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Joint measurement of time–frequency entanglement via sum
frequency generation
Han Liu 1 and Amr S. Helmy1✉

We propose, analyze, and evaluate a technique for the joint measurement of time–frequency entanglement between two photons.
In particular, we show that the frequency sum and time difference of two photons could be simultaneously measured through the
sum-frequency generation process, without measuring the time or frequency of each individual photon. We demonstrate the
usefulness of this technique by using it to design a time–frequency entanglement based continuous variable superdense coding
and a quantum illumination protocol. Performance analysis of these two protocols suggests that the joint measurement of strong
time–frequency entanglement of non-classical photon pairs can significantly enhance the performance of joint-measurement
based quantum communication and metrology protocols.
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INTRODUCTION
Time and frequency correlation have been formidable resources in
a rich range of applications from metrology and spectroscopy to
communication and security1–3. In particular, time–frequency
entanglement (TFE), that there are substantial and simultaneous
correlations between two photons in both time and frequency,
enables a plethora of advantages beyond what is achievable by
classical correlations in the domains of metrology4 and commu-
nication5 applications. These advantages are brought about due
to the continuous variable nature and loss resilient property6 of
TFE. Recent years have witnessed rapid advances in the
generation of TFE with attractive properties7–9. Thus far, TFE has
already been used for entanglement based protocols such as
quantum key distribution5,10 and continuous variable Bell test11.
Such protocols only feature separate measurements of the time or
frequency degree of freedom of each individual photon. In
contrast, many other entanglement based applications require a
joint measurement of the two entangled photons, that is,
measuring a joint variable of the entangled system without
resolving the property of each individual photon. One such
example is continuous variable superdense coding12, in which the
sum of the in-phase amplitude x1+ x2 and the difference of the
out-of-phase amplitude p1 – p2 of two beams are simultaneously
measured. In principle, such joint measurement based protocols
could also be implemented with TFE photon pairs, since the time
and frequency operator of a single photon obey the same
commutation relation as x and p13.
Despite the progress on the front of TFE, to the best of our

knowledge, TFE within non-classical photon pairs has not been
used in quantum information and sensing applications that
require joint measurement, where the sum of frequencies ω1 + ω2

and difference of times t1− t2 of two photons are measured
simultaneously. The frequency sum (time difference) of two
photons has to be measured without measuring the frequency
(time) of each individual photon, to avoid altering the subsequent
measurement of the time difference (frequency sum). If such a
measurement could indeed be implemented in a practical fashion,
it could have a significant impact on many entanglement based

applications that would have their performance depend on such
joint measurements. Those include quantum teleportation14,
quantum superdense coding15, and quantum metrology16,17.
Compared to the joint measurement, the generation of TFE is

much more developed. To date, the most widely adopted
approach to generating TFE photon pairs is continuous-wave
spontaneous parametric down-conversion (SPDC). The TFE of
SPDC photon pairs is closely related to the properties of SPDC
sources. In particular, it has been shown that the temporal
correlation and frequency anti-correlation of TFE photon pairs
could be tailored with great flexibility with different designs of
the waveguide structure of the photon-pair source8. Given the
close connection between the SPDC process and TFE, a natural
line of inquiry would be to utilize the time-reversal of the SPDC
process, namely sum frequency generation (SFG), to help obtain
an effective route for a TFE joint-measurement based protocol.
In this paper, we show through theoretical analysis that the SFG
process could be used as the joint measurement of TFE. In
particular, we show that SFG could be used for the joint
measurement of superdense coding and quantum illumination.
These two examples show the potential of SFG as a measure-
ment technique for practical quantum communication and
sensing protocols.

RESULTS
SFG of photon pairs
The SFG process in a χ(2) nonlinear medium could be modeled as
the following evolution operator18:

V ¼ I þ ϵ
R
dωpdωsdωif0ðωp;ωs;ωiÞaypðωpÞasðωsÞaiðωiÞδðωp � ωs � ωiÞ � H:C:

� �
;

(1)

where photons in the signal mode as(ωs) and idler mode ai(ωi) are
annihilated to generate photons in the pump mode ap(ωp) and ϵ
characterizes the interaction strength. The time reversed process of
SFG, the SPDC process, can also be described by the same evolution
operator V. Note that the function f0(ωp, ωs, ωi)δ(ωp − ωs − ωi) is the
joint spectral amplitude of SPDC photon pairs if the pump mode is
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occupied by strong coherent light at frequency ωp. Given the fact
that the SPDC process can create TFE photon pairs, it is natural to
ponder whether the SFG process can be used to resolve the TFE
between two photons. To investigate this while balancing the
rigorousness and complexity of the analysis, we assume that the
factor

f 0ðωp;ωs;ωiÞ ¼ f
ωs � ωiffiffiffi

2
p

� �
(2)

is independent of the pump frequency ωp = ωs + ωi. This
indicates that the SPDC process is assumed to be broadband
phase matched for any pump frequency. Using this form of the
SFG evolution operator V and work in the Heisenberg picture, the
spectral density operator aypðωÞapðωÞ of the pump light at the SFG
output could be expressed as (See Supplementary Section 1.3):

VyaypðωpÞapðωpÞV ¼ ϵ2ByBþ OðapðωpÞ; aypðωpÞÞ; (3)

B ¼
Z Z

dωsdωif ððωs � ωiÞ=
ffiffiffi
2

p
Þδðωs þ ωi � ωpÞasðωsÞaiðωiÞ; (4)

where OðapðωpÞ; aypðωpÞÞ is a sum of normal ordered operators
that are at least linear in ap(ωp) or aypðωpÞ. This term could be
neglected due to the absence of pump photons at the input of the
SFG process. It could be further shown that in the limit of infinite
SPDC photon bandwidth (f ððωs � ωiÞ=

ffiffiffi
2

p Þ ¼ 1):

Pðωp; 0Þ ¼ 1
2π

ByB; (5)

where P(ωp, 0) is the probability density operator for the input
signal–idler photon pair of the SFG process to have their
frequency sum ωs + ωi = ωp and zero time difference ts− ti =
0, simultaneously (see the Methods section). The general
probability density operator P(ωp, t) for the frequency sum ωs +
ωi = ωp and time difference ts− ti = t could be constructed from P
(ωp, 0) by temporally displacing either the signal or the idler
photon. Therefore (3) and (5) show that frequency resolved
detection (i.e. using a single photon spectrometer, hence carrying
out a classical measurement) of a pump photon generated in the
SFG process reveals the simultaneous time and frequency
correlation (hence TFE) ωp = ωs + ωi, ts − ti = 0 of the input
signal–idler photon pair, in the limit of infinite SPDC photon
bandwidth. Intuitively, such a joint measurement of TFE could be
understood as a quantum interference effect: only photon pairs
that have frequency sum ωp = ωs + ωi can possibly generate a
pump photon at frequency ωp due to the energy conservation
constraint. Meanwhile in the time domain, a non-zero time
difference between the signal and idler photon will induce
different phase shift for different frequency components of the
photon-pair state, and the corresponding probability amplitude of
SFG will interfere destructively, leading to a decreased probability
of generating a pump photon.

Time–frequency entanglement based continuous variable
superdense coding
Having shown that the SFG process could be utilized for the joint
measurement of TFE, the question remains now is that whether it
could benefit any quantum communication and sensing application
that needs joint measurement. An important example is continuous
variable superdense coding12, which utilizes entanglement between
two particles to surpass the classical limit of channel information
capacity. The previous proposal12 and implementation19 of contin-
uous variable superdense coding are based on the joint-
measurement of amplitude–quadrature entanglement, compared
to which the joint measurement of TFE is more difficult to
implement. However, the utilization of TFE can also provide
additional advantages compared to the amplitude–quadrature

entanglement. First, unlike the amplitude–quadrature entanglement,
the strength of TFE (the Schmidt number of the photon pair) is not
limited by the source power, which may translate to a larger
information capacity enhancement compared to the two-fold
enhancement achievable by amplitude–quadrature entanglement12.
Second, the TFE has been demonstrated to be resilient to channel
losses6, which is favorable for practical long haul superdense coding
applications.
In what follows, we propose a proof-of-principle protocol of

TFE based continuous variable superdense coding (TFE SDC). In
particular, we will show that one can encode (decode) an
arbitrarily large amount of information into (out of) both the
time and frequency degree of freedom of the signal photon
(that is entangled with the idler photon), simultaneously. The
basic steps of the TFE SDC protocol are as follows. First Alice
generates an entangled photon-pair state pairj i as the
entanglement source:

pairj i ¼
Z

dωsdωiϕ0ðωs;ωiÞaysðωsÞayi ðωiÞ 0j i; (6)

ϕ0ðωs;ωiÞ ¼ h
ωs þ ωiffiffiffi

2
p

� �
f

ωs � ωiffiffiffi
2

p
� �

: (7)

Such a photon pair could be generated by pumping the χ(2)

medium with a strong coherent beam of light in pump mode
mode (ap(ωp)) that has (square normalized) complex spectral
amplitude 1ffiffi

24
p hðωpffiffi

2
p Þ. To simplify the calculation, we assume the

factor h(ω) and f ððωs � ωiÞ=
ffiffiffi
2

p Þ to be Gaussian:

1ffiffiffi
24

p h
ωffiffiffi
2

p
� �

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1ffiffiffiffiffiffi
2π

p
σþ

exp �ðω� ω0Þ2
2σ2þ

 !vuut ; (8)

f ðωÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1ffiffiffiffiffiffi
2π

p
σ�

exp � ω2

2σ2�

� �s
; (9)

where the SPDC pump bandwidth and SPDC photon bandwidth
are proportional to σ+ and σ−, respectively, and ω0 is the center
frequency of the SPDC pump light. Note that if σþ ¼ ffiffiffi

2
p

σ� the
SPDC photon pair is not entangled. Alice then stores the idler
photon locally and sends the signal photon to Bob. Bob will
encode information by shifting both the frequency and time of
the signal photon by Δω and Δt, which could be done with
nonlinear frequency conversion20 and a tunable delay line. The
encoded signal photon is sent back to Alice. Then the
information coded photon-pair state for Alice to measure is
given by

codedj i ¼
Z

dωsdωiϕcodedðωs;ωiÞaysðωsÞayi ðωiÞ 0j i; (10)

ϕcoded ¼ ϕ0ðωs � Δω;ωiÞ expðiωsΔtÞ: (11)

Alice will perform SFG with the encoded photon pair to obtain
the final state SFGj i:
SFGj i ¼ V codedj i: (12)

The generated pump photon in state SFGj i is sent to a single
photon spectrometer. The frequency spectrum S(ω) of the
generated pump photon is given by the expectation value of
the spectral density operator aypðωpÞapðωpÞ(See Supplementary
Section 2):

SðωpÞ ¼ SFGh jaypðωpÞapðωpÞ SFGj i (13)

¼
ϵ2 exp 1

8 �4Δt2σ2
� � Δω2

σ2�
� 4ðΔωþω0 �ωpÞ2

σ2þ

� �� �
2
ffiffiffi
π

p
σþ

: (14)
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The total probability of generating a pump photon is given by the
integral of S(ωp):

NSFG ¼
Z

dωpSðωpÞ ¼ ϵ2ffiffiffi
2

p exp �Δω2

8σ2�
� σ2

�Δt
2

2

� �
: (15)

The mean frequency and frequency variance of the generated
pump photon are given by

ωSFG ¼ 1
NSFG

Z
dωpωpSðωpÞ ¼ ω0 þ Δω; (16)

varfωSFGg ¼ 1
NSFG

Z
dωpω

2
pSðωpÞ � ω2

SFG ¼ σ2
þ: (17)

As could be seen in (15) and Fig. 1, the probability NSFG of
generating a pump photon decreases rapidly as the signal photon
time shift Δt exceeds the inverse SPDC photon bandwidth 1/σ−. In
contrast, the frequency shift Δω does not affect much NSFG as long
as Δω ≪ σ−. Equations (16) and (17) show that the center
frequency and bandwidth of the generated pump photon is
identical to that of the SPDC pump light, aside from the frequency
shift Δω that Bob encode into the photon pair.
Based on (15), (16), and (17), the joint measurement scheme of

the TFE SDC protocol could be designed as follows. After receiving
the signal photon from Bob, Alice first apply an additional time
shift Δtextra to the signal photon and then let the encoded photon
pair go through the SFG process. A pump photon will be
generated through SFG with non-negligible probability only if the
total time shift Δt + Δtextra is close to zero (≤1/σ−). The encoded
photon pair will remain unchanged after SFG if no pump photon is
generated. In such cases, the encoded photon pairs could be
reused and go through the SFG process repeatedly until a pump
photon is finally generated (see Fig. 2 for the schematic of the
experimental setup). Over this SFG feekback loop, the extra time
delay Δtextra is swept continuously and repeatedly. When the
feedback loop terminates (a pump photon is generated) with the
extra time delay set to Δtextra, the posterior probability distribution
of the time shift Δt is centered around −Δtextra with variance
varfΔtg ¼ 1=σ2

�. The frequency shift Δω is obtained by measuring
the frequency of the generated pump photon, with variance
varfΔωg ¼ σ2

þ. The measurement of Δt and Δω could be arbitrarily
precise simultaneously:

varfΔtgvarfΔωg ¼ σ2
þ=σ

2
� � 2; (18)

which implies that arbitrarily large amount of information could
be coded in Δt and Δω simultaneously. Such information capacity

cannot be achieved without using entanglement. To see this,
consider a classical coding protocol where the time shift Δω and
frequency shift Δt information are coded on a single photon. Then
the readout of Δt and Δω information can only be done through
measuring the time and frequency of the encoded photon. But
the time and frequency of a single photon cannot be
simultaneously measured with arbitrarily high accuracy due to
the uncertainty principle21.
As could be seen in (15) and (17), the performance of the TFE

SDC protocol depends on the χ(2) medium that is used for the
SPDC photon-pair generation and the SFG measurement: the
SPDC photon bandwidth σ− dictates the maximal frequency shift
Δω that can be encoded such that NSFG is constantly ϵ2=

ffiffiffi
2

p
as well

as the readout variance of the time shift Δt. The nonlinear
conversion efficiency ϵ2 determines the number of the SFG
feedback loops that are needed for the joint measurement, hence
the speed of the communication. This outcome demonstrates how
TFE could be used for superdense coding, where it offers
advantages over existing superdense proposals and demonstra-
tions in that it pivots in its performance on the TFE of the photon
pairs, which is not limited by the power of the source, and is
resilient to losses.

Time–frequency entanglement based quantum illumination
While advantages offered by TFE to superdense coding can clearly
benefit channel capacity in communication systems, they can also
benefit a number of sensing applications. In this work we aim to
explore the possibility of utilizing TFE to enhance the target
detection sensitivity in a noisy and lossy environment, i.e. the
quantum illumination protocol. The quantum illumination proto-
col is closely related to the superdense coding protocol in that
they are both based on the same fashion of quantum entangle-
ment enhancement16. The basic steps of the general quantum
illumination protocol are as follows (see Fig. 1): The signal photon
of the entangled photon pair is sent to probe the target while the
idler photon is stored locally. The signal photon is reflected on
the target object and collected with total transmission η (η = 0 if
the target is absent). Regardless of the presence or absence of the
target object, a constant level of environmental noise light is
always collected into the detection system. The joint measure-
ment of the collected (signal or noise) photon and the idler

Fig. 1 The probability of generating a pump photon. As a function
of the frequency shift Δω and time shift Δt for different SPDC
photon bandwidth σ− from 0.2THz to 1.0THz.

idler

signal SFG

TTD

DM

OSA

SM

pump

(a)

SFG SP MRPD

target

noise
source 

Idler

(b)
signal

Fig. 2 Experimental setup for the TFE SDC and TFE QI protocol. a
Setup of the SFG feedback loop for the TFE SDC protocol. SFG: a χ(2)

medium where the SFG process takes place; DM: a dichroic mirror to
separate the generated pump photon from the photon pair; TTD:
tunable time delay Δtextra; OSA: single-photon optical spectral
analyzer. SM: switch mirror. After the signal and idler pass by the
switch mirror SM, SM will flip and form a ring cavity. b Setup of the
TFE QI protocol. Target: the target object to be detected, modeled as
a unballanced beamspliter with reflection η (η = 0 when the object
is absent), SP: short pass filter, MRPD: mode resolved single photon
detector that detects pump photon generated in mode A0.
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photon is performed to predict the presence and absence of the
target object. For TFE based quantum illumination protocol, the
joint measurement consists of the SFG process of the idler photon
and the collected photon, and the detection of the generated
pump photon at the sum frequency ωp = ωs + ωi. The
entanglement enhancement provided by TFE results from the
fact that only the signal photon that is strongly correlated in both
time and frequency (hence TFE, which is not possible for
uncorrelated photon pairs) with the idler photon can generate a
pump photon at frequency ωp = ωs + ωi. Therefore, the detection
of the generated pump photon is resilient to the background
noise photons that are not correlated with the idler photon. Note
that this protocol is entanglement based and is different from the
target detection protocol using classical time and frequency
correlation22. In what follows, we analyze the TFE QI protocol
using a new mathematical formalism instead of that used for the
superdense coding protocol. The formalism utilized here is chosen
as it better highlights the connection between TFE and SFG (an
analysis of the TFE QI protocol that parallels the analysis of the TFE
SDC protocol could be found in Supplementary Section 5).
We shall start directly from the general form of the evolution

operator V(1) without applying any approximation or assumption.
In general, the χ(2) evolution operator V could be expressed as a
discrete sum through a “two-step Schmidt decomposition
process” (see the Methods section):

V ¼ I þ ϵ
X
m

ffiffiffiffiffiffiffi
λð1Þm

q
AymBm � H:C:

� �
; (19)

Bm ¼
X
n

ffiffiffiffiffiffiffiffi
λð2Þm;n

q
Fm;nGm;n: (20)

Equation (19) is obtained through the Schmidt decomposition
between the pump and the “signal–idler” joint system with the
singular values given by fλð1Þm g. Equation (20) is obtained through
the Schmidt decomposition of each “signal–idler” joint system
with the singular values given by fλð2Þm;ng. The operators {Am} and
{Fm,n},{Gm,n} (with fixed m and different n) form complete
orthogonal sets of annihilation operators for the pump, signal
and idler mode, respectively. The definitions of the mode
operators could be found in the Methods section. The photon-
pair source of the TFE QI protocol is chosen to be pairj i ¼ By0 0j i,
which could be approximated by SPDC twin beams generated by
coherent pump light in the mode A0(neglecting the vacuum term
and multiple pair terms). Note that if condition (2) is satisfied, then
the mode A0 can be specified arbitrarily and λð1Þm ¼ 1=

ffiffiffi
2

p
(See

Supplementary Section 3). The noise and loss of the signal photon
in the target detection channel is modeled as mixing with the
background noise mode on a virtual beam-splitter with transmis-
sion η for the signal photons. The evolution operator Uloss of the
beam-splitter can be expressed as

Uloss ¼
Y
n

expfi arccosðηÞðFy0;nFðbÞ0;n þ H:C:Þg; (21)

where FðbÞ0;n is the discrete mode operator for the noise photon that
has the same spectral amplitude as the signal mode F0,n.
Equivalence between Uloss and the usual beam-splitter transform
is shown in Supplementary Section 4.1. To avoid technical
complexities, we assume that the background noise mode is
occupied by a noise state ρb that satisfies the following conditions:

tr FðbÞy0;n0 F
ðbÞ
0;n00ρb

n o
¼ δn0n00μb tr FðbÞ0;nρb

n o
¼ 0; (22)

where μb is the average number of noise photons per mode. The
above conditions mean that the noise photons are evenly
distributed in every spectral mode FðbÞ0;n with random phases and
there is no coherence between each mode. It could be shown that

such noise is broadband and continuous-wave white noise (See
Supplementary Section 4.2). The density operator ρSFG of the SFG
output can be expressed as

ρSFG ¼ VUloss pairj i pairh j � ρbU
y
lossV

y: (23)

In the limit of perfect signal photon transmission (η = 1), the SFG
process can only generate pump photons in mode A0 (See
Supplementary Section 4.3). For this reason, in the following
analysis only the photon detection event in mode A0 is taken into
consideration. After some algebraic manipulation (See Supple-
mentary Section 4.3), it can be shown that the photon detection
probability Pd,QI on mode A0 is given by

Pd;QI ¼ trfAy
0A0ρSFGg ¼ ϵ2λð1Þ0 ðηþ μb=SNÞ; (24)

where SN ¼ 1=
P

nðλð2Þ0;nÞ
2
is the Schmidt number of the SPDC

photon-pair state pairj i. The Schmidt number being larger than
unity is a indication of TFE. It can be shown that the conversion

efficiency λ
ð1Þ
0 ϵ2 is also the SPDC conversion efficiency (See

Supplementary Section 4.5). For comparison, we shall also
consider a classical target detection (CI) protocol where a probe
photon in an arbitrary temporal-spectral mode F is sent to probe
the target16. It is easy to see that the photon detection probability
is Pd,CI = η + μb. Comparison between Pd,CI and Pd,QI shows that
the TFE QI protocol is equivalent to a CI protocol with detection

efficiency ϵ2λð1Þ0 and noise photon per mode reduced to μb/SN.
As could be seen in (24), the performance of the TFE QI protocol

is limited by the nonlinear efficiency ϵ2λð1Þ0 and the Schmidt
number SN of the entangled photon-pair source. If SPDC twin
beams are used as the TFE QI source, the Schmidt number SN
could be approximated as the ratio of the SPDC photon
bandwidth σ− and the SPDC pump bandwidth σ+

23. Therefore
ideally the χ(2) medium should have very large phase-matching
bandwidth. For bulk χ(2) crystal there is a trade-off between the
SPDC photon bandwidth and the length of the crystal(hence the
nonlinear conversion efficiency). Therefore it may not be optimal
for the TFE QI protocol. Integrated semiconductor χ(2) waveguide7

could be an ideal alternative because it offers high nonlinear
conversion efficiency in a compact form factor (ϵ2λð1Þ0 ’ 2:1 ´ 10�8

for a 1 mm long waveguide). Moreover, semiconductor waveguide
can provide very large SPDC photon bandwidth with specific
structure designs8.
It is important to highlight that the noise reduction being

directly proportional to the Schmidt number SN is very similar to
that in the first quantum illumination protocol reported in16.
Therefore the TFE QI protocol proposed here could be considered
as an implementation of16. However, it could be shown that the
TFE QI protocol has large performance enhancement over the
coherent light/homodyne detection scheme under high noise
condition (See Supplementary Section 6.2). This extends the result
in24 that shows that the first quantum illumination protocol16

cannot outperform coherent detection in the low noise limit μb ≪ 1.
In addition, as could be seen in (24), the entanglement
enhancement of the TFE QI protocol can effectively reduce the
environmental noise power down to zero in the limit of large
entanglement SN ≫ 1. Such a result does not contradict the
previous finding25 that at most 6 dB of performance advantage
could be achieved by Gaussian state quantum illumination. This is
because for TFE QI the photon-pair source is assumed to be non-
Gaussian pairj i ¼ By0 0j i. However, in practice, the SPDC twin
beams are commonly used as an approximation of pairj i by
neglecting the vacuum term and the multiple pair terms. Then, it
must be remembered that SPDC twin beams are in Gaussian state
and a TFE QI protocol with SPDC twin-beam source can achieve 6
dB enhancement of target detection performance at most. Lastly,
the proposed TFE QI protocol is similar to the SFG quantum
illumination protocol26 but with a simpler setup. However, the
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discussion of the TFE QI protocol here provides a different
perspective of the performance advantage achievable by SFG
detection from a TFE standpoint.

DISCUSSION
In this paper, we propose a technique to jointly measure the
time–frequency entanglement between two photons based on
the SFG process. We also apply this technique to propose a
time–frequency entanglement based continuous variable super-
dense coding protocol and a quantum illumination protocol and
analyze their performances. In particular, a theoretical analysis of
the quantum illumination protocol shows that the effect of
background noise on target detection accuracy can be reduced to
zero in the limit of infinite time–frequency entanglement between
the signal and idler photon. The performance limiting factor of this
joint measurement technique is that its efficiency is limited by the
strength of χ(2) nonlinearity. To overcome this limit for the
superdense coding protocol, we propose a feedback loop based
setup to effectively enhance the interaction of the signal and idler
photon inside the nonlinear medium. Other approaches to
improving the efficiency may include resonance enhanced SFG
of entangled photon pairs27 and enhancing the effective
nonlinearity with high confinement waveguide design7.

METHODS
The probability density operator P(ω, t) for time difference and
frequency sum of two photons
Define first the frequency sum projection operator Pδω(ω) that selects two
photon states with the frequency sum of the signal and idler photon
satisfying ∣ωs + ωi − ω∣ ≤ δω/2:

PδωðωÞ ¼
Z Z

dωsdωia
y
sðωsÞayi ðωiÞasðωsÞaiðωiÞGate ω� ωs � ωi

δω

� �
; (25)

where Gate(x) = 1 for ∣x∣ ≤ 1/2 and Gate(x) = 0 otherwise. The time
difference projection operator that selects two photon states with the time
difference of the signal and idler photon satisfying ∣ts + ti − t∣ ≤ δt/2 can
be similarly defined as

PδtðtÞ ¼
Z Z

dtsdti~a
y
sðtsÞ~ayi ðtiÞ~asðtsÞ~aiðtiÞGate

ts � ti � t
δt

� �
; (26)

where the instantaneous annihilation operator ~axðtÞ is defined as

~axðtÞ ¼ 1ffiffiffiffiffiffi
2π

p
Z

dω expð�iωtÞaxðωÞ ðx ¼ s; iÞ: (27)

The probability density operator P(ω, t) for time difference and frequency
sum of two photons can then be defined as the product of Pδt(t) and Pδω(ω)
in the limit of δω → 0, δt → 0:

Pðω; tÞ ¼ lim
δt!0;δω!0

1
δωδt

PδωðωÞPδtðtÞ (28)

It can be shown that (See Supplementary Section 1.2)

Pðω; tÞ ¼ 1
2π

BypBp; (29)

where

Bp ¼
Z Z

dωsdωiδðωs þ ωi � ωÞ expðiωitÞasðωsÞaiðωiÞ: (30)

As can be seen Bp equals B defined in (4) in the limit of f ððωs � ωiÞ=
ffiffiffi
2

p Þ !
1 and t = 0.

The two-step Schmidt decomposition
To simplify the analysis of the SFG process, the evolution operator could be
discretized from the integral form (1) to a discrete sum form via a ‘two-step
Schmidt decomposition’. First, the function δ(ωp − ωs − ωi)f0(ωp, ωs, ωi)
could be decomposed through the first step Schmidt decomposition:

δðωp � ωs � ωiÞf 0ðωp;ωs;ωiÞ ¼
P
m

ffiffiffiffiffiffiffi
λð1Þm

q
ψ�
A;mðωpÞψB;mðωs;ωiÞ; (31)

where {ψA,m(ωp)} is a complete set of orthonormal functions for the complex
amplitude of the pump photons and {ψB,m(ωs, ωi)} is a (not complete)
set of orthonormal functions for the joint spectral amplitude of the
signal and idler photon pairs. Then the function ψB,m(ωs, ωi) could be
further decomposed through the second step Schmidt decomposition:

ψB;mðωs;ωiÞ ¼
P
n

ffiffiffiffiffiffiffiffi
λð2Þm;n

q
ψF;m;nðωsÞψG;m;nðωiÞ; (32)

where {ψF,m,n(ωs)}(for fixed m) and {ψG,m,n(ωi)}(for fixed m) are two
complete sets of orthonormal functions for the signal and idler photon
complex spectral amplitude, respectively. Therefore the evolution operator
V could be written in a discrete sum form:

V ¼ I þ ϵ
X
m

ffiffiffiffiffiffiffi
λð1Þm

q
AymBm � H:C:

� �
; (33)

Bm ¼
X
n

ffiffiffiffiffiffiffiffi
λð2Þm;n

q
Fm;nGm;n; (34)

Am ¼
Z

dωψA;mðωÞapðωÞ; (35)

Bm ¼
Z

dωsdωiψB;mðωs;ωiÞasðωsÞaiðωiÞ; (36)

Fm;n ¼
Z

dωψF;m;nðωÞasðωÞ; (37)

Gm;n ¼
Z

dωψG;m;nðωÞaiðωÞ: (38)
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