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Quantum noise and its evasion in feedback
oscillators

Hudson A. Loughlin 1 & Vivishek Sudhir1,2

Feedback oscillators, consisting of an amplifier whose output is partially fed
back to its input, provide stable references for standardization and synchro-
nization. Notably, the laser is such an oscillator whose performance can be
limited by quantum fluctuations. The resulting frequency instability, quanti-
fied by the Schawlow-Townes formula, sets a limit to laser linewidth. Here, we
show that the Schawlow-Townes formula applies universally to feedback
oscillators beyond lasers. This is because it arises from quantum noise added
by the amplifier and out-coupler in the feedback loop. Tracing the precise
origin of quantum noise in an oscillator informs techniques to systematically
evade it: we show how squeezing and entanglement can enable sub-Schawlow-
Townes linewidth feedback oscillators. Our analysis clarifies the quantum
limits to the stability of feedback oscillators in general, derives a standard
quantum limit (SQL) for all such devices, and quantifies the efficacy of quan-
tum strategies in realizing sub-SQL oscillators.

Feedback oscillators1–3 suffuse the modern world, and their stability4,5

demarcates what is possible in every conceivable enterprise. Fre-
quency fluctuations of oscillators limit measurements of distance—
using a radar6, lidar7, or for gravitational-wave detection8–10—and of
time using optical atomic clocks11. The performance of information
processors—classical12–14 or quantum15,16—and communication
systems17–19 are also limited by the stability of their clocks. So is our
sensitivity to new physics—at low energy20 or using high-energy
colliders21; and of our planet22,23, or the universe24,25. Even modern
economic practice is beholden to the ticks of a clock26.

A paradigmatic example of a feedback oscillator whose stability is
well understood is the laser27,28. Its frequency noise is given by the
(modified) Schawlow-Townes (ST) formula29–33,
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for the symmetrized double-sided spectrum of the frequency
deviation _φ from the oscillator’s nominal output frequency Ω0.
Here, P0 = ℏΩ0∣α∣2 is the oscillator’s mean output power and α is the
amplitude of the mean photon flux. In a laser, the feedback element
is a cavity, whose round-trip time is τ, average thermal occupation is

nth = expð_Ω0=kBTÞ � 1
� ��1, and light is out-coupled through amirror

with power reflectivity η, equivalent to the cavity linewidth
κ = τ�1 ln η. The Schawlow-Townes formula is more commonly
specified as a linewidth instead of a spectral density. The full-
width-at-half-maximum linewidth Γ of a signal with flat frequency
noise spectrum is34, Γ= �S _φ _φ=ð2πÞ; so the linewidth corresponding to
eq. (1) is
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We henceforth confine attention to the performance of quantum-
noise-limited oscillators, corresponding to the case nth = 0 (we also
neglect corrections known to arise from the coupling of temporal and/
or spatial modes35).

In this work, we show that the Schawlow-Townes limit applies to a
much larger class of feedbackoscillators: those that are constructedby
positive feedback of the output of a broadband amplifier. In doing so,
we precisely identify the origin of the ST limit, extend the well-known
theory of quantum noise in amplifiers36,37 to oscillators, and establish a
bridge between the classical electronic theory of feedback oscillators
and the quantum electronics of a laser. Based on these insights, we
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then consider methods of evading the ST bound by manipulating the
oscillators’quantum states.We find that squeezing, entanglement, and
phase-sensitive amplification in feedback oscillators allow us to
achieve stability beyond the Schawlow-Townes limit, providing a new
avenue toward realizing ultra-stable oscillators.

Results
Quantum feedback oscillators
We consider, in Fig. 1A, the simplest configuration of a feedback
oscillator consistent with the laws of quantum physics: a phase-
insensitive amplifier with linear gainG embedded in a feedback loop of
time delay τ, whose output, because of the no-cloning theorem38, is
extracted from the loop using a beam-splitter. Clearly, the mode â0

adds quantum noise at the out-coupler.
In the absence of the feedback loop, the observation of Haus-

Caves36,37 is that the classical input-output relation hâ�
outi=G âin

� �
,

cannot be promoted to the relation between operators
â�
outðtÞ=GâinðtÞ, since that is inconsistent with the commutation rela-

tions (here i, j∈ {in, out})

½âiðtÞ,ây
j ðt0Þ�= δðt � t0Þδij : ð3Þ

Consistency can be achieved bymodifying the input-output relation to

â�
outðtÞ=GâinðtÞ+

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G2 � 1

p
ây
GðtÞ, ð4Þ

where the ancillary mode âG is such that ½âGðtÞ,ây
Gðt0Þ�= δðt � t0Þ and

hâGðtÞi =0. Physically, it conveys unavoidable noise added by the
amplifier’s internal degrees of freedom32,39.

These observations do not apply when the feedback loop is
closed. First, positive feedback will lead to a large mean field at the
input of the amplifier, whichwill saturate its output due to the intrinsic
nonlinearity of the amplifier. Note that nonlinearity in the response is a
fundamental requirement of any physical amplifier since its gain arises
from an external source whose energy density has to be finite; it is
precisely this nonlinearity that will determine the amplitude of the
oscillating outputfield (as discussedbelow). Second, the commutation
relations in eq. (3) only apply to freely propagating fields, not those
inside a feedback loop40,41. We will now resolve these issues and show
that a proper account of the saturation behavior leads to the threshold
condition for oscillation: “gain = loss”, while a proper imposition of the

commutation relation gives the correct quantum noise of the
oscillator.

Saturation, steady-state, and linear gain
Thenonlinear input-output behavior of the (memoryless) amplifier can
be cast as

α�
outðtÞ=AðαinðtÞÞ, ð5Þ

where, αi = âi

� �
(i∈ {in, out}) is the mean amplitude, and Að�Þ is the

nonlinear gain function which we postulate has the following proper-
ties: (1)Að�xÞ= �AðxÞ, i.e., the amplifier is symmetric and bipolar; (2)
dA
dx >0 8 x, i.e., the amplifier’s output is a monotonically increasing
function of its input; (3) Aðx ! 0Þ ! G0x for some G0 > 1=

ffiffiffi
η

p
, i.e.,

there exists a “small signal” regime of linear gainG0, such that this gain
is larger than the loss via the out-coupler, parametrized by

ffiffiffi
η

p
; and, (4)

d2A
dx2 < 0, i.e., the instantaneous gain, dAdx , is a monotonically decreasing
function of the amplifier’s input. (The weaker condition that d2A

dx2 <0 at
the smallest value of x for which dA

dx = 1=
ffiffiffi
η

p
is sufficient to ensure sta-

bility against infinitesimal perturbations; condition (4) ensures stabi-
lity against finite perturbations, see “Methods” subsection “Saturating
behavior of phase-insensitive feedback oscillators and classical
steady state”).

The output of the amplifier α�
outðtÞ propagates through the feed-

back loop and appears as

αinðtÞ= � ffiffiffi
η

p
α�
outðt � τÞ+

ffiffiffiffiffiffiffiffiffiffiffi
1� η

p
α0ðt � τÞ ð6Þ

at the input of the amplifier. The classical, nonlinear, input-output
relations, eqs. (5) and (6), together with the postulates of the nonlinear
gain, A, suffice to determine the oscillator’s classical steady-state. As
discussed in detail in “Methods”, the oscillatorwill begin at an unstable
equilibrium point with zero output field amplitude. Any perturbation,
such as noise, will then kick the oscillator away from the unstable
equilibrium and initiate oscillations, just as in a laser42. Small signal
analysis shows that this oscillatory state is stable if the in-loop field
amplitude, αss, satisfies

jA½αss�j=αss=
ffiffiffi
η

p
: ð7Þ

The corresponding output, α =
ffiffiffi
η

p
αss, determines the oscillator’s

amplitude and serves as the phase reference for quantum fluctuations

Fig. 1 | Physical and abstracted feedback oscillators. A shows a minimal abstract
representation of oscillators based on phase-insensitive amplifiers, where the
amplifier output is fed back with a unitary element, here modeled by a beam-
splitter. Physical examples of such oscillators include lasers and phase-shift oscil-
lators. B shows a similar abstraction for the phase-sensitive case where the output
of a phase-sensitive amplifier (dashed rectangle, composed of a phase-insensitive
amplifier followed by an ideal squeezer) is fed back. Physical examples of phase-

sensitive oscillators include optical parametric oscillators (OPOs) and Josephson
parametric oscillators (JPOs). C is a phase-space diagram showing a sketch of the
carrier field (red) and vacuum fluctuations (orange) in the two quadratures q̂,p̂.
These fluctuations cause the oscillators' amplitude and phase to fluctuate.D shows
a frequency-domain picture of the carrier (red) that is selectively amplified by the
overlapping gain profiles of the in-loop amplifier (black) and the resonant harmo-
nics of the feedback loop (gray).
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which will be discussed throughout this paper. The linear gain of the
amplifier in this steady state is (see “Methods” subsection “Saturating
behavior of phase-insensitive feedback oscillators and classical steady
state”)

G � lim
t!+1

α�
outðtÞ=αinðtÞ= 1=

ffiffiffi
η

p
: ð8Þ

This equation has the form “gain = loss” and defines the linear gain seen
by thequantumfluctuations that rideon topof the classical steady-state.

Quantum fluctuations
Around the steady state, the (Heisenberg-picture) operators repre-
senting the quantum fluctuations satisfy the set of linear equations:

â�
out½Ω� =G âin½Ω�+

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G2 � 1

p
ây
G½Ω�

â +
out½Ω� = � ffiffiffi

η
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ffiffiffiffiffiffiffiffiffiffiffi
1� η

p
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âout½Ω� =
ffiffiffiffiffiffiffiffiffiffiffi
1� η

p
â�
out½Ω�+ ffiffiffi

η
p

â0½Ω�
âin½Ω� = eiΩτ â+

out½Ω�,

ð9Þ

which we express in terms of their Fourier transforms. Here G is the
linear gain of the amplifier, the ancillary mode âG describes the una-
voidable noise associated with amplification, and the last equation is
the Fourier transform of the time-domain relation, â�

inðtÞ= â+
outðt � τÞ,

expressing the delay in the feedback path. Note that we take the
amplifier’s gain to be frequency-independent for frequencies compar-
able to the inverse delay of the loop.

The quantum statistics of the ancillary mode, âG, in closed-loop
operation (i.e., 0 < η < 1) need not coincide with those in open-loop
operation (η = 0)36,37,43. In the closed-loop configuration, since the
ancillary mode is not freely propagating, it need not satisfy the com-
mutation relations (the Fourier transform analog of eq. (3))

½âi½Ω�,ây
j ½Ω0��=2π � δ½Ω+Ω0�δij : ð10Þ

of a freely propagating field40,41. However, the fields in-coupled
and out-coupled from the oscillator, â0 and âout, are freely
propagating and must obey eq. (10). To enforce this constraint,
we solve eq. (9) expressing the output in terms of the in-coupled
and ancillary fields:

âout½Ω�=H0½Ω�â0½Ω�+HG½Ω�ây
G½Ω�, ð11Þ

where the transfer functions are

H0½Ω�=
ffiffiffi
η

p
+ eiΩτ=

ffiffiffi
η

p
1 + eiΩτ

, HG½Ω�= 1=
ffiffiffi
η

p � ffiffiffi
η

p
1 + eiΩτ

: ð12Þ

Here we have assumed steady-state operation in which [eq. (8)]
G
ffiffiffi
η

p
= 1. Insisting that âout and â0 satisfy eq. (10), forces the ancillary

mode to satisfy

½âG½Ω�,ây
G½Ω0��= jH0½Ω�j2 � 1

jHG½Ω�j2 2π � δ½Ω+Ω0�

=2π � δ½Ω+Ω0�,
ð13Þ

where we have used the fact that ∣H0[Ω]∣2 − ∣HG[Ω]∣2 = 1. Thus, although
âG is not freely propagating, it obeys the usual canonical commutation
relation.

Output spectrum and Schawlow-Townes formula
Our interest is in the amplitude and phase quadratures of the output
field. For an arbitrary field âi, these are defined by q̂i = ðây

i + âiÞ=
ffiffiffi
2

p
and

p̂i = iðây
i � âiÞ=

ffiffiffi
2

p
. Equation (11) can then be written as

q̂out½Ω�=H0½Ω�q̂0½Ω�+HG½Ω�q̂G½Ω�
p̂out½Ω�=H0½Ω�p̂0½Ω� � HG½Ω�p̂G½Ω� ð14Þ

Assuming that the in-coupled and ancillary modes are in uncorrelated
vacuum states, i.e., �S

0
qq = �S

0
pp = �S

G
qq = �S

G
pp =

1
2 and all cross-spectra are

identically zero [SupplementaryNote I], the output quadrature spectra
are �S

out
qq ½Ω�= �S

out
pp ½Ω�= 1

2 ðjH2
0½Ω�j+ jH2

G½Ω�jÞ. Using the explicit forms of
the transfer functions [eq. (12)]

�S
out
qq ½Ω�= �Soutpp ½Ω�= ð ffiffiffi

η
p � 1=

ffiffiffi
η

p Þ2
4cos2ðΩτ=2Þ +

1
2
: ð15Þ

The frequencies Ωn≔ (2n + 1)π/τ (for some integer n) at which
these spectra are singular are the poles of the transfer functions
H0,HG, and are therefore the frequencies of steady-state oscilla-
tions of the closed loop. Physically, they correspond to con-
structive interference after subsequent traversals of the feedback
loop. In a practical oscillator, the gain G[Ω] is typically engineered
to sustain only one steady state at, say, frequency Ω0 as in Fig. 1D.
Then the output field has a single carrier of amplitude α =

ffiffiffi
η

p
αss

that leaks out of the loop. The abovementioned quadratures then
represent fluctuations around this carrier. Defining a frequency
offset ω from the carrier, i.e., Ω =Ω0 + ω where ωτ≪ 1, the phase
quadrature spectrum in eq. (15) assumes the approximate form

�S
out
pp ½Ω0 +ω�≈

ð ffiffiffi
η

p � 1=
ffiffiffi
η

p Þ2
ðωτÞ2

+
1
2
: ð16Þ

The first term is the near-carrier Lorentzian-shaped vacuum noise of
the oscillator’s output while the second term is the away-from-carrier
white vacuum noise.

As it happens, the near-carrier noise described by the first term
in eq. (16) is equivalent to the Schawlow-Townes formula. To see this,
we describe the phase fluctuation of the output field by
the operator43,44, φ̂≈ p̂out=ð

ffiffiffi
2

p
jαjÞ. (Note that it is the large photon

flux of the output field ∣α∣2 that in this instance circumvents the
technical difficulties in constructing a hermitian phase operator45,46).
Thus the frequency spectrum of the output around the carrier
is �S _φ _φ½Ω0 +ω�=ω2�Sφφ½Ω0 +ω�= ðω2=2jαj2Þ�Soutpp ½Ω0 +ω�. Using eq. (16),

Fig. 2 | Phasenoise of feedbackoscillator.The output phase quadrature spectrum
of a feedback oscillator with a phase-insensitive in-loop amplifier is well approxi-
mated near the carrier by a second-order pole, producing a Lorentzian line shape.
Red shows the Schawlow-Townes component of the line shape near the carrier,
while green shows the full prediction [eq. (16)] including thewhite vacuumnoise far
from carrier (gray line).
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this is

�S
ST
_φ _φ½Ω0 +ω�≈

ð ffiffiffi
η

p � 1=
ffiffiffi
η

p Þ2
2τ2jαj2 +

ðωτÞ2
4τ2jαj2 ≈

ð1� ηÞ2
2τ2jαj2 :

ð17Þ

Here we have omitted the second term, which arises from the
frequency-independent vacuum noise “12” in eq. (16), and is negligible
close to the carrier. The resulting expression is the Schawlow-Townes
formula in its regime of applicability (a laser with a highly reflective
out-coupler, i.e., η ≈ 1, in which case eqs. (17) and (1) agree to
O½ð1� ηÞ3�). Figure 2 compares a quantum noise-limited oscillator’s
exact output phase spectrum to the Schawlow-Townes formula.
Clearly, the Schawlow-Townes formula for a quantum-limited feed-
back oscillator, which we henceforth take to be eq. (17), arises from
quantum vacuum noises added by the in-loop amplifier and the out-
coupler.

Standard quantum limit for feedback oscillators
We will now derive a trade-off between the phase and amplitude
fluctuations of the output of a feedback oscillator, contextualize the
Schawlow-Townes formula within it, illustrate how squeezed fields can
help evade the Schawlow-Townes limit for the phase at the expense of
increased power fluctuations, and finally, how entangled fields or a
phase-sensitive in-loop amplifier can circumvent the trade-off
altogether.

The output field quadratures satisfy the canonical commutation
relations ½q̂outðtÞ,p̂outðt0Þ�= i δðt � t0Þ. This fact alone implies that (see
Theorem 1 in “Methods”)

�S
out
qq ½Ω��Soutpp ½Ω� ≥ 1

4
; ð18Þ

a Heisenberg uncertainty principle for the spectra of these quad-
ratures. This constraint is independent of the physics of a feedback
oscillator and is thus too lax.

To derive a tighter constraint, we use eq. (14) to relate the output
spectra to the in-coupled and ancillary spectra. For each quadrature
x = {q, p},

�S
out
xx = jH0j2�S

0
xx + jHGj2�S

G
xx ± 2Re H*

0HG
�S
0,G
xx

h i
≥ 2jH0HGj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�S
0
xx
�S
G
xx

q
� j�S0,Gxx j

� �
,

ð19Þ

where we have used the notation �S
0,G
qq � �Sq0qG etc. The inequality fol-

lows from the fact that a+ b≥ 2
ffiffiffiffiffiffi
ab

p
, valid for any a, b ≥ 0, and that −∣z∣

≤ Re(z) ≤ ∣z∣ for any complex number z. In the first line of eq. (19), the
plus sign applies for the amplitude quadrature and the negative sign
for the phase quadrature. However, the inequality applies for both
quadratures. Using eq. (19), wefind that the output quadrature spectra
satisfy the constraint

�S
out
qq

�S
out
pp ≥4jH0HGj2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�S
0
qq
�S
G
qq

q
� j�S0,Gqq j

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�S
0
pp
�S
G
pp

q
� j�S0,Gpp j

� �
, ð20Þ

which applies to all phase-insensitive feedback oscillators.
If we assume the modes â0 and âG are uncorrelated, the cross-

terms �S
0,G
qq and �S

0,G
pp vanish. Because the modes â0 and âG satisfy the

canonical commutation relations, it follows that their quadratures
satisfy the uncertainty principle (see Theorem 1 in “Methods”)
�S
i
qq
�S
i
pp ≥

1
4 for each mode i = {0, G}. Thus eq. (20) reduces to

�S
out
qq

�S
out
pp ≥ jH0HGj2 = jH0j2 jH0j2 � 1

	 

: ð21Þ

This is a state-independent constraint on the fluctuations in the output
field of a feedback oscillator formed by positive feedback of a phase-
insensitive amplifier in the absence of quantum correlations between
its in-coupled and ancillary modes.

We take eq. (21) to be a formof a standard quantum limit (SQL) for
the output of a feedback oscillator ("standard” here meaning the set-
ting where no additional quantum strategies are employed). Around
the carrier, where ∣H0∣≫ 1, eq. (21) is much tighter than the Heisenberg
uncertainty principle in eq. (18). Indeed, the Schawlow-Townes limit is
an instanceof eq. (21). Towit, note that for frequencies near the carrier,
∣H0∣≫ 1, so eq. (21) implies �S

out
qq

�S
out
pp ≳ jH0j4. The Schawlow-Townes limit

is the casewhere this inequality is saturated by an equal partitioning of
fluctuations between the two output quadratures, i.e.,
�S
out,ST
qq ≈ �S

out,ST
pp ≈ jH0j2. Thus, for a feedback oscillator with a linear

amplifier and linear output coupler, as long as themodes â0 and âG are
independent, and the amplifier is phase-insensitive, any attempt to
reduce frequency fluctuations below the Schawlow-Townes limit—by
engineering the out-coupler or ancillary states—will elicit increased
fluctuations in the output power of the oscillator. Any and all of these
assumptions can be relaxed to evade the SQL with varying degrees of
malleability.

Phase-insensitive in-loop amplifier: squeezing and
entanglement
It is apparent that the bound in eq. (20) can be weakened by corre-
lating the modes â0,âG. To explicate this, we focus on the quadrature
fluctuations near the carrier by expressing eq. (14) at the offset fre-
quency Ω0 +ω

q̂out½ω� ≈H0½ω� q̂0½ω� � q̂G½ω�
	 


p̂out½ω� ≈H0½ω� p̂0½ω�+ p̂G½ω�
	 


:
ð22Þ

For brevity, here and henceforth, we writeω in lieu ofΩ0 +ω. Then the
spectrumof the output phase and amplitude quadratures assumes the
general form

�S
out
qq ½ω�= jH0½ω�j2 �S

0
qq½ω�+ �S

G
qq½ω� � 2 Re �S

0,G
qq ½ω�

h i� �
�S
out
pp ½ω�= jH0½ω�j2 �S

0
pp½ω�+ �S

G
pp½ω�+2 Re �S

0,G
pp ½ω�

h i� �
:

ð23Þ

Clearly, squeezing either the in-coupled or ancillary mode can reduce
the noise power in a desired quadrature. Entangling these modes—
resulting in non-zero �S

0,G
qq and �S

0,G
pp —can reduce fluctuations in both

quadratures simultaneously. For illustration, we imagine frequency-
independent single-mode squeezing of the in-coupled mode â0 and
the amplifier’s ancillary mode âG, with squeezing parameters r0 and rG
respectively, followed by two-mode squeezing of themodes â0 and âG

with squeezing parameter rE. (The latter corresponds to continuous-
variable EPR entanglement of the two modes â0 and âG

47). Gaussian
state techniques allow the resulting output spectra to be derived (see
Supplementary Note I for details):

�S
out
qq ½ω�= 1

2
e�rE e2r0 + e2rG

	 

�S
out,ST
qq ½ω�

�S
out
pp ½ω�= 1

2
e�rE e�2r0 + e�2rG

	 

�S
out,ST
pp ½ω�

ð24Þ

By squeezing their phase-quadratures, corresponding to r0, rG >0, we
can suppress the oscillator’s phase quadrature fluctuations—and
therefore the linewidth of the oscillator—below the Schawlow-Townes
limit without bound, at the expense of increasing the oscillator’s
amplitude quadrature fluctuations. By correlating these modes,
corresponding to rE > 0, we can simultaneously reduce the oscillator’s
amplitude and phase quadrature fluctuations below the Schawlow-
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Townes limit. However, the Heisenberg uncertainty relation [eq. (18)]
�S
out
qq

�S
out
pp ≥ 1

4 still holds and represents the limit to which noise in the
output quadratures of a feedback oscillator can be suppressed
simultaneously (see Supplementary Note I for an explicit verification
of this fact for EPR entangled inputs).

These results show that oscillators featuring sub-Schawlow-
Townes phase noise performance are possible with linear (phase-
insensitive) amplifiers and linear out-couplers but with the
injection of squeezed or entangled states into the feedback loop.
Recent work48,49 has shown that sub-Schawlow-Townes perfor-
mance is also achievable with out-couplers that feature a non-
linear response to the fields that impinge it and that such
nonlinear systems need not trade off amplitude stability to realize
enhanced phase stability50,51.

Phase-sensitive in-loop amplifier
An alternative method of reducing the oscillator’s output amplitude
andphase spectra is tomodify the feedback loop itself by replacing the
phase-insensitive amplifier with a phase-sensitive amplifier as depicted
in Fig. 1B. This figure shows a general phase-sensitive amplifier
decomposed (see “Methods” subsection “Decomposing a phase-
sensitive amplifier as a phase-insensitive amplifier and a squeezer”)
into a phase-insensitive amplifier followed by an ideal (i.e., noiseless)
phase-sensitive amplifier with squeezing parameter ξ = rse

iφs . When
the phase-insensitive component has unity-gain, this cascade realizes a
noiseless phase-sensitive amplifier. As before, the nonlinear saturating
response of the phase-insensitive amplifier limits the oscillator’s out-
put; a straightforward extension of the prior analysis shows that this
happens when Gers

ffiffiffi
η

p
= 1, which can be interpreted as a balance

between the phase-sensitive gain (Gers ) and loss in the loop. Linear
response around this steady-state oscillation is described by

â�
out½Ω�= coshðrsÞ âs½Ω�+ eiφs sinhðrsÞ ây

s ½Ω�
âs½Ω�=G âin½Ω�+

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G2 � 1

p
ây
G½Ω�

ð25Þ

to replace the responseof the in-loop amplifier in the phase-insensitive
case [eq. (9)]. Here, as before, â0,âG are the modes conveying noise at
theout-coupler and the in-loopamplifier. The full set of loop equations
can be solved as before, and it can be shown that the imposition of

canonical commutation relations on the in-coupled and outgoing
fields imply that the ancillary mode âG also obeys them (see
Supplementary Note III A for details).

In the extreme case where the in-loop amplifier is purely
phase-sensitive (G = 1 in eq. (25)), i.e., a single-mode squeezer with
no additional noise, the output quadrature spectra are (see Sup-
plementary Note III for this derivation and the more general
phase-sensitive case)

�S
out
qq ½Ω�= 1 +

ð ffiffiffi
η

p � 1=
ffiffiffi
η

p Þ2
4cos2ðΩτ=2Þ

 !
�S
0
qq½ω�

�S
out
pp ½Ω�= 4cos2ðΩτ=2Þ

ð ffiffiffi
η

p � 1=
ffiffiffi
η

p Þ2 + 4cos2ðΩτ=2Þ

 !
�S
0
pp½ω�:

ð26Þ

Since �S
out
qq

�S
out
pp = �S

0
qq
�S
0
pp, the feedback oscillator does not increase the

uncertainty product between the amplitude and phase quadratures
from its input to output. In particular, if the in-coupled field â0 is
vacuum, the oscillator’s output field is aminimal uncertainty squeezed
state around the steady-state oscillating carrier—a bright
squeezed state.

In practice, technical phase noise52 and pump noise in the
squeezer will contaminate its output, precluding the zero phase noise
around the carrier predicted by eq. (26). Note that the predictions of
eq. (26), based on a model of a phase-sensitive amplifier in a feedback
loop, is consistent with a Hamiltonian model of an optical parametric
oscillator (OPO) (see Supplementary Note IV); the latter elucidates the
origin of phase-sensitive amplifier saturation and the conditions
necessary to minimize the effects of pump noise.

Discussion
Figure 3 compares the output phase quadrature spectra of oscillators
with squeezed in-coupled and ancillary modes, squeezed and entan-
gled in-coupled and ancillary modes, and an oscillator with a phase-
sensitive amplifier. As can be seen in the figure, embedding a phase-
sensitive amplifier in the feedback loop suppresses the oscillator’s
phase-quadrature spectrummuch more than is possible by squeezing
or correlating the input modes for a given maximal level of squeezing.
It is worth noting that, unlike squeezing the in-coupled and ancillary
modes, entangling these modes or embedding a phase-sensitive
amplifier in the feedback loop reduces the oscillator’s output phase
noise without increasing amplitude noise.

We have identified the origin of the Schawlow-Townes limit
to the frequency stability of an oscillator in a manner that is
applicable to a wide class of feedback oscillators. In fact, for a
phase-insensitive, quantum-noise-limited oscillator, it is one facet
of a more general SQL for the oscillator’s outgoing field. This SQL
dictates the fundamental trade-off between the frequency and
power fluctuations of a broad class of feedback oscillators.
However, systematic strategies such as injection of squeezed
vacuum, EPR entanglement, and phase-sensitive amplification
offer sufficient room to evade the Schawlow-Townes limit and
thereby realize a qualitatively new class of stable oscillators.

Methods
Spectral densities and their uncertainty principle
For a time-dependent operator (not necessarily hermitian) ÂðtÞ, we
define its Fourier transform as

Â½Ω�=
Z +1

�1
ÂðtÞeiΩt dt, ð27Þ

where Ω 2 R. Note that the Fourier transform of the hermitian con-
jugate, which we denote by Â

y½Ω�, is different from the hermitian
conjugate of the Fourier transform, which we represent by Â½Ω�y; the

Fig. 3 | Phase noise of quantum-enhanced feedback oscillators. Spectra of the
output phase quadrature for four types of quantum noise-limited oscillators. Red
shows the Schawlow-Townes spectrum of an oscillator with phase-insensitive
amplifier and the in-coupled and ancillarymodes in vacuum. Light and darker blues
depict the case where these modes are squeezed (light blue) and entangled (dark
blue) (both with 12 dB of squeezing). Green shows the case where the in-loop
amplifier is purely phase-sensitive. Gray shows �S

out
pp = 1=2 for reference.
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two are related as,

Â
y½Ω�= Â½�Ω�y: ð28Þ

If Â is hermitian, i.e., ÂðtÞy = ÂðtÞ, then

Â
y½Ω�= Â½Ω�: ð29Þ

The inverse of eq. (27) is given by,

ÂðtÞ=
Z +1

�1
Â½Ω�e�iΩt dΩ

2π
: ð30Þ

We define the cross-correlation between the two general (not
necessarily hermitian and not necessarily commuting) operators Â,B̂
by the symmetrized expression,

�SABðtÞ=
1
2

fÂyðtÞ,B̂ð0Þg
D E

:

We will exclusively use the symmetrized double-sided cross-correla-
tion spectrum, defined as the Fourier transform of the symmetrized
cross-correlation:

�SAB½Ω�=
Z 1

�1

1
2

fÂyðtÞ,B̂ð0Þg
D E

eiΩt dt

=
Z 1

�1

1
2

fÂy½Ω�,B̂½Ω0�g
D EdΩ0

2π
,

ð31Þ

where the last equality follows from using the Fourier representation
[eq. (30)] of the time-dependent operators.

For weak-stationary operators, i.e., those that pair-wise satisfy
hÂðtÞB̂ðt0Þi = hÂðt � t0ÞB̂ð0Þi, the spectrum is given by the identity,

�SAB½Ω� � 2πδ½Ω+Ω0�= 1
2

fÂy½Ω�,B̂½Ω0�g
D E

: ð32Þ

Note that in this case, �SAB½Ω�* = �SBA½Ω�.

Lemma 1. The spectrum of a weak-stationary (but not necessarily
hermitian) operator is positive; i.e.,

�SAA½Ω�≥0: ð33Þ

if hÂyðtÞÂðt0Þi= hÂyðt � t0ÞÂð0Þi.

Proof. Since Â is weak-stationary, eq. (32), together with eq. (28),
implies that

�SAA½Ω� � 2πδ½0�= 1
2

fÂ½�Ω�y,Â½�Ω�g
D E

:

Next, we prove the right-hand side is positive. Consider the first term,
which is the expectation of the hermitian operator, Â½�Ω�yÂ½�Ω� over
some state, say ρ̂. Since the general state ρ̂ can be expressed as a
convex combination, ρ̂=

P
ipi ψi

 �
ψi

� , with pi ≥ 0,∑ipi = 1, and
〈ψi∣ψj〉 = δij, the expectation value may be written as,

Â½�Ω�yÂ½�Ω�
D E

= Tr ½Â½�Ω�yÂ½�Ω�ρ̂�
=
X
i

pi ψi

� Â½�Ω�yÂ½�Ω� ψi

 �
=
X
i

pi k Â½�Ω� ψi

 �k2 ≥0:
The same argument applies to the second term. □

Theorem 1. (Uncertainty principle for spectra) For weak-stationary
hermitian operators Â and B̂ that satisfy the commutation relationship
½Â½Ω�,B̂½Ω0��= ic � 2πδ½Ω+Ω0� for some real constant c,

�SAA½Ω��SBB½Ω�≥ c2

4
+ �SAB½Ω�
 2: ð34Þ

Proof. Let fÂjg be a set of weak-stationaryobservables; then their linear
combination, M̂ =

P
jαj Âj with αj 2 C is also weak-stationary. Using the

fact that hM̂½�Ω�yM̂½�Ω�i≥0 as shown in the proof of Lemma 1, we
have

X
j,k

α*
jαk Âj½Ω�Âk ½�Ω�
D E

≥0,

where we have used eq. (29). Splitting Âj ½Ω�Âk ½�Ω� into Hermitian and
anti-Hermitian parts

Âj½Ω�Âk ½�Ω�= 1
2

Âj½Ω�,Âk ½�Ω�
n o

+
1
2

Âj ½Ω�,Âk ½�Ω�
h i

,

the above inequality becomes

X
j,k

α*
jαk

�SAjAk
½Ω�+ �CAjAk

½Ω�
� �

≥0, ð35Þ

where

�CAB½Ω� �
Z 1

�1

1
2

Â
y½Ω�,B̂½Ω�0

h iD EdΩ0

2π
:

Since the inequality in eq. (35) is true for arbitraryαj, it requires that the
eigenvalues of the matrix with elements �SAj ,Ak

½Ω�+ �CAj ,Ak
½Ω� be non-

negative. Specifically, the smallest eigenvalue of this matrix must be
non-negative.

Consider now the case where fÂjg= fÂ,B̂g with
½Â½Ω�,B̂½Ω0��= ic � 2πδ½Ω+Ω0�. Equation (35) then requires

�SAA�SBB � �SAB + �CAB

	 

�SBA + �CBA

	 

≥0:

Simplifying using the fact that �CAB½Ω�= �C
*
BA½Ω�= ic=2 and

�SAB½Ω�= �S
*
BA½Ω�, gives eq. (34). □

Saturating behavior of phase-insensitive feedback oscillators
and classical steady state
Here, we analyze the classical steady-state behavior of the saturating
feedback oscillator shown in Fig. 1A. Classically, the behavior of the
system shown in Fig. 1A is governed in the time domain by

α�
outðtÞ=A½αinðtÞ�

α +
outðtÞ= � ffiffiffi

η
p

α�
outðtÞ+

ffiffiffiffiffiffiffiffiffiffiffi
1� η

p
α0ðtÞ

αoutðtÞ=
ffiffiffiffiffiffiffiffiffiffiffi
1� η

p
α�
outðtÞ+

ffiffiffi
η

p
α0ðtÞ

αinðtÞ=α +
outðt � τÞ:

ð36Þ

where {αi} are classical field amplitudes and A½�� is the amplifier’s
nonlinear response. Equation (36) can be simplified to

α +
outðtÞ= � ffiffiffi

η
p A½α +

outðt � τÞ�+
ffiffiffiffiffiffiffiffiffiffiffi
1� η

p
α0ðt � τÞ ð37Þ

The input α0(t) sources the classical field that circulates in the loop. In
reality, the input represented by α0 is pure noise, in the ideal case, just
vacuum noise.

To analyze how the feedback loop attains a steady state by being
driven purely by noise, we assume that α0 represents infinitesimally
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smallfluctuations. In order tounderstandhow the loop starts, consider
that α0(0) is a small randomvalue and zero for t >0. Let this produce a
small amplitude α +

outð0< t < τÞ= δ. We are primarily interested in the
circulating power rather than phase rotations, so taking themagnitude
square of eq. (37) under these conditions:

jα +
outðtÞj2 = η A½α +

outðt � τÞ�
 2

α +
outð0< t < τÞ= δ:

ð38Þ

That is, if the initial random seed α0(0) produces a steady state
amplitude, it must satisfy

jA½α +
out�j=α +

out=
ffiffiffi
η

p
, ð39Þ

which defines the steady state αss of eq. (7).
The above is only a necessary condition since the question of the

stability of this steady state remains open. We will now show that the
properties of A listed in the “saturation, steady-state, and linear gain”
section suffice to ensure stability. Properties (1), (3), and (4) imply that
A0ðxÞ= dA

dx <
AðxÞ
x 8x. Let α +

outðtÞ=αss + δt where δt is a small perturba-
tion to the steady state value of α +

out at time t. Similarly, let
α +
outðt + τÞ=αss + δτ . Equation (38) then reads

jαss + δτ j2 =ηjA½αss + δt �j2. Expanding to first order in δt, δτ and using
eq. (39) gives

jδτ j=
αssA0½αss �
A½αss�

jδt j

) jδτ j<jδt j
ð40Þ

where we have used the properties of A. Thus, perturbations around
the steady state tend to die over time; i.e., the steady state is stable to
small perturbations.

Similarly, we can show that the operating point where all ampli-
tudes are zero is unstable. That is, any initial fluctuation will drive the
loop to its steady state eq. (39). Now, let α +

outðtÞ= δt and let
α +
outðt + τÞ= δτ where δt and δτ are sufficiently small that property (3) is

satisfied. We have

jδτ j2 =ηjA½δt �j2
) jδτ j=

ffiffiffi
η

p jG0jjδt j
) jδτ j>jδt j:

ð41Þ

Here G0 =A0½0�, the linear slope of the amplifier’s nonlinear response
around zero.

In sum, the loop will reach a steady state with a large circulating
classical field with amplitude αss and a linearized gain of

G � lim
t!+1

α�
outðtÞ
αinðtÞ

=
A½αss�
αss

=
1ffiffiffi
η

p : ð42Þ

We emphasize two key points of this classical analysis of satur-
ating feedback oscillators. First, any small initial fluctuation will be
amplified, eventually reaching a stable equilibrium with a large-

amplitude output field αss circulating in the loop. This oscillating
field is the fundamental feature of a positive feedback oscillator. Sec-
ond, at this equilibrium point, the gain medium is linear for small
perturbations around the large field, with a gain given by the
requirement for the system to conserve round-trip power in steady-
state, i.e., G= 1=

ffiffiffi
η

p
. The fact that any amplifier satisfying properties (1)

through (4) embedded in a feedback loop saturates to a point where it
can be treated as having a linear gain allows for a linear quantum
mechanical analysis of the oscillator’s phase and amplitude
fluctuations.

Linear response of phase-insensitive feedback oscillators
Consider the positive feedback amplifier configuration shown in
Fig. 1A. The output of a phase-insensitive amplifier with gain G is
coupled back into its input after attenuation by a factor

ffiffiffi
η

p
and a delay

of τ. The remaining fraction of the signal is coupled out of the loop to
derive the out-of-loop field aout.

The equations of motion for the system are obtained by going
around the loop in Fig. 1A. For the Heisenberg-picture operators in the
time domain, we have

â�
outðtÞ=G âinðtÞ+

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G2 � 1

p
ây
GðtÞ

â +
outðtÞ= � ffiffiffi

η
p

â�
outðtÞ+

ffiffiffiffiffiffiffiffiffiffiffi
1� η

p
â0ðtÞ

âoutðtÞ=
ffiffiffiffiffiffiffiffiffiffiffi
1� η

p
â�
outðtÞ+

ffiffiffi
η

p
â0ðtÞ

âinðtÞ= â +
outðt � τÞ

ð43Þ

The ancillary mode âG describes the unavoidable noise added in any
phase-insensitive linear amplifier36,37.

Equation (43) can be solved in the frequency domain for the
output field âout½Ω� in terms of the inputs â0½Ω� and âG½Ω�. The result is

âout½Ω�=
ffiffiffi
η

p
+GeiΩτ

1 +G
ffiffiffi
η

p
eiΩτ

â0½Ω�+
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G2 � 1

p ffiffiffiffiffiffiffiffiffiffiffi
1� η

p
1 +G

ffiffiffi
η

p
eiΩτ

ây
G½Ω�

�H0½Ω�â0½Ω�+HG½Ω�ây
G½Ω�,

ð44Þ

whereH0,G are the corresponding linear response transfer functions. In
steady state, G= 1=

ffiffiffi
η

p
as discussed in the “Methods” section “saturat-

ing behavior of phase-insensitive feedback oscillators and classical
steady state”, and so the feedback path is characterized by two
quantities, the beam-splitter transmissivity η and the delay τ; so

H0½Ω�=
ffiffi
η

p
+ 1ffiffi

η
p eiΩτ

1 + eiΩτ , HG½Ω�= 1=
ffiffi
η

p � ffiffi
η

p
1 + eiΩτ : ð45Þ

Decomposing a phase-sensitive amplifier as a phase-insensitive
amplifier and a squeezer
In this section, we show that a quantum-limited phase-sensitive
amplifier can always be decomposed into an ideal phase-insensitive
amplifier followed by an ideal single-mode squeezer.

Consider a phase-sensitive amplifier that amplifies the input â to

produce the output b̂=Gâ+ gây + ây
G, where âG is the amplifier’s

ancillary mode (see Fig. 4A). (Note that the ancillary mode, âG, does
not necessarily have bosonic statistics here.) We assert that such a
phase-sensitive amplifier is equivalent to an ideal phase-insensitive

amplifier with gain G=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G2 � g2

q
that sends mode â to the mode

ĉ=Gâ+ â0y
G, followed by an ideal squeezer which sends the mode ĉ to

the output mode b̂= coshðrÞĉ+ sinhðrÞĉy with tanhðrÞ= g=G (see

Fig. 4B). For this equivalence to hold, we require ây
G = ðGâ0y

G + gâ0
GÞ=G.

We can prove this by explicit computation. In the case of the
phase-sensitive amplifier, the output mode b̂ is given in terms of the
input mode â by b̂=Gâ+ gây + ây

G. In the case of a phase-insensitive

Phase-sensitive(A) (B) Phase-insensitive Squeezer

Fig. 4 | Phase-sensitive amplifier decomposition. A A phase-sensitive amplifier.
B A decomposition of the phase-sensitive amplifier from (A) into a phase-
insensitive amplifier followed by a squeezer. Noise modes are shown in orange.
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amplifier followed by a squeezer, we have (assuming G and g are
positive)

b̂= coshðrÞĉ+ sinhðrÞĉy

= coshðrÞðGâ+ â0y
G Þ+ sinhðrÞðGây + â0

GÞ

=Gâ+ gây +
Gâ0y

G + gâ0
Gffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

G2 � g2
q

�Gâ+ gây + ây
G,

ð46Þ

Additionally, we can show that âG and â0
G have the same commutation

relations.

aG,a
y
G

h i
=

Ga0
G + ga0y

G,Ga
0y
G + ga0

G

h i
G2 � g2

=
G2 a0

G,a
0y
G

h i
+ g2 a0y

G,a
0
G

h i
G2 � g2

= a0
G,a

0y
G

h i
,

ð47Þ

so we see that this is the correct decomposition of a phase-sensitive
amplifier.

The primary benefit of this decomposition is that it clarifies the
extent to which a phase-sensitive amplifier must add noise: only the
phase-insensitive component in its decomposition adds noise, while
the squeezer is noiseless.

Data availability
Figure 2 is a straightforward plot of eq. (15) and (16), while Fig. 3
is a straightforward plot of eqs. (15), (24) and (26) respectively.
Supplementary Figure 1 is a straightforward plot of Supplemen-
tary Equation (7). The relevant computer code is available upon
request to the authors.
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