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Investigation of non-uniform oxidation based on a
mechanochemical phase field model with nonlinear reaction
kinetics and large inelastic deformation
Chen Lin1✉, Jishen Jiang1, Haihui Ruan 2✉ and Xianfeng Ma 1✉

A mechanochemical model is proposed to investigate the non-uniform oxidation of thermal barrier coatings (TBCs) that involves
large inelastic deformation and nonlinear reaction kinetics. The large-deformation theory incorporates the higher-order term of
geometric nonlinearity for a more precise description of the deformation and stress evolution in an oxide layer. The effect of
stresses on the reaction kinetics is considered, which is expressed as the Eshelby stress tensor to account for the conformational
volume change and deformation energy. A nonlinear reaction kinetics is adopted for a more accurate description of the
nonequilibrium thermodynamic processes. The 2D simulations reveal a non-uniform oxide growth, three modes of oxide-metal
interfacial morphology evolution, and tensile stress concentrations in the oxide scale. These simulation results agree with the
experimental observations that cannot be described by the previous models. With the model, it is further demonstrated that a
stable interfacial morphology and a significantly reduced tensile stress can be achieved by increasing the creep rate of the oxide
and the flatness of the oxide-metal interface. This model thus provides an approach to extend the service time of TBCs.
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INTRODUCTION
The mechanochemical coupling, involving the intrinsic interac-
tions of diffusion, reaction, and mechanical deformation, plays a
significant role in many material systems such as energy storage
materials1, chemically active materials2, reaction-based self-heal-
ing materials3, anti-corrosion materials4–6, and high-temperature
materials7,8. In the applications of these materials, a typical
degradation process often starts from the adsorption of external
‘guest atoms’ on surfaces9. After the capture of free electrons, the
guest atoms become ionized; meanwhile, some host atoms are
also ionized by losing electrons. Combining guest and host ions
leads to the reaction and forms a new phase. This reaction is
maintained by the diffusion of guest and host ions, which may
meet at the interfaces between the newly formed phase and the
substrate or the free surfaces10 due to the difference in the
diffusion rates of host and guest ions. The combination reaction
occurring at the new-phase surface leads to an outward growth of
a new phase. If at the new-phase-substrate interface, it causes an
inward growth of the new phase. The diffusion of ions and
forming a new phase may lead to a deviation of the solid’s
composition from its stoichiometric composition. Such a deviation
is usually accompanied by a volumetric change, which, if not
appropriately accommodated, will develop a localized stress field.
This stress field with a maximum magnitude as high as a few
GPa11 can be determined by measuring the change in the
curvature of a specimen or from peak shifts in X-ray diffraction
patterns or Raman spectra. It can also affect chemical potentials
and alter the kinetics of diffusion and chemical reaction.
Experimental studies12–14 have elucidated the relationship

between stresses and reaction kinetics in a variety of disciplines.
High-temperature oxidation of thermal barrier coating systems
(TBCs) in a modern gas turbine engine is a typical example of such
mechanochemically coupled problems. TBCs are deposited on

superalloy turbine blades to enable the operation of a turbine at
an extremely high temperature. Cooperation between film cooling
and power generation has significantly increased energy conver-
sion efficiency and reduced greenhouse gas (GHG) emissions15.
Such a multilayer coating system consists of a metallic bond
coating (BC), a thermally grown oxide (TGO), and a thermal-barrier
ceramic (TC) layer. Among them, the TGO layer is formed as a
result of the oxidation of a BC layer in service.
Spallation in TBCs severely limits the service life of a turbine

engine, which is one of the critical problems of TBC arising from
the growth of a TGO layer. As revealed in several experimental
studies16–18, metal-oxide interface roughening may occur due to
the influence of mechanical stresses on the oxide growth. Such a
heterogeneous growth of TGO is the consequence of morpholo-
gical instability that occurs even when the initial BC and TGO are
flat, and it is conceptualized that interface roughening leads to the
formation of local separations that grow in size during thermal
cycles.
Numerous studies have associated the failure mechanism of

TBC with TGO growth. In most theoretical investigations, TGO
thickness was assumed to be uniform19–23. However, a non-
uniform growth of TGO, which occurs in experiments, can be an
important factor. Bosso et al. 24 thus evaluated the impact of non-
uniform oxidation during isothermal oxidation and after cooling.
They established a theoretical model to describe elastoplastic and
creep deformations of a TBC system with the assumption of
significant volumetric strains due to oxide formation during an
isothermal exposure. With this setting, their numerical results
unveil significant out-of-plane tensile stresses along an interface,
which increase with the waviness of the interface. Che et al.25,
Shen et al.26, Li et al.27, and Xie et al.28 also examined the effect of
the non-uniform growth of TGO on the evolution of interfacial
stresses. It should be noted that in these stress analyses24–28, the
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thickness of a TGO layer was presumed. Hence, the interplay
between stress and growth remains unrevealed. As a stress state
does influence chemical processes (diffusions and reactions), there
is a need to develop a coupled model.
A rationalized thermodynamics framework can be the starting

point to model a TGO with the complexity of coupled kinetic
processes, such as diffusions, reactions, and mechanical deforma-
tion. It was pioneered by Larche and Cahn29, who introduced a
stress-dependent chemical potential. Since then, Bucci et al.30,
Bower et al.31, Gao et al.32, Haftbaradaran et al.33, Huang et al.34

and Zhou et al. 35 have applied this general framework to a variety
of problems in materials engineering. The hydrostatic Cauchy
stress enters stress-dependent chemical potentials in their
formulae, and the diffusion equation depends on stresses. Wu36

and Cui et al.37 then developed a stress-dependent chemical
potential formulation for finite deformation in which they adopted
the Eshelby momentum tensor to replace the hydrostatic Cauchy
stress.
Another issue is how to formulate the kinetics of a chemical

reaction that involves the effects of various physical fields. An
empirical kinetics equation may not satisfy the requirement of
detailed balance35–38. For example, in many theoretical mod-
els39–42, a reaction rate is assumed to be proportional to chemical
potentials (the thermodynamic driving forces) following the
conventional Onsager relations to minimize the free energy of a
system. It, in principle, is only valid for systems close to
equilibrium. In nonequilibrium processes, such linear expressions
of reaction rates are inaccurate. For example, in modeling TGO,
the liner chemical kinetics leads to a perplexing result that the
growth of an oxide scale is almost unaffected by mechanical
stresses, even when the growth stress is several GPa (see Fig. 15a
in ref. 39 and Fig. 11 in ref. 40) because the contribution of
mechanical energy to driving forces is significantly less than that
of chemical energy. In addition, a chemical reaction often occurs
at interfaces between reactants and products and drives interfaces
to migrate. It is easy to theorize for the problems with flat
interfaces but becomes difficult for problems with curved and
evolving interfaces.
An interface-migration mechanochemical problem may be best

treated by involving diffusive interfaces, which gives rise to the
phase-field (PF) method that replaces the traditional method
involving a complex interface-tracking technique. The phase
indices are field variables that vary continuously across interfaces
and evolve based on chemical reaction kinetic equations. This
treatment makes it possible to deal with complex morphology
evolution without tracking interface positions explicitly7,8,41–43. As
above-mentioned, numerous efforts have been devoted to the
theoretical study of oxidation for advanced materials and
structures. Additional research, however, is still required to
elucidate how reaction kinetics and thermodynamic driving forces
can be related to systems that are highly out of equilibrium and
how the reactions lead to morphology change and large inelastic
deformations.
This paper proposes a mechanochemical model with the main

effort of formulating reaction kinetics and large inelastic
deformations. We strive to make the formulae conform to the
requirement of the detailed balance of a reaction, which applies to
systems close to equilibrium and those far from equilibrium when
the thermodynamic driving force is significant. The Helmholtz free
energy is expressed as the sum of chemical potential, interfacial
energy, and mechanical strain energy to incorporate large inelastic
deformations. Then thermodynamic driving forces can be
calculated based on the variational derivatives of the total free
energy with respect to the corresponding field variables. We
assume the equivalence of reaction rate and phase transformation
rate; then, the equation governing oxide growth is expressed as a
generalized Allen-Cahn equation. Finally, the PF model is
completed by combining the Allen-Cahn, diffusion-reaction, and

mechanical equilibrium equations. The corresponding numerical
solutions lead to roughened TGO/BC interfaces and tensile
stresses, which is the reason for the cracking and failure of a TBC.

RESULTS
The detailed parameters, the geometries as well as the initial and
boundary conditions used in the simulation are described in the
Supplementary information.

1D mechanically-chemically coupled oxidation simulation
In this work, we only consider the most stable oxide scale (Al2O3)
developed on an Al-containing BC (e.g., FeCrAlY); hence, n= 2/3.
We first illustrate the effect of stress on oxide growth through one-
dimensional (1D) simulations. Shown in Fig. 1a is the variation of
the oxide scale thickness, hox, with the square root of time, t0.5, for
various eigenstrains, εegm . When the eigenstrain is small, hox varies
linearly with t0.5, which is expected based on Wagner’s one-
dimensional (1D) theory that describes a diffusion-mediated
process. However, as the eigenstrain increases, the thickness
change of the oxide scale gradually deviates from Wagner’s theory
and becomes more curved. It is noted that in the early stage of
oxidation, the rate of increase in hox with respect to t0.5 is
significantly reduced under a large εegm . As oxidation continues, the
slope of the curve gradually increases and reaches a constant
value. This constant value is also debased by increasing εegm .
According to Eq. (38) (Section 3.3), the stresses at the oxide-metal
interfaces influence the chemical potentials of reaction. Figure 1b
illustrates the distribution of the in-plane stress, σ11, along the
depth at different times for the case of εegm = 0.08. As oxidation
advances with time, stress is relaxed due to creep deformation,
resulting in a decrease in the maximum compressive stress near
the interface. Such a decrease promotes the oxidation reaction,
causing the increase in the slope of hox with t0.5.
Due to the inhomogeneous and time-varying distribution of

interfacial stresses, we use the spatial-temporal average to
evaluate the stress contribution to the reaction driving force
under various theoretical assumptions, which is defined as:

τσ;m ¼
R
t

R yjϕ¼0:95

yjϕ¼0:05
τσdydt

δt0
(1)

Where y denotes the depth from oxide surface, t0= 400 h is the
total oxidation time. Figure 1c shows the variations of the
dimensionless stress contribution term, τσ,m/(RT), with the square
of eigenstrain, ðεegm Þ2, obtained under four different assumptions:

(I) large deformation (Eq. (30) in Section 3.2) and nonlinear
reaction kinetics (Eq. (39) in Section 3.3),

(II) small deformation (Eq. (31) in Section 3.2) and nonlinear
reaction kinetics (Eq. (39) in Section 3.3),

(III) large deformation (Eq. (30) in Section 3.2) and linear reaction
kinetics (Eq. (42) in Section 3.3), and

(IV) small deformation (Eq. (31) in Section 3.2) and linear
reaction rate (Eq. (42) in Section 3.3).

It is noted that the stress contribution to the reaction driving
force increases with the eigenstrain, which is approximately
linearly dependent on ðεegm Þ2. In addition, when the eigenstrain is
large, the mechanical contribution to the reaction driving force is
more significant under the small-deformation assumption than
those under the large-deformation assumption. It is the con-
sequence of the negligence of the conformal volume change in
the small-deformation theory (as expressed in Eq. 31 in Section
3.2) and the higher-order term of nonlinear deformation in the
constitutive relationship.
With the average stress contribution term τσ,m the correspond-

ing average reaction rate for nonlinear reaction kinetics can be
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defined as:

rm ¼ Lη
cO
crefO

� �n

exp
ð1� ρÞðnμ0O þ τσ;mÞ

RT

� �
� exp � ρðnμ0O þ τσ;mÞ

RT

� �� �

(2)

and for linear reaction kinetics is

rm ¼ L�η
cO
crefO

� �n nμ0O þ τσ;m
RT

� �
(3)

The effect of stress on reaction rate under various theoretical
assumptions can then be compared in Fig. 1e that illustrates the
variations of the dimensionless average reaction rate, rm/r0, (r0 is
the reaction rate without a stress effect) with ðεegm Þ2 under the four
theoretical assumptions. It can be observed that with the
assumption of linear reaction rate, the stress effect is much less
than that based on the nonlinear equation. Figure 1f demon-
strates that when a linear reaction rate is assumed, the effect of

stress on oxide growth remains minimal even when the
eigenstrain reaches 0.12, which cannot explain the experimental
results of Ramsay et al.12 and Platt et al.16. This indicates the
inadequacy of the traditional linear relation between the reaction
rate and driving force. Instead, with the nonlinear equation, the
small stress contribution can significantly affect oxide growth, as
demonstrated by the red and black lines in Fig. 1f.

Comparison of four assumption in 2D cases
We then investigated the high-temperature oxidation of a BC with
a surface groove (The groove comprises two arcs with the radius
of curvature R1 and R2, constrained by R1+ R2= 25 μm, see details
in Supplementary Fig. 1) following ref. 44. Figure 2a shows the
morphological changes of the surface groove after 40 h of
oxidation. As a result of stress concentration, the top of the
groove is elevated by δ1, while the bottom is depressed by δ2. It
results in an increase of ΔA= δ1+ δ2 in the overall depth of the
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Fig. 1 Results of a 1D numerical model. a Variations of oxide scale thickness, hox, with the square root of time, t0.5, for various eigenstrains,
εegm , b the distribution of the in-plane stress, σ11, and the order parameter, ϕ, along the depth at different times for εegm = 0.08; (c, e, f) the
variations of the dimensionless stress contribution term, τσ,m/(RT), the dimensionless reaction rate, rm/r0, and the oxide film thickness, hox, with
the square of eigenstrain, ðεegm Þ2, under four theoretical assumptions; (d) the distribution of the in-plane stress, σ11, for ε

eg
m = 0.08, under various

theoretical assumptions. Herein, the four assumptions are: (I) large deformation and nonlinear reaction rate, (II) small deformation and
nonlinear reaction rate, (III) the case of large deformation and linear reaction rate, and (IV) small deformation and linear reaction rate.
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groove. These changes are then quantified in Fig. 2b, c for
εegm = 0.01 and 0.08, respectively. As R1/R2 increases, the top of the
groove becomes more curved, while the bottom becomes less
curved, causing greater stress concentration at the top and less at
the bottom. It lifts the hump at the top and decreases the
depression of the groove, ultimately reducing its overall depth.
Since the higher-order term of nonlinear deformation is con-
sidered using the large-deformation theory, the change in the
morphology of the oxidized groove is more significant than those
obtained under the small-deformation assumption, especially
when the eigenstrain is large. In addition, when the linear reaction
rate is assumed, the change in surface morphology after oxidation
is more pronounced than that based on the nonlinear reaction
rate, because oxidation is less affected by stress under the linear
assumption. The latter results in a prediction of thicker oxide films
and higher internal pressure. The evolution of the overall depth of
the groove, ΔA, with volumetric eigenstrain, εegm , and the geometry
of the surface groove, R1/R2, is also shown in Fig. 2d. It is observed
that compared to the effect of surface groove geometry, the effect
of volumetric eigenstrain on fold deformation is more significant.
Moreover, the overall depth of the groove increases in an
accelerated rate with the increasing of volumetric eigenstrain. It
is because, with the increase of the volumetric eigenstrain, the
effect of the higher-order term of nonlinear deformation becomes
more significant, making the change in the geometry of the
oxidized scratches more obvious.
A significant tensile stress field in a TGO is the root cause of its

failure. Hence, let us emphasize how large tensile stress is
developed during oxide growth. Figure 3 shows the maximum
tensile stress in the in-plane direction, σ11, max, from the bottom to
the top of the groove with the increase in R1/R2. Compared with
the result of the linear reaction kinetics (cases III and IV), the
inhomogeneous growth of the oxide film under the nonlinear
reaction kinetics (case I and II) results in more significant tensile
stresses at the top, which is more likely to initiate cracks. This
model can thus explain the experimentally observed vertical
cracks in an oxide film45,46. Note that the highest tensile stress in
the out-of-plane direction, σ22, max, is located at the top of the
groove near the oxide-metal interface. It suggests transverse
cracks at the oxide-metal interface near the groove’s apex and
propagate along the interface, resulting in the peeling of the oxide
film. Moreover, as R1/R2 increases, the curvature at the top of the
groove increases, leading to a greater concentration of interfacial
tensile stress, as shown in Fig. 3. It is noted that the maximum σ22

predicted under the assumption of linear reaction rate is much
larger than those predicted under the nonlinear assumption.
Because the transverse normal stress σ22 is associated with the
interface morphology and the oxide film thickness, the assump-
tion of a linear reaction rate leads to a thicker oxide film and, thus,
a higher internal pressure. They bring a more prominent hump at
the top of the groove, thereby causing a larger σ22 at the interface
near the hump.

2D simulation of high-temperature oxidation of TBCs
We now consider a complete TBC system involving TC, TGO, and
BC; among them, the TC layer is molded as an elastic solid on top
of the TGO. We simulated TGO growth and stress evolution based
on the four assumptions and discussed their effects in this section.
As shown in Fig. 4a, with the increase in eigenstrain the average
thickness of TGO, hox, m, decreases. Moreover, the TGO thickness
predicted based on a nonlinear oxidation rate is smaller than that
predicted based on a linear oxidation rate. It conforms to the
simulation results mentioned above. In addition, comparing the
linear and nonlinear oxidation rate, the change in the morphology
of the TGO-BC interface is more pronounced in the latter case
when the eigenstrain increases, i.e., the waviness of the TGO-BC
interface increases with the increase of eigenstrain especially
under a nonlinear oxidation rate. Such a non-uniform growth of
TGO is caused by the non-uniform distribution of compressive
stress within the film, which is concentrated at the peaks of the
TGO-BC interface. Therefore, the effect of interfacial stress on the
oxidation rate is non-uniform. It leads to slower growth of the
oxide film near an interfacial peak and the formation of a non-
uniform oxide film. Such a non-uniform TGO can be better
predicted when a nonlinear oxidation rate is assumed, leading to
consistency with the experimental findings12,16,47. Note that this is
not the case when adopting a linear oxidation rate.
Since a large number of experimental studies have confirmed

that the failure of TBCs is usually the result of interface spalling
due to crack initial and propagation within the TC layer48,49, in this
section, the tensile stress evolution within the TC layer is studied
carefully. As shown in Fig. 4b, the maximum (tensile) σ11 and σ22 in
the TC layer are located at the peak and valley of the TC-TGO
interface. They can bring about two possible fracture modes
within the TC layer: forming vertical cracks at the peak of the TC-
TGO interface and causing an interlayer fracture at the valley of
the TC-TGO interface. They were both observed experimentally in
the TC layer48. Furthermore, the tensile stresses predicted by
assuming the nonlinear reaction rate are more significant and
likely to induce cracking than those predicted by the assumed
linear reaction rate.
Some experiments have also confirmed that cracking occurs not

only in the TC layer but also in the TGO layer45,46. Therefore, the
tensile stress evolution in TGO is also studied, as shown in Fig. 4c.
Assuming a nonlinear reaction rate, the maximum σ11 occurs at
the TC-TGO interface peak. It is the reason for the vertical cracks in
a TGO that has been experimentally observed45,46. Assuming the
linear reaction rate cannot lead to such a result because the non-
uniform growth of TGO is caused by the nonlinear oxidation
kinetics that is more sensitive to stresses. This non-uniform growth
makes the oxide film bend, resulting in the maximum σ11 at the
peak of the oxide film. When the eigenstrain increases, the
maximum σ22 in the TGO increases, and the location of the
maximum σ22 shifts from the TC-TGO interface valley to a location
close to the TGO-BC interface peak. This change implies two
potential locations for crack initiation in the transverse direction in
a TGO film: either at the TC-TGO interface valley or near the TGO-
BC interface peak; both of them were indeed observed in the
experiments48,49.
Numerous studies have shown that the interfacial geometry

and intrinsic mechanical properties affect a TBC’s oxidation
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behavior and stress evolution. Thus, a strategy to optimize a TBC’s
service life is modulating the interface morphology and mechan-
ical properties. This is uneasy in experiments but can be studied
based on the mechanochemical PF model and the assumptions of
nonlinear reaction and large deformation, which have shown the
ability to reveal experimental findings.
Figure 5 shows how the average thickness of TGO and the

waviness of the TGO-BC interface vary with time for various initial
geometries. In the figure, Ra,0, and L denote the sinusoidal
interface amplitude and wavelength, respectively, and Ra,0/L is the
ratio that characterizes the non-dimensional interface roughness.
As demonstrated in Fig. 5(a, b), the average thickness of TGO
increases with the increase in Ra,0/L, which is consistent with the
experimental finding16. It is because increasing the initial
interfacial roughness increases the specific surface area of the
oxidation front; the oxidation reaction is then accelerated. Fixing
Ra,0/L, and increasing (or decreasing) L do not affect the specific

surface area of the oxidation front and, consequently, the average
thickness of TGO.
As shown in Fig. 5c, different initial interface morphologies can

result in very different roughness evolutions of the TGO-BC
interface, which are the results of competition between two
competing mechanisms arising from an interfacial bulge. On the
one hand, an initial interfacial bulge increases the specific surface
area of the reaction. As shown in Fig. 5c, oxygen concentration
distribution along the TGO-BC interface becomes more and more
inhomogeneous with the increase of the initial interface bulge.
Herein, at the peak of the bulge, the increase in the specific
surface area leads to a higher oxygen concentration, while at the
valley decrease in the specific surface area leads to a lower oxygen
concentration. Consequently, faster oxidation occurs at the peak,
which results in a flattening of the interface bulge. On the other
hand, the bulge causes stress concentration and inhibits local
oxidation that tends to roughen the interface. Therefore, the
evolution of TGO-BC interface roughness can have three trends
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during oxidation: (1) increasing with oxidation time, (2) increasing
and then decreasing, and (3) decreasing continuously. Existing
experimental observations16 have corroborated these trends
revealed by our model. In addition, our simulations show that
increasing the interface wavelength can significantly reduce the
change of the interface roughness, which can be a way to stabilize
the interface morphology.
Since the failure generally occurs inside the top coating, the

impact of oxidation on the tensile stress evolution in the TC layer
is studied. Figure 6a shows the evolutions of tensile stresses within
the TC with oxidation time affected by several initial geometries.
In accordance with the simulation results presented previously,
the tensile stresses in the in-plane and out-of-plane directions in
the TC layer are concentrated in the peaks and valleys of the TC-
TGO interface, respectively. In addition, the maximum tensile
stresses increase and gradually decrease with oxidation time. It is
due to the competing effects of oxide growth and creep. In

addition, the evolutions of tensile stresses in the TGO with
oxidation by several initial geometries are also evaluated, as
shown in Fig. 6b. It is also observed that the maximum tensile
stress in the in-plane direction σ11 increases and then decreases
due to TGO growth and creep. Instead, the maximum σ22 first
increases gradually and then steeply. It is the result of stress
redistribution caused by the non-uniform growth of the oxide film.
Since the creep rate of TGO can span several orders of

magnitude by the grain size or alloy composition variation and
increasing the creep rate can significantly reduce the growth
stress, the non-uniform growth of TGO can thus be mitigated by
creep. Figure 7 shows the effect of creep rate on the average
thickness of TGO, the change in TGO-BC interface roughness, and
the maximum tensile stress within the TC and TGO layers after
100 h of oxidation based on several initial TGO-BC interface
waviness. It is shown that increasing the TGO creep rate,
decreasing the initial interface roughness (Ra,0/L), and increasing
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the wavelength (L) can significantly improve the stability of the
interface morphology and reduce the tensile stress during
oxidation. They form a strategy to extend the service life of TBC
in extreme service environments, i.e., regulating the initial
interface geometries and the creep rate of TGO by improving
the plasma vapor deposition process and varying the grain size or
alloy composition, respectively.

DISCUSSION
This paper proposes a phase field model to deal with large
deformations, nonlinear oxidation kinetics, and their interplay in a
thermodynamical framework. The relation between stresses and
reaction driving forces is established based on the variational
derivatives of the free energy with respect to phase field variables.
The stress contribution term is expressed as the Eshelby stress
tensor, which can involve the effects of conformational volume
changes and higher-order terms of nonlinear deformation.
Considering the detailed balance of a reactive system, the
generalized BV equation is employed to describe nonequilibrium
thermodynamic processes. Based on the developed model,
oxidation simulations of metals and TBCs were carried out, which
leads to the following conclusions.

1. The finite-deformation theory and nonlinear reaction
kinetics are necessary to correctly capture the key phenom-
ena in TGO cracking and interface roughness variation. For
example, the assumption of small deformation ignores the
higher-order terms of nonlinear deformation, leading to a
smaller oxide film deformation and larger growth stress. The
predicted oxide film growth rate is also lower because the
effect of conformational volume change and deformation
energy on the reaction is not taken into account. Because
the contribution of mechanical energy is much less than
chemical energy in a reaction potential, the linear reaction
kinetics is extremely insensitive to stress. This problem is
resolved with the nonlinear reaction kinetics.

2. The initial BC-TGO interface morphology and their mechan-
ical properties affect the growth and stress evolution of

TGO. It is caused by the competition between curvature
(specific area) dependence and stress dependence when
the BC-TGO interface is rough. The mechanochemical
coupling and the nonlinear reaction kinetics lead to the
nonuniform growth of the oxide film, which induces tensile
stress concentrations in the in-plane and out-of-plane
directions near the TGO humps. These are consistent with
the crack locations observed in experiments. In contrast,
when the mechanochemical coupling is ignored, or if this
effect is small (e.g., with linear reaction kinetics), an oxide
film grows uniformly and does not produce tensile stress
concentrations near TGO humps.

3. A parametric study of the effects of TGO creep rate and
interface morphology shows that increasing the TGO creep
rate, decreasing the initial oxidation interface roughness,
and increasing the sinusoidal interface wavelength can
significantly improve the stability of the interface morphol-
ogy and reduce the tensile stress during oxidation. This
know-how could lead to a strategy to extend the service life
of TBCs under extreme conditions. For example, regulating
the initial interface geometries by improving the plasma
vapor deposition process or increasing the creep rate of
TGO by the grain size or alloy composition variation.

METHODS
Constitutive relationship considering large deformation
As shown in Fig. 8, let B be a solid with a fixed initial configuration,
Ω0. A motion of B is defined by a smooth one-to-one function,
u(X)= x(X)− X, that maps each material point X of B into a point
x which is positioned in the current configuration denoted by Ω.
Following Cui et al.37, three Cartesian coordinate systems {eI,eJ,eK},
{êi ,êj ,ek̂ } and {ei,ej,ek} have been used in the initial, intermediate
and the current configurations, respectively, where the first two
are the Lagrangian coordinate systems and the last one is the
Eulerian coordinate system. Thus, the deformation gradient of
material is expressed as F= ∂x/∂X= I + ∇Xu, where I is the
Second-order identity tensor; ∇X is the gradient operator with
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respect to X. The main hypothesis underlying the finite strain
constitutive theory is to decompose the deformation gradient, F in
a multiplicative manner:

F ¼ FeF� (4)

where Fe and F* are the deformation gradient caused by elastic
and inelastic deformation, respectively. In Fig. 1, an intermediated
state is shown, which is transformed from the initial one by
multiplying the deformation gradient tensor F*.
We then consider the following deformation gradients: (i)

volumetric eigenstrain resulting from the change in specific
volume when a metal M transforms into its oxide MOn, denoted
by Feg, (ii) the chemical expansion (or stoichiometric expansion)
owing to the increasing fraction of diffusive element dissolved
interstitially in the host lattice during diffusion, denoted by Fch,
and (iii) the high-temperature creep of the stressed solid, denoted
by Fcr. The inelastic deformation gradient tensor, F*, can be further
decomposed as follows:

F� ¼ FcrFchFeg (5)
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Following Zhao et al.41, the deformation gradient caused by
volumetric eigenstrain, Feg, can be expressed as:

Feg ¼ ð1þ hðϕÞ VMOn � VM

VM
Þ
1
3

I ¼ ðJegÞ13I ¼ εegm I (6)

where as VMOn and VM are the ionic volumes of oxide and
metal, respectively, εegm is the volumetric eigenstrain, h(ϕ)= ϕ3

(10− 15ϕ+ 6ϕ2) is the interpolation function that varies
from one to zero across the interface and herein
ensures that volumetric eigenstrain only occurs in the oxide
phase. ϕ ∈ [0, 1] is the order parameter to identify the oxide
(ϕ= 1) and metal (ϕ= 0) phases, which corresponds to the
concentration of oxide, cMOn , and its reference value, crefMOn

, as
ϕ ¼ cMOn=c

ref
MOn

. Jeg in Eq. (6) represents the change of molar
volume during oxidation and I is the second-order identity
tensor.
Following Ref. 37, the deformation gradient caused by chemical

expansion, Fch, can be expressed as:

Fch ¼ ð1þ 3ηcOÞ
1
3I ¼ ðJchÞ

1
3I (7)

where cO is the concentration of oxygen and η is the partial
molar volume change due to the increase in the fraction of
diffusive oxygen dissolved interstitially in the host lattice of
the oxide. The latter can be experimentally determined
using thermogravimetric analysis (TGA) under a controlled
atmosphere50.
We employ the Norton power law to describe the relation

between creep strain rate and stress, which is expressed as:

Dcr ¼ A
σeq

σeq
ref

� �n
∂σeq

∂σ
(8)

where Dcr is the rate of creep, expressed as Dcr ¼ ð∂Fcr=∂tÞFcr�1,
σeq and σeq

ref are the equivalent stress and its reference value,
respectively. In Eq. (8), A ¼ hðϕÞAc

MOn;0 þ ð1� hðϕÞÞAc
M;0,

n ¼ hðϕÞnMOn þ ð1� hðϕÞÞnM are the creep rate coefficients that
vary continuously from metal to oxide with the interpolation
function h(ϕ),.
The stress-strain relation can be derived within a thermo-

dynamic framework via the entropy imbalance of system.
Ignoring heat transfer, the entropy imbalance can be expressed
as:

∂Wext

∂t
� ∂ψmech

∂t
¼ ∂S

∂t
T � 0 (9)

where Wext, ψmech and S are the rate of external power, electric
energy and entropy densities, respectively, and T is the thermo-
dynamic temperature. The rate of external power can be
expressed as:

W&ext ¼ P : ∂F
∂t

¼ P : ∂Fe
∂t F

crFchFeg þ Fe ∂Fcr
∂t F

chFeg þ FeFcr ∂F
ch

∂t Feg þ FeFcrFch ∂Feg
∂t

� � (10)

where P is the first Piola-Kirchhoff stress tensor. The elastic strain
energy density per unit volume of the initial state can be
expressed as:

ψmech ¼ J�ψmech
0 ¼ JchJeg

1
2
Ee : Ce : Ee

� �
(11)

where ψmech
0 ¼ Ee : Ce : Ee=2 is the elastic strain energy of

current state per unit volume of the intermediate state, which
is converted to a quantity based on the initial state by
multiplying JchJeg. In the above equation, Ee is the Green-
Lagrange elastic strain tensor, defined as Ee ¼ ðFeTFe � IÞ=2,
Ce ¼ hðϕÞCe

MOn
þ ð1� hðϕÞÞCe

M is the fourth-order elasticity
tensor, and the symbol ‘:’ is the internal product between
two tensor defined in Cartesian component in form of
Ee : Ce : Ee ¼ EeijCijklEekl.

Substituting Eqs. (10, 11) into Eq. (9), the entropy imbalance is
recast as:

P : ðFe ∂Fcr
∂t F

chFeg þ FeFcr ∂F
ch

∂t Feg þ FeFcrFch ∂Feg
∂t Þ�

ð∂Ψmech

∂Fe : ∂F
e

∂t � P : ∂F
e

∂t F
crFchFegÞ � 0

(12)

Using the relation involving the internal product of tensors,
A : (BC)= (ACT): B, Eq. (12) can be recast as:

P : ðFe ∂Fcr
∂t F

chFeg þ FeFcr ∂F
ch

∂t Feg þ FeFcrFch ∂Feg
∂t Þ�

ð∂Ψmech

∂Fe � PFegTFchTFcrT Þ : ∂Fe
∂t � 0

(13)

Since elastic deformation is recoverable and nondissipative, it
does not induce entropy change. The elastic constitutive relation
is then expressed as:

P ¼ ∂Ψmech

∂Fe
ðFegTFchTFcrT Þ�1 ¼ Fe

∂Ψmech

∂Ee
ðFegTFchTFcrT Þ�1 (14)

According to Neto et al.51, the first Piola-Kirchhoff stress tensor,
P, can be expressed in the form of Cauchy stress tensor, σ, as σ =
det(F)-1PFT, where det(•) means the determinant of a matrix. Thus,
Eq. (14) finally leads to:

σ ¼ det ðFÞ�1 Fe
∂Ψmech

∂Ee
FegTFchTFcrT
� ��1

� �
FT (15)

Stress dependent chemical potential
The Helmholtz free energy of the system, Ψ is an integral of the
density functional, ψ, over the current configurations, Ω, which is
expressed as:

Ψ ¼
Z

Ω

ψdv ¼
Z

Ω

ðψchem þ ψint þ ψmechÞdv (16)

where ψ is the summation of the chemical energy density, ψchem,
interface energy density, ψint, and the mechanical energy density,
ψmech. For the problem of inward oxide growth, we only consider
the diffusion of oxygen in the oxide. Hence, the chemical energy
density, ψchem, is expressed as:

ψchem ¼ cORT ln
cO
crefO

� 1

� �
þ cOμ

0
O (17)

where crefO is the reference concentration of oxygen dissolved
interstitially in the host lattice of oxide, μ0O is the standard
chemical potential, and R is the ideal gas constant.
The interfacial energy density, ψint, corresponding to the energy

consumed in the creation of a unit oxide-metal interface during
oxidation, is expressed as:

ψint ¼ λ

2
j∇ϕj2 þWgðϕÞ (18)

where the first term of the right-hand side associated with the
gradient of ϕ determines a diffusive interface with a finite width
between metal and oxide phases and the second term is a double-
well function giving an energy barrier of height W to ensure that
the phases on both sides of an interface are stable. In Eq. (18), the
coefficients λ and W can be related to the interfacial energy
density (per unit area), s, and the interfacial thickness, δ, expressed
as λ= sδ and W= 18 s/δ4, respectively.
The chemical potential of a chemical component is then

rationalized as the functional derivative of the total free energy to
its concentration. In this work, the chemical potential of oxygen
can be expressed as:

μO ¼ δΨ

δcO
¼ RT ln aO þ μexO (19)
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where aO is the activity of oxygen, which is only concentration
dependent, given by:52

aO ¼ exp
1
RT

δðR Ωðψchem þ ψintÞdωÞ
δcO

� μ0O

� �� �
¼ cO

crefO

(20)

In Eq. (19), μexO is the excess chemical potential that involves the
contributions of mechanical energy and standard chemical
potential, given by:

μexO ¼ δðR Ωðψ� ψchem � ψintÞdωÞ
δcO

þ μ0O ¼ μ0O þ ∂ψmech

∂cO
(21)

Involving the expression of elastic strain energy density, i.e., Eq.
(8), the partial derivative of ψmech with respect to cO in Eq. (21) is
expressed as:

∂ψmech

∂cO
¼ ∂Ψmech

∂Fe
∂Fe

∂F�
∂F�

∂cO
þ ∂J�

∂cO

1
2
Ee : Ce : Ee

� �� �
(22)

where J*= JchJeg= det(F*). In Eq. (22), the derivative of elastic
strain energy density with respect to Fe can be expressed in the
form Cauchy stress tensor, σ, by using the relation expressed in Eq.
(14), i.e.,

∂Ψmech

∂Fe
¼ detðFÞσFe�1 (23)

The derivative of tensor, ∂Fe/∂F*, can be expressed in Cartesian
component form as:

∂Fe

∂F�
¼ ∂Femn

∂F�iJ

� �
¼ ∂ FmK f

�
Kn

� �
∂F�iJ

� �
¼ FmK

∂f �Kn
∂F�iJ

� �
(24)

where Femn, F
�
mKðor iJÞ and f �Kn are the components of elastic gradient

tensor Fe, inelastic gradient tensor F*, and its inverse F*-1,
respectively. Using the relation of derivative of the inverse of a
tensor51, the Cartesian component, ∂f �Kn=∂F

�
iJ , is expressed as:

∂f �Kn
∂F�iJ

¼ �f �Kif
�
Jn (25)

Substituting Eq. (25) into Eq. (24), the derivative of tensor, ∂Fe/
∂F*, can be rewritten as:

∂Fe

∂F�
¼ �ðFmK f

�
Kif

�
JnÞ ¼ �ðFemif

�
JnÞ ¼ �FeF��T (26)

The derivative of J* with respect to cO, in Eq. (22), can be
expressed as:

∂J�

∂cO
¼ ∂J�

∂F�
∂F�

∂cO
(27)

Using the relation:51

∂J�

∂F�
¼ J�F��T (28)

Equation (28) is recast as:

∂J�

∂cO
¼ J�F��T ∂F

�

∂cO
(29)

Substituting Eqs. (23, 26, 29) into Eq. (22) leads to the final form
of the stress-dependent chemical potential of oxygen, expressed
as:

μO ¼ δΨ

δcO
¼ RT ln cO þ μ0O þ ðψmech � detðFÞσÞF��1 ∂F

�

∂cO
(30)

It is note that the stress-dependent chemical potential involves
the effects of conformational volume change and deformation
energy. If the small deformation assumption is adopted, the
effects of conformational volume change and deformation energy

would be insignificant. Under the assumption of small deforma-
tion, Eq. (30) can be recast as:

μO ¼ RT ln cO þ μ0O � 1

crefMOn

εeg11σ11 þ εeg22σ22 þ εeg33σ33
� �

(31)

Analogously, the stress-dependent of chemical potential of
oxide can be expressed as:

μMOn
¼ δΨ

δcMOn

¼ δΨ

crefMOn
δϕ

¼ RT ln aMOn þ μexMOn (32)

where aMOn and μexMOn
are the activity and excess chemical

potential of oxide, respectively. They are derived as:

aMOn ¼ exp
1

RTcrefMOn

ðW ∂gðϕÞ=∂ϕ� λ∇2ϕÞ
 !

(33)

and

μexMOn
¼ ðψmech � detðFÞσÞF��1 ∂F�

crefMOn
δϕ

(34)

Kinetics and governing equations
Following Bazant52 and our previous studies7,8, the reaction rate,
r, for the reaction M + nO →MOn can be expressed as:

r ¼ k0

aTS
aR exp

ð1� ρÞðμexR � μexP Þ
RT

� �
� aP exp � ρðμexR � μexP Þ

RT

� �� �
(35)

where k0 is the kinetics constant, ρ is the asymmetric parameter,
and the subscripts ‘TS’, ‘R’ and ‘P’ represent the transition state,
reactants and products of the reaction, respectively. The activity of
transition state, aTS, is set to be a constant in present work. The
activity of reactants and products, aR and aP, are, respectively,
expressed as

aR ¼ aO
n ¼ cO

crefO

� �n

(36)

aP ¼ aMOn ¼ exp
1

RTcrefMOn

ðW ∂gðϕÞ=∂ϕ� λ∇2ϕÞ
 !

(37)

And the difference of excess chemical potential between
reactant and products, μexR � μexP , is expressed as

μexR � μexP ¼ nμexO � μexMOn
¼ nμ0O þ τσ

¼ nμ0O þ nðψmech � detðFÞσÞF��1 ∂F�
∂cO

� ðψmech � detðFÞσÞF��1 ∂F�
crefMOn

δϕ

(38)

where τσ is the stress contribution to reaction driving force. Since
the order parament is associated with concentration, defined as
ϕ ¼ cMOn=c

ref
MOn

, the reaction rate, r ¼ ∂crefMOn
=∂t, can be related to

the changing rate of ϕ, i.e., r=crefMOn
¼ ∂ϕ=∂t. Following our

previous work8, it leads to the following governing equation of
the order parameter:

∂ϕ

∂t
¼ �Lσ W

∂gðϕÞ
∂ϕ

� λ∇2ϕ

� �
þ Lη

∂hðϕÞ
∂ϕ

cO
crefO

� �n�

exp
ð1� ρÞðμexR � μexP Þ

RT

� �
� exp � ρðμexR � μexP Þ

RT

� �
Þ (39)

where

Lσ ¼ k0

aTSRTðcrefMOn
Þ2
exp � ρðμex1 � μex2 Þ

RT

� �
(40)
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and

Lη ¼ k0
aTScrefMOn

(41)

are the coefficients to scale the contribution of interface energy
and the oxidation kinetics to phase migration, respectively.
We also give the governing equation based on the linear

reaction kinetics, written as:

∂ϕ

∂t
¼ �Lσ W

∂gðϕÞ
∂ϕ

� λ∇2ϕ

� �
þ L�η

cO
crefO

� �n nμ0O þ τσ
RT

� �
(42)

where L�η is a kinetic constant, which is given as:

L�η ¼
LηRT
μ0O

exp
nð1� ρÞμ0O

RT

� �
� exp � nρμ0O

RT

� �� �
(43)

to ensure that the reaction rate under the assumption of linear
reaction kinetics is identical to that of nonlinear kinetics model
(Eq. (39)), when the impact of stress (τσ= 0) is ignored (note that
we still consider that reaction system is highly nonequilibrium, i.e.,
μ0O » RT).
The reaction-diffusion equation governing the evolution of the

concentration field of oxygen is expressed as:

∂cO
∂t

¼ ∇ D∇cO � DcO
RT

∇ ψmech � detðFÞσ� �
F��1 ∂F

�

∂cO

� �� �
� nr

(44)

where the first term on the right-hand side describes the oxygen
diffusion caused by the concentration and the mechanical
deformation gradients, and the second term represents the
oxygen consumption (per unit time and volume) due to the
reaction. D is the diffusivity coefficient, expressed as D ¼
pðϕÞDMOn þ ð1� pðϕÞÞDM with DMOn and DM being the diffusiv-
ities of oxygen atoms in the oxide and metal phases, respectively.
The stress tensor, σ, must satisfy the equilibrium equation,

expressed as:

divðσÞ ¼ 0 (45)

where div is the divergence operator. Substituting constitutive
relation Eq. (15) into Eq. (45) leads to the governing equation of
deformation:

div det ðFÞ�1 Fe
∂Ψmech

∂Ee
ðFegTFchTFcrT Þ�1

� �
FT

� 	
¼ 0 (46)

Since the algorithm implementation methods for large inelastic
deformation and mechanochemical coupling have been described
by Neto et al.51 and Loeffel et al.39 in detail, for simplicity, the
algorithm is not presented in this paper.
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