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Can a generic magnetic insulator exhibit a Hall current? The quantum anom-
alous Hall effect (QAHE) is one example of an insulating bulk carrying a
quantized Hall conductivity while insulators with zero Chern number present
zero Hall conductance in the linear response regime. Here, we find that a
general magnetic insulator possesses a nonlinear Hall conductivity quadratic
to the electric field if the system breaks inversion symmetry, which can be
identified as a new type of multiferroic coupling. This conductivity originates
from an induced orbital magnetization due to virtual interband transitions. We

identify three contributions to the wavepacket motion, a velocity shift, a
positional shift, and a Berry curvature renormalization. In contrast to the
crystalline solid, we find that this nonlinear Hall conductivity vanishes for
Landau levels of a 2D electron gas, indicating a fundamental difference
between the QAHE and the integer quantum Hall effect.

Understanding electric conduction of insulators is fundamental to
condensed matter physics. For example, the quantum Hall effect is a
unique realization of a 2D topological insulating phase of matter, with
distinct experimental signatures'™, notably a quantized Hall con-
ductance 0 which adheres to the quantized value % with astonishing
precision, up to at least 107° %, It has been known since the early days
of the quantum Hall effect’ that the quantization of o, is related to the
Berry curvature in a periodic system, with the robustness of the
quantization discussed in several works®™®. As a close cousin, the
quantum anomalous Hall effect (QAHE) refers to the appearance of a
quantized Hall conductivity in 2D systems even in the absence of a
magnetic field"™. First proposed by Haldane, the QAHE requires the
breaking of time-reversal symmetry (TRS) in the crystal system char-
acterized by a Chern number Cy for the occupied bands. Conse-
quently, a calculation at linear order yields for the Hall conductivity
ov=Cy %15'“’. The QAHE has been experimentally realized in several
systems, notably magnetically doped thin films of topological
insulators”"®, stochiometric magnetic topological insulators”, and
recently in Moiré superlattices?®?. However, in contrast to the quan-
tum Hall effect, careful experiments on the QAHE find a less precisely
quantized Hall conductivity, with precision of 0.01% and 0.1%%,
respectively.

While it is well established that the Hall conductivity is exactly
quantized at linear order’, we demonstrate that an intrinsic nonlinear
conductivity can appear at finite bias for generic magnetic insulators.
These nonlinear effects are due to virtual interband transitions, which
have been shown to appear beyond linear response even in
insulators®*, The interband transitions induce changes to the magne-
tization and polarization of the material, which at nonlinear order lead
to a finite Hall conductivity. An intuitive picture of these interband
transitions is shown in Fig. 1: The quasiparticle response can be modified
by shifts in velocity, shifts in position, and by a renormalization of the
Berry curvature. These shifts constitute a nonlinear multiferroic
response driven only by the applied electric field. Interestingly, the
nonlinear correction to the Hall conductivity can be nonzero even if
Cn=0. In the following, we derive the nonlinear conductivity in quan-
tum perturbation theory, and finally express our main result as a cor-
rection to the semiclassical equations of motion. One may wonder
whether such effects lead to corrections to the integer quantum Hall
effect. To this end, we show explicitly that in the case of a 2D electron
gas, for both quadratic and linear dispersion, no corrections appear. The
reason is that the Berry phase is entirely created by the applied magnetic
field and thus extrinsic and independent of the underlying band struc-
ture, which is fully renormalized and transformed into Landau levels.
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(a) Velocity shift

Fig. 1| lllustration of corrections to the AHE conductivity in the presence of an
electric field (E,). a Velocity shift of the wave packet due to the transition between
the occupied (n) and unoccupied (m) bands. b Positional shift of a wavepacket due
to interband transitions. ¢ Berry curvature renormalization by the third bands. All

(b) Positional shift

(c) Berry curvature
renormalization

three contributions (see Egs. (4), (5), and (6)), which are linear in £,, are non-zero for
a generic multiband dispersion which breaks both inversion and time-reversal
symmetries.

Results

Theory

As is well known, an applied perturbation does not usually commute
with the band Hamiltonian Hy and will induce interband transitions in
terms of the unperturbed eigenvalues of Hy. Thus, a wavepacket
initially centered on a single Bloch periodic state |W) = [ dka,(k)Ink)
at t=0, will evolve to be a linear combination containing contributions
of many bands**?*. In the Kubo formalism this is reflected in the
appearance of resonant contributions which are broadened by the
finite quasiparticle lifetime 7. We consider an insulator with broken
inversion and time-reversal symmetries, i.e. it holds for the dispersion
£,(K) # £,(— K). The uniform (q -~ 0) electric field E = Ege™ is introduced
via its vector potential A(t)= E"e . By minimal coupling, the Bloch-
periodic Hamiltonian transforms as Ho(k) > Ho(k —eA). The current

operator is given by J° = %{. Up to A? this yields

3
jc = _e+ ez Z A% — %Z AaAbuabc’ (1)
a ab

where v* = d,Ho, W™ = 0,0pHo, U™ = 8,0p0Ho and 9, = %. The evalua-
tion of the total current is then carried out using a Gréen’s function
approach*?,

d%
Cy= —Tr(J°AKk,Q 2
) l/(Z)/ rUeAC )) @

Here A is A(k, Q) =i(Gg— G,4) and G and G, are the retarded and
advanced Green’s functions, respectively”. The the spectral function
A(k, Q) is found through a solution to the Dyson equation, giving
Ak, Q) =(1+GTNAp(1+C%9, and G =G,(1+X'CG"),G" =G§(1+2°GY).
In the usual manner®®, Dyson’s equations are solved perturbatively.
Since the electromagnetic coupling is Hermitian, X"=X%=-)FA%w),
and G*=GJ*y%, (Z’/“Gg/“)", and correspondingly A(k,Q)=
% 0 (ZTGH) Gy %, (2°GE)™. The diagrammatic expansion of
A(Kk, Q) has recently been developed yielding the complete response at
2nd order in A, In the Bloch basis |nk) the unperturbed Green’s

06 nm(Q) W' G?) nm(Q) W'AO nm(Q)

2mib,,f ,6(Q — &,). Here f,, is the Fermi occupation factor. We begin by
considering A(w) at finite frequency, and then taking the limit w > O
(note that bold-face A(w) denotes the external, classical gauge field).
Crucially, the w~> 0 pole is avoided by retardation in the form of

functions are

Ww— W+ % The expansion of A(k, Q) will contain a pole in the sum of
frequencies, which is shifted by w + (—w) > 0+ (—w) + % The result is
then evaluated in the 7~ « limit. The expansion for the lifetime-free
(7° contribution is detailed in the Supplementary Information. The full
expansion for all orders of T and the general expressions are presented
in ref. 30. For concreteness, we present the case Eq=(Ey, 0,0) and
focus on two-dimensional systems. We stress that here we calculate the
dc-component (w - 0) of the nonlinear response tensor. At order 7°,

and up to order O(A?) the transverse conductivity 0¥ reads,

e2 d’k
=23 / G [+ Bl 1+ 13 ®
(hn= [ A4 DA, — [0, 804, @
(Iz))r(rjr/r =2 [Sflersxy]nn -2 [SilAy' Sxx} nn ©)
(13)?;1 =i [571.4)(’ [-AX' Ayﬂ nn’ (6)

Here, we introduced compact notation: [A, Blun =Y enmAnBim =
(B A), and AL = vy — vy, which is resolved using the Hadamard
product, i.e., (AA*),,,, = A, A% €,(K) is the energy of the n-th Bloch
band, at momentum k, and is also inserted in the expression in the
Hadamard form. A is the non-Abelian Berry connection, defined as
usual (n|¢|m) = A,,, where 1, is the position operator. £ appears in
the commutators of Eqs. (4)-(6) should be read as energy
differences. A complete expansion of the commutators is found in
the SI. It is important to note that past theoretical treatments of the
nonlinear Hall effect were often carried out in the Boltzmann
approach. In this method, the electric field perturbs the Fermi-Dirac
density of each band, individually. Operator corrections, diagonal in
the band basis (such as the anomalous velocity), have to be
introduced manually. In contrast, the quantum perturbative formal-
ism used in the present work captures corrections to the current
vertex, electron density, and dispersion simultaneously. We stress
that the nonlinear Hall effect we derive here is distinct from the usual
mechanisms discussed previously in the literature: it survives in the
limit of the electric field frequency w~> 0, and does not require a
Fermi surface, unlike known sources of nonlinear Hall signals (as
predicted in refs. 31-33).

Nature Communications | (2023)14:3053



Article

https://doi.org/10.1038/s41467-023-38734-9

In writing Eq. (3), we split the nonlinear conductivity into three
physically distinguishable response types. Namely, /; is associated with
a velocity shift, A%, while /5 describes a renormalization of the Berry
curvature. Each of these is individually gauge invariant (see SI), and is
the result of residual processes from the optical, high-frequency limit.
The velocity shift /; has a form similar to the injection current seen in
TRS-broken systems at high frequencies®**. 5 is a purely multi-band
object seen at higher-order response. In the case of a coupling between
magnetic and electric fields, it is related to the non-topological part of
the magneto-electric polarizability®. Finally, /, involves a tensor $%
which is related to the shift vector found in optical response®. This
quantity is defined as,

i
S%; =(1-6,m) <Ag,’8" ) (AZm(Sﬁm + Aﬁm62m>> , ()

A= (<n|a dpm) — (8,05nim) ). ®)

A% presents a higher derivative on the wavefunction, which results
from the resolution of 3,.4%,,.. 6%, = A%, — A%, which encodes a real-
space shift of the wave-function center® also appears, with the latter
entering via a Hadamard product, thus rendering 5% manifestly gauge
covariant: $% — e®m®§3% under the U(1)" gauge transformation,
with the Bloch wavefunctions transforming as |¢,, ) — €% ® g, ). The
commutator structure ensures the gauge invariance of the entire
expression for ¢°. A detailed proof of the gauge invariance under a
UQ@)" transformation for each of the terms is presented in the SI. The
appearance of A% as well as §” in Eq. (6) shows the connection of these
objects to expressions at finite frequency such as injection and shift
currents”?***°, The second-order correction in Eq. (6) has several
noteworthy properties:

Absence of longitudinal components

The correction may be nonzero only in the direction perpendicular to
the applied field and only enters the transverse components of ¢*” (in
any dimension). This is of course due to the fact that the correction is
related to the Berry curvature, which ensures that the resultant current
is always perpendicular to the perturbation. Consequently, the cor-
rection does not violate charge conservation nor does it produce a
longitudinal response which would require a finite Fermi surface®.

Multiband nature. Inspection of Eqgs. (4)-(6) reveals that the in-gap
conductivity is generated by interband processes, which are due to
virtual transitions between occupied and unoccupied bands. This is a
direct result of the commutator structure because Y ,.f,[A, Bl,.=
Y nemfnmAnmBmn Where frm =fn— f (See Sl for further details). The lat-
ter vanishes if both states are occupied or empty. Since (¥, can be
projected into a single-band, it appears at linear order. But corrections
to this are manifestly multi-band objects, involving direct probes of the
states through A%, ,.,S% . The presence of the shift tensor S%,
suggests a property which is encoded in at least two bands, as the
commutator in which it appears restricts n # m. Furthermore, we note
the presence of a higher-order multi-band term, [A*e~!, %], whichis

(I3)p, in Eq. (6). To parse this object, one evaluates 7,,, where n#=m.
Using the definition of the commutator, however, [A,Bl,,=
Y tnmAnBim — (A © B). From this, it follows that this term only exists for
three bands or more. In the two-band limit, the commutator can be
directly evaluated to be [A, Bljy =Y 12418 — (A © B) =0, as the sum
cannot extend over any intermediate state. This term represents,
therefore, a unique signature of a quantum process which involves
interband transitions between two principle bands - occupied and
empty - with an assisting interim third band.

Symmetries

The correction to the anomalous Hall conductivity strongly depends
on the underlying symmetry of the crystal lattice. Firstly, a general
requirement for the appearance of intrinsic in-gap responses is the
breaking of TRS. Since this effect is quadratic in the electric field,
inversion symmetry (P) must be broken as well. The symmetry dis-
cussion is simplified by considering the correction as a second-order

2 .
Hall conductivity. We define ¥ = 62%. Egs. (4)-(6) show that the

Hall part of the tensor 0®* takes the form 0%, Applying the von
Neumann principle*?, we find that for all rotational symmetries C,, , n
> 2, 0°* vanishes identically. In 3D (or higher), other components of
the response tensor are permitted, e.g., of the form ™. The emer-
gence of a longitudinal in-gap current is restricted by the presence of
point-group symmetries. In the case of Cs,, for example, 6°¥ =-¢"?,
but since the correction vanishes for ¢””, the Hall response is null
as well.

Twisted bilayer graphene

As a candidate system to test our results, we suggest using strained
twisted bilayer graphene (TBG)**™*°. As previously seen in the case of
resonant optical conductivity®®, in TBG second-order electrical
responses can become exceptionally large due to the large phase
space for transitions between flat bands. We model a time-reversal
breaking state of TBG by considering the Bistrizer-MacDonald*
continuum model for a single valley and spin of TBG at a twist angle
of 6=1.05°. This corresponds to experimental measurements of TBG
in the ferromagnetic, 3/4 filled state’®*, in a series of cascading
symmetry-broken states in this system*®*’, This phase is topological
with a Chern number Cy =1. In a sample, the TBG is usually placed on
top of a layer of hBN°°*, which breaks inversion symmetry. This can
be modeled by introducing a staggered potential 4 =17meV*. Since
TBG on top of hBN still retains a Cz,-symmetry, the correction con-
sidered here remains zero. This is shown in Fig. 2b. Figure 2c also
reveals that the momentum distribution of the correction is anti-
symmetric within the mini Brillouin zone (mBZ) and thus vanishes
after integration. However, introducing strain breaks Cs,, rendering
the correction in Eq. (3) nonzero, as seen in Fig. 2d, with the mBZ
modified as well. The deviation from o) = mcreases with increas-
ing strain. Using a typical strain amplltude ofe 0.65%, and electric
field strengths of £=300V m™, it reaches a value of 0.1%, which is
comparable to the deviation from perfect quantization in recent
experiments®.

Semiclassical interpretation

The structure of the correction permits the following semiclassical
form. We define the electric field-induced shift tensors,

A"A”

vi=e Ep,, SE=eS™E,, Qp=eQ"E,, 9

Where all terms enter as Hadamard products. In-band basis, these
objects are translated as vi =3, A%.APE,. This can be carried out
analogously for all terms. The semi-classical anomalous current at
second order can then be written as
)
€ nn

jz*n;c /(2 ny? <

Here, V§ =v&+S7+Qf. The cross product is to be interpreted as
usual®>, such that [4 xV]
€ is the Levi-Civita symbol. This partition lnto three pieces is identical

in content to the previous decomposition into /, 5, /5 in Eq. (3). V—;
carries units of velocity, meaning that it is the velocity of the

10)

eabe A"'" Ve (n < m). Here

Zmeunocc mnE
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Fig. 2 | Nonlinear correction to the anomalous Hall in TBG. a Band structure of
twisted bilayer graphene for 6 -1.05°. Remote dispersive bands contribute to the
interband correction, which vanishes in the single-band limit. b Magnitude of the

correction to the AHC 090 = % as a function of applied uniaxial strain € in TBG.
Momentum space distribution of 60 for €=0 (c) and €=0.8% in (d).

(instantaneous) charge displacement upon application of the external
electric field E. At first order, this displacement modifies the position
operator through a change in the charge dipole. At second order in the
applied field, this deformation couples back to the position operator,
resulting in a correction to the anomalous velocity, now effectively
quadratic in the applied field. The weight €.}, attached to the position
operator reflects the quantum-perturbative expansion, since the V* is
now explicitly inter-band, and the transitions to the neighboring bands
are suppressed by the energy gap. The nonlinear correction to the Hall
conductivity thus vanishes when all unoccupied bands are infinitely
separated from the top of the valence band such that g, > . A
visualization of the momentum-space structure of Re(V) using a
simplified two band model can be found in the SI.

Robustness of the integer quantum Hall effect

The precise quantization of the conductivity 0¥ of the integer quantum
hall effect for a 2D electron gas can be understood in the absence of
any higher-order corrections at finite bias. To show that our correction
vanishes identically for Landau levels, consider the Hamiltonian of an
electron gas in the Landau gauge, A = (0, - Bx, 0),

2 2,2
_Pr Mwzx

1
2M 2 ()

_eB _ hk
Here as usual w. = §7, and X’ =x + 2. In the presence of the gauge

field A the kinetic momenta become p - p + eA = . We shall show that

the quantization of the Hall conductivity is guaranteed by the ladder
operator structure. The velocity matrix elements in the Landau level
basis are,

=9 _Px _; M0 v 12

O Tl Il T VIC 12
aH / wClB T

V= —=wX = ata 13

v~ om, X ﬁ( ) (13)

We define the ladder operators a= W (ipy +Mwx') and
lz=1/L. For Landau levels, &, =hw.(n+1/2),a’|n)=+/n+1n+1), and

aln)=./njn—1). The expectation values become (n|v,|m)=
iﬁﬁfﬂs (\/m+16,,_m+1 - \/Eé‘n’m,I), (nloylm) = % («/m+1¢‘)‘,,’m+1 +

Jmé, ,_1). The quantization of the linear conductivity is directly
related to the ladder structure of operator algebra in the integer
quantum Hall fluid. A demonstration of this property is relegated to
the SM. However, the fact that the ladder operators only connect
Landau levels with energy differences A¢ = + fiw. can be used to show
that all higher-order corrections vanish for the 2D electron gas at high
magnetic field. At 2nd order, the relevant diagrams of the quantum
perturbative calculation give two contributions at order 7° (all other
terms vanish in the gapped phase identically)*. For the Hall response

Nature Communications | (2023)14:3053
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(b)

(a)

Ey
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Fig. 3 | Multiferroic character of the nonlinear response. a In a sample with
physical edges, a net polarization perpendicular to the applied field accumulates at
the edge. b When the geometry is cylindrical, the application of an electric field
produces a perpendicular current, thereby inducing a magnetization. Since there
are no edges, no polarization can accumulate. In both scenarios, Py, M e E%.

tensor g%,

., e e f
Xy — & _ —3 X _ 3 y e _ nm
o hzgf"[ 2[3 w | e Ux'u}x}"]+h2,,m{ 4£"m§n1"xnm”;1”¥n
f f
— S?I,:,;ﬁ[ ”xnmvr);lvyn - sm:r";nl U;mvfnlvyn

(14)

The elimination of the first two commutators in Eq. (14) is due to
the free fermion dispersion of the Landau levels giving
wab = (n| agjgib|m) x 8, since the underlying dispersion is quadratic
in Eq. (11). The commutator [A,Bl,, contains only off-diagonal
components of A, Buy,. Consequently, since w?, =0 for any a, b, n#
m this contribution vanishes. We are left with the triple product
ViVl V- By applying the ladder structure for vy}, the following
combinations appears: 6,m:10m 1001 (The two-band part of this
formula trivially vanishes, because neither vx nor vy have any diagonal
terms in the incompressible phase.). By applying, e.g., the middle
Kronecker delta, we have the condition that n=[/+1+1, and n=[%1.
Clearly, there exists no [, n that satisfies this constraint. This results in
0*? =0 regardless of the exact structure of the Hamiltonian, provided
the algebra of the ladder operators is preserved. To further stress this
point, we can carry out an analogous calculation on a system with Dirac
dispersion, containing a non-trivial Berry phase. In this case the
Hamiltonian is H=hvs((k, +eA,)o, +(k, +eA))o, +Aa,), where we
included Ag, for band inversion and a finite Berry curvature. ox,y, z
are Pauli matrices. For this dispersion, the operator w® = 0 generally,

since a,?ZS’ = 0 by construction. Following Hunt et al.>*, the eigenstates
a Ylb

are spinors of the form ¢, = (¢,_,,¥,). The velocity operators are
constants and are given by vy, =hvo,,. Once again, Uy, nm < 6nms1,
due to the fact that the Pauli matrices oy, 0, pair spinor components
with the quantum number n differing by * 1. Importantly, the diagonal
component Uy,., =0, as long as A is momentum independent. The
generalization of the above can be made by considering that n-th order
response will contain an n+1 product of velocity operators
Vo my Vs, Vym, -+ - Umumy» - Which  produces  the  condition that
Opyny +10n,n, £10n,n, +1 - - Which yields zero for the real part of the
current at any order. The only nonzero combination for which band
indices can be selected appears at order n =1 corresponding to linear
response, which gives the quantized integer Hall conductivity.

Multiferroic response

The electric field dependent magnetization change we have derived, as
shown in Eq. (10) should be viewed as a magnetization induced by the
electric field. This is evidenced by the fact that the term ¢ [4 x V] d’k
carries precisely the units of magnetization density and its additive

nature with respect to the Berry curvature. The coupling of this term at

2nd order in the electric field to the Hall current also generates a
polarization density p = jz, where 7 is the characteristic relaxation time
in the system. Similarly, the requirement of low symmetry in the sys-
tem (and inversion symmetry breaking) points to a generalization of
multiferroics®~° to the case of an electric field inducing changes both
to the magnetization and the polarization, albeit at higher order. This
is to be contrasted with the traditional multiferroic picture, in which
changes to either magnetization or polarization occur linearly with the
applied electric or magnetic fields, respectively. Eq. (10) is the first
demonstration of a new type of multiferroic response, which occurs
uniquely at nonlinear order. We further note that the induced effects
here are dissipationless as the power j-E=0. An illustration of this
process is presented in Fig. 3. The instantaneous current V? produces a
magnetization similar to the classical mechanism via r xj. Here r is
represented by the Berry connection .4 and due to the effect being
driven by inter-band transitions, the position operator is weighted by
the interband coherence factor (¢, — £,,)"%. In a system with physical
edges (Fig. 3(a)), the effect will be manifested in an accumulated
polarization. If the planar sample is folded on itself, creating a hollow
cylinder (Fig. 3b), no polarization will accumulate and a net magneti-
zation will be generated. In both cases, the total change is proportional
to « E, introducing a nonlinear multiferroic response.

Discussion

We have shown that in general magnetic insulators which break
inversion, time reversal as well as rotational symmetries, a quadratic
correction to the in-gap Hall conductivity appears. In a topological
phase, this indicates that measurements at finite bias will deviate from
the quantized value due to the presence of nonlinear corrections. As an
example, we calculated the correction for strained twisted bilayer
graphene, finding for the magnitude of the nonlinearity values which
are comparable with the observed precision of the quantization in the
recent experiment of ref.20. Another experimental signature may
appear in the non-reciprocal nature of the conductivity. Namely, in
systems where the correction is observable, we find that 0¥ # — 0", and
the sum 0¥+ @ can thus be treated as a proxy for the correction.
Thirdly, the quantities derived here might be visible as non-linear
powers in the I~V curve.

We note that the nonlinear Hall conductivity is finite even when
the Chern number vanishes in a magnetic insulator. This raises inter-
esting questions about the possible boundary states in such a system,
which is subject to future studies. As a way to understand this result in
a bulk picture, one can imagine a Corbino geometry in which edge
states are absent. In such a scenario without physical edges, charge
transport has been predicted to occur through bulk spectral flow”.
The QAHE in a Corbino disk has recently been observed
experimentally®®,

Recent progress on nonlinearities in graphene superlattices™
suggests that experiments at moderate finite bias on graphene-based
systems are possible. By tuning the graphene superlattices to the QAH
state and sweeping the bias, the nonlinear corrections, as well as the
non-reciprocity they produce might be accessible. In addition, the
sensitivity of the effect to strain suggests an electro-mechanical setup
in which a controlled application of tensile stress is employed in order
to modify the Hall conductivity (at finite bias). We note that systems
with C;, symmetry, such as doped Bi,Se;"” do not exhibit this correc-
tion due to the symmetry restriction. However, new material plat-
forms, such as transition-metal dichalcogenide superlattices” are
promising avenues for the investigation of the nonlinear QAHE, with
tunability by external knobs such as a displacement field. Indeed,
ref. 21 observed deviations from exact quantization in ¢*. Our results
might be relevant in understanding why experiments on systems with
rotational symmetries observe a much more precisely quantized
QAHE™*°, Related to that, the reasoning presented here raises the
question whether third or even higher-order corrections are non-
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vanishing even if a QAH system has inversion and C; symmetry. The
nonlinear QAHE establishes a concrete difference in the quantization
of the QAHE compared to the IQHE, which suggests that using QAHE
systems for metrology depends on subtleties related to the crystal
systems, symmetries, and the magnitude of the applied bias. Our
results predict a striking phenomenon that a generic insulator can
present a nonlinear current response in the dc limit.

Data availability

All data needed to evaluate the conclusions in the paper are present in
the paper and/or the Supplementary Information. Additional data
related to this paper may be requested from the authors.
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