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Morphological instability of aqueous dissolution of silicate
glasses and minerals
Yifeng Wang1, Carlos F. Jove-Colon1, Christoph Lenting 2, Jonathan Icenhower1 and Kristopher L. Kuhlman 1

Understanding of aqueous dissolution of silicate glasses and minerals is of great importance to both Earth and materials sciences.
Silicate dissolution exhibits complex temporal evolution and rich pattern formations. Recently, we showed how observed
complexity could emerge from a simple self-organizational mechanism: dissolution of the silica framework in a material could be
catalyzed by the cations released from the reaction itself. This mechanism enables us to systematically predict many key features of
a silicate dissolution process including the occurrence of a sharp corrosion front (vs. a leached surface layer), oscillatory dissolution
and multiple stages of the alteration process (e.g., an alteration rate resumption at a late stage of glass dissolution). Here, through a
linear stability analysis, we show that the same mechanism can also lead to morphological instability of an alteration front, which, in
combination with oscillatory dissolution, can potentially lead to a whole suite of patterning phenomena, as observed on
archaeological glass samples as well as in laboratory experiments, including wavy dissolution fronts, growth rings, incoherent
bandings of alteration products, and corrosion pitting. The result thus further demonstrates the importance of the proposed self-
accelerating mechanism in silicate material degradation.
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INTRODUCTION
Chemical weathering of silicate minerals and glasses - the most
dominant component in the Earth crust - plays a critical role in
global biogeochemical cycles and directly regulates the long-term
climate evolution in our Earth system.1–3 Silicate dissolution and
the induced carbonate precipitation have been investigated as a
means for subsurface carbon sequestration.4 A recent field test
where CO2 was injected into a basaltic rock suggested that this
carbonation process could happen far faster (<2 years) than
previously postulated,5 although the underlying mechanism is still
unknown. Silicate materials have also been used in numerous
industrial and technological applications such as molecular sieves
for chemical separation,6 catalysts for chemical conversion,6

optical fibers for communication,7 biomedical devices,8 construc-
tion materials,9 and waste forms for nuclear waste disposal.10,11 In
many of these applications, the chemical durability of a material in
the presence of liquid water or moisture directly determines the
lifetime of the material in service. Therefore, understanding
chemical alteration of silicate materials in aqueous solutions is
of great importance to both Earth and materials sciences. Such an
understanding is a prerequisite for a performance assessment of a
silicate material as a waste form for nuclear waste disposal over a
regulatory time period of up to hundreds of thousand years,10,11 a
time scale beyond any possible direct experimental test.
The underlying mechanism for silicate material degradation

remains controversial. Aqueous dissolution of a silicate material
was proposed to start with the formation of a silica-rich surface
layer on a dissolution surface in which alkali and alkaline cations
are partially leached out and replaced by hydrogen ions.12–14

Recent experimental work suggests that, in a solution saturated
with amorphous silica, the surface layer could form through a local

structural arrangement involving little or no dissolution of silicate
framework.15 The surface layer may continuously be subjected to
in-situ silicate network repolymerization and reorganization,
leading to the formation of a dense silica gel layer that may
passivate a dissolving solid surface, resulting in a dramatic
reduction in the dissolution rate.16 The traditional surface layer
concept was challenged by recent observations of the existence of
an extremely sharp interface between altered rims and pristine
material domains, suggesting that material corrosion might be a
direct dissolution-precipitation process.17–20 Oscillatory zonings,
commonly observed in altered rims, seem also difficult to
reconcile with the traditional surface-layer concept.17 However,
the occurrence of a sharp interface is apparently not “universal”; as
a matter of fact, in some cases, a gradient region (~500 nm thick)
has been observed between altered rims and pristine material
domains.15 The contradictory observations indicate the complex-
ity of silicate material dissolution and call for a new theory to
account for such complexity. Recently, we have shown how
complex behaviors observed can emerge from a simple positive
feedback between dissolution-induced cation release and cation-
enhanced dissolution kinetics.21 This self-accelerating mechanism
enables us to systematically predict the occurrence of sharp
dissolution fronts (vs. leached surface layers), oscillatory dissolu-
tion behaviors, and multiple stages of glass dissolution (e.g., an
alteration rate resumption at a late stage of a corrosion process).
Here we further show that the same mechanism can also lead

to a morphological instability of an alteration front. Morphological
instability refers to an evolution of an initially planar dissolution or
growth surface into a wavy or even fingered front through its own
reaction-transport dynamics.22 This instability, in combination with
oscillatory dissolution predicted by our previous work,21 can
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potentially give rise to a whole suite of patterning phenomena, as
observed on archaeological glass samples as well as in laboratory
experiments, including wavy dissolution fronts, corrosion pits,
growth rings, and incoherent bandings of alteration zones. The
result thus further demonstrates the importance of the proposed
self-accelerating mechanism in silicate material degradation.

RESULTS
Morphological instability and the underlying mechanism
Many excellent observations have been made on the structures
and pattern formations of altered silicate materials. Dohmen et al.
performed a detailed backscattered electron imaging study on
two borosilicate glasses.23 They showed that among 16 dissolution
experiments conducted, except one with an initial pH of about
zero, all other experiments produced distinct lamellar layers with a
thickness of 5–100 µm. Some of the layers form a coherent (i.e.,
parallel) wavy front with the convex side pointing toward a
pristine glass domain. The wavy front seems to initiate from
earlier-developed dissolution pits on a dissolution surface.
Extensive pitting on a dissolution surface was observed on some
samples (ref.23, fig. 5). A gap seems to exist between an altered rim
and a neighboring pristine glass domain, indicating an atomically
sharp reaction interface. In addition to the coherent lamellar
layers, incoherent wavy layers were also observed, in which two
neighboring layers are not parallel (ref.23, figs. 3c, g). In some
occasions, hemispherical-shape incoherent layers penetrate dee-
ply from a fracture surface into a pristine glass domain. Similar
structural patterns were also observed on archaeological glass
samples.24,25 On those samples, Silvestri et al. showed that within
each individual wavy lamellar layer there occur spongy, distorted
and branched structures (ref.24, fig. 3), indicating complex
dissolution and precipitation involved in the formation of each
individual layer. Concentric growth rings were also observed on a
view plane parallel to a material dissolution surface (ref.25, fig. 7b).
Some of typical patterning phenomena in silicate glass alteration
are shown in Fig. 1.
We now want to show how these observed complex patterning

phenomena in silicate material degradation can emerge from a
morphological instability of a dissolution surface through the
same mechanism we proposed earlier for oscillatory dissolution of
silicate materials: the dissolution of a silicate material can
potentially be catalyzed by the cations released from the reaction
itself.21 This mechanism was postulated from the observed V-
shape dependence of a far-from-equilibrium silicate material
dissolution rate on solution pH.21,26–29 This mechanism operates
on the right branch of the rate curve in Fig. 2. Since the V-shaped
pH dependence of the dissolution rate exists for a diverse set of
silicate minerals including quartz,21,26–29 this dependence must be
related to the dissolution of silica framework—a common
structural component in all these minerals. In addition to the
catalytic effect of hydroxyls, Rimstidt recently showed that a
cation itself such as Na+ could also catalyze quartz dissolution.30

As elaborated previously,21 this self-accelerating mechanism can
systematically account for the occurrence of multiple stages (or
regimes) of silicate material degradation. For an illustration, let’s
assume that the material degradation starts in an acid solution (on
the left branch of the dissolution curve in Fig. 2), under which the
dissolution rate of silica framework is higher than that for cation
leaching, and as a result the material would dissolve congruently
with no leached layer developed. As the pH of the solution
increases due to the accumulation of the leached cations, the
dissolution rate becomes lower than the leaching rate, leading to
the formation a leached surface layer. As the pH continuously
rises, the system moves from the left branch to the right branch of
the dissolution curve. When the dissolution rate becomes on the
same order of magnitude as the mass exchange rate with the bulk

solution, oscillatory dissolution may emerge. As the pH of the
solution further increases, the dissolution rate eventually over-
takes the mass exchange rate, leading to a “runaway” situation
with a sharp increase in the cation concentration at the interface
as well as in the dissolution rate. The sharp increase in both cation
concentration and pH inevitably causes zeolite precipitation. The
whole dissolution process illustrated in Fig. 2 would also be
influenced by the dissolved silica concentration. As a matter of
fact, it is the interplay between the cation and the silica
concentrations that gives rise to oscillatory dissolution of silicate
materials.21

An actual precipitation process of alteration products could be
complex. Since we here focus on the morphological instability of a
reaction front, for simplicity, we assume that the overall
dissolution-precipitation reaction process can stoichiometrically
be represented by reaction (1):

Silicate �!Cations
Alteration productsþ αs SiO2ðaqÞ þ αc CationsðaqÞ

(1)

where αs and αc are the stoichiometric coefficients of dissolved
SiO2 and cations, respectively, in the overall silicate alteration
reaction. Since most of SiO2 released from the dissolution is re-
incorporated into the alteration products, αs is expected to be
relatively small compared to αc. The cations in reaction (1) refer to
alkali cations (mainly Na+) and part of alkaline-earth cations that
remain as dissolved cationic species in solution after their release
from material degradation. Let’s assume that the dissolution of a
silicate material starts on a planar reaction front (Fig. 3). As the
alteration reaction proceeds, the released SiO2(aq) and cations
accumulate at the front. In an actual dissolution process, the
reaction front is inevitably subjected to environmental perturba-
tions, resulting in small fluctuations in reaction rate on the
dissolution front. Based on the self-accelerating mechanism
proposed above, in a faster dissolution region (labeled “a” in Fig.
3), more cations would become released and accumulated, which
in turn further accelerates the dissolution at this location. The
opposite happens at location “b”, where the cations can be
relatively easier to diffuse away due to a shorter diffusion distance
through the alteration zone (Fig. 3). As a result, an environmental
perturbation to the initially planar front could be amplified,
leading to the formation of a wavy front. As a dissolution front
becomes unstable, two other factors would come into play:
surface tension, which tries to minimize the surface area of the
front and therefore tends to restore the initial planar front, and
diffusion, which tends to smooth out the concentration fluctua-
tions on the dissolution surface. The final wave length of a wavy
front would then be determined by the interplay between the
morphological instability and these countering factors.

Mathematical formulation
To further elaborate the morphological instability of a dissolution
front, let’s consider a modeling system as illustrated in Fig. 3. The
system is divided into two physical domains: the pristine glass and
the alteration zone. The dissolved species released from the
alteration [reaction (1)] communicate with the bulk solution via
diffusion through the corrosion products. The chemistry of the
bulk solution outside the alteration zone is assumed to remain
constant. Also assume that the position of the dissolution front at
time t can be described by X= F(Y, t).
Within F(Y, t) <X <L, the diffusion of the dissolved species across

the alteration zone can be described by:

∂Cs
∂t

¼ Ds∇2Cs (2)

∂Cc
∂t

¼ Dc∇2Cc (3)
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where X and Y are the spatial coordinates (Fig. 3); t is the time; Cs
and Cc are the concentrations of dissolved SiO2 and cations,
respectively; Ds and Dc are the effective diffusion coefficients of
the two species, respectively; and L is the thickness of the
alteration zone.
At the dissolution front X= F(Y, t), the reaction rate, R, and the

diffusion fluxes are related by (ref.31):

αsR ¼ �Ds ∇
*
Cs � n* (4)

αcR ¼ �Dc ∇
*
Cc � n* (5)

R ¼ k 1þ β
Cc
CIEP

� �m� �
Ce
s � Cs

� �
(6)

Ce
s ¼ Ce

s ð1Þð1þ ΓKÞ (7)

K ¼ � ∂2F
∂Y2

= 1þ ∂F
∂Y

� �2
" #3=2

(8)

n
* ¼ 1;� ∂F

∂Y

� �T

= 1þ ∂F
∂Y

� �2
" #1=2

(9)

where n
*

is the normal vector of the dissolution front pointing
toward the alteration zone; k is the reaction rate constant; β andm
are constants characterizing the catalytic effect of cations on the
dissolution rate of silica framework; CIEP is the concentration of
cations at the isoelectric point (IEP), at which the dissolution rate
reach its minimum (Fig. 2); Ce

s is the solubility of silica framework
on a surface of curvature Κ; Ce

s ð1Þ is the solubility of silica

framework on a planar surface; Γ is the surface tension of the
interface between the pristine glass and the solution; and
superscript T in Eq. (9) represents the transposition of a vector.
Equations (7) and (8) capture the effect of surface tension on the
solubility of silica framework.
At X= L, we have:

Cs ¼ CL
s (10)

Cc ¼ CL
c (11)

The kinematics of the dissolution front can be described by:31

ρ
∂F
∂t

¼ R� R 1þ ∂F
∂Y

� �2
" #1=2

(12)

R ¼ k 1þ β
Cc

CIEP

� �m
" #

½Ce
s ð1Þ � Cs� (13)

where ρ is the molar density of the silicate material; R is the
reaction rate evaluated at the planar front; and Cc and Cs are the
concentrations of dissolved SiO2 and cations at the planar front,
respectively.

Linear stability analysis
Equations (2) through (13) were first scaled, using:

x ¼ X=L y ¼ Y=L f ¼ F=L τ ¼ t=T

u ¼ Cs=Ce
s ð1Þ v ¼ Cc

CIEP
T ¼ ρL

kCe
s ð1Þ ¼ L

k r ¼ T
ρL R

γ ¼ Γ=L κ ¼ KL

; (14)
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Fig. 1 Backscattered electron images of corroded glass samples. a Fingered dissolution front of an International Simple Glass (ISG) sample
altered in deionized water at 90 °C and pH25 °C= 9 under a flow-through condition for 55 days (scale bar—100 μm). b Coherent wavy corrosion
bands (chemical pattern) observed in corroded German WAK glass from an experimental series conducted at 150 °C, pHinit, 25 °C= 0, and S/V=
0.2 cm−1 (ref.35) (scale bar—100 μm). c Incoherent banding (bifurcations) at a glass dissolution surface and incoherent structures within
individual bands in U-bearing, soda-lime glass beads corroded at 90 °C, pHinit, 25 °C= 7.1, and S/V= 0.6 cm−1(ref.23) (scale bar—10 μm). d
Incoherent banding in German WAK glass from an experimental series conducted at 150 °C, pHinit,25 °C= 0, and S/V= 0.2 cm−1 (ref.35) (scale
bar—20 μm)
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to lump model parameters to a minimum set of dimensionless
parameters (see Methods):

θ ¼ kL
Ds

η ¼ Ce
s ð1ÞDs

CIEPDc
ϵ ¼ Ce

s ð1Þ=ρ σ ¼ Ds
Dc

(15)

where parameter θ characterizes the relative importance between
the reaction rate and the diffusional flux; η represents the
diffusional flux ratio between dissolved SiO2 and cations; ϵ is a
smallness parameter characterizing the disparity in molar density

between solution and solid, and σ is the ratio of diffusion
coefficient between dissolved SiO2 and cations. Assume the
solubility of silica framework on a planar surface, Ce

s ð1Þ, to be
represented by that of amorphous silica.32 The solubility of
amorphous silica at 25 °C and neutral pH is 10−2.6 M (ref.33, Fig. 1).
This solubility increases with both temperature and pH and could
reach ~0.5 M at pH 10.5 and 90 °C (ref.33, fig. 9). Given the density
(2.52 g/cm3) of international simple glass and the weight
percentage of SiO2 (56.2%) in the glass,15 ρ is estimated to be
24mol SiO2/dm

3 glass. Considering the self-accelerating mechan-
ism proposed above to be limited to the alkaline branch of the
dissolution curve (Fig. 2), smallness parameter ϵ is therefore
estimated to range approximately from 10−4 to 10−2.
In the scaling analysis, we treat the thickness of the alteration

zone (L) as a constant. In actual case, L evolves as a material
degrades, depending on the relative rates of alteration product
removal at the outer rim of alteration products and the dissolution
of pristine silicate material at the inner rim. The rate of the former
highly depends on specific experimental or environmental
conditions. Mathematically, a linear stability analysis would be
made much easier if it is performed around a steady state.
Therefore, to facilitate the analysis, we treat our system as if it
reaches a steady state, called a quasi-steady state, as the thickness
of the alteration zone evolves. In other words, we treat L as a
model parameter instead of a variable and then study the
behavior of the system around a neighborhood of a given L value.
A linear stability analysis of scaled equations (2) through (13)

was performed (see Methods). In the analysis, we first introduce a
perturbation of non-dimensional wave number ω to an initially
planar reaction front and then determine the growth rate (ζ) of the
perturbation as a function of wave number (see Methods):

ζ ¼ ω3γ∂r
∂u

��
s¼0�ωdr

ds

��
s¼0

ωþ αcθη
∂r
∂v

��
s¼0þαsθ

∂r
∂u

��
s¼0

(16)

where s= x−f(y, τ); r, u and v are the scaled reaction rate and
concentrations of dissolved SiO2 and cations, respectively, all
evaluated at the planar dissolution front (as indicated by the
overbars). Note that all three derivatives in equation (16) depend
on the concentrations and the concentration gradients of
dissolved SiO2 and cations at the surface. Therefore, as shown in
equation (16), the stability of the dissolution front is controlled by
(1) γ, θ, αc and αs, and (2) the concentrations and the
concentration gradients of dissolved species at the front. For a
silicate glass, assuming the thickness of an alteration zone (L) to be
about 1 mm, and using the surface energy (Es) of ~4 J/m

2 (ref.34)
(=10−7 m), γ is estimated to be ~10−4, based on the relationship
of Γ= 2vmEs/RgTk (see footnote 3 in ref.31), where vm is the molar
volume of silica (24 cm3/mol), Rg is the gas constant (8.314 J/mol/
K) and Tk is the absolute temperature (298 K). A typical growth
rateζ of perturbation as a function of wave number ω is shown in
Fig. 4a. Over a limited range of wave number, the growth rate of
perturbation becomes positive, implying that the perturbations
with these wave numbers would be amplified and the dissolution
front then becomes unstable. The wave number ωmax with a
maximum growth rate determines the wave length of an actual
pattern formed. The wave length (2πL/ωmax) is estimated to range
from a few to hundreds of micrometers, consistent with
observations17–19,23–25,35. Thus, our model provides a natural
explanation for the formation of a highly wavy dissolution front
as shown in Fig. 1a.
The behavior of ζ(ω) is, to a large extent, controlled by two

terms in the numerator of equation (16). Since, according to
Equation (24), ∂r

∂u

��
s¼0¼ � 1þ βvmð Þ and is always negative, to make

ζ positive, from Equation (23), it is required that
dr
ds

��
s¼0 ¼ ∂r

∂v

��
s¼0

∂v
∂s

��
s¼0þ∂r

∂u

��
s¼0

∂u
∂s

��
s¼0

¼ mβvm�1 1� uð Þ∂v
∂s

��
s¼0� 1þ βvmð Þ∂u

∂s

��
s¼0<0:

(17)

Fig. 2 Pattern formation and transition in silicate material degrada-
tion as driven by the proposed self-organizational mechanism.21 In
an acid solution (on the left branch of the dissolution curve), the
dissolution rate of silica framework is higher than that for cation
leaching, and as a result the material would dissolve congruently
with no leached layer developed. As the pH of the solution
increases, the dissolution rate becomes lower than the leaching rate,
leading to the formation a leached surface layer. As the pH
continuously rises, the system moves from the left branch to the
right branch of the dissolution curve. When the dissolution rate
becomes on the same order of magnitude as the mass exchange
rate with the bulk solution, oscillatory dissolution may emerge. As
the pH of the solution further increases, the dissolution rate
eventually overtakes the mass exchange rate, leading to a “runaway”
situation with a sharp increase in the cation concentration at the
interface as well as in the dissolution rate. The sharp increase in both
cation concentration and pH inevitably causes zeolite precipitation.
ΔpH= pH−IEP, where IEP is the isoelectric point

Fig. 3 Schematic representation of the system for the morpholo-
gical instability analysis. Vertical axis represents both Y coordinate
and the concentrations of dissolved species
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This is a necessary condition for morphological instability of
aqueous dissolution of a silicate material. In other words, a
dissolution rate gradient at the front dr

ds

��
s¼0is a driving force for

morphological instability. A more negative gradient dr
ds

��
s¼0would

lead to a higher tendency for instability (larger ζ) and
consequently a shorter wavelength for pattern formation (larger
ω) (e.g., more compacted pitting spacing). Note that this negative
rate gradient is solely contributed by a negative gradient of cation
concentration, ∂v

∂s

��
s¼0. In contrast, as shown in equation (17), the

silica concentration gradient tends to stabilize a planar front (leads
to negative ζ). For fixed concentrations of dissolved species
outside the alteration zone, the necessary condition depends only
on the concentration of the species at the front: ∂u

∂s

��
s¼0� u1 � u0

and ∂v
∂s

��
s¼0� v1 � v0. As shown in Fig. 4b, a high cation

concentration combined with a low SiO2(aq) concentration favors
a morphological instability. As shown in our previous work,21

these concentrations may oscillate with time during material
degradation, and so does the wavelength of the front. In
constructing Fig. 4b, due to the existence of dual time scales as
discussed below, we assume that the steady state concentrations
can be approximated linearly across the alteration zone (Fig. 3).

Interactions of morphological instability with oscillatory
dissolution
In scaling equations (2) through (13), we constrain a typical time
scale (T) for morphological instability of a dissolution front such
that a significant growth of a perturbation to the front would be
observable [see equation (14) and Methods]. By a similar
argument, to observe a significant variation in a dissolved
concentration, from equations (19) through (20), the relevant
time scale must be chosen to be ~2ϵT (=2L/k) (see details in
Methods), which represents a typical time scale for repetitive
banding in alteration products Since ϵ is small (10−4 to 10−2) as
discussed above, to simplify mathematical manipulations, as a first
order approximation, the concentrations of dissolved silica and
cations at a dissolution front, u0 and v0, in equations (19) and (20)
can be treated as steady state variables in the analysis of
morphological instability, i.e., ϵ ! 0. As shown previously,21 these
concentrations can oscillate with time, leading to repetitive
bandings in alteration products as generally observed.25 Since
the morphological instability depends on u0 and v0 as the
concentrations oscillate at the dissolution front, the wavelength of
morphological instability of the front would also oscillate.
As mentioned earlier, in an actual system, a dissolution front is

constantly subjected to environmental perturbations. The onset of
morphological instability can start at any time once the conditions
for the instability are met. A stagnant solution condition, a high
cation content in glass and the formation of a lower permeability
alteration layer would all promote morphological instability of a
glass dissolution front by enhancing the negative cation
concentration gradient at the front. Under certain conditions,
the onset of morphological instability could happen at an early
time, even at time zero probably, of a dissolution process. Whether
a perturbation can develop into an observable wavy front
depends the relative rates of perturbation growth and dissolution
front advancement. Let’s denote the maximum growth rate of
perturbation by ζmax, i.e., ζmax= ζ(ωmax). By trying different
combinations of dissolved SiO2 and cation concentrations (u0,
v0) at a planar dissolution front, we found that ζmax could vary up
to ~150 (Fig. 4a). A typical time scale for perturbation growth is
estimated more accurately to be T=ζmax ¼ T 0=ð2ζmaxϵÞ, where T' is
a typical time scale for oscillatory dissolution and banding [see Eq.
(37) in Methods]. Given ϵ= 10−4–10−2, we postulate that the
growth rate of a morphological perturbation could be small
compared to the dissolution front advancement but, in some
cases, it can become comparable with the later. For illustration,
assume that the morphological instability started at time zero of
the dissolution for the sample shown in Fig. 1a. As the dissolution
front advanced, the perturbation of morphological instability
became amplified and developed into a wavy front as we see now
in the figure. As shown in the figure, over 55 days, an alteration
rim of ~660 μm thick was developed. The corrosion rate is thus
estimated to be ~11 μm/day, which is high as compared to the
initial rate of the international simple glass generally reported
(~1.5 μm/day, ref.36). This high rate could be attributed to a local
accumulation of the cations released from glass dissolution as our
model suggests. Given the amplitude of the wavy front
(50–100 μm) (Fig. 1a), we estimate the growth rate of morpholo-
gical instability to be approximately 1 μm/day, 10 times slower
than the rate of dissolution front advancement, which seems
consistent with our theoretical estimation.
Consequently, there are four possibilities for the interactions of

morphological instability with oscillatory dissolution and therefore
for pattern formations. In case 1, the growth of morphological
perturbations is much slower than dissolution front advancement
or the aqueous species concentrations oscillate within a
morphologically stable field (Fig. 5a). In this case, only repetitive
planar bandings are produced in the alteration zone. In case 2, the
growth rate of morphological perturbations is comparable with

Fig. 4 Linear stability analysis. a Growth rate of a perturbation to a
planar dissolution surface as a function of perturbation wave
number ω (=2πL/wavelength). A positive growth rate of a
perturbation implies that the perturbation would be amplified and
the dissolution front then becomes unstable. The wave number
ωmax with a maximum growth rate determines the wave length of
an actual pattern formed. u0 ¼ 0:1, v0 ¼ 8 (ref.21), γ= 10−4 (see the
discussion in the text), αs= 0.05, αc= 0.33, θ= 1, η= 2, β= 2, and m
= 2 (ref.21). b Behavior diagram delineating morphological instability
in the parameter space of scaled silica and cation concentrations u0
and v0. A high cation concentration combined with a low SiO2(aq)
concentration favors morphological instability. For simplicity, the
concentrations outside the corrosion product layer are here
assumed to be zero
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the rate of dissolution front advancement and the concentration
oscillations excursion into a morphologically unstable field with
narrowly ranged wavelengths, resulting in a set of coherent wavy
bands (Figs. 1b and 5b). On a view plane parallel to the dissolution
front, these wavy bandings can be expressed as concentric growth
rings (ref.23, fig. 7b; fig. 5b, insert). Obviously, the concentric bands
formed as such would not follow a banding spacing law for typical
Liesegang rings as observed.25 In case 3, the growth rate of
morphological perturbations is comparable with the rate of
dissolution front advancement and the concentration oscillations
cross over a morphologically unstable field with a wide range of
wavelengths, leading to a set of incoherent alteration bands (Fig.
5c). The structure within each band could be relatively messy or
chaotic, due to a successive juxtaposition of incremental alteration
layers with distinct wavelengths (Figs. 1c, d). Finally, since
oscillatory dissolution occurs in a limited parameter space (ref.21,

fig. 4), in case 4, a dissolution front may be morphologically
unstable but not oscillatory, which would lead to a pattern with no
banding but a wavy dissolution front (Fig. 5d), as shown in Fig. 1a,
if the growth rate of morphological perturbations is comparable
with the rate of dissolution front advancement. Depending on the
initial and boundary conditions imposed, material dissolution can
shift from one regime to another as the dissolution proceeds. For
example, as we have shown in our earlier work,21 at the beginning
of the dissolution, no alteration zone is developed and the
dissolution process is overwhelmed by diffusion, resulting in a
plain alteration zone with no oscillations. As the alteration zone
builds up, the dissolution rate becomes comparable with the
diffusion rate, and oscillatory dissolution emerges (ref.21, fig. 4A).
Since, as mentioned earlier, morphological instability could
happen at an early time of a dissolution process. As a result, we
would see a transition from a wavy dissolution front with no

Fig. 5 Interactions of morphological instability with oscillatory dissolution of silicate materials. a Formation of coherent wavy bands in a case
where the growth of morphological perturbations is much slower than dissolution front advancement or the aqueous species concentrations
oscillate within a morphologically stable field. b Formation of coherent wavy bands in a case where the growth rate of morphological
perturbations is comparable with the rate of dissolution front advancement and the concentration oscillations excursion into a
morphologically unstable field with narrowly ranged wavelengths. c Formation of incoherent alteration bands in a case where the growth rate
of morphological perturbations is comparable with the rate of dissolution front advancement and the concentration oscillations cross over a
morphologically unstable field with a wide range of wavelengths. d Formation of a pattern with no banding but a wavy dissolution front in a
case where a dissolution front may be morphologically unstable but not oscillatory
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banding to a wavy front with bandings, as shown in Fig. 1b. Since
both solution chemistry and mineral precipitation rate vary at a
dissolution front, the patterns formed in an alteration zone can be
expressed as either chemical or structural contrasts.23,25,35 There-
fore, the self-accelerating mechanism we proposed can provide a
systematical prediction of a whole suite of pattern formations
observed in silicate material degradation23–25,37 (Fig. 1).

DISCUSSIONS
In silicate glass dissolution experiments, a gap up to 50 μm wide
was observed between an alteration zone and a neighboring
pristine glass, which was interpreted as an indicator of a former
atomically sharp reaction interface.23 The development of this gap
could potentially affect the concentration gradients of dissolved
species at the dissolution front. Let’s consider the cation
concentration gradient, the main driving force for the morpho-
logical instability of a silicate material dissolution front. Based on a
mass-continuity argument (i.e., the flux remaining the same in the
existence of a gap or no gap), we have:

∂v
∂s

��
s¼0

	 

gap

∂v
∂s

��
s¼0

	 

no gap

¼ DcðϕÞ
D0
c

� ϕ2 (18)

where D0
c is the diffusion coefficient of cations in bulk water, and ϕ

is the porosity of the alteration products. It is assumed that the
tortuosity of the alteration products to be ~1/ϕ (ref.38). Assuming
ϕ= 0.1, Equation (18) shows that the concentration gradient of
cations at the front could be reduced by 100 times if a gap is
present, implying that its presence would significantly enhance
the stability of the front, consistent with experimental observa-
tions.23 Backscattered electron images show that such gaps were
developed in the alteration of borosilicate glasses, and the
repetitive alteration bands become less wavy from the outer rim
of the alteration zone to the dissolution surface.23

The work presented here highlights the importance of local
solution chemistry in the alteration of geological materials.39

Water at a reaction front is generally stagnant and its chemistry
could significantly deviate from that of advective pore water.
Using the chemistry of advective pore water to predict a
weathering rate, as usually done, may significantly underestimate
or overestimate the reaction rate. The fast carbon sequestration
rate observed in the injection of CO2 into a basaltic rock5 may
possibly be attributed to the accelerated silicate dissolution due to
a local cation accumulation at a dissolution front. Furthermore,
reactive surface area of a geological material is an important, but
the least constrained, parameter for geochemical modeling. The
morphological instability discussed above may add another level
of complexity to the quantification of reactive surface area in
actual geochemical systems. Due to the morphological instability,
the reactive surface area may increase as the reaction proceeds.
This is an important factor that needs to be considered in a long-
term performance assessment of a silicate material as a waste
form for nuclear waste disposal. Depending on experimental
conditions, in principle, a local concentration variation could
propagate through the alteration layer and therefore could be
detected in the bulk solution outside the alteration layer, though
the magnitude of the variation in the bulk solution could be much
smaller than that at the dissolution front. As a matter of fact,
temporal concentration oscillations were observed in the bulk
solution in silicate mineral dissolution experiments.40

In addition, the proposed morphological instability may offer a
sensible explanation for many other textural observations of
material degradation in both natural and engineered systems. It is
commonly observed that a chemical weathering front can deeply
pit into a silicate mineral grain, such as a feldspar crystal, during
mineral alteration.41,42 Similarly, a hemispherical-shape alteration

front was observed deeply penetrating into a pristine glass
domain.24 Such textures could be a manifestation of the proposed
morphological instability—a localized concentration of cations
released from an alteration reaction would further accelerate the
reaction. Traditionally, pitting on a mineral surface has been
attributed to the preferential dissolution on structural defects.43 A
problem with this assumption is that the observed reaction front
pitting and penetration are generally beyond a typical spatial
correlation scale of mineral structural defects. It is particularly
problematic for silicate glasses in which no long-range structural
correlation exists but there are still μm-scale pits developed on a
dissolution surface (ref.23, fig. 5). Therefore, there must be other
mechanism in driving mineral dissolution and pitting. Our work
suggests that structural defects may play a role as an initial
perturbation to a dissolution front but a long-range pitting or a
localized reaction front penetration is likely to be driven by the
proposed morphological instability. Furthermore, it would be
expected that a glass with a higher cation content is more likely to
have pitting dissolution. In contrast, since release of borate would
counter the pH rise by cations, a glass containing a borate
component may stabilize a dissolution front, thus reducing the
likelihood for pitting. Therefore, the advancement rate and the
morphology of a dissolution front could be engineeringly
controlled, if needed, by adjusting glass compositions.
As mentioned earlier, there are two schools of thought on the

actual mechanism of silicate material degradation: the surface
layer concept12–14 and the direct dissolution-precipitation con-
cept.17–20 The work presented here is not intended to make a
judgement one vs. another on the two proposed concepts. As a
matter of fact, our model seems general enough to apply to both
situations. The point we want to make here is that the complex
behaviors observed in silicate material degradation, including the
occurrence of a sharp dissolution front or a leached surface layer,
are likely to be the manifestations of a single unified mechanism
under different circumstances. We have shown that the self-
accelerating mechanism we have proposed can provide a
consistent explanation for many, if not all, of the key features of
the observed silicate material corrosion phenomena. We would
also like to point out that the model analysis presented here,
together with our earlier work,21 is intended to set up a theoretical
framework for unraveling complex nonlinear dynamics of silicate
material degradation. A full dynamics analysis of the system
requires a numerical solution of equations (2) through (13), with a
specified evolution of alteration layer thickness L, on two different
time scales for banding and morphological instability. While a
linear stability analysis presented here helps clarify the types of
dissolution patterns that would form and the conditions for their
formation, a full dynamics analysis will provide more detail
information about a possible transition from one dissolution
pattern to another in a specific dissolution experiment or process.
The results of a full dynamics analysis of our model will be
presented elsewhere.

METHODS
Scaling
Using scaling factors introduced in equations (14), equations (2) through
(13) can be cast into:
Within f(y, τ) < x < 1:

ϵθ
∂u
∂τ

¼ ∇2u (19)

ϵθσ
∂v
∂τ

¼ ∇2v (20)
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At x= f(y, τ):

αsθr ¼ �∇
*
u � n* (21)

αcθηr ¼ �∇
*
v � n* (22)

r ¼ 1þ βvmð Þ 1þ γκ � uð Þ (23)

r ¼ ð1þ βvmÞð1� uÞ (24)

κ ¼ � ∂2f
∂y2

= 1þ ∂f
∂y

� �2
" #3=2

(25)

n
* ¼ 1;� ∂f

∂y

� �T

= 1þ ∂f
∂y

� �2
" #1=2

(26)

∂f
∂τ

¼ r � r 1þ ∂f
∂y

� �2
" #1=2

(27)

At x= 1:

u ¼ u1 v ¼ v1 : (28)

Repetitive banding: planar-front solution
For a planar dissolution front (f= 0), equations (19) through (28) are
reduced to:

ϵθ
∂u
∂τ

¼ ∂2u
∂x2

(29)

ϵθσ
∂v
∂τ

¼ ∂2v
∂x2

(30)

at x= 0:

αsθr ¼ � ∂u
∂x

(31)

αcθηr ¼ � ∂v
∂x

(32)

r ¼ 1þ βvmð Þ 1� uð Þ (33)

at x= 1:

u ¼ u1 and v ¼ v1: (34)

where u, v and r are the u, v, and r referred to the planar front. By
integrating equations (29) and (30) over the alteration layer and assuming
the concentrations of dissolved silica and cations can be approximated
linearly within the alteration product layer (0 ≤ x ≤ 1) (ref.31), we obtain:

θ
du0
dτ0 ¼ αsθ 1þ βvm0

� �ð1� u0Þ þ u1 � u0 (35)

θσ
dv0
dτ0 ¼ αsθ 1þ βvm0

� �ð1� u0Þ þ v1 � v0 (36)

where

τ0 ¼ t=T 0 and T 0 ¼ 2ϵT ¼ 2L=k (37)

and u0 and v0 represent the u and v evaluated at the front. The new time
scale (T′) is chosen such that a significant variation in a dissolved
concentration can be observed. As shown in reference,21 equations (35)
and (36) can have oscillatory solutions, which are postulated to be
responsible for the formation of repetitive bands of alteration products.
Therefore, T' is the time scale for material dissolution and banding.

Linearization
Let ϵ ! 0, and also make a coordinate transformation of s= x−f(y, τ).
Equations (19) to (28) can then be linearized by introducing a perturbation
around a steady state planar solution (u, v, r)31:

u ¼ uþ δu v ¼ v þ δv f ¼ δf r ¼ r þ δr κ ¼ δκ (38)

We obtain the following linearized equations:

Within 0 < s < 1:

∂2δu
∂s2

þ ∂2δu
∂y2

� ∂u
∂s

∂2δf
∂y2

¼ 0 (39)

∂2δv
∂s2

þ ∂2δv
∂y2

� ∂v
∂s

∂2δf
∂y2

¼ 0 (40)

At s= 0:

δr ¼ � 1þ βvm0
� �

γ
∂2δf
∂y2

þ δu

� �
þmβvm�1

0 ð1� u0Þδv (41)

αsθδr ¼ � ∂δu
∂s

(42)

αsθηδr ¼ � ∂δv
∂s

(43)

∂δf
∂τ

¼ �δr (44)

At s= 1:

δu ¼ ∂u
∂s δf δv ¼ ∂v

∂s δf (45)

where u0 and v0 are the steady state dissolved SiO2 and cation
concentrations at a planar dissolution front.
Here we do not solve the steady state concentrations directly for a

planar front. As discussed above (see a detail treatment in ref.31), due to
the existence of dual time scales, the concentrations calculated from the
earlier model for oscillatory dissolution21 can be treated as the steady state
concentrations for the morphological instability analysis. For simplicity, we
further assume that the steady state concentrations can be approximated
linearly across the alteration zone (Fig. 3).

Dispersion equation
Assume that the linearized equations have a solution in the form of:

δu¼ ûðsÞeζτcosðωyÞ
δv ¼ v̂ðsÞeζτcosðωyÞ
δf ¼ f̂ eζτcosðωyÞ
δr ¼ r̂eζτcosðωyÞ

(46)

where ûðsÞ, v̂ðsÞ, f̂ and r̂ are the infinitesimal amplitudes of perturbations
δu, δv, δf , and δr and independent of y and τ. f̂ and r̂ are also independent
of s. We now have:
Within 0 < s < 1:

d2û
ds2

� ω2ûþ ω2 ∂u
∂s

f̂ ¼ 0 (47)

d2v̂
ds2

� ω2v̂ þ ω2 ∂v
∂s

f̂ ¼ 0 (48)

At s= 0:

r̂ ¼ � 1þ βvm0
� � �γω2 f̂ þ û

	 

þmβvm�1

0 ð1� u0Þv̂ (49)

αsθr̂ ¼ � dû
ds

(50)

αsθηr̂ ¼ � dv̂
ds

(51)

ζ f̂ ¼ �r̂ (52)

At s= 1:

û ¼ ∂u
∂s f̂ v̂ ¼ ∂v

∂s f̂ (53)

Equations (47 and 48) have a solution in the form of:

û sð Þ ¼ d11e
ωs þ d12e

�ωs þ ∂u
∂s

f̂ (54)

v̂ sð Þ ¼ d21e
ωs þ d22e

�ωs þ ∂v
∂s

f̂ (55)

where dij is a constant. Inserting equations (54–55) into the boundary
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conditions (49–53), we obtain a linear set of equations with respect to û 0ð Þ,
v̂ 0ð Þ and:

û 0ð Þ � αsθζ e2ω � 1ð Þ
ω e2ω þ 1ð Þ þ ∂u

∂s

����
s¼0

� �
f̂ ¼ 0 (56)

v̂ 0ð Þ � αsθζ e2ω � 1ð Þ
ω e2ω þ 1ð Þ þ ∂v

∂s

����
s¼0

� �
f̂ ¼ 0 (57)

ζ f̂ � 1þ βvm0
� � �γω2 f̂ þ û

	 

þmβvm�1

0 1� u0ð Þv̂ ¼ 0 (58)

For equations (56–58) to have a nontrivial solution, the determinant of
the coefficient matrix must be zero:

1 0 � αsθζ e2ω�1ð Þ
ω e2ω�1ð Þ � ∂u

∂s

��
s¼0

0 1 � αsθζ e2ω�1ð Þ
ω e2ω�1ð Þ � ∂v

∂s

��
s¼0

� 1þ βvm0
� �

mβvm�1
0 1� u0ð Þ ζ þ γω2 1þ βvm0

� �

��������

��������
¼ 0 (59)

From equation (59), we obtain:

ζ ¼ ω3γ∂r
∂u

��
s¼0�ωdr

ds

��
s¼0

ωþ αcθη
e2ω�1
e2ωþ1

∂r
∂v

��
s¼0þαsθ

e2ω�1
e2ωþ1

∂r
∂u

��
s¼0

(60)

A planar front corresponds to ω= 0. To observe a morphological
instability, the wavelength of a wavy front must be smaller than the typical
scale of a system, that is, 2πω <1. Since ω > 2π, e

2ω�1
e2ωþ1 � 1, and we then obtain

equation (16).
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