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Two-qubit sweet spots for capacitively coupled exchange-only
spin qubits
MengKe Feng 1,2, Lin Htoo Zaw 1,3 and Teck Seng Koh 1✉

The implementation of high fidelity two-qubit gates is a bottleneck in the progress toward universal quantum computation in
semiconductor quantum dot qubits. We study capacitive coupling between two triple quantum dot spin qubits encoded in the
S= 1/2, Sz=−1/2 decoherence-free subspace—the exchange-only (EO) spin qubits. We report exact gate sequences for CPHASE
and CNOT gates, and demonstrate theoretically, the existence of multiple two-qubit sweet spots (2QSS) in the parameter space of
capacitively coupled EO qubits. Gate operations have the advantage of being all-electrical, but charge noise that couple to electrical
parameters of the qubits cause decoherence. Assuming noise with a 1/f spectrum, two-qubit gate fidelities and times are
calculated, which provide useful information on the noise threshold necessary for fault-tolerance. We study two-qubit gates at
single and multiple parameter 2QSS. In particular, for two existing EO implementations—the resonant exchange (RX) and the
always-on exchange-only (AEON) qubits—we compare two-qubit gate fidelities and times at positions in parameter space where
the 2QSS are simultaneously single-qubit sweet spots (1QSS) for the RX and AEON. These results provide a potential route to the
realization of high fidelity quantum computation.
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INTRODUCTION
Semiconductor quantum dots are one of the leading platforms for
building a quantum computer. They present promises of
scalability, coherence, and integration with existing microelec-
tronics technologies1,2. High fidelity gate operations have been
demonstrated in single quantum dot (QD)3,4, double QD5–10, and
triple quantum dot (TQD)11–13 architectures. In particular, qubits
encoded in the decoherence-free subspace of three electron
spins14–17 have the advantage of fast, all-electrical control. Single-
qubit gates are based on the exchange interaction, hence its
namesake, the exchange-only (EO) qubit14. The total spin of three
electrons comprise a S= 3/2 quadruplet and two S= 1/2
degenerate doublets, whose degeneracy can be lifted by an
external magnetic field. Logical qubit states are encoded in the
total spin S= 1/2, Sz=−1/2 doublet, which provides immunity
against collective decoherence.
The implementation of high fidelity two-qubit gates is a

bottleneck in the progress toward universal, fault-tolerant
quantum computation. Two-qubit entangling gates can be based
on exchange14 or capacitive18–21 coupling. Exchange is fast but
short-ranged, giving rise to hybrid approaches like spin-
shuttling22–26 and circuit QED27,28. Because exchange arises from
spin-conserving tunneling, two-qubit exchange gates have
potential for leakage. On the other hand, capacitive coupling,
which arises from electrostatic Coulomb interaction, allows for a
longer range of interaction, has less stringent QD addressability
requirements, and alleviates the problem of leakage.
We study two capacitively coupled EO qubits, and report exact

gate sequences for CPHASE and CNOT gates. The non-local gate is
implemented in a single time interval, in contrast to exchange
gating which requires several steps14,15,29. A major progress in
refs. 30,31 was to propose a single pulse exchange gate, in the
negligible transverse coupling limit. Single and two-qubit

operations are all-electrical, but charge noise, ubiquitous in the
solid-state environment32, couple to electrical parameters of the
qubits and cause decoherence.
Sweet spots33,34 are flat points in the energy landscape which

provide protection from parameter fluctuations due to noise. For
two existing implementations of the EO qubit—always-on
exchange-only (AEON)31 and resonant exchange (RX)30,35–38

qubits—single-qubit sweet spots (1QSS) have been studied. In
ref. 31, two-qubit sweet spots (2QSS) for exchange coupling was
reported. However, sweet spots for capacitive coupling have not
been studied, a knowledge gap which we address. We show
theoretically, in the weak noise, perturbative limit, that 2QSS exist
for single-qubit parameters, εm, tl, and tr, in both control and
target qubits. This enables two-qubit gates to be operated at
positions in parameter space which are either (1) a single
parameter 2QSS, or (2) simultaneously two parameter 2QSS in
εm and tl (or tr), or (3) simultaneously εm 2QSS and ε 1QSS. For (3),
this requires tuning to a particular tunnel coupling ratio, so that
the εm 2QSS overlaps with the 1QSS of RX and AEON. Finally, we
discuss existence conditions for 2QSS, optimal choices of working
points, and address further fidelity optimization.

RESULTS
Two-qubit Hamiltonian
We study capacitively coupled EO qubits in a linear array of two
TQDs (Fig. 1a). The left/right TQD (qubit A/B) is the control/target
qubit in CPHASE and CNOT gates. QDs are numbered as shown in
Fig. 1a. Within each TQD, there are four independently tunable
parameters—left/right tunnel couplings tl/r, and detunings for
outer and middle QDs, ε and εm. They are defined for qubits A and
B: εA � ε1 � ε3ð Þ=2, εB � ε4 � ε6ð Þ=2, εmA � ε2 � ε1 þ ε3ð Þ=2, and
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εmB � ε5 � ε4 þ ε6ð Þ=2, and schematically represented for qubit A
in Fig. 1b.
Each EO qubit is fully described by the Hubbard Hamiltonian39,

Ĥ ¼ Ĥt þ Ĥε þ ĤU: (1)

Here, Ĥt ¼
P

< i;j >

P
σtij ĉ

y
iσ ĉjσ is nearest-neighbor tunneling, with

spin index σ= {↑, ↓} and QD indices i, j run from dots 1–3 (4–6)
for qubit A (B). Tunnel couplings t12 ≡ tlA, t23 ≡ trA, t45 ≡ tlB, and
t56 ≡ trB. There is no tunnel coupling between the TQDs, i.e.,
t34= 0. The detuning term is Ĥε ¼

P
i;σεi n̂iσ , where the number

operator n̂iσ � ĉyiσ ĉiσ . The Coulomb energy term is
ĤU ¼PiUi n̂i"n̂i# þ 1

2

P
i

P
j≠iUij n̂i n̂j , where the first term is intra-

dot, the second term is inter-dot Coulomb energies, and

n̂i ¼ n̂i" þ n̂i#. We consider inter-dot Coulomb energies between
all neighbors.
In the perturbative limit tl/r≪ Uij < Ui, each EO qubit operates in

the (1,1,1) charge state, where numbers represent electron
occupation in left, middle, and right dots. This is shown by the
central region in detuning space for one qubit in Fig. 1c. However,
the encoded logical “1” state of the qubit comprises small charge
admixtures of doubly occupied charge states (1,0,2), (2,0,1), (0,2,1),
and (1,2,0), with a singly-occupied (1,1,1) state. This results in an
effective exchange coupling with the encoded logical “0” state.
The basis states for qubit A are the singly-occupied encoded

qubit states 1Aj i � #1#2"3j i � "1#2#3j ið Þ= ffiffiffi
2

p
, and 0Aj i �

2 #1"2#3j i � #1#2"3j i � "1#2#3j ið Þ= ffiffiffi
6

p
, and four states compris-

ing a singly- and a doubly-occupied QD residing in the same spin
space, A1j i � #1"3#3j i, A2j i � "1#1#3j i, A3j i � #1"2#2j i, and
A4j i � "2#2#3j i. Subscripts label QD numbers. Basis states
f 0Bj i; 1Bj i; Bi¼1¼ 4j ig for qubit B can be written by mapping the
QD indices (1, 2, 3)→ (4, 5, 6). With the six-dimensional basis of
each qubit, the Schrieffer-Wolff transformation40–42 gives effective
single-qubit Hamiltonians,

Ĥeff;A ¼ � _ωA

2
σ̂z � _gA

2
σ̂x ; (2)

Ĥeff;B ¼ � _ωB

2
σ̂z � _gB

2
σ̂x ; (3)

where _ω � 2 t2l b� þ t2r bþ
� �

, _g � 2
ffiffiffi
3

p
t2l b� � t2r bþ
� �

, and
b± � 1= U � U

00
± εþ εm

� �þ 1= U � 2U0 þ U
00
∓ ε� εm

� �
. (Qubit

subscripts A, B have been omitted for brevity here.) In the
derivation, we assumed identical QDs: Ui ≡ U for all i, U12 ¼ U23 ¼
U45 ¼ U56 � U0 and U13= U46≡ U″ (for numerical values, see
“Methods”). Encoded states, dressed by charge admixtures, and
denoted with a prime, are

10A
�� � ¼ 1ffiffiffiffiffiffi

NA
p 1Aj i þ

X4
i¼1

αi Aij i
 !

; (4)

10B
�� � ¼ 1ffiffiffiffiffiffi

NB
p 1Bj i þ

X4
i¼1

βi Bij i
 !

; (5)

where
ffiffiffiffiffiffiffiffiffi
NA=B

p
are normalization constants. Admixtures αi, βi

depend on electrical parameters tl/r, ε, and εm, which are detailed
in Supplementary Method 1.
Two-qubit capacitive coupling arises from the inter-dot Coulomb

interaction between the TQDs, Ĥint ¼
P3

i¼1

P6
j¼4 V ij n̂i n̂j . We

denote inter-TQD Coulomb terms by V ij to distinguish them from
intra-TQD terms Uij. This distinction is for notational clarity; the
physical basis—electrostatic interaction—is the same. In the
computational basis f 0A0Bj i; 0A10B

�� �
; 10A0B
�� �

; 10A1
0
B

�� �g, the two-
qubit capacitive coupling is diagonal, given by

Ĥint ¼ _ ´ diag fV1; V2; V3; V4g; (6)

which comprises a global phase, single-qubit energy shifts, and a
σ̂z � σ̂z term equivalent to the Ising (ZZ) model (see Supplemen-
tary Note 1). Tri-quadratic confinement potentials (see “Methods”)
provide analytical expressions for Vi terms (see Supplementary
Methods 2, 3). The analytical expressions are crucial for the
calculation of 2QSS and gate fidelities, explained in the rest of this
paper. Finally, the full two-qubit Hamiltonian in the computational
basis is

Ĥ ¼ Ĥeff;A � 1̂B þ 1̂A � Ĥeff;B þ Ĥint: (7)

Because capacitive coupling arises from the overlap of qubit
wavefunctions, by increasing the barrier between QD 3 and 4, the
exponential “tail” of the wavefunctions can be arbitrarily reduced,
thereby turning off the interaction. Thus, energy shifts from the
presence of the other qubit (equivalent to a redefinition of detunings)
does not affect 1QSS and single-qubit gates. This redefinition shifts

Fig. 1 Exchange-only (EO) qubit parameters. a Two EO qubits in a
linear quantum dot (QD) array, with qubit A (B) in QDs 1–3 (4–6). We
take a= 50 nm, R= 160 nm, with QD Bohr radius, aB= 25 nm in our
calculations. Qubit A (B) is the control (target) qubit in the CPHASE
and CNOT gates studied. The capacitive coupling between qubits is
given by Ĥint (Eq. (6)). b Schematic of parameters in qubit A. Left/
right tunnel couplings are given by tlA/rA. Detuning parameters εi
control the relative single-particle energies between QDs, repre-
sented by arrows from a reference energy to the ground orbital
energy of each QD. Outer and middle detunings, εA � ε1 � ε3ð Þ=2
and εmA � ε2 � ε1 þ ε3ð Þ=2, with the tunnel couplings are sufficient
to describe single-qubit dynamics. For all our results, we take a
reflection symmetry in the parameters of the two qubits: εB=−εA,
εmB= εmA, tlB= trA, and trB= tlA. c Detuning space of an EO qubit
and charge occupation numbers. The AEON single-qubit double
(ε and εm) sweet spot is at the center of the (1,1,1) region at ðε; εmÞ ¼
ð0;U00 � U0Þ (white circle). The RX single-qubit working region is
indicated by the dashed triangle. In our study, the RX working point
is taken to be at ðε; εmÞ ¼ ð0;U0Þ (i.e., at its single-qubit ε sweet spot
for equal tunnel couplings).
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the entire charge boundary diagram, and hence 1QSS (Fig. 1c) by an
approximately constant amount, Δε= 0.54meV, Δεm= 0.21meV, for
parameters used in our study.
The ℏVi terms in Eq. (6) contain all pairwise inter-dot Coulomb

energies between the two TQDs, weighted by the charge
admixtures. The latter is key in modeling the effect of charge
noise, which has been measured to be 1/f-like over a wide range of
frequencies3,32,43,44.

Charge noise
We introduce noise by simulating random fluctuations in
tunneling and detuning45,46. These fluctuations perturb charge
admixtures, leading to noisy two-qubit interaction. At this point,
we write qubit parameters in vectorized form n= (tlA, trA, εA, εmA,
tlB, trB, εB, εmB) for notational simplicity, where the first (last) four
components belong to qubit A (B). Noisy parameters, denoted
with a tilde, is the sum of the noiseless parameter with a random
time-dependent fluctuation, ~niðtÞ ¼ ni þ δniðtÞ. We assume uncor-
related noise and each random time series is generated
independently in simulations. To avoid confusion, symbol t with
or without numeral subscripts indicates time, while tl/r,A/B indicate
left/right tunnel couplings for qubits A/B. It should be clear from
the context which is being referred to. Random variables are
characterized by the time correlation function Cni ðt1 � t2Þ ¼
hδniðt1Þδniðt2Þi, where angular brackets 〈 . 〉 denote average over
noise realizations. The corresponding (two-sided) power spectral
density is the Fourier transform of the time correlation function,
Sni ðωÞ ¼

R1
�1 Cni ðtÞe�iωtdt. Adapting the algorithms of refs. 47,48,

each noisy parameter δni(t) is simulated with a 1/f power spectral
density with a low-frequency roll-off,

Sni ðωÞ ¼
Δ2
ni

2π
ωl
; for ωj j � ωl

Δ2
ni

2π
ωj j ; forωl � ωj j � ωh

0; otherwise

8><
>: (8)

where ωl (ωh) is the lower (higher) cutoff frequency. Δ2
ni is related

to the noise variance σ2
ni by Δ2

ni ¼ σ2ni
1
2 1þ ln ðωh=ωlÞð Þ�1 (see

Supplementary Note 2). Although spectroscopy experiments3,43,44,
which are limited by acquisition time, have not observed low-
frequency saturation in 1/f noise, we model the roll-off to avoid
unphysical, infinite noise power at f= 0 (See Supplementary
Discussion 1).
Because our objective is to study fidelities and sweet spots of

two-qubit gates under noise, and 1QSS have already been found,
we assume noisy two-qubit interactions and ideal (noiseless)
single-qubit operations for all calculations.

Non-local gate time
CPHASE and CNOT gates are given by unitary evolution operators

ÛCPHASE ¼

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 �1

0
BBB@

1
CCCA; ÛCNOT ¼

1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0

0
BBB@

1
CCCA: (9)

Using Mahklin invariants49, we find the non-local interaction
time required for these gates to be identical,

t0 ¼ kπ=½ðV1 þ V4Þ � ðV2 þ V3Þ�; (10)

for any odd positive integer k (see Supplementary Note 3). While
non-local gating has been studied in the literature30,31,36,50,51, the
exact gate sequence (including local gates) for capacitively
coupled EO qubits has not been reported, to our knowledge.
We show the exact sequence and timings in Fig. 2a. Importantly, it
is the energy difference in the denominator (V1+ V4)− (V2+ V3),
that is important for capacitive gating. This difference is

dominated by Coulomb interactions between electrons in
doubly-occupied charge admixtures of qubits A and B, which
have a center of mass situated away from the middle dot (unlike
the dominant (1,1,1) configuration), giving rise to a net electric
dipole moment. The energy difference can be qualitatively
understood as a dipole–dipole interaction between the two TQDs.
This is what gives rise to the dependence on TQD parameters for
the non-local gate time.
Color plots of gate time t0 in detuning space for qubit A are shown,

for equal tunneling ratios where arctanðtlA=trAÞ ¼ 45� (Fig. 2b) and
tunneling ratios given by arctanðtlA=trAÞ ¼ 57� (Fig. 2e). The
equivalent color plot for qubit B (not shown) is a mirror reflection
about the ε= 0 line for qubit A, because of our choice of parameters
εB=−εA and tlA/B= trB/A. Gate times are faster near the boundaries of
(1,1,1) with (2,0,1) and (1,0,2) charge occupations. This can be
understood as a stronger capacitive interaction arising from a larger
mean dipole moment of each TQD as a result of proportionately
larger charge admixtures. Comparatively, sitting near (1,2,0) or (0,2,1)
boundaries gives rise to a smaller net TQD dipole moment and thus a
significantly longer gate time. In addition, for qubit A, gate times
decrease faster as one goes from the central (1,1,1) region toward the
(1,0,2) boundary, compared to moving toward the (2,0,1) boundary.
This is because of the stronger dipole–dipole interaction arising from
proximity of the doubly occupied (1,0,2) state of qubit A with B. The
converse is true for qubit B, i.e., gate times decrease faster moving
from the central region toward the (2,0,1) boundary, compared to the
(1,0,2) boundary.
The AEON works at the ε ¼ 0; εm ¼ U

00 � U0 ¼ �0:9meV double
1QSS31, and is independent of tunnel coupling. The RX operates
within the upper triangular region (Fig. 1c)35,37. We take the RX
operating point to be at ε= 0 (which is a 1QSS for symmetric
tunnel coupling), and εm=−0.57 meV. Asymmetric tunnel cou-
plings shift the RX ε SS. We assume tunnel couplings are tunable;
they can be tuned to the desired ratio, if necessary, during non-
local gating and back to equal tunnel coupling (for RX SS) during
single-qubit operations. Consequently, the fastest (k= 1) non-local
gate times for RX and AEON are 64 and 450 ns, respectively, for
numerical parameters used. The choice of εm for RX is slightly
arbitrary; it is possible for the RX gate time to be faster with larger
εm, thereby moving the operating point closer to the doubly
occupied regime while remaining in the (1,1,1) configuration. The
trade-off is greater susceptibility to charge noise.

Two-qubit gate fidelity
Noisy two-qubit evolution given by

~Uintðt0Þ ¼ exp � i
_

Z t0

0

~Hintðt0Þ dt0
� �

; (11)

can be decomposed into ideal and noisy evolution,

~Uintðt0Þ ¼ Ûintðt0ÞÛδðt0Þ

¼

e�iV1t0 0 0 0

0 e�iV2t0 0 0

0 0 e�iV3t0 0

0 0 0 e�iV4t0

0
BBB@

1
CCCA

e�i
R t0

0
δV1ðt0Þdt0 0 0 0

0 e�i
R t0

0
δV2ðt0 Þdt0 0 0

0 0 e�i
R t0

0
δV3ðt0 Þdt0 0

0 0 0 e�i
R t0

0
δV4ðt0Þdt0

0
BBBBB@

1
CCCCCA
:

(12)

We use the two-qubit gate fidelity52, F ¼ 1
d2
j Tr ðUy~UÞj2,

where d is dimensionality, to evaluate the effect of charge
noise. We compute the gate fidelity for exact CPHASE and
CNOT gate sequences (Fig. 2a), averaged over noisy two-qubit
interactions. Since CPHASE and CNOT gates share the same
non-local interaction, the fidelity expression for both are
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Fig. 2 Gate sequences and gate times in detuning space. a Exact gate sequences and timings for CPHASE (red dashed box) and CNOT (blue
dashed box). Effective single-qubit Hamiltonians (Eqs. (2), (3)) generate unitaries for qubit A/B, UA=Bðx; tÞ � expðiσ̂xgA=Bt=2Þ and
UA=Bðz; tÞ � expðiσ̂zωA=Bt=2Þ. The non-local unitary is given by Eq. (11) without noise. The non-local gate time t0 is identical for CPHASE
and CNOT, where k is an odd positive integer (Eq. (10)). b Color plot of gate times for equal tunneling tlA= trA, with two-qubit sweet spots
(2QSS) indicated for εmA (white), tlA (red), and trA (orange) with dashed lines. c Linecuts of εmA 2QSS. Fastest gate times are at the top corner
and increase down the εmA 2QSS line. Fastest (k= 1) AEON and RX gate times are 450 and 64 ns, respectively. At the intersection with tlA 2QSS,
gate time is 13.6 μs. d Linecuts of tlA and trA 2QSS. Gate times go to infinity at the point where the two tunneling 2QSS intersect. Panels (e–g)
repeat panels (b–d), but with tunneling arctanðtlA=trAÞ ¼ 57�, chosen such that the εm 2QSS is along εA= 0, which is the 1QSS, and which the
operating points of AEON and RX lie on. As before, gate times increase as εmA decreases, and goes to infinity at the tlA, trA double 2QSS.
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identical. The average gate fidelity53 is

hFi ¼ 1
16 Tr ~Uδðt0Þ

� ��� ��2D E

¼ 1
16

P
i;j
he�i

R t0

0
dt0 δViðt0Þ�δVjðt0Þð Þi:

(13)

This formula is used for all our numerical simulations. We note
that this formula is identical to process fidelity54; the averaging
over noise realizations done in our numerical simulations and
analytical calculations correspond to the measurement protocols
performed in quantum process tomography experiments (see
Supplementary Note 4).

Analytical fidelity formula
Next, we derive an approximate analytical expression for average
gate fidelity. Assuming stationary, Gaussian noise with zero mean,
and making use of the series expansion to linear order,
δVi ¼

P
j
∂Vi
∂nj

δnj , we perform a cumulant expansion55,56 of Eq. (13)
to obtain an analytical expression for average gate fidelity,

hF ani ¼ 1
4 1þ exp � 1

2

P4
i¼1

FA � C111ð ÞT ∂ξ
∂ni

	 
2
σ2
ni ςðt0Þ

� �� �

´ 1þ exp � 1
2

P8
i¼5

FB � C111ð ÞT ∂ν
∂ni

	 
2
σ2
ni ςðt0Þ

� �� �
:

(14)

The derivation is detailed in Supplementary Note 5. Here
ςðt0Þ ¼

R t0
0 dt0

R t0
0 dt

00Cðt00Þ is the double integral of the noise
correlation function, normalized to Cð0Þ ¼ 1, and σniA=B is the noise
standard deviation in first/last four n components for qubit A/B.
The terms FA, FB, ξ, ν comprise linear combinations of Coulomb
integrals and are detailed in Supplementary Method 3. The term
C11 �

P3
i¼1

P3
j¼1 V ij comprises all possible pairwise Coulomb

energies between electrons of qubits A and B in the (1, 1, 1)A−
(1, 1, 1)B configuration. The function ς(t0) is general; it can be
obtained from any noise power spectrum. In this study, ς(t0) is
calculated from the 1/f power spectrum in Eq. (8). The exact
expression is given by Supplementary Eq. (101) and its derivation
shown in Supplementary Note 2.

Two-qubit sweet spots (2QSS)
Simplification of the noise terms of Eq. (14) yields insights into
the existence of 2QSS. A 2QSS is defined to be a point in
parameter space for which all partial derivatives, ∂Vi/∂nj = 0,
for a particular parameter nj. At these points, each qubit is
protected from noise in parameter nj. First, interaction terms Vi
for i= 2, 3, 4, contain charge admixtures through the j10A=Bi
state; these admixtures depend on TQD parameters which
couple to charge noise. This means δV1 = 0 because the 0A0Bj i
state does not contain admixtures. Second, 0A10B

�� �
and 10A0B

�� �
states contain admixtures in qubits B and A, respectively,
implying that δV2 and δV3 are only dependent on noise in the
respective qubits. Explicitly evaluating the expansions
δV2 �

P
j
∂V2
∂nj

δnj ¼ ∂V2
∂εB

δεB þ ∂V2
∂εmB

δεmB þ ∂V2
∂tlB

δtlB þ ∂V2
∂trB

δtrB, and

δV3 �
P

j
∂V3
∂nj

δnj ¼ ∂V3
∂εA

δεA þ ∂V3
∂εmA

δεmA þ ∂V3
∂tlA

δtlA þ ∂V3
∂trA

δtrA, we indeed
find that noise in qubit B (A) affects only δV2(δV3). In truncating
the series expansions to terms linear in fluctuating parameters,
we have assumed the weak noise limit. In addition, we keep
only leading order terms within the partial derivatives in the
perturbative limit. As a result, δV4 ≈ δV2 + δV3. These approx-
imations allow us to separate the contributions of noise in the
two qubits. Explicit forms of the derivatives are provided in
Supplementary Note 5.
The locus of 2QSS is shown as dashed lines in detuning space of

qubit A in Fig. 2b, e. As described in the preceding section,

equivalent color plots for qubit B are reflections about the ε= 0
line, and the discussion about qubit A here also applies to qubit B.
The εmA 2QSS for qubit A is indicated as the white dashed line in
Fig. 2b, e. The angle of the εmA/B 2QSS line depends on tunnel
coupling ratio, and equations of the lines are

tlA
trA

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C51 � C11

C21 � C11

r
U � 2U0 þ U00 � εmA � εA
U � 2U0 þ U00 � εmA þ εA

� �3=2

; ðεmA 2QSS Þ;
(15)

tlB
trB

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C13 � C11

C14 � C11

r
U � 2U0 þ U00 � εmB � εB
U � 2U0 þ U00 � εmB þ εB

� �3=2

; ðεmB 2QSS Þ;
(16)

Here, C11, C51, C21, C13, and C14 comprise all pairwise Coulomb
energies between electrons of the TQDs for (1, 1, 1)A− (1, 1, 1)B,
(0, 2, 1)A− (1, 1, 1)B, (1, 0, 2)A− (1, 1, 1)B, (1, 1, 1)A− (2, 0, 1)B, and
(1, 1, 1)A− (1, 2, 0)B configurations, respectively.
Left and right tunneling 2QSS are lines close to and parallel to

the (1,2,0) and (0,2,1) to (1,1,1) detuning boundaries, respectively.
Working at these tunneling 2QSS require non-local gate times of
the order 10−100 μs in general, so the protection from tunneling
noise has to be weighed against decoherence from long gate
times. Linecuts along tunneling 2QSS are shown in Fig. 2d, g. At
the intersection of left and right tunneling 2QSS lines, the
conditions imposed by Makhlin invariants for non-local gates are
not satisfied and Eq. (10) gives non-physical infinite gate time. It is
therefore not possible to take advantage of the double tunneling
2QSS. Equations of lines corresponding to tunneling 2QSS are

εmA ¼ �εA � 2ðU0 � U
00 Þ; ðtlA 2QSS Þ; (17)

εmA ¼ εA � 2ðU0 � U
00 Þ; ðtrA 2QSS Þ; (18)

εmB ¼ εB � 2ðU0 � U
00 Þ; ðtlB 2QSS Þ; (19)

εmB ¼ �εB � 2ðU0 � U
00 Þ: ðtrB 2QSS Þ: (20)

The εmA/B and tlA/B double 2QSS conditions for the qubits are
given by the solution to the relevant pairs of simultaneous
equations (Eqs. (15), (17) and Eqs. (16), (19)). There is no ε 2QSS in
the linear QD geometry. The full derivation of the 2QSS equations
is given in Supplementary Note 6.

Infidelity results
Numerical simulations of Eq. (13) with noisy parameters are
averaged to give infidelity 1� Fh i, and compared with that from
analytics, 1� F anh i. Results are plotted in Fig. 3 for noise affecting
the non-local gate for qubit A only. The reason is that results for
noisy qubit B or both qubits noisy are qualitatively similar and the
analytic fidelity acquires a simple expression, hF ani ¼ hF aniA ´hF aniB (see Supplementary Discussion 2).
Infidelity results are shown in Fig. 3, which we refer to in the rest

of this section. Numerical simulations are calculated by averaging
over 500 noise realizations for every point in detuning space,
except at double tl and εm 2QSS which are averaged over 100
realizations. The reason is the much longer gate times (up to
~100 μs) at those points result in impractical runtimes. Infidelities
from numerical simulations are shown in the leftmost column
(Fig. 3a, e, i, m, q, u), analytical infidelity (Eq. (14)) in the second
column (Fig. 3b, f, j, n, r, v). Each pair of infidelity color plots have
the same scale to facilitate comparison.
Horizontal linecuts (circles) from numerical infidelity results are

plotted with analytical infidelity (lines) in the third column (Fig. 3c,
g, k, o, s, w). Similarly, vertical linecuts (squares) are plotted in the
rightmost column (Fig. 3d, h, l, p, t, x). Color scales for linecuts
indicate the standard deviation of the noisy parameter at which
the linecut was taken. All plots display good agreement between
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numerical and analytical calculations, except at εm and tl double
2QSS where t0 increases significantly and the analytical formula
over-predicts infidelity.
We analyze infidelity due to noise in detuning vs tunneling

parameters separately because the contribution to infidelity
depends on noise variance as well as the first derivative of the
squares of charge admixtures. The latter yields terms that are
smaller by a factor of ~t/(U+ ε) for detuning derivatives compared
to tunneling derivatives (see Supplementary Eqs. (134, 135),

Supplementary Note 5). When comparing infidelities from only
detuning noise with that from only tunneling noise at the same
working point, e.g., between panels (a, b) and (e, f), or between
panels (i, j) and (m, n) of Fig. 3, it is clear that infidelity is less
sensitive to noise in detuning than tunneling.
Now, we examine the case when the RX and AEON qubits are

operated at εm 2QSS and ε 1QSS. When arctanðtlA=trAÞ ¼ 57�, the
εmA 2QSS lies on εA= 0 1QSS. Vertical linecuts across σεmA (panels
d, l) show excellent agreement between analytical and
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numerical calculations. In order to fairly compare RX and AEON
infidelities at these points, we chose k (Eq. (10)) such that they
have comparable gate times of 450 ns (k= 1, AEON) and 448 ns
(k= 7, RX). For comparable gate times, it is favorable to work at
the AEON 1QSS, suggesting that while the RX operates faster

due to a greater dipole–dipole interaction, it is more susceptible
to charge noise. However, with the fastest gate time (k= 1) of
64 ns for RX, a slightly better fidelity (Fig. 4b, d, f, h) is achieved,
demonstrating the natural relationship between fast gates and
improved fidelity.

Fig. 3 Gate infidelities under detuning or tunneling noise and 2QSS. a–h Infidelity plots of AEON with qubit A in the presence of only
detuning noise (a–d) and only tunneling noise (e–h), while sitting at its single-qubit double sweet spot and the εm 2QSS. i–p Infidelity plots of
RX (k= 7, for a comparable gate time with AEON) with qubit A in the presence of only detuning noise (i–l) and only tunneling noise (m–p),
while sitting at its single-qubit single sweet spot and the εm 2QSS. q–x Infidelity plots with qubit A in the presence of only detuning noise (q–t)
and only tunneling noise (u–x), while sitting at the εm and tl 2QSS. Panels (a, e, i,m, q, u) are numerical simulations (Eq. (13)) averaged over 500
(a, e, i, m) and 100 (q, u) noise realizations. Panels (b, f, j, n, r, v) are analytical calculations (Eq. (14)) and agree well with numerical simulations,
as evident from comparisons with linecuts. Corresponding analytical and numerical plots share the same color scale. Panels (c, k, s) show
horizontal linecuts (circles), and panels (d, l, t) show vertical linecuts (squares) from the numerical result in panels (a, i, q), and agree very well
with analytical calculations (lines) at the εm 2QSS, while analytical infidelity overestimates by an order of magnitude for the εm and tl double
2QSS. Panels (d, l, t) show that infidelity is independent of middle detuning noise σεmA which confirms the εmA 2QSS. Panel (w) shows that
infidelity is also independent of the left tunneling noise σtlA which confirms that it is the double 2QSS of εmA and tlA. In contrast, infidelity
increases with noise detuning σεA (panels c, k, s) because there is no such 2QSS, and in right tunneling σtrA when not operated at the trA 2QSS
(panels h, p, x). Color scales in rightmost column represent the numerical value of noise amplitude at which the linecuts are taken. Results for
noisy qubit B or both qubits noisy are qualitatively similar (see Supplementary Discussion 2).

Fig. 4 Comparison of infidelities for the fastest gate times (k= 1) for the AEON (t0= 450 ns) and RX (t0= 64 ns), when the εmA 2QSS
overlaps with the εA= 0 line. Left column (panels a, c, e, g) are identical with panels (c, d, g, h) of Fig. 3. Right column (panels b, d, f, h) are
similar to panels (k, l, o, p) of Fig. 3, except that they are calculated for k= 1. Comparing each row, it is clear that the RX performs slightly
better than the AEON, as expected for a faster qubit.
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Next, when the εmA 2QSS line is slanted, e.g., for
arctanðtlA=trAÞ ¼ 45� , it intersects the tlA 2QSS. At this double
2QSS, where gate time is longer than when operating on RX or
AEON 1QSS, vertical linecuts along σεmA (Fig. 3t) and horizontal
linecuts along σtlA (Fig. 3w) display constant infidelities, demon-
strating the double 2QSS character of the working point. However,
the analytical formula over-predicts infidelity compared with
numerical simulations, as shown in Fig. 3s, t, w, x.
Finally, there is no εA 2QSS. As expected, linecuts (Fig. 3c, g, h, k,

o, p) show rising infidelity with greater σεA , and excellent analytical
and numerical agreement.

DISCUSSION
Here, we describe optimal choices of 2QSS working points, all of
which fall on the εm 2QSS. First, if it is desired that qubits are
protected from noise during both single- and two-qubit operation
with minimal experimental control, then it is best to work on the
intersection of εm 2QSS and ε 1QSS. This requires tunnel coupling
ratios to be tuned to arctanðtlA=trAÞ ¼ 57� during non-local
operations. At this ratio, the εmA 2QSS is a vertical line passing
through AEON and RX ε 1QSS. During single-qubit gates, in order
to return to the RX 1QSS, tunnel couplings must be re-equalized.
The AEON does not require retuning since its 1QSS is independent
of tunneling.
Further optimization for RX can be done. Because tunneling

asymmetry shifts its ε 1QSS, this can be made to coincide with the
εm 2QSS for one particular tunneling ratio, arctanðtl=trÞ ¼ 37:7� for
the parameters used. This is presented in Fig. 5, where panel (a)
plots 1QSS and 2QSS against tunneling ratio, and panel (b)
illustrates where they coincide on a color plot of non-local gate
time. Left of the midline, gate time is longer, t0= 198 ns.
Next, even when these advantages cannot be exploited due to

say, limited tunability of tunnel coupling, the intersection of εm
2QSS line with one of the tunneling 2QSS provides another
avenue for fidelity improvement. This intersection between εm and
tl 2QSS is shown by the white circle at the lower left of Fig. 2b, e.
Comparing infidelity plots in Fig. 3, the best fidelities are found
when working at the εm and tl double 2QSS. The experimental
complication to working at this point is the movement to and
from the 1QSS, during single-qubit gates.
The conditions for the existence of both tl and tr 2QSS are

equivalent to the requirement for the qubit to remain in the (1,1,1)
region, �ðU � U0Þ< (εmA þ U0 � U

00
) ± εA <U � U0. The conditions

for εmA and εmB 2QSS to exist are sgn(C51− C11)= sgn(C21− C11)
and sgn(C13− C11)= sgn(C14− C11), respectively. These conditions
are automatically satisfied in a linear QD array. The full derivation
is given in Supplementary Note 6.
Having studied fidelities of specific working points on 2QSS, it

is reasonable to ask if a global fidelity optimum might exist. In
Fig. 6, when there is only detuning noise in qubit A (panels a, c,
d), the global fidelity optimum is a single point lying on εmA

2QSS, in the lower half of the (1,1,1) charge region. Analytical
calculations show infidelity ≈ 10−10; numerical calculations give
infidelity ≈10−6. Both meet fault-tolerance thresholds,
1� F < 10�4 57,58 and 10−6 59. This is significant because when
tunneling noise is negligible, working at this global optimum will
achieve fault-tolerance.
However, when there is only tunneling noise, the global

fidelity optimum is located in the upper right quadrant of the
(1,1,1) region (panels b, e), and infidelity in the lower half of the
(1,1,1) region increases significantly. Because we expect both
detuning and tunneling noise to affect EO qubits, and infidelity is
approximately additive, the optimum point for global fidelity
from detuning noise may be limited by infidelity from
tunneling noise.
Above, we analyzed results when qubit A is noisy. Similar results

apply when qubit B or both qubits are noisy. We also assumed
noiseless single-qubit gates. Next, we discuss fidelity optimization
with noisy single-qubit gates.
CPHASE involves an additional z-rotation for each qubit. At

simultaneous 1QSS and 2QSS, z-rotations times are t1= t2 ≈ 1 ns
(AEON) and 0.4 ns (RX) for ℏωA/B ≈ 1meV. Both single-qubit z-gates
are 2 orders of magnitude faster than the non-local gate.
Therefore, at these sweet spot intersections, it is likely that the
non-local gate limits fidelity.
As discussed, the global minimum need not lie on SS

intersections, and is dependent on the dominant noise
parameter. This necessitates a complete understanding of the
noise power of each parameter. In addition, noise may be
correlated. However, noise spectroscopy may not be trivial to
implement since noise acts on multiple axes in these qubits,
although theoretical progress in multiaxis noise spectroscopy
had been made53,60. Fortunately, the same parameter space
governs single and two-qubit gates; perhaps a simple formula
might relate single and two-qubit fidelities.
CNOT requires single-qubit x- and z-rotations. Because pulse

gating for AEON rotates the qubit around the −(x+ z) axis, single-
qubit rotations might benefit from optimal control pulses61. On
the other hand, RX uses microwave control and can directly
perform x-rotations, the speed of which depends on drive
amplitude. Because AEON and RX can transform into each other,
they should be able to take advantage of the features each one
offers for further optimization.
In summary, we studied capacitive two-qubit CPHASE and

CNOT gates for EO qubits with a focus on AEON and RX proposals.
We demonstrated the existence of εm, tl, and tr 2QSS for each
qubit, and provided conditions for their existence. We showed
how the εm 2QSS can be tuned to intersect with ε 1QSS, requiring
only tuning of tunnel coupling ratios. This has the benefit of
operating the qubit at both 1QSS and 2QSS. We also showed that
double 2QSS also exist—εmA with tlA (qubit A) or εmB with trB
(qubit B)—providing another avenue for fidelity improvements.
Importantly, the global fidelity optimum lies along the εm 2QSS,
with a fidelity better than the fault-tolerance threshold when
tunneling noise is negligible.
Our infidelity results illustrate the stringent requirement for

qubits. Best fidelities are obtained when working at the double
εmA and tlA 2QSS. However, only with extremely low noise, e.g.,
σεA<10

�5 meV or σtrA<10
�5 meV, can the fault-tolerance condi-

tions be met. The fidelities in our study were computed for noisy
non-local gate and noiseless single-qubit gates. In reality, because

Fig. 5 RX single-qubit sweet spot (1QSS) and two-qubit sweet
spot (2QSS) dependence on tunneling ratio. a The red curve shows
the exact dependence of RX ε 1QSS on arctanðtl=trÞ. The blue line,
from ref. 36, shows the approximate dependence, ε ≈−(8Δ/5)y,
where Δ ¼ U � 2U0 þ U00 � εm and small tunneling asymmetry
y ¼ sinðπ=4� arctanðtl=trÞÞ. The purple curve shows the εm 2QSS
position as a function of arctanðtl=trÞ. At the intersection where both
1QSS and 2QSS share the same tunneling ratio, ε=−0.15 meV,
arctanðtl=trÞ ¼ 37:7�, for parameters used in this study. b The gate
times at the tunneling ratio arctanðtl=trÞ ¼ 37:7�. At the intersection
of εm 2QSS (white dashed line) and RX 1QSS, non-local gate time is
t0= 198 ns.
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both qubits will be noisy and single-qubit gates will similarly be
afflicted, the requirements are likely to be even stricter.
Given recent experimental progress in scaling up of QD arrays

and capacitive coupling, our results should contribute toward the
realization of high fidelity two-qubit gates.

METHODS
Numerical simulations
We numerically calculate the average fidelity (Eq. (13)) of the non-local
two-qubit gate by averaging over 500 different simulations of noise for
each noisy parameter ~ni , except at double tl and εm 2QSS points which

Fig. 6 Color plots of analytical formula (Eq. (14)) of infidelity in detuning parameter space with fixed standard deviation of noise. There is
only detuning noise, σεmA ¼ σεA ¼ 10�4 meV for (a, c, d), and only tunneling noise, σtlA ¼ σtrA ¼ 10�5 meV for (b, e). Tunneling parameters are
tlA= trA in panels (a, b, c), and arctanðtlA=trAÞ ¼ 57� in panels (d, e). a The global optimum when there is only detuning noise lies along the εm
2QSS. This global optimum is in a region of large εm for tunneling noise. The global optimum lies at a point which has extremely small gate
times that require timing precision of ~ps or better, which may be currently out of reach experimentally. b When there is only tunneling noise,
the global optimum lies in the region near the upper right boundary of the (1,1,1) region. The optimal point in panel (a) is now a point with
significantly larger infidelity (1� hF ani � 10�2). c Infidelity linecut along the εm 2QSS. The analytical (line) and numerically simulated (points)
infidelities agree well, although they start to deviate past the global optimum. Global infidelity optimum is better than 10−10 from analytical
calculations, and 10−6 from numerical simulations. d With only detuning noise, and tuning tunneling parameters so that the εm 2QSS is along
ε= 0, the global optimum still lies on the εm 2QSS. However, the gate times become very large near bottom corner of the (1,1,1) region (see
Fig. 2) and becomes impractical to implement. eWith only tunneling noise and the εm 2QSS is along ε= 0, the infidelity again rises significantly
at the region where it was the global optimum in panel (d) when there was only detuning noise. In reality, there should be noise in both
detuning and tunneling, and infidelities are approximately additive, demonstrating the difficulty of finding a truly global optimal working point.
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are averaged over 100 realizations. Each noisy time series δni(t) is
simulated with the desired spectrum of Eq. (8) from the algorithm of
refs. 47,48, which generates for every positive ωk value, two Gaussian
distributed random numbers to represent the real and imaginary parts of
the spectrum. After scaling by

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SðωkÞ=2

p
, an inverse FFT produces the

desired noisy time series. Our modification consists of shifting the mean
of the generated time series to zero and then rescaling its variance to
the desired value (see Supplementary Method 4). At each time step, the
charge admixtures αi, βi, and the interaction terms ~Vi are computed, and
the full unitary evolution with the exact gate sequence is calculated.
All simulations in Figs. 3 and 4 are performed with cutoff frequencies, ωl/
2π= 66.7 kHz, ωh/2π= 50 GHz.

Triple quantum dot potential and parameters
The Hubbard model describes both intra-TQD and inter-TQD interac-
tions. Intra-TQD interactions comprise QD detunings, tunnel couplings as
well as intra and inter-dot Coulomb energies. Inter-TQD interaction
comprise inter-dot Coulomb energies only, when tunnel coupling
between the TQDs (QD 3 and 4) is zero. Parameters of inter-TQD
interactions are calculated from a model confinement potential and
intra-TQD parameters from estimates in literature. See Supplementary
Note 7 for a discussion of this approach.
The TQD potential is modeled as a 2D tri-quadratic potential,

VpotðrÞ ¼ min½vpot;1ðrÞ; vpot;2ðrÞ; vpot;3ðrÞ�, where the i-th QD well at position
Ri is vpot;iðrÞ ¼ 1

2mω2
0ðjx � Ri j2 þ y2Þ þ εi , whose eigenfunctions are the 2D

Fock-Darwin wavefunctions62. The 2D character of the potential is a good
approximation to electrostatically gated QDs, given the tight confinement in
the z-direction. The confinement mω0 ¼ _=a2B, where aB is the Bohr radius.
Treating neighboring potential wells as perturbations, dot-centered, normal-
ized single-electron wavefunctions ψi of the TQD potential are constructed
from the Fock-Darwin wavefunctions using the method of Löwdin
Orthogonalization63,64, from which the three-electron wavefunctions are
formulated. Numerical values take reference from refs. 20,39: a= 50 nm, aB=
25 nm; R= 160 nm; Ui=U= 2.8meV; U12 ¼ U23 ¼ U45 ¼ U56 ¼ U0 ¼ 1:8
meV; U13=U46=U″= 0.9meV. For both AEON and RX, tlA= tlB= 0.12meV,
εA= εB= 0. For AEON, εmA= εmB=−0.9meV. For RX, εmA= εmB=−0.57meV.
Direct Coulomb integrals in the capacitive interaction are
V ij ¼ ðq2=4πϵrϵ0Þ

R R jψiðr1Þj2 1
jr1�r2 j jψjðr2Þj2dr1dr2, where we take silicon

relative permittivity, ϵr= 11.68. Even though the exact form of QD
confinement potential depends on the device, an advantage of modeling
the TQD potential as tri-quadratic is that each integral is analytically tractable.
With these parameters, a check shows that direct Coulomb integrals are a
factor of 104 greater than the spin-dependent exchange Coulomb integrals
(see Supplementary Discussion 3), validating our assumption of capacitive
non-local gating.
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