results here, when the eigenstate in question is the ground state. In the
main text we use the general result |H'(s)||/A as a general upper bound
for ||P'(s)||-

Similar results can be derived using Sylvester equation as well. See
Lemma 3.1 in ref.33,

1Pl <

Magnus expansion

Use Magnus expansion, we can quantify the perturbation H — H caused by
Trotter splitting rigorously.

Lemma 5. (Perturbation in effective Hamiltonian3*). Given H defined in
Eq. 2. Define

a=>"||[Hn,Halll 3N
n>m

B="3" IlIHn [Hn. Harlll, 32)
I>n>m
a 4

h =5+ <§B+32a|\H|\>6t. (33)

If 8t is small in the sense that

> lHall6t<1/4, Bbt<a, (34)

abt + Bot? < 2||H]|. (35)

then for all T € [0, 61,

() — HI| = O(ht), [ ()] = O(h). (36)
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See Supplementary Note 6.

Although Lemma 5 looks complicated, in most cases h can be well-
estimated by the leading term in Eq. 13: h = ||Z,5m[Hn Hml/2||. Furthermore,
if H= Zj'\; hjj+1 is a 2-local normalized Hamiltonian on N qubits that
satisfies [hjj; 1, k1] =0,V |j — k| > 1 and ||h;; 4] <1, the local terms can
always be separated into two layers Hoqq = 3j—2k—1hjj1, Heven = Zj—2ihjj1-
Thus,

H[HevemHodd]” = H Z[hj—uvthH]H = O(N)a (37)
)

H[Hevem [HevemHoddHH = O(NHHH) = O(Nz)v (38)

which gives us h = O(N) + O(N?6t) = O(N). In general, the parameter
dependence of h is complicated but will always be poly(N) for any k-local
Hamiltonian. We represent h with poly(N) in the main text, and write the
constraint of 6t in Lemma 5 as 6t = O(1/ poly (N)).
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