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Emerging exotic compositional order on
approaching low-temperature equilibrium
glasses

Hua Tong 1,2 & Hajime Tanaka 2,3

The ultimate fate of a glass former upon cooling has been a fundamental
problem in condensed matter physics and materials science since Kauzmann.
Recently, this problem has been challenged by a model with an extraordinary
glass-forming ability effectively free from crystallisation and phase separation,
two well-known fates of most glass formers, combined with a particle-size
swapmethod. Thus, this system is expected to approach the ideal glass state if
it exists. However, we discover exotic compositional order as the coexistence
of space-spanning network-like structures formed by small-large particle
connections and patches formed by medium-size particles at low tempera-
tures. Therefore, the glass transition is accompanied unexpectedly by exotic
compositional ordering inaccessible through ordinary structural or thermo-
dynamic characterisations. Such exotic compositional ordering is found to
have an unusual impact on structural relaxation dynamics. Our study thus
raises fundamental questions concerning the role of unconventional structural
ordering in understanding glass transition.

When a liquid is cooled fast enough, it enters into a metastable
supercooled state and finally solidifies into an amorphous solid,
i.e., a glass, with a mixed character of mechanical rigidity and
structural disorder1,2. This glass transition phenomenon repre-
sents a unique example of liquid-to-solid transitions without dis-
tinct structural changes, whose fundamental understanding
remains premature despite considerable efforts over the years3,4.
While an experimentally observed glass transition is a dynamic
crossover where the diffusive relaxation freezes out on the
experimental time scale1, whether there exists an underlying
thermodynamic phase transition or not has attracted considerable
attention as a conceptually intriguing problem5–9. Such a link to
the thermodynamic transition has been expected from the uni-
versality of dynamic and thermodynamic features of the glass
transition1,2. The exploration of this problem crucially relies on the
ability to approach the possible underlying phase transition and
the knowledge of the unconventional structural ordering in glass
formers upon slow cooling10–13.

All simple materials crystallise upon cooling, forming periodically
ordered lattice structures, a well-acknowledged fate of the low-
temperature state of matter14. Therefore, in order to study the glass
transition problem, we must introduce some frustration against crys-
tallisation to the system to realise an excellent glass-forming ability,
that is, the ability tomaintain themetastability of the disordered liquid
state upon cooling14,15. A common strategy is to use mixtures of dif-
ferent constituents16,17. In the case of computer simulations, con-
structed were standard models, such as the classic Wahnström and
Kob-Andersen binary Lennard-Jones mixtures18,19 and polydisperse
systemswith continuous particle-size distributions16, representative of
atomic and colloidal glasses, respectively. Invaluable advances in
understanding glass transition have been made based on computa-
tional studies of these model glass formers over the past decades.

However, with the developments of computer technologies and
simulation algorithms, one reaches deeper supercooling but confronts
the instability of the liquid20–22. Besides direct crystallisation, phase
separation has been observed in those standard models, which
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proceed as demixing or fractionation of different kinds of particles in
binary mixtures or polydisperse systems, respectively20–27. Although
the phase separation is often followed by further crystallisation within
each phase, e.g., the formation of face-centred cubic crystals in the
pure large-particle phase in the Kob-Andersen model21,23, it can be
considered as a second fate of glass formers accompanied by intrinsic
macroscopic inhomogenization. Therefore, instability towards crys-
tallisation or phase separation imposes stringent limits on the ability to
access the low-temperature equilibrium glassy states, preventing us
from solving the Kauzmann paradox of glass transition10,11.

Recently, there has been a remarkable breakthrough, i.e., the
development of a novel model glass former with an extraordinary
glass-forming ability that can avoid crystallisation and phase
separation22,28, allowing us to approach the vicinity of the hypo-
thetical ideal glass transition. However, a disordered liquid state
generally tends to lower its free energy through some orderings.
Thus, the fundamental question remains whether other types of
structural ordering may set in at low temperatures and what kind
of roles they would play in the physics of supercooled liquids and
glass transition.

In this article, we explore the above question by computer simu-
lations of this model glass former22,28. Using real-space visualisation
and quantitative structural analyses, we show that this system exhibits
exotic compositional order at low temperatures, leading to the coex-
istence between a system-spanning network-like structure formed by
the largest and smallest particles and patches formed by medium-size
particles in its pores. Such exotic compositional order is not reflected
in the conventional structural characterisations, e.g. the static struc-
ture factor that is useful in identifying crystallisation and phase
separation. Furthermore, this ordering is not accompanied by any
thermodynamic signature. Therefore, it has been unnoticed in pre-
vious studies. We find that the emergence of exotic compositional
order directly impacts structural relaxation dynamics. Based on these
findings, we discuss the roles of unconventional structural ordering in
understanding glass transition.

Results
We explore unconventional structural ordering at low temperatures of
an extraordinarily good glass former, which is becoming a standard
model for studying the glass transition problem22,28. Two key elements
of thismodel glass former are the high particle-size polydispersity and
the nonadditive interactions, which preclude the crystallisation and
phase separation, respectively (see Methods for details). It thus pro-
vides a perfect platform to search for new types of structural ordering.
The high particle-size polydispersity also dramatically enhances the
efficiency of the swapMonteCarlo algorithm (SMC)29, which allows the
equilibration of the system at unprecedented low temperatures22. We
generate equilibrium configurations using SMC over a broad range of
temperatures, from the simple-liquid regime down to T = 0.03. This is
below the hypothesised ideal glass transition temperature T0 = 0.067
according to the Vogel–Fulcher–Tammann fitting of the structural
relaxation time (see Supplementary Fig. 5), which is studied by stan-
dard molecular dynamics simulations.

Exotic compositional order
We first visualise the typical structures of the system at high and low
temperatures in Fig. 1. Without the assistance of further information,
the bare particle configurations look disordered, and it is difficult to
tell them apart [see Fig. 1a, d]. The structure factor S(k) also shows no
signs of ordering (see Supplementary Fig. 1). We then colour the par-
ticles according to their coordination numbers z in Fig. 1b, e. While the
high-temperature configuration appears random, the low-temperature
one shows prominent features of complex compositional order. Par-
ticles with z > 6 and z < 6 correspond roughly to those with the largest
and smallest sizes, respectively (for T =0.03, the average diameters are
1.28, 0.95, 0.78 for particles with z > 6, z = 6, and z < 6, see Supple-
mentary Figs. 2–4 for the further information). They tend to connect
and form network-like structures. On the other hand, the network
pores are filled with particles with z = 6, which correspond roughly to
those with medium sizes. Since particles tend to have highΨ6 for z = 6
whereas low Ψ6 for z ≠ 6, we further colour the particles according to

T=0.03
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z<6 z>6z=6
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Fig. 1 | Visualisation of the exotic compositional order. Top panels: an equili-
brium configuration at a low temperature (T = 0.03) is shown without col-
ouring (a), coloured according to the coordination number z (b), and
according to the hexatic bond-orientational order Ψ6 (c). In comparison,

bottom panels (d–f) show the same plots as in (a–c) for an equilibrium con-
figuration at a high temperature (T = 0.3). The exotic compositional order at
low temperatures is invisible from the raw particle configurations but evident
after proper colour coding.
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Ψ6 in Fig. 1c and f. This colouring highlights the two phases formed at
low temperatures, the network-like structures with low Ψ6 and the
conjugate patches of particles with high Ψ6. Compositional order is
often seen in simplemixtures or polydisperse systems as the tendency
of particles with particular characters to stay together, leading to local
structure ordering27. Oxide glasses like SiO2 have network structures,
but which results from covalent chemical bonding30. The observed
network-like structure filled with patches in a soft repulsive system
with continuous polydispersity is unusual and has not been revealed in
previous studies.We, therefore, name this unconventionalmesoscopic
structural order exotic compositional order. It fundamentally differs
from the ordinary phase separation featured by macroscopic inho-
mogeneity. Also, although sharing a similar morphological feature, it
differs essentially frommicrophase separation often observed in block
copolymers due to the lack of any distinct thermodynamic signature
(we have checked the energy, pressure, and specific heat as a function
of temperature)31,32.

We then characterise the structural features upon the emergence
of exotic compositional order. Figure 2a shows the temperature
dependence of the average hexatic order parameter Ψ6, which has a
peak at around Tμ ≈0.19, indicating a crossover of the underlying
structural order. Correspondingly in Fig. 2b, below Tμ, the fraction of
particles with z = 6 (z ≠ 6) shows a faster downturn (upturn) from a
gentle evolutionwith decreasing temperature. This can be understood
as a result of the competition between thermal fluctuations and
structural ordering (see also Supplementary Fig. 2). The thermal fluc-
tuation dominates for T > Tμ; therefore, the hexatic order optimises
gently with decreasing temperature. Whereas for T < Tμ, the structural
ordering takes control. More z ≠ 6 particles appear during the forma-
tion of system-spanning networks, whereas z = 6 particles decrease
and organise into small patches; both effects contribute to
the decrease ofΨ6. Figure 2c shows the probability distribution of the
hexatic order parameter, P(Ψ6), for a range of temperatures. The
bimodal feature of P(Ψ6) is mild at high temperatures but develops
significantly below Tμ, which is a marked signature of structure
ordering with coexistence between high-Ψ6 droplet-like and low-Ψ6

network-like structures. The inset of Fig. 2c shows P(Ψ6), together with
the conditional probability distributions, for particles with different z
at T =0.03. Clearly, particles with z = 6 and z ≠ 6 contribute respec-
tively to the high- and low-Ψ6 peaks in P(Ψ6). Therefore, we can use the
hexatic order parameter Ψ6 to binarise the system and effectively
uncover the exotic compositional order. We thus characterise the
morphology of the exotic compositional order using the static

structure factor according to the hexatic order, S6(k) (seeMethods for
its definition). As shown in Fig. 2d, a peak emerges at k ≈ 3.1 and grows
with decreasing temperature, signifying the emergence of patches of
high-Ψ6 particles among the low-Ψ6 network. The inset of Fig. 2d fur-
ther magnifies the rapid growth of the peak below Tμ. This, together
with the direct visualisation shown in Fig. 1, provide strong pieces of
evidence of the exotic compositional order in the system.

To further illustrate the exotic compositional order, we separately
characterise the partial static structure factors for particles with z = 6
and z ≠ 6. Figure 3a shows Sz=6(k) over a range of temperatures. Similar
to the static structure factor for thehexatic order, S6(k), Sz=6(k) shows a
peak at k ≈ 3.1 below Tμ, which grows with decreasing temperature. It
indicates the emergence of patches of z = 6 particles. The similar
behaviour between S6(k) and Sz=6(k) is reasonable since there is a close
correspondence between particles with z = 6 and high values of Ψ6.
Correspondingly, Sz≠6(k) shown in Fig. 3b characterises the emergence
of network-like structures observed in Fig. 1b. We can see that Sz=6(k)
and Sz≠6(k) at k→0 decrease below Tμ, suggesting that the large-scale
fluctuations associatedwith the network-like structure are suppressed.
This result, therefore, further confirms that the exotic compositional
order is the coexistence state of the space-spanning network-like
structures of z ≠ 6 particles and the patches of z = 6 particles below Tμ.

Dynamic crossover
Using standard MD simulations, we further explore the influence of
exotic compositional order on structural relaxation dynamics. Since
particles with different sizes are observed to play different roles in the
exotic compositional order, in addition to the global behaviour, we
also characterise separately the structural relaxation of particles with
the smallest, medium, and largest sizes to see how the exotic com-
positional order is coupled with particle mobility (seeMethods for the
details). Figure 4a shows the temperature dependence of the struc-
tural relaxation time τα for the whole system and those for particles
with different sizes. The high-temperature data can be fitted according
to the Arrhenius law τα = τ0 expðΔE=TÞ. The onset of non-Arrhenius
behaviour of τα is found to coincide with the crossover temperature Tμ
of the exotic compositional ordering, suggesting that the emergence
of this unconventional structural ordering is correlated with a sig-
nificant increase of the energy barrier for particle motion and a loss of
fluidity below Tμ. Another important and unexpected feature seen in
Fig. 4a is that particles with quite different sizes, and correspondingly
in different local structures, have very similar τα even at low tem-
peratures below Tμ. To further exploit this point, the ratios of τα’s for
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Fig. 2 | Structural features of the exotic compositional order. The temperature
dependence of the average hexatic order Ψ6 (a) and the fraction of particles
with different coordination numbers z (b). The crossover where the exotic
compositional ordering takes place is indicated by the grey bar at Tμ ≈ 0.19.
c The probability distribution of hexatic order P(Ψ6) for a range of tem-
peratures. Inset: P(Ψ6) at T = 0.03 (grey) is shown together with conditional

probability distributions of Ψ6 for particles with z < 6 (green), z = 6 (red), and
z > 6 (blue). d The static structure factor according to the hexatic order,
S6(k), for a range of temperatures. Inset: Magnified view on the emergence of
a peak at k ≈ 3.1. Panels c, d show results at T = 0.4, 0.3, 0.24, 0.19, 0.17, 0.12,
0.09, 0.06, and 0.03, with that at Tμ highlighted by dashed black curves
(note that they share the same colour bar).
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particles with the smallest, medium, and largest sizes to τα for the
whole system are shown in Fig. 4b. The ratios are almost constant
above Tμ and remain close to one for the whole temperature range
under study. Very interestingly, the ratios for largest and smallest
particles approach one below Tμ, instead of deviating from one as
usually observed in polydisperse colloidal glass formers33,34. It also
differs from the corresponding 3D model system with the same
interacting potential and particle-size distribution, for which the par-
ticle mobility strongly depends on the size35. We expect that such a
peculiar structural relaxation behaviour originates from unconven-
tional structural ordering. Below Tμ, particles with different sizes are
more involved in the correlated exotic compositional order and,
therefore, necessary to relax cooperatively. This unusual dynamic
feature is worthwhile being explored in more detail to understand the
peculiarity of the current 2D model system.

Thermodynamic aspect
Here, we characterise the thermodynamic aspect of the exotic com-
positional ordering andglass transition in our systembymeasuring the
temperature dependence of the specific heat at constant volume, Cv.
Two different methods were used to measure Cv. The first method is
based on the standard definition of specific heat as the derivative of
thermal energy per particle with respect to temperature,
Cv,0 = (dE/dT)/N. The second method is based on the fluctuation of
thermal energy: Cv,f = (〈E2〉 − 〈E〉2)/NkBT236,37. All characterisations are
based on samples equilibrated using SMC. These two methods give
consistent results in equilibrium simulations when the system is

ergodic. In our simulations, the ensemble average was carried out by
time averaging in two ways: Monte Carlo (MC) simulations with and
without the swap of particle diameters. A time scale is naturally
involved in the simulations, corresponding to the physical time scale
over which an actualmeasurement is performed in standardMC38. The
results were then averaged over 100 independent realisations.

The temperature dependence of Cv calculated by these two
methods is shown in Fig. 5. We found that Cv,f from SMC by a time
average over t = 107 coincides with Cv,0 over the full range of tem-
peratures under study, suggesting that SMC allows for sufficient
canonical sampling of the whole phase space. However, Cv,f obtained
by standard MC shows a distinct deviation from Cv,0 at low tempera-
tures. At shallow supercooling, the degree of deviationdepends on the
simulation time, converging at the lowest temperatures under study.
Although characterised based on equilibrated samples, this behaviour
is similar to that from the derivative of thermal energy by slow cooling
using standard MD simulations (see the inset of Fig. 5). The approach
of the results of standard MC to the Dulong-Petit law at low tem-
peratures (Cv = 2 for solids in 2D) is a natural consequence of broken
ergodicity due to the glass transition. On the other hand, the con-
tinuous increase in Cv upon cooling for SMC indicates that SMC keeps
equilibrating the system in a liquid state, at least down to the lowest
temperature T = 0.03. Supposing that the VFT law is valid, these tem-
peratures are already far below the hypothetical ideal glass transition
temperature, T0 = 0.067, where the physical structure relaxation time
is expected to diverge. Another possible scenario is that the structural
relaxation does not obey the VFT-like divergence but obeys the
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Arrhenius law at low temperatures28. Even in this case, the physical
relaxation time at the lowest temperature goes far beyond the age of
the universe28. Whether the exceptional stability of this system is
related to the exotic compositional ordering is an intriguing question
that is linked to whether we can consider the behaviour typical of
ordinary glass-forming liquids.

These results also showno thermodynamic signatureof the exotic
compositional ordering around Tμ ≈0.19. Since Tμ is located in a
temperature region where the system can be equilibrated even with-
out SMC, the exotic compositional ordering is an intrinsic equilibrium
property of this system and not due to SMC. In principle, such
unconventional ordering can be induced by mixing more than two
basins, including an ordered state whose free energies are degener-
ated, since SMC allows the system to overcome an extraordinarily high
barrier. However, this may not be the case since the exotic composi-
tional ordering already begins in a temperature region where the
system can be equilibrated without SMC.

Discussion
In this article, we explore the unconventional structural ordering at low
temperatures of a novel model glass former designed to avoid crys-
tallisation and phase separation, two well-known fates of most glass
formers at low temperatures. Logically, the remaining possible struc-
tural ordering that one may expect is a certain kind of microscopic or
mesoscopic ordering. This is indeed what we find in this study. It
emerges as a coexistence of complex network-like structures formed
by the largest and smallest particles (z ≠6 and low Ψ6) and patches
formed bymedium-size particles (z =6 and highΨ6) surrounded by the
network. Since this ordering does not involve density inhomogeneity, it
has remained undercover by eye or conventional two-point correlation
functions such as S(k). An unusual dynamic crossover is found
accompanying the emergence of this exotic compositional order. How
should we understand such exotic compositional order in the context
of the glass transition problem? Considering that there is no crystalline
order or macroscopic inhomogeneity, is it acceptable as a special form
of glassy order in exploring the generic nature of glass transition based
on this system?Or, is it necessary to put the exotic compositional order
on an equal footing with crystallisation and ordinary phase separation
and, therefore, to be avoided in the study of glass physics? We hope
that the answer to those fundamental questions raised from our find-
ings may shed light on the basic understanding of glass transition.

Methods
Simulations
We simulate a model glass former with optimised particle-size poly-
dispersity and interaction potential22,28. We focus on the two-
dimensional systems for the ease of structure characterisations,
which was recently studied in ref. 28. The particle diameter σ follows
the probability distribution P(σ) =Aσ−3 for σ∈ [0.73, 1.62] and zero
otherwise. This corresponds to a large polydispersity
δ =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

hσ2i � hσi2
p

=hσi=0:23, which avoids the crystallization of the
system. The interaction potential between particles i and j is given by
V ðrijÞ= ϵðσij=rijÞ12 + f ðrijÞ, when rij/σij < 1.25 and zero otherwise. Here
f ðrijÞ= c0 + c2ðσij=rijÞ2 + c4ðσij=rijÞ4 ensures continuity of both potential
and force at the cutoff rcij = 1:25σij , and σij = (σi + σj)(1 −Δ∣σi − σj∣)/2. We
set Δ =0.2, corresponding to a nonadditive mixing rule, which avoids
the phase separation of large and small particles. All particles have the
same mass m, and the number density is set ρ = 1. The length, energy,
and temperature are in units of the averaged diameter 〈σ〉, ϵ, and ϵ/kB,
where kB is the Boltzmann constant. The systems are equilibrated
using the swap Monte Carlo algorithm (SMC)22. Specifically, we pre-
pare the configurations by slow cooling in a stepwise fashion from a
high-temperature equilibrated state. The systems are equilibrated at
the target temperature for at least 40 times the structural relaxation
time with SMC28, in addition to the extra equilibration during the slow
cooling process. The obtained results are compared with those based
on an ensemble using 1/10 of the equilibration time, the convergence
of which confirms the equilibration. The time unit in Monte Carlo
simulations (MC) is chosen as one full set of operations of all particles.
Simulations are performed in square boxes with periodic boundary
conditions. We mainly study systems with N = 1000 particles and
confirm the absence of finite-size effects using N = 10000.

Analysis of structure
We employ the radical Voronoi tessellation to characterise each parti-
cle’s local environment, which properly takes into account the large
polydispersity39. Neighbouring particles of a particle are identified as
those sharing an edge of the Voronoi cells with the particle. Since we
find that particles with z= 6 neighbours play a conjugate role to the
others, we describe the local structure by the hexatic bond-
orientational order parameter Ψ6

40. For particle j, we have
Ψj

6 = ∣
P

ke
6iθjk=nj ∣, where nj is the number of nearest neighbours of

particle j, and θjk is the angle of the bond rjk= rk − rj with respect to the
x-axis. We emphasise that here high Ψ6 does not indicate good struc-
tural order but simply a sixfold rotational symmetry (roughly z= 6),
whereas low Ψ6 indicates a local environment close to other folds of
rotational symmetry (z ≠6). The global structure of the system is
characterised using the static structure factor SðkÞ= ∣Pi expðik � riÞ∣2=N
(see Supplementary Fig. 1). Here, k is the wavevector. To characterise
the spatial structure of Ψ6 field, which sensitively detects the order of
this system, we calculate the modified static structure factor according
to the hexatic order S6ðkÞ= ∣

P

iΨ
i
6 expðik � riÞ∣2=N, which is the Fourier

transform of the corresponding two-point correlation function27.
Moreover, the partial static structure factors are also characterised for
particles with z= 6 and z ≠6 due to their different roles in the exotic
compositional order. The partial static structure factor for particles
with z= 6 is defined as Sz =6ðkÞ= ∣

P0
i expðik � riÞ∣2=N6, with

P0 indicat-
ing the summation over only particles with z= 6 and N6 being the
number of those particles. The partial static structure factor for parti-
cles with z≠ 6 is defined accordingly.

Analysis of dynamics
We study the physical evolution of the systems using molecular
dynamics (MD) simulations. The time unit in molecular dynamics
simulations is

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

mhσi2=ϵ
q

. To remove the influence of long-wavelength
Mermin–Wagner fluctuations, we characterise the dynamics by relative
positions rjðtÞ= rjðtÞ �

P

krkðtÞ=nj, where the summation is over all
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cooling using standard MD simulations, Cv is calculated from the derivative of
thermal energy (dE/dT). From red toblue, the cooling rate is γ = 6 × 10−6, 6 × 10−7 and
6 × 10−8, respectively. In this case, Cv from the fluctuation-dissipation theorem
closely follows the derivation from thermal energy.
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nearest neighbours of particle j41–43. The self-intermediate scattering
function is then given as Fsðk,tÞ= h

P

j expðik � ½rjðtÞ � rjð0Þ�Þ=Ni, with
k= ∣k∣ being around the first peak of the static structure factor. The
structural relaxation time τα is defined from Fs(k, τα) = 1/e. It is possible to
fit the temperature dependence of τα according to the
Vogel–Fulcher–Tammann (VFT) law with the VFT ideal glass transition
temperature T0 =0.067 (see Supplementary Fig. 5). Motivated by the
observation that particles with different sizes play different roles in the
exotic compositional order (see Fig. 1), we also characterise the partial
self-intermediate scattering function for particles with the smallest,
medium, and largest sizes (32, 39 and 29%, respectively. See Supple-
mentary Fig. 6.). Considering the close correspondence of particle-size
and coordination number (see Supplementary Fig. 2b), these fractions
are chosen according to Fig. 2b at Tμ, and the results are found insen-
sitive to slight variations of the values.

Data availability
The data that support the findings of this study are available from the
corresponding authors upon request.

Code availability
The codes that are used to generate results in the paper are available
from the corresponding authors upon request.
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