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Generalization bounds are a critical tool to assess the training data require-

ments of Quantum Machine Learning (QML). Recent work has established
guarantees for in-distribution generalization of quantum neural networks
(QNNs), where training and testing data are drawn from the same data dis-
tribution. However, there are currently no results on out-of-distribution gen-
eralization in QML, where we require a trained model to perform well even on
data drawn from a different distribution to the training distribution. Here, we
prove out-of-distribution generalization for the task of learning an unknown
unitary. In particular, we show that one can learn the action of a unitary on
entangled states having trained only product states. Since product states can
be prepared using only single-qubit gates, this advances the prospects of
learning quantum dynamics on near term quantum hardware, and further
opens up new methods for both the classical and quantum compilation of

quantum circuits.

In quantum machine learning (QML), a quantum neural network (QNN)
is trained using classical or quantum data, with the goal of learning
how to make accurate predictions on unseen data'”. This ability to
extrapolate from training data to unseen data is known as general-
ization. There is much excitement currently about the potential of
such QML methods to outperform classical methods for a range of
learning tasks* ™. However, to achieve this, it is critical that the training
data required for successful generalization can be produced
efficiently.

While recent work has established a number of fundamental
bounds on the amount of training data required for successful gen-
eralization in QML"%, less attention has been paid so far to the type of
training data required for generalization. In particular, prior work has
established guarantees for the in-distribution generalization of QML
models, where training and testing data are assumed to be drawn

independently from the same data distribution. However, in practice
one may only have access to a limited type of training data, and yet be
interested in making accurate predictions for a wider class of inputs.
This is particularly an issue in the noisy intermediate-scale quantum
(NISQ) era®, when deep quantum circuits cannot be reliably executed,
effectively limiting the quantum training data states that can be
prepared.

In this article, we study out-of-distribution generalization in QML.
That is, we investigate generalization performance when the testing
and training distributions do not coincide. Specifically, we consider the
task of learning unitary dynamics, which is a fundamental primitive for
arange of QML algorithms. At its simplest, the target unitary could be
the unknown dynamics of an experimental quantum system. For this
case, which has close links with quantum sensing® and Hamiltonian
learning®?’, the aim is essentially to learn a digitalization of an analog
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quantum process. This could be performed using a ‘standard’ quantum
computer or a simpler experimental system with perhaps a limited
gate set, as sketched in Fig. 1a, b, respectively. Alternatively, the target
unitary could take the form of a known gate sequence that one seeks to
compile into a shorter depth circuit or a particular structured form®°-,
The compilation could be performed either on a quantum computer,
see Fig. 1c, or entirely classically, see Fig. 1d. Such a subroutine can be
used to reduce the resources required to implement larger scale
quantum algorithms including those for dynamical simulations*.

Here we prove out-of-distribution generalization for unitary
learning with a broad class of training and testing distributions. Spe-
cifically, we show that the average prediction error over any two locally
scrambled®* ensembles of states are perfectly correlated up to a small
constant factor. This is captured by our main theorem, Theorem 1. By
combining this observation with in-distribution generalization guar-
antees it follows that if the training and testing distributions are both
locally scrambled (but potentially otherwise different distributions),
out-of-distribution generalization is always possible between locally
scrambled distributions. In particular, we show that a QNN trained on
quantum data capturing the action of an efficiently implementable
target unitary on a polynomial number of random product states,
generalizes to test data composed of fully random states. That is,
rather intriguingly, we show that one can learn the action of such a
unitary on a broad spread of highly entangled states having only stu-
died its action on a limited number of product states.

We numerically illustrate these analytical results by showing that
the short time evolution of a Heisenberg spin chain can be well learned
using only product state training data. Namely, we find that the out-of-
distribution generalization error nearly perfectly correlates with the in-
distribution generalization error and the training cost. In particular, in
our numerical experiments, the testing performances achieved by the
QML model on Haar-random states and on random product states
differ only by a small constant factor, as predicted analytically. We
further perform noisy simulations that demonstrate how the noise
accumulated preparing highly entangled states can prohibit training.
In contrast, noisy training on product states, which can be prepared
using only single-qubit gates, remains feasible. Additionally, in Sup-
plementary Note 3 we numerically validate our generalization guar-
antees in a task of learning so-called fast scrambler unitaries*’. Thus
our results make the possibility of using QML to learn unitary pro-
cesses nearer term. Our results further suggest a new quantum-
inspired classical approach to unitary compilation. Namely, our results
imply that a low-entangling unitary can be compiled using only low-
entangled training states. Such circuits can be readily simulated using
classical tensor network methods, and hence this compilation can be
performed classically.
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Fig. 1| Applications of quantum dynamics learning. a Quantum dynamics
learning of an experimental process using a quantum computer. b Quantum
dynamics learning with a more specialized experimental system with potentially a
limited gate set. ¢, d Quantum compilation of a known unitary on a quantum
computer and classical computer, respectively.

Results
Framework
In this work, we consider the QML task of learning an unknown n-qubit
unitary U € L{((CZ)®"). The goal is to use training states to optimize the
classical parameters a of V(a), an n-qubit unitary QNN (or classical
representation of a QNN), such that, for the optimized parameters
Waop:) well predicts the action of U on previously unseen test states.
To formalize this notion of learning, we employ the framework of
statistical learning theory"*?. The prediction performance of the
trained QNN V(@) can be quantified in terms of the average distance
between the output state predicted by V(a,p) and the true output
state determined by U. The average is taken over input states from a
testing ensemble, which represents the ensemble of states that one
wants to be able to predict the action of the target unitary on. More
precisely, the goal is to minimize an expected risk

1 :
Rp(@)= 3 By [IUIW)WIUT — V(@ W)W V@], @

where the testing distribution P is a probability distribution over
(pure) n-qubit states |¥) and the factor of 1/4 ensures O <Rp(a)<1.

Alearner will not have access to the full testing ensemble P and so
cannot evaluate the cost in Eq. (1). Instead, it is typically assumed that
the learner has access to a training data set consisting of input-output
pairs of pure n-qubit states,

pam={([99).4)) ), ®

Jj=1

where the N input states are drawn independently from a training
distribution Q. Equipped with such training data, the learner may
evaluate the training cost

Coan@= 3 | )1 °
:
’V(“)\“’(’)><w<’)\|/(a)+Hf ‘

We note that this cost can be rewritten in terms of the average fidelity
as

Coyn(@=1- %XN:KwV)‘V(a)*U]wWNZ )
=1

and thus can be efficiently computed using a Loschmidt echo™ or swap
test circuit***. The hope is that by training the parameters a of the
QNN to minimize the training cost Cp, () one will also achieve small
risk Rp(a).

However, whether such a strategy is successful crucially depends
on whether the training cost Cp,m(@) is indeed a good proxy for the
expected cost Ry(a). This is exactly the question of generalization:
Does good performance on the training data imply good performance
on (previously unseen) testing data?

In statistical learning theory, answers to this question are given in
terms of generalization bounds. These are bounds on the general-
ization error, which is typically taken to be the difference between
expected risk and training cost, i.e.,

geNpp ) (aopt> =Rp (aopt) - CDQ(N) (aopt> . )

Usually, such bounds are proved under an i.i.d. assumption on training
and testing. That is, they are based on the assumptions (a) that the
training examples are drawn independently from a training distribu-
tion Q and (b) that the training and testing distributions coincide,
Q="P. In this case, we speak of in-distribution generalization.
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In this paper, we consider out-of-distribution generalization where
we drop assumption (b) by allowing Q=#P. Borrowing classical
machine learning terminology, one can also regard this as a scenario of
dataset shift”, or more specifically covariate shift***’, which is often
addressed using transfer learning techniques*®*°. We formulate our
results for a broad class of ensembles called locally scrambled
ensembles. In loose terms, locally scrambled ensembles of states can
be thought of as ensembles of states that are at least locally random.
Throughout, we use the terms ‘distribution’ and ‘ensemble’ inter-
changeably. More formally, locally scrambled ensembles are defined as
follows.

Definition 1. (Locally scrambled ensembles). An ensemble of n-qubit
unitaries is called locally scrambled if it is invariant under pre-
processing by tensor products of arbitrary local unitaries. That is, a
unitary ensemble U/ is locally scrambled iff for U~ and for any
fixed Uy, ...,U, € U(C?)also U(®'-,U;) ~U,s. Here and elsewhere, the
“~” notation means that the random variable on the left has the dis-
tribution on the right as its law. For instance, U ~ U/, means that the
random unitary U is drawn from the distribution ¢/, 5. Accordingly, an
ensemble S, ¢ of n-qubit quantum states is locally scrambled if it is of
the form S, =1/,5|0)®" for some locally scrambled unitary ensemble
Uys. We use U|0)®" to denote the ensemble of states generated by
drawing unitaries from ¢/ and applying them to the n-qubit all-zero
state |0)®". We denote the classes of locally scrambled ensembles of
unitaries and states as U 5 and S, respectively.

In fact, our results hold for a slightly broader class of ensembles
where we only require that the ensemble agrees with a locally scram-
bled one up to and including its (complex) second moments. That is,
more informally, the average over the ensemble agrees with those of a
locally scrambled ensemble over all functions of U that contain at most
two copies of U. We will denote these broader classes of unitary and
state ensembles, which we formally define in Supplementary Note 1, as
U and S&, respectively.

In our results, we suppose that both the testing and training
ensembles are such ensembles, i.e., P € S{2 and Q € S%. However, as
&(LZS) captures a variety of different possible ensembles, P and Q can be
ensembles containing very different sorts of states. In particular, as
detailed further in Supplementary Note 1, the following are important
examples of ensembles in 5‘2)

Products of Haar-random single-qubit states.

Ssapen - Products of random single-qubit stabilizer states.

. SHaarm/k - Products of Haar-random k-qubit states.

SHaar - Haar-random n-qubit states.

. SZdeSIgn - A 2-design on n-qubit states.

. Ségndclrc The output states of random quantum circuits. (Here
Ay denotes the k-local n-qubit quantum circuit architecture
from which the random circuit is constructed.)

8Haar®’l

These examples highlight that the class of locally scrambled
ensembles includes both ensembles that consist solely of product
states and ensembles composed mostly of highly entangled states. We
can use this to our advantage to construct more efficient machine
learning strategies.

Typically the learner will be interested in learning the action of a
unitary on a wide class of input states including both entangled and
unentangled states. For example, they might be interested in learning
the action of a unitary on all states that can be efficiently prepared on a
quantum computer using a polynomial-depth hardware-efficient
layered ansatz. Thus in general the expected risk should be evaluated
over distributions such as Sy, Sadesign OF Spanacire (fOr k22) which
cover a large proportion of the total Hilbert space.

In classical machine learning, one often thinks of the training data
as given. However, in the context of learning or compiling quantum
unitary dynamics (as sketched in Fig. 1), one in practice needs either to

Locally scrambled ensembles
(up to 2™ moment)

Training ensembles (Q) Testing ensembles (P)

SHaarn S2design

SStab?" SRandClrc

S

Haar®" SRandClrc

S ®n/k

Haar)

Fig. 2 | Locally scrambled ensembles. Venn diagram showing how the class of
ensembles that are locally scrambled up to the second moment, S\, divides
naturally into training ensembles and testing ensembles. For the formal definitions
of each of the ensembles referenced see Supplementary Note 1.

prepare the training states on a quantum computer or in an experi-
mental setup, or to be able to efficiently simulate them classically.
Thus, it is desirable to train on states that can be prepared using simple
circuits, i.e., those that are short depth, low-entangling or require only
simple gates. This is especially important in the NISQ era due to noise-
induced barren plateaus®® or other noise-related issues®. Therefore, as
random stabilizer states and random product states can be prepared
using only a single layer of single-qubit gates, it makes practical sense
to train using the ensembles Sy, en OF Sqiypen.

In this manner the class of ensembles that are locally scrambled to
the second moment, S\%, divides naturally into sub-classes of ensem-
bles that give rise to training sets and testing sets. We sketch this
in Fig. 2.

Analytical results

Having set up our framework, we now present our analytical results.
First, we show that all locally scrambled ensembles lead to closely
related expected risks for unitary learning. Second, we use this
observation to lift in-distribution generalization to out-of-distribution
generalization when using a QNN to learn an unknown unitary from
quantum data. For the formal proofs see Supplementary Note 2.

We first show a close connection between the risks for unitary
learning arising from any locally scrambled ensembles. More precisely,
we show that they can be upper and lower bounded in terms of the
expected risk over the Haar distribution in our main technical result:

Lemma1. Forany Q € §‘L25’ and any parameter setting a,

SHazr

d
@< Ro(@ <R, (@), (6)

where d=2"is the dimension of the target unitary U being learned.

This result establishes that learning over any locally scrambled
distribution is effectively equivalent (up to a constant multiplicative
factor) to learning over the uniform distribution over the entire Hilbert
space. We note that the factor of 1/2 in the lower bound emerges from
the structure of our proof, and for typical cases we expect the relation
between the costs to be tighter still. We explore this numerically in
Supplementary Note 3 for the special case of training on random
product states, i.e. 9= Shaaren-

A direct consequence of Lemma 1 is that the risks arising from any
two locally scrambled ensembles are related as follows.

Theorem 1. (Equivalence of locally scrambled ensembles for com-

paring unitaries). Let P S < and Qe SLS, then for any parameter
setting a,

%Rg(a) <Rp(@)<2R4(@). )
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Theorem 1 establishes an equivalence (up to a constant multi-
plicative factor) between all locally scrambled testing distributions
for the task of learning an unknown unitary on average. In parti-
cular, even simple locally scrambled ensembles, such as tensor
products of Haar-random single-qubit states or of random single-
qubit stabilizer states, are for this purpose effectively equivalent to
seemingly more complex locally scrambled ensembles. The latter
include the output states of random quantum circuits or, indeed,
globally Haar-random states.

Theorem 1 gives rise to a general template for lifting in-
distribution generalization bounds for QNNs to out-of-distribution
generalization guarantees in unitary learning. This is captured by the
following corollary:

Corollary 1. (Locally scrambled out-of-distribution generalization
from in-distribution generalization). Let P € S{2 and Q € S{%. Let Ube
an unknown n-qubit unitary. Let V(&) be an n-qubit unitary QNN that is
trained using training data D,(N) containing N input-output pairs, with
inputs drawn from the ensemble Q. Then, for any parameter setting a,

Rp(@)<2 (CDQ(N)(‘X) + genQ,DQ(N)(a)> . (8)

Thus, when training using training data Dy(N), the out-of-
distribution risk Rp(a,,) of the optimized parameters a,p. after
training is controlled in terms of the optimized training cost
Cp,m(@on) and  the in-distribution  generalization error
geng p, ) (@opc)- We can now bound the in-distribution generalization
error using already known QML in-distribution generalization
bounds" > (or, indeed, any such bounds that are derived in the future).
We point out that our results up to this point do not require any
assumptions on the QNN architecture underlying Wa), except for
overall unitarity. As a concrete example of guarantees that can be
obtained this way, we combine Corollary 1 with an in-distribution
generalization bound established in* to prove:

Corollary 2. (Locally scrambled out-of-distribution generalization for
QNNs). Let P € S{2 and Q € S{2. Let U be an unknown n-qubit unitary.
Let V(&) be an n-qubit unitary QNN with T parameterized local gates.
When trained with the cost Com using training data D, (N), the out-
of-distribution risk w.r.t. P of the parameter setting @, after training

satisfies
T log(T
Rp(@p) < 2Cp_ ) (@op) + O (, /5”) , )

with high probability over the choice of training data of size N
according to Q.

The out-of-distribution generalization guarantee of Corollary 2 is
particularly interesting if the training data is drawn from a distribution
composed only of products of single-qubit Haar-random or random
stabilizer states, i.e. Q= Syg,en OF Q=Sgpen, but the testing data is
drawn from more complex distributions such as the Haar ensemble or
the outputs of random circuits, i.e. P=Syy5; OF P=Spangcirc- IN this
case, Corollary 2 implies that efficiently implementable unitaries can
be learned using a small number of simple unentangled training states.
More precisely, if U can be approximated via a QNN with poly(n)
trainable local gates, then only poly(n) unique product training states
suffice to learn the action of U on the Haar distribution, i.e. across the
entire Hilbert space.

To understand why out-of-distribution generalization is possible,
recall that any state is linearly spanned by n-qubit Pauli observables
Pe{l,X,Y,Z*", and each Pauli observable P can be written as a linear
combination of product states |s)(s|= ®i,|s;) (s;|, where
si€1{0,1,+,—,y+,y-}. These two facts imply that for any state
|@) (@], there exists coefficients a,, such that |@) (@|=>".a;ls) (s].

Hence, if we exactly know U|s) (s|U" for all 6" product states |s) (s],
then we can figure out U|@) (¢|U" for any state |@) (¢| by linear
combination. However, this requires an exponential number of pro-
duct states in the training data. In our prior work™, we show that one
only needs poly(n) training product states to approximately know
Uls) (s|U" for most of the 6" product states, assuming U is efficiently
implementable. The key insight in this work is that one can predict
U|@) (@|U" as long as the coefficients a in |@) (@] =3 sa;ls) (s| are
sufficiently random and spread out across the 6" product states. We
make this condition precise by defining locally scrambled ensembles
and proving that the action of U on a state sampled from any such
ensemble can be predicted. In Supplementary Note 2, we further dis-
cuss the role that linearity plays in our results.

We can immediately extend our results for out-of-distribution to
local variants of costs. Such local costs are essential to avoid cost-
function-dependent barren plateaus®” when training a shallow QNN. As
a concrete example, when taking Sy,,.e as the training ensemble, we
can consider the local training cost

N . .
Chrogn(@=1— %Z Tr[ |9l ) (Whoa|U V@HP V@)U, (10)
j=1

)
where |W))

Y= QL |¢?) ~ Spizaren for all j and we have introduced
the local measurement operator HY =15"" |y (y¥|® 1;. This
local cost is faithful to its global variant for product state training in the
sense that it vanishes under the same conditions®, but crucially, in
contrast to the global case, may be trainable’’. In Supplementary
Note 2, we prove a version of Corollary 2 when training on the local
cost from Eq. (10). Specifically we find:

Corollary 3. (Locally scrambled out-of-distribution generalization for
QNNs via a local cost). Let P e S(LZS’ and let U be an unknown n-qubit
unitary. Let V(a) be an n-qubit unitary QNN with 7 parameterized local
gates. When trained with the cost Ch,o4 v, the out-of-distribution risk
w.r.t. P of the parameter setting &,y after training satisfies

T log(T
Rp(@ope) < 271Chog n(@ope) + O <m /#) :

with high probability over the choice of training data of size V.

Clearly, analogous local variants of the training cost can be
defined whenever the respective ensemble has a tensor product
structure (such as Sg,,e). However, if the training data is highly
entangled, constructing such local costs in this manner is not pos-
sible. Thus, this is another important consequence of our results:
The ability to train solely on product state inputs makes it
straightforward to generate the local costs that are necessary for
efficient training.

The results presented thus far concern the number of unique
training states required for generalization, but in practice multiple
copies of each training state will be needed for successful training. As
0O(1/€?) shots are required to evaluate a cost to precision € and since
for gradient based training methods one needs to evaluate the partial
derivative of the cost with respect to each of the T trainable para-
meters, one would expect to need on the order of O(TM,,/€?) copies
of each of the N input states and output states to reduce the cost to €.
Here Mop, is the number of optimization steps. Classical shadow
tomography® provides a way towards a copy complexity bound that
is independent of the number of optimization steps. Namely, exploit-
ing covering number bounds for the space of pure output states of
polynomial-size quantum circuits (compare refs. 4,20), polynomial-
size classical shadows can be used to perform tomography among
such states. In the case of an efficiently implementable target unitary U
and QNN V(a) that both admit a circuit representation with T ¢

an
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O(poly(n)) local gates, O(T log(T /€)/€2) < O(poly(n)/€?) copies of each
of the input states |W?) and output states |®?) suffice to approxi-
mately evaluate the cost (both the global and local variants) and its
partial derivatives arbitrarily often.

Numerical results
Here we provide numerical evidence to support our analytical results
showing that out-of-distribution generalization is possible for the
learning of quantum dynamics. We focus on the task of learning the
parameters of an unknown target Hamiltonian by studying the evolu-
tion of product states under it.

For concreteness, we suppose that the target Hamiltonian is of the
form

n

n-1
HP,q.0=> (ZkZka *PiXiXear) ¥ D _(@Xet1eZy) »
k=1 k=1

12)

with the specific parameter settlng (', q,r) given by p, = sin(Z ) for
1<k <n-1and g = sin(%), r, = cos(%) for 1 < k < n. The learning
is performed by comparing the exact evolution under e=H®"4'rt to
a Trotterized ansatz. Specifically, we use an L layered ansatz
Vip.q.r) = (Upn(P.q, r))L where Uy, is a second order Trotterization
of P @9N That is,

Up (P, g, 7) = e A0S 20 Hy(pa)At o iH (L2 13)
where the Hamiltonians H,(r) := Y0372y Zy1+ ko1 Zy and
Hy,q) := >3 piXi X+ 71 @ X, contain only commuting
terms and so can be readily exponentiated.

We attempt to learn the vectors p’, ¢, and ¥ by comparing
e M a0t gy and V,(p,q,r)|¢;) over N random product states |¢);).
To do so, we use the training data D, (N) with Q =Sy;,,.e«, and the cost
function given in Eq. (4). The learning is performecf classically for
n=4,...,12and L=2, ..., 5 and we take the total evolution time to be
t=0.1. For all values of n we train on two product states, i.e. N=2. We
repeated the optimization 5 times in each case and kept the best run.
While the small training data size N=2 was sufficient for the model
considered here, in Supplementary Note 3 we present a more involved
unitary learning setting that requires larger values of N.

Figure 3 plots the in-distribution risk and out-of-distribution
risk as a function of the final optimized cost function values,
Cp,@)(@opr) With Q=Sy,,en. Here the in-distribution risk is the
average prediction error over random product states, i.e. R on?
and for the out-of-distribution testing we chose to compute the risk
over the global Haar distribution, i.e. R, . These risks can be
evaluated analytically using Supplementary Lemma 3 and Supple-
mentary Eqgs. (6) and (7). The linear correlation between the cost
function and both Ry and Rs  demonstrates that both in-
distribution and out- ofqdlstrlbutlon generalization have been suc-
cessfully achieved.

Next, we perform noisy simulations to assess the performance of
learning the parameters of the Hamiltonian in Eq. (12) in two situations:
(i) the training is performed on random product states and (ii) the
training data is prepared with deep quantum circuits. We expect that
the presence of noise will have a different impact depending on the
amount of noise that is accumulated during the preparation of the
training states.

Our simulations used a realistic noise model based on gate-set
tomography on the IBM Ourense superconducting qubit device*® but
with the experimentally obtained error rates reduced by a factor of 20
to make the difference in training more pronounced. The training set is
constructed from just two states (either product states or those pre-
pared with a linear depth hardware efficient circuits).

The optimizer is a version of the gradient-free Nelder-Mead
method”. The cost function in Eq. (4) is computed with an increasing

1076 4 n
—4
6
’?gl_ 8
Z 107+ — 10
> Increasing — 12
é Layers
[a
1078 4
— P= SHaar, (out-of-distribution risk)
------ P = Spaar®" (in-distribution risk)
107° 1077 1078 107°

Cost, Cpy2)(opt)

Fig. 3 | Out-of-Distribution Generalization for Hamiltonian Learning. Here we
present our results from learning the Hamiltonian specified in Eq. (12) by training
on only 2 product states. As the number of layers L in the ansatz is increased the
obtainable cost function value decreases. We plot the correlation between the
optimized cost Cp, ) (@p) With Q= Syiaaren, and the (in-distribution) risk over
product states, Rg , and (out-of- dlstrlbutlon) risk over the Haar measure, RsH
The lines indicate the joined values for L =2, 3, 4,5 for the different values of n
indicated in the legend.
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Fig. 4 | Training in the presence of noise. The cost function is optimized for two
types of training data: (i) product states (red lines) and (ii) states prepared with
deep circuits (blue lines). We performed 20 independent optimizations, each time
initializing the optimization differently and selecting a different random training
set. The shaded region represents the standard deviation of all 20 runs. Dotted
(solid) lines represent in-distribution (out-of-distribution) risk.

number of shots, starting with 10 shots per cost function evaluation.
That number is increased by 50% once the optimizer detects a lack of
progress within a specified number of iterations. This optimization
procedure is sensitive to flatness of the cost function landscape: The
flatter the landscape, the more shots are needed to resolve it and find a
minimizing direction.

Figure 4 shows the results of the training procedure performed on
an n = 6 qubit system. Here, we train the L =2 ansatz for V;(p, q, ) and
consider total evolution time ¢=0.1. The optimization is repeated 20
times, each time starting with different random initial point (po, qo, ¥o)-
Red (blue) lines indicate the risk obtained for product (deep circuit)
training states as a function of total number of shots.

Training with product states is successful: once the number of
shots per cost function evaluation is large enough (total shots above
10%), the optimizer detects the downhill direction and the in-
distribution risk is gradually decreased, eventually reaching 107
The out-of-distribution risk closely follows the in-distribution risk
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proving that generalization can be achieved with product training
states under realistic noise and finite shot budget conditions. In
contrast, the training set built with deep circuits fails to produce
successful training for all 20 optimization runs. Even in the limit of
very large number of shots, both in-distribution and out-of-
distribution risks remain large. This proof-of-principle numerical
experiment shows that our out-of-distribution generalization
guarantees can make training and learning feasible in noisier sce-
narios than otherwise viable.

Discussion

Our work establishes that for learning unitaries, QNNs trained on
quantum data enjoy out-of-distribution generalization between some
physically relevant distributions if the training data size is roughly the
number of trainable gates. The class of locally scrambled distributions
that our results hold for fall naturally into sub-classes of training
ensembles and testing ensembles, characterized by their practicality
and generality, respectively. The simplest possible training ensemble
in this context are products of stabilizer states. Our results show that
training on this easy to experimentally prepare and easy to classically
simulate ensemble generalizes to the uniform Haar ensemble of states,
as well as to practically motivated ensembles such as the output of
random circuits. Thus, somewhat surprisingly, we have shown the
action of quantum unitaries can be predicted on a wide class of highly
entangled states, having only observed their action on relatively few
unentangled states.

These results have implications for the practicality of learning
quantum dynamics. We are particularly intrigued by the possibility of
using quantum hardware or experimental systems to characterize
unknown dynamics of quantum experimental systems. This could be
done by coherently interacting a quantum system with a quantum
computer, or alternatively could be conducted in a more conventional
experimental setup. We stress for the latter, the experimental setup
may not be equipped with a complete gate set, and so our proof that
learning can be done using only products of random single qubit
states, which require only simple single-qubit gates to prepare, is
particularly important.

We are also interested in the potential of these results to ease the
classical compilation of local short-time evolutions into shorter depth
circuits®® and circuits of a particular desired structure®*, Since low-
entangling unitaries and product states may be classically simulated
using tensor network methods, our results show that the compilation
of such unitaries may be performed entirely classically. This could be
used to develop more effective methods for dynamical simulation or
to learn more efficient pulse sequences for noise resilient gate
implementations.

An immediate extension of our results would be to investigate
whether our proof techniques can be used to more efficiently evaluate
Haar integrals, or more generally to relate averages over different
locally scrambled ensembles in other settings. For example, one might
explore whether they could be used in a DQCI1 (deterministic quantum
computation with 1 clean qubit) setting where one inputs a maximally
mixed state’®. Alternatively, one might investigate whether they could
be used to bound the frame potential of an ensemble, an important
quantity for evaluating the randomness of a distribution that has links
with quantifying chaotic behavior®.

In this paper, we have focused on the learning of quantum
dynamics, in particular the learning of unitaries, using locally
scrambled distributions. Given recent progress on different quantum
channel learning questions®®”°, it is natural to ask whether out-of-
distribution generalization is possible for other QML tasks such as
learning quantum channels or, more generally, for performing clas-
sification tasks such as classifying phases of matter’>”2, (We note
that our proof techniques extend beyond unitary dynamics to doubly
stochastic quantum channels, which can be understood as affine

combinations of unitary channels [ref. 73, Theorem 1].) It would
further be valuable to investigate whether out-of-distribution gen-
eralization is viable for other classes of distributions. Such results, if
obtainable, would again have important implications for the practi-
cality of QML on near term hardware and restricted experimental
settings.

Our approach to out-of-distribution generalization does not rely
on specific learning algorithms, nor transfer learning techniques, as is
often the case in the classical literature**°. Rather, we establish gen-
eralization guarantees that apply to a specific QML task (learning
quantum dynamics) with data coming from a specific class of dis-
tributions (locally scrambled ensembles). That is, we show that in this
context, out-of-distribution generalization is essentially automatic. In
the classical ML literature, a similar-in-spirit focus on properties of the
class of distributions of interest can for example be seen in the con-
cepts of invariance’*”> and variation’® of features, but the nature of
these properties is still quite different from the ones that we consider.
Nevertheless, we hope that combining such perspectives from classical
ML theory with physics-informed choices of distributions, as in our
case, will lead to a better understanding of out-of-distribution
generalization.

Methods

In this section, we give an overview over the proof strategy leading to
our central analytical result contained in Lemma 1. At a high level, our
proof boils down to rewriting R, (&) and Rg(a) with Q locally
scrambled into forms which are comparable by known and newly
derived inequalities.

First, we recast the Haar risk Rg, (a) into an average over Pauli
products and upper bound it by a rlsk over local stabilizer states. To do
so, we rewrite the Haar risk by recalling the relationship between the
(Haar) average gate fidelity between two unitaries U and V and the
Hilbert-Schmidt inner product”’,

(@)=FEy, .
d
Td+1

[1—\ WU V(@)W

SHaar

<1 — = |Tru? V(a)]|2>

SHaar

14)

Next, we use the Pauli basis expansion of the swap operator to write
the Haar risk as an average over Pauli operators. That is, as shown
explicitly in Supplementary Lemma 1, we use

SWAP= %" PP (15)
Pe(1,X,Y,Z)®"
to show that
1
ITrU V)% = g > TpUtvPYIUL. (16)

Pe(1.X,Y,Z)}®"

This gives an expression for the Haar risk R, () in terms of an
average over Pauli products. This average over Pauli observables can
then be upper bounded by an average over products of stabilizer
states by introducing a spectral decomposition, as detailed in Sup-
plementary Lemma 2 and Supplementary Corollary 1. Finally, by the
2-design property of the random single-qubit stabilizer states, we can
rewrite this upper bound in terms of a local Haar average,

d+1

T SHnar (a) <2(1

—X) Wwhere,

(8wn)owo(ge)

The latter can then be related to R, (&) because Q is locally scrambled,
which then leads to the first inequality in Lemma 1. Here the choice to

2 17)
X=Eer |g,) ~Haarg" }

Nature Communications | (2023)14:3751



Article

https://doi.org/10.1038/s41467-023-39381-w

bound by Haar" specifically hints towards our final result that a
unitary can be learnt over the Haar average from product state
training data.

Second, we recast the generic locally scrambled risk R, into a sum
of locally scrambled expectation values over different partitions of the
system. Specifically, using a well known expression for the complex
second moment of the single-qubit Haar measure (see, e.g., Eq. (2.26)
in ref. 59),

_ 1®1+SWAP

E [ [9) 9] 7] == as)
we find that
Ro(@)=1- %(Z )E,.,NQHW [
A § PR n

where U~/ is drawn from the locally scrambled unitary ensemble &/
with Q=1/|0)®". See Supplementary Lemma 3 for more details. From
here, we can use matrix-analytic inequalities to show a lower bound on
the Frobenius norm of a partial trace of a matrix in terms of the
absolute value of the trace of the original matrix. Plugging this lower
bound into the explicit expression for R, (@) translates exactly to the
second inequality in Lemma 1.

Data availability
The data generated and analyzed during the current study are available
from the authors upon request.

Code availability
Further implementation details are available from the authors upon
request.
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