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Quantum gambling based on Nash-equilibrium
Pei Zhang1,2, Xiao-Qi Zhou3,2, Yun-Long Wang1, Bi-Heng Liu 4, Pete Shadbolt2, Yong-Sheng Zhang 4, Hong Gao1, Fu-Li Li1 and
Jeremy L. O’Brien2

The problem of establishing a fair bet between spatially separated gambler and casino can only be solved in the classical regime by
relying on a trusted third party. By combining Nash-equilibrium theory with quantum game theory, we show that a secure, remote,
two-party game can be played using a quantum gambling machine which has no classical counterpart. Specifically, by modifying
the Nash-equilibrium point we can construct games with arbitrary amount of bias, including a game that is demonstrably fair to
both parties. We also report a proof-of-principle experimental demonstration using linear optics.
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INTRODUCTION
Gambling is a game where people wager of money or something
valuable on an event with an uncertain outcome (such as raffle). It
has a wide range of applications in every aspects of human
society.1–7 However, despite its long history and wide spread
usages, it has a long standing problem yet to be resolved.
Suppose a gambler (say Bob) wants to gamble with the casino (say
Alice), how does Bob knows that the gambling machine (GM)
provided by Alice is not biased towards Alice herself, especially in
the case of online gambling or lotteries?
The standard solution to this problem is to introduce a trusted

third party to provide an unbiased GM to make sure the gambling
is fair to both parties. However, in some cases such third party
which is trusted by both parties does not exist. There are several
quantum gambling protocols to address this problem since 1999.
The first one was put forward by Goldenberg et al.,8 which was
experimentally demonstrated in 2008.9 Hwang et al. improved this
original scheme using nonorthogonal states.10, 11 However these
quantum gambling protocols are impractical all biased to casino,
and the fairness remains hard to implement.
Surprisingly, by drawing from the classical12 and quantum

game theory,13, 14 we have found a protocol which enables two
parties to create an unbiased GM themselves to perform a fair
gambling without introducing any third party. The GM, which has
two independent parameters, is constructed by Alice and Bob
together who can change the values of the two parameters
respectively. Furthermore, the GM is elaborately designed in a way
that a Nash-equilibrium15 exists—each party has a strategy to
choose his/her parameter which can guarantee his/her gain is no
less than a certain amount and neither of the two parties can
benefit from changing his/her own parameter unilaterally. In this
way, Alice and Bob are ‘forced’ to choose the Nash-equilibrium in
their own favor so that a stable GM can be established.

RESULTS
The rules of the game
Alice has two quantum boxes, named A and B, which are used to
store a particle. The quantum states of the particle stored in the
two boxes are denoted |a〉 and |b〉, respectively. Alice prepares the
particle in a state and then sends the box B to Bob. Bob wins R
coins (R > 0) in one of the following two cases: (1) Bob opens the
box B and finds the particle. (2) Bob does not find the particle in
box B and asks Alice to send him the box A. Bob then detects the
state Alice prepared is different from the committed state |ψc〉,
where |ψc〉 =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� γð Þp

aj i þ ffiffiffi
γ

p
bj i. In any other cases, Alice wins

one coin.

Alice’s strategy. Alice prepares the particle in the following state

ψj i ¼
ffiffiffiffiffiffiffiffiffiffiffi
1� α

p
aj i þ ffiffiffi

α
p

bj i; ð1Þ
where α is a parameter controlled by Alice (0≤ α≤ 1).

Bob’s strategy. After receiving the box B, Bob splits the box into
two parts. One part is still called box B and the other part is a new
box called B′. Specifically, the state |b〉 is changed into

bj i !
ffiffiffiffiffiffiffiffiffiffiffi
1� β

p
bj i þ

ffiffiffi
β

p
b0j i; ð2Þ

where |b′〉 denotes the quantum state of the particle stored in the
box B′. The splitting ratio β is a parameter controlled by Bob (0≤
β≤ 1). After the splitting, Bob opens the box B and projects the
state to |b〉〈b|. If he finds the particle in the box B, he wins. If he
doesn’t, he asks Alice for the box A and combines it with the box B′
to make a verification. If the verification shows the initial state
Alice prepared is different from the committed state |ψc〉, Bob still
wins; otherwise, Alice wins. Here the quantum superposition states
and projection measurement are essential to our protocol.
Let us briefly analyze the protocol and both players’ strategies.

For Alice, she has a motivation to prepare a state that the particle
has a higher chance to stay in box A (choosing a small α), so that
Bob has a lower chance to find the particle in box B. However, if α
is too small, the discrepancy between the prepared and the
committed state would be too big, which will result in a higher
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chance for Alice to lose in the verification stage—there is a
tradeoff for Alice to choose her strategy (parameter α). Similar
analysis can apply to Bob’s strategy as well. Bob cannot rely solely
on the |b〉 projection stage (choosing a small β) or the verification
stage (choosing a big β). He needs to consider both stages and
chooses an intermediate β to maximize his chance to win. By now,
the analysis is just qualitative, we will give the rigorous proof in
the following.

Proof for both honest parties
The most important and fundamental case is that both Alice and
Bob obey the rules without any cheating. The other cases for
dishonest Alice or Bob could be derived from this and will be
addressed in the Discussion section. For both honest parties, we
have found that there exists the best strategies for both of them.
The average gain of Alice (Bob) Ga (Gb) will never be less than an
amount once she (he) chooses the optimal α (β), and Ga + Gb = 0
holds the gambling as a zero-sum game.
To prove the above claims and features of the protocol, let us

write down the expression for Gb first (for it is a zero-sum game,
Ga = −Gb, without loss of generality, we can only calculate Bob’s
average gain Gb),

Gb ¼ R P1 þ P2ð Þ � P3; ð3Þ
where P1 denotes the probability for Bob to find the particle in box
B, P2 (P3) denotes the probability of finding the initial state is
different (can not be proven different) with committed state, and
P1 + P2 + P3 = 1. When Bob receives the box B and splits one part
to the box B′, the state becomes

ψ0j i ¼
ffiffiffiffiffiffiffiffiffiffiffi
1� α

p
aj i þ ffiffiffi

α
p ffiffiffiffiffiffiffiffiffiffiffi

1� β
p

bj i þ
ffiffiffi
β

p
b0j i

� �
: ð4Þ

From Eq. (4), it is straightforward to calculate the probability of
finding the particle in box B,

P1 ¼ b ψ0j ih ik k2 ¼ α 1� βð Þ: ð5Þ
The state of the particle will collapse to ψ

0
0

�� �
if Bob fails to

detect the particle in box B, where

ψ
0
0

�� E
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� α

1� αþ βα

s
aj i þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
βα

1� αþ βα

s
b0j i: ð6Þ

If Alice did prepare the particle in the committed state |ψc〉
initially, the state at this stage will be ψ

0
c

�� �
ψ

0
c

�� E
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� γ

1� γ þ βγ

s
aj i þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
βγ

1� γ þ βγ

s
b0j i: ð7Þ

Bob then makes a projection measurement on ψ
0
c

�� �
for the

verification. The probability of getting positive outcome is given

by

P3 ¼ 1� P1ð Þ ψ
0
cjψ

0
0

D E��� ���2

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� αð Þ 1� γð Þp þ β

ffiffiffiffiffi
γα

p� 	2
1� γ þ βγ

:

ð8Þ

By using P1 + P2 + P3 = 1 and substituting Eqs. (5) and (8) into Eq.
(3), we can get Gb is a function in the form of four parameters: α, β,
γ and R:

Gb ¼ R� 1þ Rð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� αð Þ 1� γð Þp þ β

ffiffiffiffiffi
γα

p� 	2
1� γ þ βγ

; ð9Þ

In order to find the best strategy for Bob, we should first
minimize Gb for any α and then maximize the result for β. This
means that no matter what strategy Alice chooses, Bob can ensure
his gain is no less than a value δ. Meanwhile, Alice’s gain should be
no more than −δ. So δ can be regarded as the Nash-equibrilium
value. Similarly, to find the best strategy for Alice, we should first
maximize Gb for any β and then minimize the result for α. The
calculation yields that there is a Nash-equibrilium at

δ ¼ 2þ 2R� γ 2þ Rð Þ � 2 1þ Rð Þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� γð Þp

γ
; ð10Þ

α ¼ 1� ffiffiffiffiffiffiffiffiffiffiffi
1� γ

p
2

; ð11Þ

β ¼ �1þ γ þ ffiffiffiffiffiffiffiffiffiffiffi
1� γ

p
γ

: ð12Þ

From Eq. (10), we can know how to choose the parameter of
conventional state:

γ ¼ 4 1þ δð Þ 1þ Rð Þ
2þ δþ Rð Þ2 : ð13Þ

Equations (10), (11), (12), and (13) are the results for general
quantum gambling.
Taking a fair game (δ = 0) for instance, if we set R = 1, then we

can get the committed state (γ ¼ 8
9), the optimal parameters α ¼ 1

3
and β ¼ 1

4. As shown in Fig. 1a, the function of Gb(α,β) is saddle-
shaped and the saddle point matches our calculation results.
Figure 1b, c is the projection of the Gb function to the α − Ga plane
and β − Gb plane, respectively. From (Fig. 1b, c), it is clear that, no
matter what strategy Bob (Alice) chooses, Alice’s (Bob’s) gain will
always be non-negative if she (he) sets her (his) parameter to be
1
3

1
4

� 	
. Any party changing his/her strategy unilaterally will only

decrease his/her own gain. In this way, Nash-equilibrium is
achieved and both parties will stick their strategy, thus a stable
and fair game is achieved.

Fig. 1 Theoretical and experimental results of our protocol under R= 1 and γ= 8/9. a Bob’s average gain in a three dimensional view and
contour view. The Nash-equilibrium is the point of Gb= 0, β= 1/4 and α= 1/3. The lines in contour view show Gb= 0. b Alice’s gain under her
parameter α no matter which strategy Bob chooses. Lines and circles with different colors show the theoretical and experimental gain of Alice
under different β, respectively. Her best choice is α= 1/3. c Bob’s gain under his parameter β no matter which strategy Alice chooses. Lines and
circles with different colors show the theoretical and experimental gain of Bob under different α, respectively. The best strategy is choosing β
= 1/4
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In practice, there are much more diverse gambling protocols, such
as roulette and lottery, where the expectation value of the gains is
non-zero. This can be easily achieved by setting appropriate
parameters guided by Eq. (10). So we can say that our protocol
can be generalized to the full family of quantum gambling.
Besides proposing the theory, we also implemented a proof-of-

principle experiment (as shown in Fig. 2) to demonstrate our
gambling protocol. In our experiment, we simulated a fair GM,
where R and γ were set to be 1 and 8

9, respectively. Both Alice and
Bob chose a series of strategies and the final gains for both parties
were measured and recorded. The results are shown in Fig. 1b, c
including the error bars. The deviation between experimental
results (circle dots) and theoretical predictions (lines) mainly comes
from imperfection of components used in the setup and statistic
errors of measurement. From the results, we can clearly see that
the best gain Alice and Bob can get is 0 when they choose the
strategies a ¼ 1

3 and β ¼ 1
4, respectively. For their own good, Alice

and Bob would both choose their best strategies and thus a Nash-
equilibrium is formed and a fair gamble is achieved.
In summary, we have invented a protocol which can promise an

unbiased GM to each party by using quantum gambling theory
and Nash-equilibrium. Furthermore, the choice of parameter
values is flexible, and we have found the relationship between
these adjustable parameters, which can be used to guide a
feasible implementation of full family of quantum gambling,
including both biased and unbiased cases. This proof-of-principle
experiment therefore provides solid support for the applicability
and feasibility of our scheme. In a world full of competitions and
cooperations, we believe our protocol of GM without a third party
will provide direct applications in the near future, and also shed
light on developing new quantum technologies.

DISCUSSION
Let us now consider the scenario of cheating. In our protocol, the
GM is provided by the casino Alice, however the claim is made by
player Bob, so they both have chance to cheat to maximize their
gain.
For dishonest Alice, she could prepare any state rather than |ψ〉.

The most general state is

Ψj i ¼ ~α aj i Φaj i þ ~β bj i Φbj i þ
X
i

~γi cij i Φcij i; ð14Þ

where |Φa〉, |Φb〉, and Φcij i are the ancillary states and

~αj j2 þ ~β
��� ���2 þP

i ~γij j2 ¼ 1. If Alice only applies unitary operation
U to the ancillary states after Bob asks for the box A, she gets no
advantage using ancilla because Bob checks the conventional
state which is only associated on the first particle. This can be
proven as following. After Bob splits box B, the state changes into

Ψ1j i ¼ ~α aj i Φaj i þ ~β
ffiffiffiffiffiffiffiffiffiffiffi
1� β

p
bj i þ

ffiffiffi
β

p
b0j i

� �
Φbj i

þP
i
~γi cij i Φcij i:

ð15Þ

So the probability to find particle in box B is

P01 ¼ bjΨ1h ik k2 ¼ ~β
��� ���2 1� βð Þ: ð16Þ

If Bob does not find |b〉, and Alice applies a unitary operation U
on the second particle, then the state changes to

Ψ2j i ¼ I NUN ~α aj i Φaj i þ ~β
ffiffiffi
β

p
b0j i Φbj i

�

þP
i
~γi cij i Φcij i



;

ð17Þ

where N is the normalized factor with N ¼ 1� 1� βð Þ ~β
��� ���2� ��1

2

.

However for Bob, he will project |Ψ2〉 on state |ψc′〉 in Eq. (7) to
check whether Alice prepared |ψc〉 or not. So the probability to win
for Bob at the final step is

P02 ¼ 1� P1ð Þ 1� ψ
0
cjΨ2

 ��� ��2� �

¼ 1� P1ð Þ 1� n2 μ Φaj i þ ν Φbj ik k2� 	
;

ð18Þ

where μ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
1�γ

1�γþβγ

q
~α and ν ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
γ

1�γþβγ

q
β~β.

For Alice, she tries to minimize both P′1 and P′2 by using
ancillary particle and boxes. However, from Eq. (16), we know P′1
has no relation to the ancilla. From Eq. (18), |〈Φa|Φb〉| = 1 is one
condition of minimizing P′2, the other condition is that N2|μ + ν|2

gets the maximum value. Because Alice can not change γ and β,
the way for her to maximize N2|μ + ν|2 is to set all ~γi ¼ 0 and the
coefficients ~α and ~β to be real positive numbers, as
~αj j2 þ ~β

��� ���2 ¼ 1�P
i ~γij j2. Thus we get that there is no advantage

for Alice to prepare a state with ancillary particle and box.
However, when Alice gets the information that Bob does not

find the particle in box B, she may do some measurements to box
A trying to increase the probability of Bob finding the rest of state
to be the committed state. We have given a complete proof to
show there is still no advantage for these cheating strategies in
the Appendix A of the Supplementary Materials, and here we just
show a simple analysis. For Alice, she may modify box A to make
the rest of state be committed state when she knows that the
particle is not in box B. The most general way to achieve this
modification is doing a weak measurement on box A (this equals
to splitting |a〉 to

ffiffiffiffiffiffiffiffiffiffiffi
1� θ

p
aj i þ ffiffiffi

θ
p

a0j i, and open box A′). However,
this measurement may make the particle collapse to the
measured part (box A′), then Bob will catch Alice cheating after
he finds none of the detectors clicks. In such case, Alice has to
send a new particle in state |a〉 to Bob as not to be caught.
Obviously, successfully manipulating box A will increase
Alice’s gain but failure then resending a particle in state |a〉 will
decrease her gain. This tradeoff therefore leads no advantage for
Alice to cheat and guarantees the GM to be fair without any third
party.
In this protocol, because the verification result is claimed by

Bob, so Bob may lie to Alice to maximize his gain. For dishonest
Bob, he can claim that he has detected the particle in box B, even
though B is in fact empty. This cheating strategy can be
unambiguously detected by Alice by simply verifying the box A.
In another cheating strategy, Bob lies about the verification result,
claiming that the initial state is different to committed state even
though it is not. This cheating can also be exposed by Alice if she
prepared the committed state |ψc〉. To restrain or even eliminate
Bob lying, we can set a parameter R′ to punish Bob lying. In a
more elaborated application where many random bits are needed
it would be easy to detect the cheating. We may set the Ga slightly
greater than zero (δ < 0) on the Nash-equilibrium (this can be
achieved by choosing proper parameters γ and R), in which case
Alice can occasionally prepare state |ψc〉 with probability x to
detect whether Bob is cheating or not (suppose Bob lies with
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probability y). We will see the probabilities x and y are restrained
by δ and the price of cheating being caught R′ in Appendix B of
the Supplementary Materials. Especially x→ 0 and y→ 0 will be
achieved when R′→∞, which indicates that Bob has no
motivation to lie.
We should mention that our proposal is inspired with the

pioneer work of quantum gambling.8 In ref. 8, the critical problem
is that the protocol is not realistic. In their protocol, if Alice follows
the protocol to prepare the equally distributed state, Bob’s best
strategy would be directly opening the box without splitting it,
because Bob never wins R under this situation. On the other hand,
if Bob follows the protocol to do an optimal splitting, Alice’s best
strategy will be definitely not to prepare the equally distributed
state (the best strategy for Alice was not discussed in ref. 8). As a
result, their protocol is unstable and neither Alice nor Bob will
follow it. Furthermore, the fair game is impossible to be achieved
—it needs to set parameter R→∞, and even larger R is hard to be
experimentally implemented (a 98% visibility is needed to set R =
27.1 in ref. 9). In our proposal, by introducing the Nash-
equilibrium, both the casino and the player will follow their best
strategies, and the equilibrium point can be set freely by tuning
the parameters. As a result, our method can be used to construct a
full family of quantum gambling protocols.

METHODS
In our experiment, the pump laser is a mode-locked Ti:sapphire laser
(duration of 140 fs, repetition rate of 76 MHz, and central wavelength of
780 nm) with a frequency doubler. A beam-like polarization entangled
two-photon source16 is introduced to generate Bell state ψ ¼
1ffiffi
2

p Hj i Vj i � Vj i Hj ið Þ with fidelity of 0.97. The coincidence rate is 30,000

s−1 with 100mW pump power. The two polarization states |V〉 and |H〉 of
signal photon are encoded as the two box states |a〉 and |b〉, respectively.
Then Alice can prepare the required input state ψj i ¼ ffiffiffiffiffiffiffiffiffiffiffi

1� α
p

Vj i þ ffiffiffi
α

p
Hj i

in signal photon by projecting the idle photon into state
ffiffiffiffiffiffiffiffiffiffiffi
1� α

p
Hj i �ffiffiffi

α
p

Vj i with a half wave plate (HWP1) and a polarized beam splitter (PBS1).
The calcite beam displacer (BD1) transmits |H〉 state and refracts |V〉 state,
and HWP2 at 45° swaps the polarization for the interferometer. Bob uses
HWP3 and BD2 to split the box |b〉 to |b〉 and |b′〉, and measures P1 at the
single-photon detector (D2). Then |b′〉 and |a〉 are combined at BD2 for
verification. HWP4 and PBS2 are used for the projective measurement, that

is, HWP4 rotates the state ψ
0
c

�� � ¼ ffiffiffiffiffiffiffiffi
1

1þ8β

q
Vj i þ

ffiffiffiffiffiffiffiffi
8β

1þ8β

q
Hj i to |H〉, and PBS2

guides |H〉 to D4 and |H〉 to D3. So P2 and P3 can be measured from D3 and
D4, respectively. The gains for Alice and Bob can be calculated by Ga ¼

CD4
CD2þCD3þCD4

and Gb ¼ CD2þCD3
CD2þCD3þCD4

, respectively, where CDi represents the
coincidence count of D1 and Di, i = 2,3,4.
In the experimental setup, Alice’s action should depend on Bob’s first

declaration, so there should be a time delay or a quantum register for Alice
before sending the box A to Bob. However, for the proof-of-principle
experiment, we just simplified this and detected the results
simultaneously.
The sensitivity to error of our protocol depends on the reward R.

Considering a fair GM, from Eq. (3) we know that if R≫ 1, the error in P1
and P2 will be linearly amplified by factor R; if R≪ 1, the error in P3 will be
linearly amplified by factor 1/R. So in the practical implementation of GM,
although R can be chosen freely, we recommend to set value of R around
1.
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