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Remote quantum clock synchronization without synchronized
clocks
Ebubechukwu O. Ilo-Okeke1,2,3, Louis Tessler2,4, Jonathan P. Dowling5,6,7 and Tim Byrnes1,2,5,8,9

A major outstanding problem for many quantum clock synchronization protocols is the hidden assumption of a common phase
reference between the parties to be synchronized. In general, the definition of the quantum states between two parties do not
have consistent phase definitions, which can lead to an unknown systematic error. We show that despite prior arguments to the
contrary, it is possible to remove this unknown phase via entanglement purification. This closes the loophole for entanglement
based quantum clock synchronization protocols, which is a non-local approach to synchronize two clocks independent of the
properties of the intervening medium. Starting with noisy Bell pairs, we show that the scheme produces a singlet state for any
combination of (i) differing basis conventions for Alice and Bob; (ii) an overall time offset in the execution of the purification
algorithm; and (iii) the presence of a noisy channel. Error estimates reveal that better performance than existing classical Einstein
synchronization protocols should be achievable using current technology.
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INTRODUCTION
Access to a universally agreed global standard time is of great
importance to many technologies such as data transfer networks,
financial trading, airport traffic control, rail transportation net-
works, telecommunication networks, the global positioning
system (GPS), and long baseline interferometry.1 To achieve this,
clock synchronization is a fundamental task in such that a network
of clocks with a global standard time can be established.
Classically, when special relativity is taken into account, there
are two basic methods to synchronize clocks: Einstein synchroni-
zation2 and Eddington’s slow clock transport.3 In view of the
superb stabilities that the next generation of atomic clocks are
achieving,4 the question of how best to synchronize clocks with
high precision is one that must be addressed. To address this
demand, methods based on both ideas have been proposed for
the accurate synchronization of clocks: time transfer laser links for
the Einstein protocol,5–11 and quantum adaptations of Eddington’s
protocol.12–15 A third method of clock synchronization, based on
quantum entanglement, was proposed by Jozsa and co-workers.16

It uses shared prior entanglement between two clocks located at
different spatial locations for synchronization. The primary
distinguishing feature of entanglement based clock synchroniza-
tion is that it is based on a non-local resource. In all classical
schemes either light or matter is exchanged between the two
parties, which makes it susceptible to the properties of the
intervening medium (e.g., the atmosphere). By using entangle-
ment, this can be bypassed, making it fundamentally robust way
of synchronizing clocks. The original two party synchronization
protocol16–19 has been extended to multi-parties.20–23 Several

experimental verifications of the protocol have been
reported.10,13,24,25

One major outstanding issue with many quantum clock
synchronization (QCS) protocols is that they implicitly assume a
common phase reference.14,17,26 The origin of this problem is that
definitions of superposition states of qubits such as 0j i þ 1j ið Þ= ffiffiffi

2
p

are defined only up to a phase convention that is defined locally.
Establishing a common phase reference is equivalent to already
having synchronized clocks, defeating the purpose of the QCS
protocol. Worse still, any quantum algorithm that Alice and Bob
execute may require careful synchronization in order to not
introduce additional phases due to precession of the qubits. This
problem affects both quantum versions of Eddington and
entanglement based schemes.14,17,26 Proposals to overcome this
issue have been proposed for Eddington schemes have been
introduced, which require a two-way exchange of clock qubits.14

This however involves sending clock qubit atoms (e.g., Cs, Rb, Sr)
between the two parties, which is highly challenging for long-
distance intercontinental or space-based communications. In view
of photonic long-distance space-based entanglement distribution
now being demonstrated,27,28 and the rapid development of
quantum memories,29,30 a protocol compatible with this technol-
ogy is an attractive prospect. For example, long-distance
entanglement could be first generated using photons, then
stored on qubits where the clocks are present, then the QCS
protocol of ref.16 can be executed. We henceforth refer to the
scheme of ref.16 when discussing “QCS”.
We show in this paper, contrary to previous arguments26, that it

is possible to produce an entangled state with controlled phase
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without Alice and Bob having any knowledge of each other’s
phase definitions as shown in Fig. 1. The main observation is that
the full distillation protocol as originally given by Bennett and co-
workers31,32 ensures that a controlled entangled state can be
produced. The important ingredient in the distillation protocol is
the random bilateral rotations, which leaves the singlet state
invariant. The ability of the random bilateral rotations to isolate
the singlet state—and only the singlet state—allows for a
controlled entangled state to be produced in the local basis. This
overcomes the necessity of a common phase reference, which is
the major criticism made in ref.26. Once this is prepared, it is
possible to execute the original QCS protocol of ref.,16 despite the
presence of additional phases, differing basis conventions, and
noise. We assume that Alice and Bob do have clocks ticking at the
correct frequency, such that they can keep track of the precession
for the duration of the algorithm, but the clocks have in general a
relative time offset (the clocks are syntonized but not synchro-
nized).18 The combination of the entanglement purification and
the QCS allows for a completely asynchronous synchronization
protocol for clocks, completing the scheme of ref.16.

RESULTS
State purification using quantum circuit argument
Suppose the singlet state

ψ�j iðCÞ¼ 1j iðCÞA 0j iðCÞB � 0j iðCÞA 1j iðCÞBffiffiffi
2

p (1)

is prepared and sent by Charlie to Alice and Bob. Here the
definitions of the states are with respect to Charlie’s basis
convention, which may be different to Alice and Bob’s. Thus the

state 0j iðCÞA means a qubit state in Alice’s possession, in the basis
convention of Charlie, and so on. We assume that Alice, Bob, and
Charlie all have different basis conventions, which we can relate

according to σj iðAÞ = e�iθðAÞσ σj iðCÞ, σj iðBÞ = e�iθðBÞσ σj iðCÞ, where σ∈ {0,
1}. If the bases are transformed consistently using the same
convention globally, then the state (1) is invariant, for example

ψ�j iðBÞ¼ 1j iðBÞA 0j iðBÞB � 0j iðBÞA 1j iðBÞBffiffiffi
2

p ; (2)

where we chose the irrelevant global phase θ
ðBÞ
0 þ θ

ðBÞ
1 = 0 for

simplicity. However, as pointed out by ref.26, without the availability
of synchronized clocks, it is not possible for Alice and Bob to know
about their mutual basis conventions. Thus the appropriate basis to

view the state is in Alice and Bob’s respective local bases

ψ�j iðlocÞ¼ 1j iðAÞA 0j iðBÞB �ei θ
ðAÞ
0 þθ

ðBÞ
1 �θ

ðAÞ
1 �θ

ðBÞ
0ð Þ 0j iðAÞA 1j iðBÞBffiffiffi

2
p : (3)

We emphasize that ψ�j iðlocÞ = ψ�j iðBÞ = ψ�j iðCÞ are all in fact the
same state, but they appear different due to different phase
conventions. The effect of Alice and Bob choosing different phase
conventions is equivalent to having an unknown relative phase in
the singlet14,26. We may define the relative difference between the
basis choices of Alice and Bob by defining a rotation operator
UðABÞ σj iðBÞ = σj iðAÞ, UðBAÞ σj iðAÞ = σj iðBÞ which in this case is UðABÞ =

UðBAÞy = ei
P

σ
θ
ðBÞ
σ �θ

ðAÞ
σð Þ σj i σh j. Operators then transform as

OðAÞ ¼ UðABÞOðBÞUðABÞy (4)

and similarly for Bob’s operators.
In addition to the different phase conventions, when Alice and

Bob perform their entanglement purification circuit, they will not
know precisely when the other starts their first quantum
operation. Due to the precession of the qubits, there will be an
additional phase offset in the singlet state, which without loss of
generality we can attribute to Alice’s side. Hence the arriving
singlet will have a form in the local basis (up to a global phase)

ψ�
φ

��� EðlocÞ
¼ T ψ�j iðlocÞ

¼ 1ffiffi
2

p 1j iðAÞA 0j iðBÞB �eiφ 0j iðAÞA 1j iðBÞB

� �
;

(5)

where the time delay operator is

T ¼ e�iωδt 1j i 1h j; (6)

φ= θ
ðAÞ
0 þ θ

ðBÞ
1 � θ

ðAÞ
1 � θ

ðBÞ
0 −ωδt, and δt is the time difference

between Alice and Bob’s first quantum operation.
Furthermore, in addition to the systematic error introduced by

the different phase conventions and time offset, there may be a
stochastic error which reduces the purity of the state. We model
this process using the noisy channel with both bit and phase flips,
which for our state will appear as

ψ�
φ

��� EðlocÞ
ψ�
φ

D ���ðlocÞ! ρðlocÞφ ¼ p
4
I þ ð1� pÞ ψ�

φ

��� EðlocÞ
ψ�
φ

D ���ðlocÞ; (7)

where p is the probability that error will be introduced on sending
the qubit through a noisy channel to Alice and Bob, and I is the 4 × 4
identity matrix. We assume that N imperfect Bell pairs (7) are shared
between Alice and Bob, and φ is unknown to both of them. The task
is then to achieve clock synchronization by first purifying the above
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noise noise

Fig. 1 The situation considered for asynchronous quantum clock synchronization. Charlie distributes entangled singlet states to Alice and
Bob, in his basis convention. The entangled states are susceptible to noise, and become mixed on arrival at Alice and Bob’s locations. Alice and
Bob have unsynchronized clocks, and also have different basis conventions for the coherent superpositions of the logical states 0j i and 1j i. By
purifying many entangled qubits, the aim is to synchronize Alice and Bob’s clocks

Remote quantum clock synchronization without synchronized
EO Ilo-Okeke et al.

2

npj Quantum Information (2018)  40 Published in partnership with The University of New South Wales

1
2
3
4
5
6
7
8
9
0
()
:,;



state to a sufficiently high fidelity, then executing the QCS protocol
without knowledge of any shared timing information.
We first argue, using quantum circuit methods, that it is possible

to perform entanglement purification such that a singlet state is
obtained in the local basis. In the originally conceived form of
entanglement purification31,32, the bilateral random unitary
rotations and the Bell state comparison are performed synchro-
nously, and also using the same basis convention throughout. In
the context of QCS this cannot be performed, and instead the
modified quantum circuit as shown in Fig. 2a will be executed. The
noisy Bell states arriving will have a phase offset T which takes into
account of any time delay between Alice and Bob’s first
operations. Alice and Bob will furthermore execute the algorithm
in their local basis conventions. We now deduce the effect of this
circuit. We can rewrite the circuit in a form closer to the original,
by applying the basis rotation (4) around all the operators, and
adding T yT ¼ I, which gives Fig. 2b. After the first five operations
of Alice in Fig. 2b, and working in the common basis of Bob, Alice’s

random unitaries are transformed as T yUðBAÞyRðBÞA U(BA)T. This is the
same as the standard bilateral rotations except that Alice’s
operations are transformed to a different basis. The state that
results at this point of the circuit is the Werner state

ρW ¼ F ψ�
φ

��� E
ψ�
φ

D ���þ 1� F
3

I � ψ�
φ

��� E
ψ�
φ

D ���� �
: (8)

where ψ�
φ

��� E
= T yUðBAÞy ψ�j iðBÞ . At this point the states have an

extra phase offset, but immediately after the bilateral rotation, the
circuit operates with U(BA)T, which exactly cancels this extra factor
(note the opposite operator ordering conventions for quantum
circuits and equation form). At this point we have a Werner state
in Bob’s basis, with various circuit elements all in Bob’s basis. The
purification thus proceeds as originally conceived, purifying

towards the state ψ�j iðBÞ . Finally, there is one extra UðABÞ
A at the

end of the circuit which completes the whole procedure. The state
that the purification thus converges to is thus

ψ�
φ¼0

��� EðlocÞ
¼ UðABÞ

A ψ�j iðBÞ

¼ 1j iðAÞA 0j iðBÞB � 0j iðAÞA 1j iðBÞBffiffi
2

p :

(9)

Thus starting from the state with an extra phase (7), the
entanglement purification has converged to the singlet state with
respect to the local basis choice with no relative phase φ= 0. The
state (9) is exactly as desired, since any measurements that will be
made on this state will be in the local basis choice. Alice and Bob
would then measure this state in their local basis choice, which
does not contain any extra phases as discussed in ref.26. The QCS
protocol then proceeds as described in ref.16.

Algebraic evaluation of random bilateral purification protocol
This result can be also calculated by direct application of the
bilateral rotations as shown in the Supplemental Material. Starting

from the state ρ= pI/4+ (1− p) ψ�
φ

��� EðlocÞ
ψ�
φ

D ���ðlocÞ , we explicitly

calculate that the bilateral rotations produce the state

ρ0W ¼ I p4 þ ð1� pÞ ψ�
φ¼0

��� EðlocÞ
ψ�
φ¼0

D ���ðlocÞcos2 φ
2

� �

þ 1�p
3 I � ψ�

φ¼0

��� EðlocÞ
ψ�
φ¼0

D ���ðlocÞ
� 	

sin2 φ
2

� �
:

(10)

The fidelity calculated using (10) agrees with that calculated
from (7) which gives F= ψ�h jρφ ψ�j i= p

4 þ ð1� pÞcos2 φ
2

� �
since

singlet states are invariant under bilateral rotations.The fidelity F
contains an extra phase factor originating from the combination
of the time delay and the different basis conventions. Since (eq.
10) is in the local basis as desired, the remaining part of the
purification proceeds in the regular way.

Efficacy of the QCS
The above result removes an outstanding issue of the QCS
protocol. What can we expect from a future implementation of
QCS? To answer this we estimate the competitiveness of the QCS
protocol in comparison to existing schemes. Currently the most
accurate long-distance clock synchronization protocols are
microwave-based GPS and Two-way Satellite Time and Frequency
Transfer (TWSTFT)33,34, which achieve synchronizations at the level
of 1 ns. The next generation laser based methods aim to improve
this to the level of 100 ps5,6. The fundamental sources of error in
the QCS protocol will be due to the imperfect entanglement that
is distributed between Alice and Bob, and the quantum noise due
to the standard quantum limit in the QCS protocol itself (see
Supplemental Material). We estimate that the error in the QCS
obeys a relation

δt � 1
ω

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n

N
þ 1� Fn

r
(11)

where ω is the clock frequency, N is the number of available Bell
pairs for QCS, n is the number of rounds of purification performed,
and Fn is the fidelity of the Bell pairs after n rounds of purification.
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Fig. 2 The quantum circuit for entanglement purification. Due to
the lack of synchronized clocks between Alice and Bob, the basis
choice for the circuit elements by each party will be in their
respective bases, labeled by (A, B). a The circuit as performed by
Alice and Bob; b an equivalent circuit where all circuit elements have
been transformed to the same basis choice. B= RA⊗ RB are random
bilateral rotations which are predecided by Alice and Bob, UAB

transforms from Bob’s basis convention to Alice’s, T includes the
effect of a time delay between the start of Alice and Bob’s
operations
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Equation (11) is valid for 1− Fn, 2
n

N � 1. In Fig. 3a we see that there
is an optimum number of purification rounds. This occurs because
there is a trade-off between improving the fidelity of the Bell pairs
by purification, and consuming Bell pairs for purification. Using
this optimum number of purification rounds, we obtain the level
of accuracy expected in the QCS algorithm in Fig. 3b. As expected
one obtains an improvement in performance with both N and F0.
Taking currently achievable estimates for parameters27,28 we have
F0 ≈ 0.9 and N= 105, and using the Cs clock transition frequency
the timescale is set by ω�1

Cs = 17 ps, from which we obtain δt ≈
2 ps, a considerable improvement over classical schemes. In terms
of the synchronization rate, taking an Allan deviation for Cs clocks
to be 10−13, if the clock is to be synchronized every second, then
the synchronization error must reach or beat the uncertainty of
10−13 s. According to Fig. 3b this would require parameters in the
region of F0 ≈ 0.99 and N= 108. Naturally, using larger numbers of
Bell states and atoms with higher frequency clock transitions (e.g.,
for Sr, ω�1

Sr = 0.4 fs) one will obtain further improvements to the
synchronization error.

DISCUSSION
In summary, we have shown that using entanglement distillation
it is possible for Alice and Bob to share a singlet state in their local
basis, despite not having any information about their mutual basis
conventions, and including any time offset between execution of
their quantum gates. The key ingredient is the incorporation of
bilateral random unitaries in the entanglement purification
protocol, which was not included in refs.16,26. This deterministically
produces a Werner state for a singlet state in the local basis,
thereby overcoming the ambiguity due to different phase
definitions. This solves a major existing issue in the QCS protocol,
where it was previously thought that a common phase reference
(which implies synchronized clocks) are required to perform the
purification. We have estimated the error of the protocol and
found that it should have a performance that is considerably
better than existing classical Einstein synchronization based
schemes. Here we only examined the same basic protocol as
given in ref.16, which has errors scaling as the standard quantum
limit / 1=

ffiffiffiffi
N

p
. Using collective states of the N Bell pairs should

further improve the errors further to beat the standard quantum
limit. We envision that the QCS would be particularly useful in the
context of the space-based quantum network27,28,35, where
satellites are each in possession of an high-precision clock. Such
entanglement based schemes are a powerful way to synchronize
clocks without the use of a classical channel containing the timing
information, which is susceptible to the properties of the
intervening medium.

Data availability
The authors declare that all data supporting the findings of this
study are available within the article and its Supplementary
Information file.
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